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1. INTRODUCTION

Ž .An r-uniform hypergraph H is an ordered pair H � V, E , where V is a
Ž .finite nonempty set the set of �ertices , and E is a collection of distinct

Ž .r-subsets of V the set of edges . Thus a 2-uniform hypergraph is just a
Ž .graph. A subset I � V H is called independent if I does not contain any

edge of H. The maximal size of an independent set in H is called the
Ž .independence number of H and is denoted by � H . A k-coloring of H is a

Ž .partition V H � C � ��� � C so that each color class C is an indepen-1 k i
Ž .dent set. The chromatic number of H, denoted by � H , is the minimal k

˜Ž . Ž Ž ..for which H admits a k-coloring. We use standard notation f n � O g n
Ž . Ž Ž . c .if there exists a constant c � 0 so that f n � O g n log n . Similarly,

˜ ˜Ž . Ž Ž .. Ž . Ž Ž ..f n � � g n if g n � O f n .
In this paper we discuss algorithmic problems of approximating the

chromatic number and the independence number of k-uniform hyper-
graphs. The case k � 2 corresponds to the very extensively studied prob-
lems of approximating the chromatic number�the independence number
of graphs, two of the most important problems in combinatorial optimiza-
tion. For the coloring problem, the best known result belongs to Halldors-´

� �son who obtained in 12 a coloring algorithm with approximation ratio
Ž Ž .2 3 .O n log log n �log n for graphs on n vertices. On the negative side,

� �Feige and Kilian showed 9 that, for any fixed � � 0, the chromatic
number of graphs on n vertices is not approximable within a factor of n1��

unless NP � ZPP. If a graph on n vertices is 3-colorable, then one can
Ž 3�14 O Ž1. . � �color it using O n log n colors 5 but it is NP-hard to color it using

� �four colors 17 . As for approximating the independence number of a
Ž� �.graph, Boppana and Halldorsson presented an algorithm 6 with approx-´

Ž 2 .imation ratio O n�log n for graphs on n vertices, based on the so-called
local ratio approach, to be discussed later in this paper. If a graph contains
an independent set of size � n 	 m, for a constant 0 � � � 1�2, then an

3�
�	1˜Ž . � �independent set of size O m can be found in polynomial time 1 . On

� �the other hand, Hastad proved 14 that it is impossible to approximate˚
Ž . 1��� G within a factor of n , unless NP � ZPP. An even stronger nonap-

proximability result has been obtained recently by Engebretsen and
� � � �Holmerin 8 . The reader can consult 3 for the account of the state of the

art in these two optimization problems.
In contrast, much less is known on the hypergraph versions of these

� �problems. Krivelevich and Sudakov 19 developed a coloring algorithm
Ž Ž .2 .with approximation ratio O n log log n�log n for r-uniform hyper-

graphs on n vertices. Algorithms for coloring k-uniform 2-colorable hyper-
� �graphs have been proposed in 2, 7, 19 . As for negative results, it is fairly

easy to show that for every fixed k 
 3, approximating the chromatic
number of a k-uniform hypergraph is at least as hard as the corresponding
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� � � �problem for graphs 5, 19 . Very recently, Guruswami et al. 11 showed
that for any constant c is is NP-hard to color 4-uniform 2-colorable
hypergraphs using c colors. Naturally, this result stresses the importance
of developing good approximation algorithms for coloring 2-colorable
hypergraphs. The only paper on approximating the independence number

� �of uniform hypergraphs we are aware of is 15 , whose main result is
significantly weaker than those known for graphs. Also, essentially the
same reduction as for the chromatic number shows that approximating the
independence number of r-uniform hypergraphs is at least as hard as the

� �graph case r � 2 19 .
Here we propose approximation algorithms for coloring and indepen-

dent set problems in 3-uniform hypergraphs. It appears that the 3-uniform
case stands apart from other uniformity numbers k 
 4, as in this case the
powerful machinery of semidefinite programming can be applied to pro-

Ž � � .duce better approximation algorithms see 2 for a relevant discussion . In
Section 2 we discuss an algorithm for finding a large independent set in
hypergraphs on n vertices with an independent set of size at least � n, for a
constant � � 0. There we propose an algorithm for finding an independent

˜ 6��3Ž Ž ..set of size � min n, n in such a hypergraph. Then in the next section
we show how to improve our results from Section 2 for some values of � ,
using the local ratio approach. In Section 4 we use the algorithm devel-
oped in Section 2 as a subroutine to color 3-uniform 2-colorable hyper-

˜ 1�5Ž .graphs using O n colors in polynomial time, thus improving the
˜ 9�41Ž . � � � � � �O n algorithm from 19 and the previous results from 2 , 7 . The

final section is devoted to concluding remarks. Throughout the paper we
assume, whenever this is needed, that n is sufficiently large. We also omit
all floor and ceiling signs whenever these are not crucial, to simplify the
presentation.

2. FINDING LARGE INDEPENDENT SETS

In this section we discuss an algorithm for approximating the maximum
independent set in a 3-uniform hypergraph. We will assume that an input
hypergraph H on n vertices contains an independent set of size � n, where
0 � � � 1 is a constant. The performance of our algorithm depends on � .
The graph version of this problem has been tackled by Boppana and

� �Halldorsson 6 using the subgraph exclusion argument, and then by Alon´
� �and Kahale 1 based on the Lovasz �-function. We obtain the following´

result:

THEOREM 1. Let H be a 3-uniform hypergraph on n �ertices, m edges,
with an independent set of size at least � n, for some constant � � 0. There
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exists a polynomial time algorithm which finds in H an independent set of size
˜ 3�3� 2�3�Ž Ž ..� min n, n �m .

Proof. We will proceed as follows: first a relevant semidefinite program
is formulated; solving it will enable us to find a set of unit vectors in Rn

with large angles between each pair of them; then a rounding procedure
will find a large independent set in the corresponding subset of vertices.

We first formulate a semidefinite programming relaxation of the maxi-
mum independent set problem as follows:

1 � � T�0 i
max Ý 2i

� � � �s.t. � � � � 1, for 1 � i � n ,0 i

T T T T � 4� � 	 � � 	 � � � � � 	 � 	 � , for i , j, k � E H .Ž . Ž .i j i k j k 0 i j k

The semidefinite program written above is indeed a relaxation of the
independent set problem since, for any independent set I, assigning

1 � � T�0 i � �� � �1, � � 1 if i � I and � � �1 otherwise yields that Ý � I .0 i i i 2

It is also easy to verify that, since I is an independent set, the constraints
of the relaxation are satisfied. For every � � 0, the above semidefinite
program can be solved within an absolute error of � in time polynomial in

Ž . Ž � �.n and log 1�� see, e.g., 10 .
Fix 	 � 1�log n and let � , � , . . . , � be an optimal solution of the0 1 n

2 � 2�above semidefinite program. For every integer 1 � t � 	 1, we	

define

S � 1 � i � n 
 �1 	 t � 1 	 � � T� � �1 	 t	 .Ž .� 4t 0 i

2Note that there are at most 	 1 such sets and also the sets S split thet	

vectors � into subsets with almost equal inner products with � .i 0

n	 2 n� � Ž .LEMMA 2. There exists an index t such that S 
 � � .2Ž .t 2 2 	 	 log n

n	 2
� �Proof. Suppose that for all t, S � . Since there are at mostŽ .t 2 2 	 	

2 � �	 1 such sets we obtain that � S � 	 n�2. Therefore all but at mostt t	

	 n�2 vectors � satisfy that � T� � 1 � 2� 	 	 . Since for all other vectorsi 0 i
� T� 
 �1, this implies that the value of the semidefinite relaxation is at0 i
most

1 � � T�0 i
� n � 	 n�2 � � 	�2 	 	 n�2Ž . Ž .Ý 2i

� � n � 	 � � 	�2 n�2 � � n.Ž .
This contradicts the fact that the size of the maximum independent set in
H is at least � n.
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� � Ž 2 .We have shown that there exists a set S of size S � � n�log n . Lett t
S
 be such a set, and let H be a subhypergraph of H induced by S
. By1

˜ Ž .definition H is a 3-uniform hypergraph with n � � n vertices and1 1
m � m edges. We show how to find a large independent set in H . Note1 1
that the scalar products � T� are roughly the same for all i from S
 and in0 i

Ž .the worst case their values are at most 1 � 2� 	 1�log n. As � � 1�2,
the inner products � T� are negative. We will show that this observation0 i
can be used to find a large independent set inside S
. Let u be thei
normalized projection of the vectors � � S
 on the subspace orthogonal toi
� . Then these vectors have the following property.0

Ž . Ž .LEMMA 3. If i, j, k � E H , then1

3 1 � 2�Ž .
T T Tu u 	 u u 	 u u � 	 O 1�log n .Ž .i j i k j k 2 1 � �Ž .

Proof. By the definition of S
 there exists a real a � 1 � 2� such that
T � 4a � � � � a 	 1�log n for all i � S
. In addition, as i, j, k � S
 is an0 i

T T T T Ž .edge of H, we have that � � 	 � � 	 � � � � � 	 � 	 � � 3a 	i j i k j k 0 i j k
Ž . T T T Ž� � 2 � � 2 � � 2O 1�log n . As � �j 	 � � 	 � � � � 	 � 	 � � � � � �i i k j k i j k i j

� � 2 . Ž .� �2 
 �3�2, we may assume that a 
 �1�2 	 O 1�log n , sincek
otherwise S
 contains no edges and we are done. Let a vector u� � � �i i
Ž T .� � � be the projection of � on the subspace orthogonal to � . The0 i 0 i 0
vectors u are obtained by normalizing the vectors u� . Since the scalari i

T � � � 2 2products � � are roughly equal a, this implies that u 
 1 � a �0 i i
Ž .O 1�log n . Therefore

uTu 	 uTu 	 uTu 1i j i k j k � O2 ž /log n1 � a

� u�Tu� 	 u�Tu� 	 u�Tu�
i j i k j k

� � T� � � T� � T� 	 � T� � � T� � T�Ž . Ž . Ž .Ž .i j i 0 j 0 i k i 0 k 0

	 � T� � � T� � T�Ž .Ž .j k j 0 k 0

1
T T T 2� � � 	 � � 	 � � � 3a 	 Oi j i k j k ž /log n

1
T 2� � � 	 � 	 � � 3a 	 OŽ .0 i j k ž /log n

1
2� 3a � 3a 	 O .ž /log n
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This yields

3a � 3a2 1
T T Tu u 	 u u 	 u u � 	 Oi j i k j k 2 ž /log n1 � a

3a 1 3 1 � 2� 1Ž .
� 	 O � 	 O ,ž / ž /1 	 a log n 2 1 � � log nŽ .

where the last inequality follows from the facts that �1 � a � 1 � 2� and
Ž . Ž .f a � 3a� 1 	 a is an increasing function of a in this range.

�Notice that as u , u , u are all unit vectors, we have 0 � u 	 u 	i j k i j

� 2 Ž T T T . T T Tu � 3 	 2 u u 	 u u 	 u u , implying that u u 	 u u 	 u u 
k i j i k j k i j i k j k
�3�2. Then it follows from the above lemma that for � � 2�3 the set S

contains no edges; i.e., it is independent. Thus in the remaining part of this
section we assume that � � 2�3. We can also assume that m � 3n , since1 1
otherwise a simple greedy algorithm, which picks each time a vertex of
minimal degree and deletes all vertices closing an edge with two already
chosen ones, finds a linear size, independent set in H .1

Next we show how to find a large independent set in S
, using the
vectors u . This rounding algorithm is very similar to an algorithm ofi

� �Karger et al. 16 for coloring k-colorable graphs. Choose a random vector
r according to the standard n-dimensional normal distribution; i.e., each
component of r is an independent random variable with the standard

� T 4normal distribution. Let I � i � S
 
 u r 
 c , for some c which wei
� � ��Ž .specify later. Let n
 � I be the size of I and let m
 � i, j, k � E 


4 �i, j, k � I be the number of edges contained in I. An independent set I

of size n
 � m
 is then easily obtained by removing one vertex from each
edge contained in I. To finish the proof we will show that there exists a c

˜ 3�3� 2�3�Ž Ž ..such that the expected size of I
 is � min n , n �m �1 1 1
˜ 3�3� 2�3�Ž Ž ..� min n, n �m .

1 2� �x �2Ž . Ž . Ž .Let N x � H � y dy, where � x � e , denote the tail of thex '2


1 1Ž . Ž . Ž .standard normal distribution. It is well known that � � x � N x �3x x
1 Ž .� x , for every x � 0. It is also known that if � is an arbitrary unit vectorx

in � n, and r is a random vector chosen according to the standard
n-dimensional normal distribution, then the inner product � Tr is dis-
tributed according to the standard one-dimensional normal distribution.
Therefore

T� �E n
 � n Pr u r 
 c � n N c ,Ž .1 1 1

T T T� �E m
 � Pr u r 
 c and u r 
 c and u r 
 cÝ i j k
Ž . Ž .i , j , k �E H1

T� Pr u 	 u 	 u r 
 3c .Ž .Ý i j k
Ž . Ž .i , j , k �E H1
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Ž . Ž .Fix an edge i, j, k � E H . Our aim is to estimate from above the1
�Ž .T � � �probability Pr u 	 u 	 u r 
 3c . If u 	 u 	 u � 0, then for anyi j k i j k

�Ž .T �positive c one has Pr u 	 u 	 u r 
 3c � 0. Therefore we may as-i j k
� �sume that u 	 u 	 u � 0. In this case according to the abovei j k

3cTPr u 	 u 	 u r 
 c � N .Ž .i j k ž /� �u 	 u 	 ui j k

By Lemma 3 we know that

1 � 2�2� �u 	 u 	 u � 3 	 3 � 	 O 1�log nŽ .i j k 1 � �

2 � 3�
� 3 � 	 O 1�log n .Ž .

1 � �

� � 2Consider first the case � � 2�3. In this case we obtain u 	 u 	 u �i j k
Ž .O 1�log n , implying

2T 1�2 �� Žc log n.Pr u 	 u 	 u r 
 3c � N 3c � � log n � e .Ž . Ž .Ž .i j k

Choosing c to be a sufficiently large constant we derive
n

� �E n
 � � n � � ;Ž .1 2ž /log n

� � �� Žc2 log n.E m
 � m � e � o n .Ž .1 1

� � Ž 2 .and thus E I
 � � n�log n , proving the desired bound.
Ž . Ž .If � � 2�3, then for every edge i, j, k � E H it follows that1

� � 'Pr i , j, k � I � N 3c 1 � � � 3 2 � 3� 	 O 1�log n .Ž . Ž . Ž .Ž .ž /ž /
Therefore

� �� � � � � �E I
 
 E n
 � E m


1
21 � �


 n N c � m N 3c 	 O 1�log n .Ž . Ž .1 1 ž /ž /ž /3 2 � 3�Ž .

Fix c to be 4 � 6� ln m �n 	 � 1 . Then by choosing an appropri-'Ž . Ž . Ž .1 1
Ž . � � Ž . � �ate constant � 1 we can make E m
 � n N c �2 � E n
 �2, and thus1

n n 1 1 1 21 1 �c �2� �� �E I
 
 N c 
 � eŽ . 3ž / '2 2 c c 2


n3�3� n3�3�
1˜ ˜� � � � ,2�3� 2�3�ž /ž /m m1

as promised.
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Note that even though our algorithm is randomized, it can be easily
� �derandomized using the technique of Mahajan and Ramesh 20 .

We will finish this section with the following immediate consequence of
the last theorem.

COROLLARY 4. If � � 1�2 and H is a 3-uniform hypergraph on n �ertices
with an independent set of size at least � n, then there is a polynomial time

˜ 6��3Ž Ž ..algorithm which finds in H an independent set of size � min n, n .

Proof. Note that in Theorem 1 the value of m in the worst case is at
3Ž .most O n .

3. USING THE LOCAL RATIO APPROACH

The so-called local ratio approach was pioneered by Bar-Yehuda and
� �Even 4 , who used it to develop an approximate graph vertex cover

� �algorithm. Boppana and Halldorsson 6 used the local ratio approach in´
their algorithm for approximating the independence number of a graph. In
� �18 , this approach has been applied to a hypergraph approximation
problem. Here we use the local ratio lemma to improve the result of
Theorem 1 for certain values of the parameter � . Our approach is similar

� �in spirit to that of 6 .

Ž .Notation. For a hypergraph H � V, E the local ratio of H is defined
by

� HŽ .
lr H � .Ž .

� �V HŽ .

Ž . Ž .LEMMA 5 Local Ratio Lemma . Let H � V , E be a fixed hyper-0 0 0
Ž . Ž .graph with lr H � � . Let H � V, E be a hypergraph on n �ertices with0

Ž .� H 
 � n 	 m. Start with H
 � H and as long as H
 contains a copy of
H , delete from H
 all �ertices of this copy. Then the obtained hypergraph H
0
has the following properties:

1. H
 does not contain a copy of H ;0

� Ž . � Ž . � Ž . �2. V H
 
 � H
 
 � V H
 	 m 
 m.

Proof. Property 1 is obvious from the construction of H
.
For the proof of Property 2, note that the first and the last inequalities

hold trivially, so we need to prove only the middle inequality. Denote
� Ž . �V H � n and suppose we have deleted s 
 0 copies of H with vertex0 0 0
sets U , . . . , U . Denote U* � � s U . As all U are pairwise disjoint, we1 s i�1 i i

� � � Ž . � Ž .get U* � n s and thus V H
 � n � n s. Let I � V H be an indepen-0 0
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� �dent set in H of size I � � n 	 m. Then for every 1 � i � s one has
� � Ž . � �I � U � � H � � n . Hence I � U* � � n s. This implies thati 0 0 0

� � � � � �� H
 
 I � U* � I � I � U* 
 � n 	 m � � n sŽ . Ž . 0

� �� � n � n s 	 m � � V H
 	 m ,Ž . Ž .0

thus establishing Property 2.

� 4�Let H be the family of 3-uniform hypergraphs defined by thek k�1
Ž . � 4 Ž . �Ž .4following recursive construction: V H � 1, 2, 3 , E H � 1, 2, 3 ; for1 1

Ž . � 4 Ž . Ž . �Žall k 
 2, V H � 1, 2, . . . , 2k 	 1 , E H � E H � i, 2k, 2k 	k k k�1
. 41 
 1 � i � 2k � 1 . Clearly the number of vertices in H is 2k 	 1 and itk

Ž .is easy to prove by induction that � H � k 	 1. Indeed, first note thatk
� 4the set 1, 3, . . . , 2k � 1, 2k 	 1 is independent in H . Next, if I isk

�independent in H , then either 2k, 2k 	 1 � I and then I � 1, . . . , 2k �k
4 � � 4 � � �1 � �, or I � 2k, 2k 	 1 � 1 and then by induction I � 1 	

k 	 1Ž . Ž .� H � k 	 1. Therefore lr H � . Note that the hypergraph Hk�1 k k2k 	 1

contains all hypergraphs H , 1 � i � k � 1, as subhypergraphs.i
For a fixed integer k, let t be the constant whose value is defined byk

the recursion:

k 	 2 sŽ . k , i
s � 1, s � , 1 � i � k � 1, t � s .k , 1 k , i	1 k k , kk � 1 	 2k 	 1 sŽ . k , i

We prove the following theorem.

THEOREM 6. Let H be a 3-uniform hypergraph with n �ertices and an
k 	 1 �Ž1.Ž Ž .. Ž . Ž .independent set of size at least 	 � n n, where � n � � 1�log n .2k 	 1

Then there exists a polynomial time algorithm which finds in H an indepen-
˜ tkŽ .dent set of size � n .

Ž . Ž . Ž .Proof. Since lr H � k 	 1 � 2k 	 1 , by the local ratio lemma wek
can exclude all copies of H from the hypergraph H and obtain ak

˜ Ž .hypergraph H
 with n
 � � n vertices and an independent set of size at
k 	 1 Ž .least n
 	 � n n.2k 	 1

Now we show by induction that, for all 1 � i � k, if H
 is a hypergraph
on � vertices, not containing a copy of the hypergraph H , then there is ai
polynomial time algorithm which either finds in H
 an independent set

˜ sk ,iŽ . Ž . Ž � �.of size � n or outputs a subset U � V H
 so that lr H
 U �
Ž . Ž .k 	 1 � 2k 	 1 .

Basis of induction. If i � 1, then by the definition of H we have that1
H
 contains no edges. Therefore the vertex set of H
 is an independent set
of size n � nsk ,1, as desired.
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Induction step. Suppose first that the number of edges in H
 satisfies

Ž .3k	 4 k	2 sk , i

Ž .k�1	 2 k	1 sk , im � n .

Ž . Ž . Ž .If lr H
 
 k 	 1 � 2k 	 1 , then by applying our algorithm from Sec-
tion 2 we can find an independent set of size

3k
Ž .k	2 sk , i2 k	1n Ž .k�1	 2 k	1 sk , i sk , i	1˜ ˜ ˜� � � n � � n .Ž .k�1 ž /
 02 k	1m

˜ sk , i	1Ž .If the algorithm fails to output an independent set if size � n , then
Ž . Ž . Ž .H
 has local ratio lr H
 � k 	 1 � 2k 	 1 , and we are done again.

On the other hand, if the number of edges satisfies

Ž .3k	 4 k	2 sk , i

Ž .k�1	 2 k	1 sk , im 
 n ,

then we clearly can find a pair of vertices u and � in H
 such that
Ž . 2d u, � 
 m�n . Note that by definition, the subhypergraph induced by
Ž .N u, � does not contains a copy of H . Therefore by applying the induc-i

tion hypothesis to this hypergraph we will either find an independent set of
size

sk , ims sk , i k , i	1˜ ˜ ˜� �� N u , � 
 � 
 � nŽ . Ž .Ž . 2ž /ž /n

Ž � �. Ž . Ž .or a subset U so that lr H
 U � k 	 1 � 2k 	 1 . This completes the
proof of the induction step.

Now we apply repeatedly the above algorithm with i � k. If the algo-
Ž � �. Ž . Ž .rithm finds a subset U for which lr H
 U � k 	 1 � 2k 	 1 , then we

delete U and proceed. Notice that by the local ratio lemma deleting from
H
 such a subset U leaves the local ratio of the obtained hypergraph above

k 	 1Ž . Ž . Ž . Žk 	 1 � 2k 	 1 . Recall that by our assumption lr H
 
 	2k 	 1
Ž ..� n n. Therefore during the repeated calls of the algorithm the number

˜Ž . Ž .of vertices in the hypergraph is always as large as � n n � � n . Hence at
some point the algorithm will return an independent set of size at least

t tk k˜ ˜ŽŽ Ž . . . Ž .� � n n � � n , as desired.

Ž .It is easy to show by induction that t is always greater than 3� 2k 	 1k
for all k 
 2. This implies that the result of Theorem 6 improves Corollary
4. To conclude, we present a table which compares quantitatively these two
results for the first few values of k.
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TABLE 1
The Exponents of the Algorithms of Corollary 4 and of Theorem 6

Ž .� H k 	 1 2 3 4 5 6� � � 3 5 7 9 11� �Ž .V H 2 k 	 1
3 3 1 3Result of Corollary 4 1 � 0.6 � 0.428 . . . � 0.333 . . . � 0.272 . . .5 7 3 11

2 25 4 2401Result of Theorem 6 1 � 0.666 . . . � 0.471 . . . � 0.363 . . . � 0.295 . . .3 53 11 8121

4. COLORING 2-COLORABLE HYPERGRAPHS

In this section we present an algorithm for coloring 3-uniform 2-colora-
� �ble hypergraphs, which improves the previous results from 2, 7, 19 . We

will prove the following statement.

THEOREM 7. Let H be a 3-uniform 2-colorable hypergraph on n �ertices.
˜ 1�5Ž .Then there is a polynomial time algorithm which colors H using O n

colors.

Proof. Let us start by defining terminology and notation to be used
Ž .later. Given a 3-uniform hypergraph H � V, E , for a pair of vertices

Ž . � Ž . 4 Ž .� , u � V we denote N u, � � w � V : u, � , w � E and also d u, � �
� Ž . �N u, � . H is linear if every pair of edges of H has at most one vertex in

Ž .common; that is, d u, � � 1 for every u, � � V. Also, the neighborhood of
Ž . � � 4 Ž . Ž .4� � V is defined as N � � u � V � � : �w � V, u, � , w � E H .

The algorithm is obtained by combining Corollary 4 and the ideas from
� �19 . To simplify the presentation we avoid specific constants and polyloga-

˜ ˜rithmic factors, hiding them in the standard O, �-notation. The exact form
of these expressions can be easily figured out. As usual, to produce an

1
5˜Ž .O n coloring of H, it is enough to be able to find an independent set of
˜ 4�5Ž . Ž .size � n . Here is our plan: we first reduce all codegrees d u, � to

n4�5; then in the obtained hypergraph we find a linear subhypergraph with
Ž 4�5.all degrees at least � n ; finally we use this subhypergraph to find a

Ž . � � Ž 4�5.subset V � V H of size V � � n so that V contains an indepen-0 0 0
dent set two thirds of its size; finally we use Corollary 4 to find an

˜ 4�5Ž .independent set of size � n inside V .0
In our algorithm we will use the semidefinite programming subroutine
� � � �of 7 and 2 to find large independent sets. The analysis in these papers

yields the existence of the following procedure:

Ž .Procedure Semidef H
Ž .Input: A 3-uniform 2-colorable hypergraph H � V, E on n vertices with

m 
 n edges.
˜ 9�8 1�8� � Ž .Output: An independent set I of size I � � n �m .
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Ž � �Both papers 2, 7 show that a 3-uniform 2-colorable hypergraph H �
˜ 1�8Ž . Ž . ŽV, E with a maximal degree � can be colored in O � colors see, e.g.,

Ž . � � � �.display 4 of 7 or Corollary 1 of 2 . Given a 3-uniform 2-colorable
Ž .hypergraph H � V, E with n vertices and m edges, we first, as long as H

contains a vertex of degree at least m�n, delete such a vertex and all
incident edges. This procedure will stop with a 3-uniform hypergraph

Ž .H
 � H with � n vertices and with all degrees at most m�n. Applying to
� �this hypergraph the above mentioned result of 2, 7 we get the above

Ž . .stated procedure Semidef H .
Our algorithm consists of three main steps.

Ž . 4�5Step 1: Consider a pair of vertices u, � such that d u, � 
 n . If there
Ž .is no such pair proceed to Step 2. If N u, � contains no edges of H, we

are done, since we have found an independent set of size n4�5. Otherwise
in any legal 2-coloring of H the colors of u and � are different. Delete all

Ž .edges of H containing both u and � and replace them by an edge u, � .
The obtained hypergraph is still 2-colorable. Repeat this procedure while
there is such a pair of vertices as above. Note that even though this process
creates edges of size 2, this can be easily overcome. We simply ignore all
edges of size 2 that appear in the course of the algorithm execution. After
having colored the hypergraph, for every color class we are left with a
bipartite graph that can easily be colored using two colors. We therefore
need to at most double the number of colors to reach a legal coloring of
H. Denote the 3-uniform hypergraph obtained in the end of the first step

Ž . 4�5by H . It has a property that for any pair of vertices d u, � � n .1
� Ž . � Ž 13�5.Step 2: Consider the hypergraph H . If E H � O n , then by1 1

˜ 4�5Ž .applying Semidef we can find an independent set of size � n . Other-
Ž 13�5.wise, H is a hypergraph with � n edges in which there are at most1

n4�5 edges containing any given pair of vertices. Therefore H contains a1
� Ž 9�5.linear subhypergraph H with the same vertex set and � n edges. This1

subhypergraph can be found by a simple greedy procedure: start with
Ž � . Ž . Ž � .E H � �. As long as there exists an edge e � E H � E H such that1 1 1

Ž � . � Ž � .after adding e to E H , H will still be linear, add e to E H . If this1 1 1
� Ž � . � 4�5 � Ž . �procedure stops with E H � t edges, then 3tn 
 E H � t since1 1

Ž � . 4�5for every edge in E H there are at most 3n other edges intersecting it1
Ž 9�5.in two vertices. This yields that t � � n . We now repeatedly delete

from H � vertices with degree at most t�2n, for as long as such vertices1
exist. The resulting subhypergraph is denoted by H . The total number of2

Ž . Ž .deleted edges does not exceed t�2n n � t�2 and therefore E H � �.2
Ž 4�5.Also, every vertex in H has degree at least t�2n � � n and clearly2

H is a linear hypergraph as well.2
Step 3: Since H is a 2-colorable hypergraph, we can fix some 2-colora-

Ž . Ž . Ž . � 4tion V H � C � C of H. For a vertex � � V H , let C � � C , C1 2 2 1 2
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denote the color class of � in this coloring. Consider the following sum

� � � �N � � C � � 2 N � � C �Ž . Ž . Ž . Ž .Ž .Ý H H2 2
Ž .��V H2

� � � �� N � � C � � 2 N � � C � .Ž . Ž . Ž . Ž .Ý ÝH H2 2
Ž . Ž .��V H ��V H2 2

Ž .Note that every edge e � E H has exactly two vertices of one color and2
exactly one vertex of the opposite color. Also, since H is linear, for every2

Ž . Ž .� � V H every vertex u � N � belongs to exactly one edge incident2
with � . Therefore every edge e contributes 4 to the first sum of the
right-hand side of the above equality and the same amount to the second
sum. This observation shows that the sum above is equal to zero, implying
in turn that at least one of the summands in the left-hand side is

Ž .nonnegative. We infer that there exists a vertex � � V H such that0 2
Ž . Ž 4�5. � Ž . Ž . � Ž . � Ž . �N � � � n and N � � C � 
 2�3 N � . This impliesH 0 H 0 0 H 02 2 2

Ž .that at least 2�3 of the vertices of N � belong to the same color classH 02 � Ž .�and thus form an independent set in H. Let H � H N � be the3 H 02
� Ž . � Ž 4�5.induced subhypergraph of H, V H � � n . Then H is 3-uniform3 3
Ž . Ž . � Ž . �and 2-colorable and satisfies � H 
 2�3 V H . Suppose we have this3 3

Ž .vertex � at hand we can check all the vertices in polynomial time . Then0
we can use Corollary 4 from Section 2, with � � 2�3, to find an indepen-

˜ 4�5Ž . Ž .dent set of H of size � n in V H . This completes the proof of the3
theorem.

Remark. It is easy to see that our algorithm can be also used to color
Ž2-colorable hypergraph H of dimension 3 i.e., all the edges are of size 2

˜ 1�5. Ž .or 3 using only O n colors. Here n is the number of vertices of H.
Indeed, we simply ignore all edges of size 2 in the course of the algorithm
execution. After having colored the hypergraph, for every color class we
are left with a bipartite graph that can easily be colored using two colors.
We therefore need to at most double the number of colors to reach a legal
coloring of the hypergraph.

5. CONCLUDING REMARKS

We have presented approximation algorithms for coloring and finding a
large independent set in 3-uniform hypergraphs. Our coloring algorithm

˜ 1�5Ž .colors a 3-uniform 2-colorable hypergraph on n vertices in O n colors.
For the independent set problem, we can find an independent set of size
˜ 6��3Ž Ž ..� min n, n in a 3-uniform hypergraph on n vertices with an inde-
pendent set of size � n, where � � 0 is a constant. Both these algorithms
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start by formulating and solving a semidefinite programming relaxation of
the corresponding problem and then round an optimal vector solution in
order to find a good approximation of the relevant parameter. For certain
values of the parameter � we are able to improve the latter algorithm,
using the local ratio approach.

A challenging question which remains open is to determine if there
exists a polynomial time algorithm which finds an independent set of size
at least n�, for some � � 0 in a 3-uniform hypergraph on n vertices and
with independent set of size � n, where � � 1�2.

Also, it would be very interesting to develop good approximation algo-
rithms for coloring and independent set problems for k-uniform hyper-
graphs with k 
 4.
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