Algebraic Methods in Combinatorics
Instructor: Benny Sudakov
Assignment 3
Due: Any time till March 7

Solution of every problem should be no longer than one page!

Problem 1: Let A and B be two none-empty subsets of Z, and let
X={a+b|la€ Abe B,ab+# 1}.

Show that |X| > min{|A| + |B| — 3,p}. Show that this is sharp for |A|, |B| > 2.

Problem 2: (i) Prove that for any connected graph with largest eigenvalue A1, the eigenvector of A\
has only positive entries.

(ii) Let G be a d-regular connected graph on n vertices with diameter D and eigenvalues d = \; >
Ay > -+ > \,. Prove that

1
d—)\2>D—n.

Problem 3: (i) Let p be prime and let n > d(p — 1) + 1 for some positive integer d. Prove that if
h(z1,...,x,) is a polynomial with integer coefficients and degree at most d such that h(0,...,0) =0,
then there is a nonzero vector e € {0,1}" such that h(e) = 0(mod p).

(ii) Prove that any hypergraph with at least d(p—1)+1 edges and maximal degree at most d contains
subset of edges whose union has size 0(mod p). Show that d(p — 1) edges are not enough.

Hint. Use Inclusion-Exclusion principle.

Problem 4: (i) Let X; and X5 be two disjoint sets and let r1,79 and s1,s2 be positive integers.
For i = 1,2 and 1 < j < m let A;; and B;; be subset of X; such that |A;;| < ry, |Byj| < s; and
(Alj U Agj) N (Blj U BQJ') =0 but (Alj U Agj) N (Blk U ng) 75 0 forall 1 < 7 < k < m. Prove that

m < (Tl +81> (7‘2+52>'
71 T2

(ii) Let G be a bipartite graph with parts V; and V, of sizes a and b respectively and let G = G C
Gi1 C -+ C Gy = K,y be a sequence of graphs such that G; is obtained from G;_; by adding an
edge joining vertices belonging to different parts. In addition, suppose that for all 7, G; contains more
copies of the complete bipartite graph K, ¢ with r vertices in V; and s vertices in V5 than G;_;. Prove
that G has at least ab— (a — 7+ 1)(b— s+ 1) edges.

Problem 5: Let p be an odd prime and let A and B be two subsets of Z,, each of size k. Prove that
there is an ordering {a1,...,ar} of the elements of A and an ordering {b1,...,bx} of the elements of
B such that all the sums a; + b; are pairwise distinct.



