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Let 3 < r < s be fixed integers and let G be a graph on n vertices not containing a
complete graph on s vertices. The main aim of this paper is to provide a new lower bound
on the size of the maximum subset of G without a copy of complete graph K,.. Our results
substantially improve previous bounds of Krivelevich and Bollobas and Hind.

1. Introduction

The Ramsey number R(s,t) is the smallest integer n such that every graph
on n vertices contains either a clique of size s or an independent set of size t.
The problem of determining or estimating Ramsey numbers is one of the
central problems in Combinatorics and it received a considerable amount of
attention, see, e.g., [6]. A more general function was first considered (for a
special case) by Erdés and Gallai in [4]. Suppose 2 <r < s<n are integers
and let G be a K;-free graph. Denote by f,.(G) the maximum cardinality of
a subset of vertices of GG that contains no copy of K, and define

frs(n) = min f,.(G),

where the minimum is taken over all Ks-free graphs on n vertices.
By definition, it is easy to see that for r =2, we have that f34(n) <t
if and only if the Ramsey number R(s,t) satisfies R(s,t) > n. Therefore
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the problem of determining the function f, ;(n) extends that of determining
Ramsey numbers.

Erdés and Rogers [5] considered the case of fixed s,7=s—1 and n tending
to infinity and proved that there exist a constant ¢(s)=6(1/(s*Ins)) and a
K -free graph G of order n, such that every induced subgraph of G of order
n'=<() contains a copy of K,_1, i.e., fs—1.5(n) <n'¢() The next step came
about thirty years later when Bollobéds and Hind [2] improved the results of
Erdés and Rogers and obtain the following bounds

s—3 2
n=rTT < frs(n) < ns2 TeIne—o T,

These bounds were improved again later by Krivelevich in [7], [8] and the
currently best known bounds are

clnﬁ(lnlnn)l_ﬁ < frs(n) < CQnﬁ(lnn)ﬁ’

where c¢1, ¢y are positive constants depending only on r and s. Most of these
results were obtained using probabilistic method. Recently, two nice explicit
constructions which provide upper bound on f; (n) were obtained by Alon
and Krivelevich in [1].

As one can see, the upper bound on f,s(n) attract a lot of attention
and improved considerably during the last forty years. On the other hand
not much progress was made on obtaining a good lower bounds. As was
pointed out by Bollobéds and Hind [2], no essentially nontrivial lower bound
was known. In this paper we want to present first such bound, which give a
significant improvement for all » >3 and s >r+ 1. We will summarize our
results in the next two theorems. The first one deals with the case r=3.

Theorem 1.1. For all integer k>0,
f33+x(n) > Q(nak In®+ o) n),
where sequences ay and by, are given by the following formulas

3 1 b L k+4/3 —4/3(—1/2)*
T2 k+11/6—1/3(—1/2)F M2 k+11/6 — 1/3(=1/2)F

ay

Next we present a table which compares quantitatively the results of
Theorem 1.1 with the best previously known upper and lower bounds.
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‘ H f3.4(n) ‘ f35(n) ‘ f3.6(n) ‘ fs,5(n), for large s ‘

Old 1 s—3
lower Q(n%(lnlnn)%) Q(n%(lnlnn)%) Q(n%(lnlnn)%) Q(nﬁ(lnlnn)ﬁ)
bound

New

lower Q(n% ln%+°(1>n) Q(n% ln%+°(1)n) Q(nfl_?» ln16_3+°(1)n) Q(nﬂ%l) ln%“’(l)n)
bound
Best
upper Q(n% In? n) Q(n% In? n) Q(n% In? n) Q(n% In? n)
bound

The second theorem treats the general case of r>4.

Theorem 1.2. Let r>4 be a fixed integer and let k>0. Then
fr,r+k(n) Z Q(nak (r))’
where ay(r) satisfies the following recurrence relation

1 |
a;=1, —(r—2)<i<0 and =1+ > —, Vk>o0.
ak+1 r—1= ap

Moreover, ay(r) has the following asymptotic behavior,

T 1
W) = S R B = 4)/6 - ()

,  where lim hy(r) =0.
k—o0
For example we obtain that for s=r+2, f, s(n)> Q(n%), improving the
previous lower bound of Q(nl/S(lnlnn)Q/?’). In addition, the above theorem
closes considerably the gap between lower and upper bounds and together
with result of Krivelevich [8] implies the following corollary on behavior of

frs(n).

Corollary 1.3. For a fixed integer r >3 and s>,
Q(n§+o(1/52)) < frsln) < O(nsi—'l(lnn)ﬁ).

It is also worth to mention here that using a similar argument as in
proof of Theorem 1.1, one can also improve the result of Theorem 1.2 by
logarithmic factor. For the sake of clarity of presentation we will leave the
details of this tedious computations to the interested reader.

The rest of this short paper is organized as follows. In the next section
we obtain bounds on the largest triangle-free subset in K-free graphs. We



490 BENNY SUDAKOV

consider this case separately since for r=3 we get a relatively simple recur-
sive relation, which we can solve explicitly. We treat the general case when
r >3 in Section 4, where we provide the proof of Theorem 1.2. Last section
of the paper is devoted to concluding remarks and relevant open problems.

Finally we close this section with some conventions and notation. An
r-uniform hypergraph H is an ordered pair H = (V, E), where V is a finite
non-empty set (the set of vertices), and E is a collection of distinct r-subsets
of V' (the set of edges). Thus a 2-uniform hypergraph is just a graph. A subset
I CV(H) is called independent if I does not contain any edge of H. The
maximal size of an independent set in H is called the independence number
of H and is denoted by a(H). Given an r-uniform hypergraph H = (V, E)
and a subset T'CV, we denote by

Nu(T)={Ue | T Ce,ec E(H)} —T.

We will frequently write simply N(7'), when it is clear from the context
what hypergraph we are talking about. Note that if H is graph, then N(T)
is simply the set of vertices of H adjacent to all the vertices in T'. We denote
by In the natural logarithm. Throughout the paper, we omit the floor and
ceilings signs for the sake of convenience.

2. Large triangle-free subgraphs

In this section we obtain results on the largest triangle-free subset in K-free
graphs. To do so we need a lower bound on the size of the maximum inde-
pendent set in 3-uniform hypergraphs. Let us first recall some terminology.
A 2-cycle in a r-uniform hypergraph is a pair of edges with intersection of
size at least two. We call a hypergraph H to be uncrowded if it does not con-
tains any 2-cycles. The following proposition is a corollary of more general
result on the size of independent set in uncrowded hypergraphs, obtained
by Duke, Lefmann and Rédl [3].

Proposition 2.1. Let H be an 3-uniform hypergraph on n vertices and
with m edges. Let (m/n)'/? <t and suppose there exist an € >0 such that
the number of edges containing any fixed pair of vertices of H is at most
t'=€. Then H contains an independent set of size

a(H) > 2 <%ln1/2t>.

Next we need the result of Shearer [10] on the size of independent set in
K-free graphs.
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Proposition 2.2. Let G be a K,-free (s >4 fixed) graph on n vertices with
maximum degree d. Then the independence number of G has size at least

a(G) > 0 <%(%)>

Having finished all the necessary preparations, we are now ready to com-
plete the proof of our first result.

Proof of Theorem 1.1. We will prove the statement of the theorem by
induction on k. First note that, by definition, the sequences ax,bi are the
unique solutions of the following recurrence relations

1 1/1 1
aw=1, a=1/2, R G
ag41 2 \ap  ag

b 1 1/b b.—
bp=0, b =1/2 k+1——+_(_k+ kl).
ag+1 2 2 \ag a1

and

Let G be a graph on n vertices, not containing a clique of size k+ 3. If
k=0, then clearly G is triangle free itself. Hence f33=mn and ag=1, bg=0.
Next suppose k=1, i.e., G is Ky-free. If G contains a vertex v of degree
d(v)>d=n"?In'?n, then by definition, the neighborhood N (v) induces a
triangle-free subgraph of G of size n'/2In'/?n. Otherwise, if all vertices of G
have degree less than d, then by Proposition 2.2 it contains an independent

set of size d
noen _ 1/27,.1/240(1)
Q(d(lnlnd>> —Q(n In n)
This implies that a; =1/2 and by =1/2.

Next we assume that the assertion of the theorem is true for all k¥’ <k and
will prove it for k41. Let G be graph not containing a clique of size (k+1)+3=
k+4 and let v be a vertex of maximal degree in GG. Note that the graph induce

[y b1 bk
by N(v) has no Kj3 subgraph. Therefore if d(v)>n * (lnn) @ , then
by induction hypothesis G[N (v)] contains a triangle-free subset of size

N (da"' (v)(Ind(v)) bk+o(1)) =1 (n‘””l (Inn) bi+1 0k (Ind(v)) b'“JrO(l))
=N (n“’““ (Inn) bk“Jro(l)) .
Here we use the fact that Ind(v)=2(Inn).

Also note that for every edge (u,v) in G, the set of vertices N(u,v)
contains no Kjio. Thus if there exist an edge (u,v) such that |N(u,v)| >
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Ok+t1 bet1—bp—1
n®-1(lnn) “-1 | then again by induction hypothesis G[N (u,v)] con-
tains an induced triangle-free subgraph of size

(¥ (u, )| (1n [N, ) ) 1)
— Q(n“k‘“ (In n)bk“*bk’l (In [N (u, ) ])bk’ﬁo(l))
- Q(na’““ (In n)b’”ﬁo(l)).

Finally, suppose that

Gk+t1 bet1—bg

Vo e V(G), dw)<n * (lnn)

and
A1 bpt1-bk_1

V(u,v) € E(G), |N(u,v)| < e (Inn) %1

Let H be a 3-uniform hypergraph whose vertices are the vertices of G and
whose edges are all copies of K3 contained in graph G. Clearly by definition
an independent set in H corresponds to induced triangle-free subgraph of G.
Denote by

Akt bet1—bk Ok+1 bet1—bp—1
t=\n < (Inn) “ -n%1(lnn) -1 .
Then an easy calculation shows that the number m of the triangles in graph
G is at most

m < —-maxd(v) - max |[N(u,v)| = %tQ.

v (u,w)EE(Q)

o3

Also note that agy1/ar > aky1/ar—1, since it is straightforward to check that
the sequence ay is strictly decreasing. Therefore there exist an € > 0 such

that the maximum number of triangles containing any fixed pair of vertices
a1 bpy1—bk—1

of G is at most n%-1 (lnn) -1 < t17¢. Now by Proposition 2.1, the

hypergraph H contains an independent set (i.e., triangle free subset of G)

of size

G+l (1 1 1 bkt1—bk  bpyp1—br—1
(9 <E 1n1/2 t) -0 (nl——z (a+—ak71) (lnn)E_ 2ap | 2ap_1 )
t

= Q(na’““ InPx+1 n)
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Here we use the following equalities, which easily follow from recurrence
relations of a; and by.

1 1
apr1 =1 — k41 (— + > and
ar  ag—1

2
1 1 1 by, bk_1>
bt = = (1= bpar (— ok .
T ( k+1(ak * ak—l) * ag * ag—1

This completes the proof of induction step and the proof of the theorem. I

3. Bounds on f,4(n), for r >4

In this section we obtain a lower bound on the size of maximal K, -free sub-
graph of K-free graph for all s>r>4. In order to clarify the presentation
we will only make efforts to obtain the best possible exponent of n in Theo-
rem 1.2. Our bounds can be easily improved by a logarithmic factor for all
particular values r and s using Proposition 2.2 and results on uncrowded
hypergraphs, similarly as we did in previous section. We omit these details
here.

In the proof of Theorem 1.2 we will need the following well known Turan-
type estimate on the size of maximum independent set in r-uniform hyper-
graphs. We include its short proof for the sake of completeness.

Lemma 3.1. Let H=(V,E) be an r-uniform hypergraph on n vertices and
with m>n/r edges. Then H contains an independent set of size

a(H)ZQ(nTLll>.

mr—1

Proof. Choose a random subset Vy of V' by taking each v €V into Vj in-
dependently and with probability p=(n/(rm)) . Define random variables
X, Y by letting X be the number of vertices in Vj and letting Y be the num-
ber of edges spanned by V. Then by linearity of expectation there exists a
set Vp, for which

nril
X—Yan—mpr—Q< 1).

mi=1
Fix such a set Vj and for every edge e spanned by V| delete from V an
arbitrary vertex of e. This produces an independent set of size guaranteed
by assertion of the lemma. |

Next we need the following simple estimate on the number of edges in
hypergraph H, which we will use later in the proof.
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Lemma 3.2. Let H = (V,E) be an r-uniform hypergraph on n vertices.
Then the number m of edges of H is bounded by

r—1
m<O|n- max |Ng(T)| | .
tlecV,|T\=t

Proof. We prove this statement by induction on r. If r =2, then H is a graph
on n vertices and maxpcy,p—1 | N (T')| is just maximum degree of H. In that
case the result is obviously true. Next suppose the result is true for any -
uniform hypergraph and let H=(V, E) be an (r+1)-uniform hypergraph. Let
v be a vertex of maximum degree in H, then it is easy to see that the number
of edges in H is at most m <nd(v)/(r+1). Define a new hypergraph H' with
the vertex set Ny (v) and the edge set E(H') = {e—{v}jv €e,e € E(H)}.
Then, by definition, this hypergraph is r-uniform, has d(v) edges and by
induction hypothesis we obtain that

r—1
dv) <O [ |Ng(v)|- ma Ny (T’
(v) < <| w1, N >r>
Now to complete the proof note that, by definition, for every 7 C Ny (v) the
set of vertices Ny (T") equals to the set Ny (T') for T=T"U{v}. Therefore
we finally obtain

r—1

m < O(nd(v)) < O <n |Ng (v)] - H |Nu (T )I)

ma
T’CNH(v) T |=t

§O<n- - max ]NH(T)]>

i TCV,|T|=t

This completes the proof of the lemma. ]

Proof of Theorem 1.2. Let a; be a sequence which satisfies that

1 1 =21
=1+ > —, Vk>0,
ak+1 r—1=ap—;

and let G be a graph on n vertices, not containing a clique of size r+k. We
prove that G contains a K,-free subset of size 2(n®) by induction on k.

If k=0, then G itself is K,-free. Therefore f, ,(n)=n and ap=1. Next
suppose that our statement is true for all &’ <k and let G be a graph not
containing a clique of size 7+ (k+1).

First, consider the case when k>r—2. Let T be a subset of vertices of G
which form a clique of size 1 <t <r—1. Then, by definition, the subgraph of
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G induced by the set N(T') contains no clique of size r+(k+1—t). Therefore
if [N(T)| > n®+1/%+1-t then by induction hypothesis G[N(T)] contains a
K,-free set of size

Q(IN(T)[w1=r) = 0 (new).

Thus we can assume that |Ng(T)| <n®+1/%+1-t for every clique T in G of
size 1<t<r-—1.

Let H be a r-uniform hypergraph whose vertices are the vertices of G and
whose edges are all copies of K. contained in graph G. Clearly, by definition,
an independent set in H corresponds to induced K,-free subgraph of G and
also [Ny (T)| <|Ng(T)| for any clique T" in G of size at most r — 1. Denote
by m the number of edges in H. Then by Lemma 3.2 we can bound this
number by

r—1 r—1
m <O <n max |NH(T)> <0 (n [T, —max NG(T)>

i1 TCV,|T|=t j—1 Tisa clique,|T'|=t

r—1 _%k41
<o (T wE).

We may also assume that m >n/r, since otherwise it is easy to see that H
contains an independent set of size £2(n). Thus, we can apply Lemma 3.1 to
show that the hypergraph H contains an independent set of size

0 n?“Tll —Q( 1_%+1 Zt 1%+1 t) —Q< 1_ak+1 Zl . L).
mr—1

This completes the proof of the first case, since from the recurrence relation
(1) it is easy to see that

ag =2
+1

ag 1:1— .
+ r—lgak,i

Next consider the case when k < r — 2. Then, similarly as above, by
induction hypothesis we can assume that |Ng(T)| < n%+1/%+1-¢ for every
clique T in G, but now only of size 1 <t <k+1. On the other hand any clique
T in G of size larger than k41 contains a sub-clique T} of size equal to k+1.
Since by definition, Ng(T') C Ng(T1) and also a; =ag=1 for —(r—2) <i< -1,
we obtain that nevertheless

ING(T)| < NG (Ty)| < /a0 = poks/owsios,
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for all k+1<t<r—1. Thus
|Ng(T)’ S nak+1/ak+17t7

for every clique T in G of size 1 <t<r—1. Now we can finish the proof of
induction step in the same way as in the first case.

Finally we complete the proof of Theorem 1.2 by proving the following
lemma about asymptotic behavior of the sequence z; =1/ay.

Lemma 3.3. Let r be a fixed integer and let x; be a sequence satisfying
the following recurrence relation
1 r—2
2) zi=1, —(r-2)<i<0 and @pp=1+—"Y x4, Vk>0.
r-1i3
Then

2 or —4
li — |-k =0
kggomk (r * 3r )

Proof. From the basic theory of solutions of recurrence relations (see,
e.g., [9]) we know that the sequence zj, should have the following form

k k
xp =ck+cron” 4+ -+ 1017,

where ck also satisfies (2) and a;,1<i<r—1 are the r—1 complex roots of
the following equation

(3) (r—Da"t=a"24+a"34+ .- +1.

Moreover, if root «; has multiplicity one then ¢; is a constant and it is a
polynomial in k of degree at most t—1 if «; has multiplicity ¢. Substituting
ck into (2) one can easily check that ¢c=2/r. Taking absolute value on both
sides of (3) and assuming that |a|>1 we obtain that

(r=Dlaf " =la" 2 +a" P+t 1 < a4+ 1< (= Dfal

with only possibility for equality when o« =1. Therefore we obtain that all
the roots of (3) except the ary =1 are in absolute value strictly less than 1.
It is also easy to see that a; =1 is a root of (3) with multiplicity one and
the rest «;, 1> 1 satisfy the equality

r—1a" 1 —Sr2qg 122 .
=0

(4)

a—1

Let f(a)=(r—1)a" 1 - ;;gaj and f/(a):(r—l)Qof*Q—Zg;g(j%-l)aj.

Using (4) we obtain that if «#1 is a common root of f and f’, then it satisfies
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[(r—1)2+(r—1)]a"~2=0 and thus a=0. This implies that polynomials f and
f! do not have common roots and therefore all a;,7>2 have multiplicity one
and all ¢;,7>2 are constants not depending on k. Denote by hy = 22;21 ek
Then z = (2/r)k + c1 + hy, and since for all i > 1, || <1, we get that hy
tends to zero when k tends to infinity. In addition, (4) implies that for all

k> —(r—2) the sequence hy, satisfies

r—2 r—2 T—2

r—1 r—1
ST+ D =3 G+ o™ =3 0> (j + Da? = 0.
=2 =2

Jj=0 J=0 J=0

To finish the proof we need to compute ¢;. To do so consider the following
expression

rir—1) 2.
— g = S G+ Dz
N -2 r—2 r—2
==Y G+DG - =2)+ad G+ +D (G +Dhj_2
Jj=0 j=0 7=0
) r—2 r—2 . rlr —1
== (Z(fﬂ)—(r—?)Z(yH)) b,
r ; 2
7=0 7=0
B (r=1(r-=2) r(r-1)
= 3 + 5 C1
Solving this equation we obtain that ¢; = 5%;4. This completes the proof of
the lemma and the proof of Theorem 1.2. |

4. Concluding remarks

In this paper we obtain new lower bounds on the size of the largest K, -free
subset of graph, which does not contain a copy of a complete graph on s
vertices. Our results improve substantially best previously known bounds
for all »>3 and s>r+1. Nevertheless, it is easy to see that the gap between
lower and upper bounds in Corollary 1.3 is still relatively large and it would
be very interesting to close it.

An additional intriguing problem is to decide if for every 0 < < 1, the
value of fs_1 4(n) is greater than n'=? for sufficiently large s. Note that the
exponent of n in the current lower bound is only 1/2 and our method is not
sufficient to improve it.
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