Reflection Positivity and Phase
Transitions in Lattice Spin Models

Lecture notes from

the 5th Prague Summer School on
Mathematical Statistical Mechanics

September 11-22, 2006

Marek Biskup

University of California
at Los Angeles

(© 2006 by M. Biskup. Reproduction, by any means, of the entire
article for non-commercial purposes is permitted without charge.






Contents

Preface 5
1 Lattice spin models 7
1.1 BasiCsetup . . . . . . . . e 7
1.2 Examples . . . . . . . e 8
1.3 Gibbsformalism . . ... ... ... .. . ... .. .. 11
1.4 TOrusSmeasUreS . . . . . . . v v i e e e e e e e e e e e 13
1.5 Somethermodynamics . . .. .. .. .. ... .. ... .. .. .. ... 13
1.6 Literatureremarks. . . . . . . . . ... 15
2 IRB & spin-wave condensation 17
2.1 Randomwalkconnections . .. ... .. .. ... ... . ... .. ..., 17
2.2 Infraredbound . . .. .. .. . .. ... e 19
2.3 Spin-wave condensation@(n)-model . . . ... ... ... ... ..., 21
2.4 Mermin-Wagnertheorem . . . . . . . . . .. .. .. ... ... 23
2.5 Literatureremarks. . . . . . . . ... e 24
3 IRB & Mean-field theory 27
3.1 Mean-fieldtheory . . . . . . . . .. .. 27
3.2 Approximation theorem & applications . . . . .. .. ... ... ... .. 30
3.3 lIdeasfromtheproofs . ... .. ... .. .. . ... .. ... .. .. ... 32
3.4 Literatureremarks . . . . . ... 35
4 Reflection positivity 37
4.1 Reflection positive measures . . . . . . .. ... 37
4.2 Gaussiandomination . . . . ... ... 40
4.3 Chessboardestimates . . . . . . . . . ... ... 42
4.4 Literatureremarks . . . . . . . 45



4 CONTENTS

5 Applications of chessboard estimates 47
5.1 Gaussiandouble-wellmodel . . . ... ... ... .. ... ........ a7
5.2 Proof of phasecoexistence . . ... ... ... .. ... .......... 49
5.3 Gradient fields with non-convex potential . . . ... ... ......... 52
5.4 Spin-waves vs infinite ground-state degeneracy . . . . ... ... ... .. 55
5.5 Literatureremarks . . . . . . . . L 59
Three open problems 61

References 63



Preface

Phase transitions are one of the most fascinating, and also most perplexing, phenomena
in equilibrium statistical mechanics. On the physics side, many approximate techniques
and approaches are known but a complete mathematical understanding is available only
in the simplest of all cases. This set of notes describes one successful approach to phase
transitions in lattice spin models which is based on the techniquefleiction positivity

This approach was developed in the late 1970s in the works of Dysolnljétr, Israel, Lieb,

Simon and Spencer who used it to prove phase transitions in a host of physically-interesting
classical and quantum models; most notably, the classical Heissenberg ferromagnet and the
guantum XY model and Heissenberg antiferromagnet.

The underlying structure of the arguments based on reflection positivity is very simple.
Indeed, the latter is used to establish either the so catliedred bound by which one

infers phase transitions using a spin-condensation argument, or to produce the so called
chessboard estimataevhich allows one to implement a Peierls-type argument regardless
of whether the model possesses an internal symmetry or not. Unfortunately, reflection
positivity is a rather restrictive condition and, in a certain sense, applies only to a very small
class of systems. Fortunately, the models to which it does apply constitute a large portion
of what is interesting for physicsandto physicists. Thus, unless one is after exclusively
universal statements—i.e., those robust under rather arbitrary perturbations—the route via
reflection positivity is often fairly satisfactory.

The spectacular success of reflection positivity from the late 1970s was followed by many
interesting developments. For instance, in various joint collaborations, Dobrushin, foteck
and Shlosman showed how chessboard estimates can be used to prove a phase transition in
a class of systems with naturally defined ordered and disordered components; most notably,
the g-state Potts model fag > 1. Another unexpected application came in the papers

of Aizenman from early 1980s in which he combined the infrared bound with his random-
current representation to conclude mean-field critical behavior in the nearest-neighbor Ising
ferromagnet above 4 dimensions. Yet another example is the proof, by Chayes,{Koteck
and Shlosman, that the Fisher-renormalization scheme in annealed-diluted systems may be
substituted by the emergence of an intermediate phase.

Recently, reflection positivity was used to prove asymptotic results which were part of a
physics folklore but whose mathematical justification was missing. For instance, in pa-
pers by Crawford, Chayes and the present author, the infrared bound was shown to imply
that, once a model undergoes a field or energy driven first-order transition in mean-field
theory, a similar transition will occur in the lattice model provided the spatial dimension



is sufficiently high or the interaction is sufficiently spread-out (but still reflection positive).
Another result—due to Chayes, Starr and the present author—asserts that if the classical
limit of a quantum spin system admits a proof of phase transition by chessboard estimates,
the corresponding conclusion extends also to the quantum system provided the magnitude
of the quantum spin is sufficiently large.

There have also been cases where reflection positivity brought a definite end to a contro-
versy that physics arguments were not able to resolve. One instance concerned certain
non-linear vector and liquid-crystal models where there was a debate about whether a tran-
sition can occur already in 2 dimensions. This was settled in the work of van Enter and
Shlosman. Another instance involved spin systems whose (infinite) set of ground states had
a much larger set of symmetries than the Hamiltonian of the model; two competing physics
reasonings argued for, and against, the survival of these states at low temperatures. Here,
in papers of Chayes, Nussinov, Starr and the present author, spin-wave free energy calcu-
lations were combined with chessboard estimates to construct a rigorous proof of phase
coexistence of only &nite number of low-temperature states.

The set of notes introduced herewith records nine hours of lectures on the subject of re-
flection positivity and phase transitions that were delivered at the 5th Prague School of
Mathematical Statistical Mechanics in September 2006. The material of the notes is essen-
tially identical to the lectures safe for the last chapter which was not entirely covered for
lack of time. The limited time-frame of the lectures, and the desire of the lecturer to explain
all concepts in sufficient depth, caused these notes to be far from the initially-indended
comprehensive review. Nevertheless, while only a modest fraction of this text is spent on
discussing recent applications, it is hoped that the readership of these notes will get suffi-
ciently prepared for getting through—and building further upon—the recent work without
serious difficulties.

Itis a pleasure to thank Roman Kotgdlor organizing the summer school and for allowing

me to speak on this subject. Next | would like to thank Lincoln Chayes with whom |
have coauthored more than half-a-dozen papers on reflection positivity and who taught
me many subtleties of this field. | am also much indebted to Aernout van Enter for our
frequent email conversations on these subjects, and for many helpful suggestions on the
first draft of this text. Finally, my presence at the school was made possible thanks to the
support from the ESF-program “Phase Transitions and Fluctuation Phenomena for Random
Dynamics in Spatially Extended Systems” and from the National Science Foundation under
the grant DMS-0505356.

M.B.
Praha & Los Angeles
September 2006



Chapter 1

Lattice spin models: Crash course

This chapter prepares the ground for the rest of the course by introducing the main concepts
from the theory of Gibbs measures for lattice spin models. The results introduced here are
selected entirely for the purpose of this note; readers wishing a more comprehensive—and
in-depth—treatment should consult classic textbooks on the subject.

1.1 Basic setup

Let us start discussing the setup of the models to which we will direct our attention through-
out this course. The basic ingredients are as follows:

e Lattice We will take thed-dimensional hypercubic lattic& as our underlying graph.
This is a graph with vertices at all points Bf with integer coordinates and edges
between anynearest neighbopair of vertices; i.e., those at Euclidean distance one.
We will use(x, y) to denote an (unordered) nearest-neighbor pair.

e Spins At eachx e Z9 we will consider a spir§, by which we will mean a random
variable taking values in a closed sub&etf R, for somev > 1. We will useS; - §,
to denote a scalar product betwegrandS, (Euclidean or otherwise).

e Spin configurationsFor A C 79, we will refer to S, = (S)xea as the spin configu-
ration in A. We will be generically interested in describing the statistical properties of
such spin configurations with respect to certain (canonical) measures.

e Boundary conditionsTo describe the law d&, , we will not be able to ignore that some
spins are also outsid&é. We will refer to the configuratior,. of these spins as the
boundary condition. The latter will usually be fixed and may often even be considered
a parameter of the game. When b&hand S,c are known, we will write

S= (S, She) (1.1)
to denote their concatenation on allZ.

7



8 CHAPTER 1. LATTICE SPIN MODELS

The above setting incorporates rather varied physical contexts. The spins may be thought
of as describing magnetic moments of atoms in a crystal, displacement of atoms from their
equilibrium positions or even orientation of grains in nearly-crystalline granular materials.

To define the dynamics of spin systems, we will need to specify the energetics. This is con-
veniently done by prescribing théamiltonianwhich is a function on the spin-configuration
spaceQZd that tells us how much energy each spin configuration has. Of course, to have all
quantities well defined we need to fiXiaite volume A c Z9 and compute only the energy

in A. The most general formula we will ever need is

Ha(S) = D @A (1.2)
AcZd finite
ANA£D
where®, is a function that depends only d&. To make everything well defined, we
require, e.g., tha® is translation invariant and that ,_, [P allcc < oo. (The infinity
norm may be replaced by some other norm, should the need arise to talk about unbounded
spins.) Itis often more convenient to write the above as a formal sum

H(S) =D ®a(S) (1.3)
A

with the above specific understanding whenever a rigorous definition is desired.

The energy is not sufficient on its own to define the statistical mechanics of such spin sys-
tems; we also need to specify theriori measureon the spins. This will be achieved by
prescribing a Borel measugg, on Q (which may or may not be finite). The spin configu-
rations (in finite volume) will be “distributed” according to the product measure, e.g., the
a priori law of Sy is @), ., #0(dSs). The full statistical-mechanical law is then given by a
Gibbs measurahich takes the form&H® [, 10(dS:); cf Sect. 1.3 for more details.

1.2 Examples

Here are a few examples of spin systems:

(1) O(n)-model HereQ = S"! = {z € R": |z|, = 1} with u( = surface measure. The
Hamiltonian is

HS=-3> S S (1.4)

(x,y)

where the dot denotes the usual (Euclidean) dot-produkt imndJ > 0. (The sign ofl is
reversed by reversing the spins on the odd sublattié of

Note that if A € O(n)—i.e., Ais ann-dimensional orthogonal matrix—then
AS-AS =SS, (1.5)

and soH (AS) = H(S). Since alsquo o A~ = 1o, the model possessegmbal rotation
invariance(with respect to simultaneous rotation of all spins).
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Two instances of this model are known by other nanmress: 2 is therotor modelwhile
n = 3 is the (classicalieisenberg ferromagnet

(2) Ising model Formally, this is theO(1)-model. Explicitly, the spin variables, take
values inQ = {—1, +1} with uniforma priori measure; the Hamiltonian is

H(o)=-3> oxoy (1.6)
(X,y)

Note that the energy is smaller when the spins at nearest neighbors align and higher when
they antialign. A similar statement holds, of course, for@{h) models. This is due to the
choice of the sigrd > 0 which makes these moddirromagnets

(3) Potts model This is a generalization of the Ising model beyond two spin states. Explic-
itly, we fix q € N and leto, take values i1, ..., q} (with uniforma priori measure). The
Hamiltonian is

H(e) == doeoy (1.7)
(X.y)

so the energy is-J whenoy andoy “align” and zero otherwise. Thg = 2 case is the
Ising model andj = 1 may be related to bond percolation Bt (via the so calledFortuin-
Kasteleyn representatideading to aandom-cluster modgl

It turns out that the Hamiltonian (1.7) can be brought to the form (1.4). Indeed,denote
the set ofg points uniformly spread on the unit sphereRA—1; we may think of these as
the vertices of a@-simplex (or a regulag-hedron). The casas = 2, 3, 4 are depicted in
this figure:

| D><p

More explicitly, the elements 4@ are vectord,,a =1, ..., q, such that
1, if o = B,
U p=1"" | a=p (1.8)
=T otherwise.

The existence of such vectors may be proved by inductiog. d@early, if S, corresponds
toox andS, toay, then
q 1
S = ——00y — —— 1.9
S8 = o g T g1 (1.9)
and so the Potts Hamiltonian is to within an additive constant of

H(S):—jZS('Sy (1.10)
x,y)
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with J = JqT‘l. This form will be far more useful for our purposes than (1.7).

(4) Liquid-crystal model There are many models that describe certain granular materials
known to many of us from digital displays: liquid crystals. A distinguished feature of
such materials is the presencearfentational long-range ordewhere a majority of the
grains align with one another despite the fact that the system as a whole is rotationally
invariant. One of the simplest models capturing this phenomenon is as follows: Consider
spinsS, e S"~! with uniforma priori measure. The Hamiltonian is

H(S) =-1 (S §)° (1.11)

x.y)

The interaction features global rotation invariance and the square takes care of the fact that
reflection of any spin does not change the energy (i.e., onlptieatationrather than the
directionof the spin matters).

As for the Potts model, the Hamiltonian can again be brought to the form reminiscent of the
O(n)-model. Indeed, given a spBie S"~! with Cartesian componen&*,a =1, ...,n,
define am x n matrix Q by

Qup = SWSH — %ciaﬂ (1.12)

(The subtraction of the identity is rather arbitrary at this point; the goal is to achieve zero
trace and thus reduce the number of independent variables charact€inng— 1; i.e.,
exactly as many degrees of freedomSdsas.) As is easy to check, @ <> SandQ < S

are related via the above formula, then

QY = (5§ - .13)

SinceQ is symmetric, the trace evaluates to
Tr(QQ) = D QupQus (1.14)

a.p

which is the canonical scalar product orx n matrices. In such language the Hamiltonian
again takes the form known from ti@(n) model.

At the point we pause to remark that all of the above Hamiltonians are of the following
rather general form:

1
H(S) = +§ Z JiylS— Sy|2 (1.15)
X,y

where(Jyy) is a collection of suitableoupling constantsThis is possible because, in all
cases, the norm d§, is constant. The model thus obtained bears striking similarity to our
last example:

(5) Gaussian free field_et Q = R, ug = Lebesgue measure andR, y) be the transition
kernel of a random walk ofi; i.e., P(x, y) = P(0, y — x). In this case we will denote the
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variables by, ; the Hamiltonian is
1
H(g) =5 > PO V) (by = ¢ (1.16)
X,y

This can be rewritten as

H(@) = (¢, A= P)§) 259, =1 E1-P(¢. @) (1.17)

where experts on harmonic analysis of Markov chains will recogfize(¢, ¢) to be the
Dirichlet form associated with the generator1P of the above random walk. In the Gibbs
measure, the law of thé,’s will be Gaussian with grad-squared interactions; hence the
name of the model.

The sole difference between (1.15) and (1.16) is that, unlikegif® the spinsS, are
generally confined to a subset of a Euclidean space and/orahmiori measure is not
Lebesgue—which will ultimately mean their law ot Gaussian. One purpose of this
course is to show how this similarity can nevertheless be exploited to provide information
on the models (1.15).

1.3 Gibbs formalism

Now we are ready to describe the statistical-mechanical properties of the above models for
which we resort to the formalism of Gibbs-Boltzmann distributions. First we define these
in finite volume: Given a finite seA ¢ Z9 and a boundary conditioB,c we define the
Gibbs measuré A to be the measure ad* given by

S0 g FHA(S

iy @80 = 7o 5 [T no(@So (1.18)
> XeA

Here > 0 is theinverse temperature-in physics termsg = kBiT where lg is the Boltz-
mann constant andl is the temperature measured in Kelvins—afd;(Sxc) is the nor-
malization constant called thgartition function

To extend this concept to infinite volume we have two options:

(1) Consider all possible weak cluster points of the famﬂfjﬁ)} asA 1 Z9 (with the
boundary condition possibly varying with) and all convex combinations thereof.

(2) Identify a distinguishing property of Gibbs measures and use it to define infinite volume
objects directly.

While approach (1) is ultimately very useful in practical problems, option (2) is more ele-
gant at this level of generality. The requisite “distinguishing property” is as follows:

Lemma 1.1 [DLR condition] LetA c A c Z9 be finite sets and let,$ € Q2°. Then
(for {5 -ace. Sie),

15 (- 180) = 15 0) (1:19)
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In simple terms, conditioning the Gibbs measuréion the configuration im\ \ A, we get
the Gibbs measure in with the corresponding boundary condition.

This leads to:

Definition 1.2 [DLR Gibbs measures] A probability measure ofZ’ is called aninfinite
volume Gibbs measufer interaction H and inverse temperatugeif for all finite A ¢ Z°
andu-a.e. S,

1(-|Se) = a5 0) (1.20)

Where,uffﬁc) is defined using the HamiltonianH

We will use®y to denote the set of all infinite volume Gibbs measures at inverse tempera-
ture  (assuming the model is clear from the context).

Here are some straightforward, nonetheless important consequences of these definitions:

(1) As aconsequence of Lemma 1.1, any weak cluster poi@tﬁf;)) isin&g.

(2) By the Backward Martingale Convergence Theorem,jft Z¢ andu € &g, then for
B

. . . Sx¢ .
w-a.e. spin configuratio® the sequenc;a(AnA’”ﬂ) has a weak limit.
. . . . Spc
(3) &, is a convex set. Moreover, € & is extremal in® ; iff ,ui\:’?g) 5 4 for u-almost
every spin configuratio.

Similarly direct is the proof of the following “continuity” property:

(4) LetH, be a sequence of Hamiltonians converging—in the sup-norm on the potentials
®,—to HamiltonianH, and f, is a sequence witl#, — S < oo. Let u, be a
sequence of corresponding Gibbs measures. Then every (weak) cluster goint isf
an infinite-volume Gibbs measure for Hamiltonieinand inverse temperatuye

Now we give a meaning to the terms often used somewhat vaguely by physicists:

Definition 1.3 [Phase coexistence]We say that the model is @hase coexistenc@r
undergoes dst-order phase transitipwhenever the parameters are such tiég| > 1.

The simplest example where this happens is the Ising modelALet {1, ..., L} and
consider the Ising model i with all boundary spins set te¢-1. This is the so called
plus boundary conditionAs a consequence of stochastic domination—which we will not
discuss here, , tends weakly to a measuye” asL — co. Similarly, 3, 4 = ou.

It turns out that, in dimensiors > 2 there existg.(d) € (0, co) such that

B>ped) = putF#u (1.21)

while for < fc(d), the set of all infinite volume Gibbs measures is a singleton. We will
prove similar statements in all of the models introduced above.



1.4. TORUS MEASURES 13

1.4 Torus measures

In the above, we always put a boundary condition in the complement of the finite. set
However, it is sometimes convenient to consider other boundary conditions. One possibil-
ity is to ignore the existence ok altogether—this leads to the so callzde boundary
condition Another possibility is to wrap\ into a graph without boundary—typically a
torus. This is the case pkriodicor torus boundary conditions

Consider the toru¥, which we define a$Z/LZ)% endowed with the corresponding (pe-
riodicized) nearest-neighbor relation. For nearest-neighbor interactions, the corresponding
Hamiltonian is defined easily, but some care is needed for interactions that can be of arbi-
trary range. IfS € QTt we define theorus Hamiltonian H (S) by

HL(S) = H,, (periodic extension o8 to Z9) (1.22)
where we recalh . = {1,..., L}%. ForH(S) = 3>, , JySc- S we thus get

1

HL(S) = EZJX(}; S-S (1.23)
X,y

whereJ(!)) are the periodicized coupling constants

-J)g’Ly) = Z ‘]X,y+LZ (124)

ze7d

The Gibbs measure @™ is then defined accordingly:

S LAE)

L p(dS) = [T #o(dso (1.25)

XETL

whereZ_ ;4 is the torus partition function. The following holds:

Lemma 1.4 Every (weak) cluster point @, g)L>1 liesin®g.

Thereis something to prove here because, due to (1.24), the interaction depehds on

1.5 Some thermodynamics

For historical, and also practical reasons, many accounts of statistical mechanics start with
the notion of free energy. We will need this notion only tangentially—it suffices to think of
the free energy as a cumulant generating function—in the proofs of phase coexistence. The
relevant statement is as follows:

Theorem 1.5 For x e Z% let 7, be the shift-by-x which is defined b%S), = S,_x.
Let g: Q%" — R be a bounded, local function—i.e., one that depends only on a finite
number of spins—and let, 4 be the torus Gibbs measures. Then:
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(1) The limit
_ 1
f(h) = LIlnOO a logE,, , {exp(h E go z'x)} (1.26)

XETL

exists for all he R and is convex in h.

(2) If u € By is translation invariant, then

of
oh— h:oS SAC 8h_+‘h=o (1.27)

(3) There exist translation-invariant, ergodic measur€se & such that

of

— )hzo (1.28)

E,u:E (g) =

Proof of (1).For compact state-spaces and absolutely-summable interactions, the existence
of the limit follows by standard subbadditivity arguments. In fact, the measuyecould

be replaced by any sequence of Gibbs measurds iwith (even variable) boundary con-
ditions. The convexity off follows by the Holder inequality. O

Proof of (2).Let 1 € &4 be translation invariant and abbreviate

Z.(h) = E,,[exp(h > go TX)] (1.29)

XeAL

Since logZ, is convex inh, we have for any > 0 that

0
log Zu (h) — 109 2L (0) > - log Zu(| b

=hE, (D go ) = hIALIE ().

XeAL

(1.30)

Dividing by |A|, passing toL — oo and using thatf is independent of the boundary
condition, we get
f(h) — £(0) = hE,(g) (1.31)

Divide byh and leth | 0to get one half of (1.27). The other half is proved analogoudly.

Proof of (3).Let &4 , be the set of Gibbs measures for the Hamiltorten (h/£) >, gozy.
A variant of proof of (2) shows that i, € &gy is translation-invariant, then

0 of
oh— < B (9 < nt (1.32)
In particular, ifh > 0 we have
of of
E —_— —_— 1.
(@) 2 oh= 2o oh* In=o (1.33)
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by the monotonicity of derivatives of convex functions. Takingl 0 and extracting a weak
limit from un, we get a Gibbs measuye" € &4 such that

of
E.+(9) > h o (1.34)

(The expectations converge becausés a local—and thus continuous, in the product
topology—function.) Applying (2) we verify (1.28) fqu*.

The measure:™ is translation invariant and so it remains to show thatcan actually be
chosen ergodic. To that end let us first prove that

1

T > gor — Ew(@. in w*-probability (1.35)

XeAL

The random variables on the left are bounded by the nomreaid have expectatidf, + ()
so it suffices to prove that the limsup is no larger than the expectation. However, if that were
not the case, we would have

w(z 9ot > (E,+(9) +e)|AL|) > € (1.36)

XeAL

for somee > 0 and some sequence lok. But then for allh > 0,

E,+ {exp(h > go rx)} > eeMLINE+ (@] (1.37)
XeAL
This implies
f(h) > h(E,+(g) +¢) (1.38)

which cannot hold for alh > 0 should the right-derivative of ath = 0 be equaE,+(Q).
Hence (1.35) holds.

By the Pointwise Ergodic Theorem, the convergence in (1.35) actually occurs—and, by
(1.35), the limit equal€ ,+ (g)—for x-almost every spin configuration. This implies that

the same must be true for any measure in the decompositjoh imito ergodic components.

By classic theorems from Gibbs-measure theory, every measure in this decomposition is
also in®; and so we can chooge" ergodic. O

The above theorem is very useful for the proofs of phase coexistence. Indeed, one can often
prove some estimates that via (1.27) imply ttias not differentiable ah = 0. Then one
applies (1.28) to infer the existence of two distinct, ergodic Gibbs measures saturating the
bounds in (1.27). Examples of this approach will be discussed momentarily.

1.6 Literature remarks

This chapter contains only the absolute minimum we need for understanding the rest of the
course. For a comprehensive treatment of Gibbs-measure theory, we refer to classic mono-
graphs by Israel [48], Simon [64] and Georgii [43]; further general background on statistical
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mechanics of such systems can be found in Ruelle’s “blue” book [58]. The acronym DLR
derives from the initials of Dobrushin and the team of Lanford & Ruelle who first intro-
duced the idea of conditional definition of infinite volume Gibbs measures; cf e.g. [21].

The O(n) model goes back to Heisenberg (who introduced its quantum version); the Ising
model was introduced by Lenz and given to Ising as a thesis problem and the Potts model
was introduced by Domb and given to Potts as a thesis problem. An excellent reference
for mathematical physics of liquid crystals is the monograph by de Gennes and Prost [42].
The tetrahedral representation of the Potts model can be found in Wu'’s review article [70]
on the Potts model; the matrix representation of the liquid-crystal model goes back to An-
gelescu and Zagrebnov [4]. Gradient fields—of which the GFF is the simplest example—
have enjoyed considerable attention in recent years; cf the review articles by Funaki [38],
Velenik [68] and Sheffield [60]. The GFF is sometimes calledithemonic crystal



Chapter 2

Infrared bound & spin-wave
condensation

The goal of this chapter is to explain the concept of infrared bound—postponing the proof
until Chapter 4—and its use in the proof of symmetry breaking via the mechanism of “spin-
wave condensation.” The presence, and absence, of symmetry breaking)+smodel

with certain non-negative two-body interactions will be linked to recurrence vs transience
of a naturally induced random walk.

2.1 Random walk connections

Consider the model with the Hamiltonian
1
H =—§X2ijxy&-Sy (2.1)

where the spin§, area priori distributed according to a measurg which is supported in
a compact se®2 ¢ R". The interaction constants satisfy the following requirements:

(Il) 'JXX == 0 and\]x’y == \]O’y_x
(|2) ZX |‘]O,X| < 0 andzx ‘]O,X = l

i.e., the coupling constants are translation invariant, absolutely summable and, for conve-
nience, normalized. We will actually always consider the folowing specific examples:

e N.n. interactions

L ifIx—yl=1
Jy=12& ’ 2.2
Y [0, otherwise 2.2
e Yukawa potentials
Jyy = Ce#ixvhh (2.3)

with 4 > 0 andC > 0.

17
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e Power-law decaying potentials

— 2.4
IX —yI§ @4)

with s > d andC > 0.
On top of these, we will also permit:
e Any convex combination of the above (with, of course, positive coefficients).

Note that we are using thg-distance (rather than the more natufgldistance). This is
dictated by our methods of proof. Also note that the Yukawa potential is in the cl&sscof
modelswhere the coupling constants take the faly = 79 f (y(x — y)) for some rapidly
decaying functionf : RY — [0, co) with unit L*-norm

A unifying feature of all three examples is thit, > 0 which allows us to interpret the cou-
pling constants as theansition probabilitiesof a random walk orZ¢. Explicitly, consider
a Markov chain(X,) onZ¢ with

P:(Xnt1 = YIXn = X) = Jxy (2.5)

whereP, is the law of the chain started at site Of particular interest will the question
whether this random walk is recurrent or transient. Here is a criterion to this matter:

Lemma2.1 LetJ(k) = 3, Jox€**, k e [z, z]9. Then(X,) is transient if and only if

dk 1
PR ' 2.6
/[—m]d @)1 dk) (2.6)

Proof. Recall that a random walk is transient iff the first return time to the origin=
inf(n > 0: X,, = 0}, is infinite with positive probabilityPy(zp < co) < 1, which happens
iff the number of visits back to the origil\ = > ., 1(x.=0}, i finite almost surely. By
the formulaEgN = [1 — Po(zo < 00)] 7L, this is also equivalent tBgN < co. To compute
the expectation, we first note that

B dk  ox,

Lix,=0) = /_n . (27r)del (2.7)

which viaEogkXn = [Ege X1 ]"= 3" Jo»€**]"= J (k)" implies

dk .
Po(Xnh =0) = Jk)". 2.8
O =0=[ 55530 28)
Summing oven > 0 yields
dk 1

EoN = / n :/ — 2.9
° nZ>C‘; z,r]d (Zn)d ) [-m,z]d (zn)d 1- J(k) ( )

whereby the claim follows. (A careful proof of the latter identity requires justification of
the exchange of the integral with the infinite sum; one has to represent the LHS as a power
series, perform the sum and justify limits via appropriate convergence theorems.)]

As to the above examples, we have:
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e n.n.& Yukawa potentialsAs k — 0,
1— J(k) ~ Clk|? (2.10)
and so(X,) is transient iffd > 3.

e Power-law potentialsHere ak — 0,

[k|s—d, ifs<d+2,
1-Jk ~C IkI?log 75, ifs=d+2, (2.11)
k|2, ifs>d+2.

Hence(X,) is transient iffd > 3 ORs < min{d + 2, 2d}.

(Note that the walk witts < d + 2 has a stable-law tail with parameter= s — d.) A
convex combination (with non-zero coefficients) of the three coupling constants will lead
to a transient walk provided at least one of the interactions involved therein is transient.

2.2 Infrared bound

The principal claim of this chapter is that the finiteness of the integral in (2.6) is sufficient
for the existence of a symmetry-breaking phase transition in many spin systems of the
kind (2.1). The reason is the connection of the above random walk to the Gaussian free
field (1.16) (GFF) withP(x, y) = Jyy. Indeed, consider the field in a square boxvith,

say, zero boundary condition. It turns out that

CoVa (x> py) = D Pu(Xn =Y, tac = y) =: GA(X, Y) (2.12)

n>0

wherez,c is the first exit time of the walk from\ and G, denotes the so calle@reen’s
function In particular, we have

Vary (¢o) = Ga(0,0) (2.13)

which, as we will see, tends to the integral (2.6)ag Z9. SinceE(¢o9) = 0 due to our
choice of the boundary condition, we conclude

(Po) acza is tight iff (X,) is transient (2.14)

Physicists actually prefer to think of this in terms of symmetry breaking: Formally, the
Hamiltonian of the GFF is invariant under the transformatigr— ¢« + ¢, i.e., the model
possesses a global spin-translation symmetry. The symmetry group is not compact and so,
to define the model even in finite volume, the symmetry needs to be broken by boundary
conditions. The existence of a limit law f@g means the breaking survives the thermody-
namic limit (while non-existence means that the invariance is restored in this limit).

Our goal is to show that qualitatively the same conclusions hold also foO{me-spin
system. Explicitly, we will prove:
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Theorem 2.2 Let(Jyy) be one of the 3 interactions above. Then:
Global rotation symmetry _
Random walk driven

of O(n)-model is broken = , _
by (Jxy) is transient

at low temperatures

We begin with the proof of the implicatioa=. The principal tool will be our next theorem
which, for technical reasons, is formulated for torus boundary conditions:

Theorem 2.3 [Infrared bound] Let L be an even integer and consider the mg@el)
on torusT_ with Gibbs measurg . SupposéJyy) is one of the three interactions above
and let

CL,,B(X) = E,uL,/;(S) - ). (2.15)
Define¢, 4(k) = >, cr, CLs(X)€¥*. Then
6y < 2t keT: \ {0 (2.16)
=281 3k L '
wherev is the dimension of the spin vectors afifl = {ZT”(nl, ...,Ng):0<n < L}is

the reciprocal torus.

The proof will require developing the technique of reflection positivity and is therefore
postponed to Chapter 4.

Note thatc, ;(x) is the spin-spin correlation function which, in light of translation invari-
ance ofu 4 is a function of only the displacement of the two spins. The result has the
following equivalent formulation: For alloy) € C™t with > ox =0,

Z Uny i ﬂ(Sﬁ) S) < ﬂ Z UxﬁyGL(X, y) (2-17)
x,yeT| x,yeT|
where ‘
1 gk (x=y)
GLY) =% > ——— (2.18)
L keT; \{0} 1-3(K)

Observe that the latter is the covariance matrix of the GFH gnprojected on configu-
rations with total integral zero (i.e., on the orthogonal complement of constant functions).
This is a meaningful object because while theare not really well defined—due to the
absence of the boundary—the differenggs- ¢ are.

A short formulation of the infrared bound is thus:
The correlation of the spins in mod€& 1) with one of the three interactions above

is dominated—as a matrix on the orthogonal complement of constant functions
in L?(T,)—by the covariance of the GFF.

This fact is often referred to &aussian dominatian



2.3. SPIN-WAVE CONDENSATION IN O(N)-MODEL 21

2.3 Spin-wave condensation ifD(n)-model

Now we will continue in our original line of thought. The above theorem implies:

Corollary 2.4 [Spin-wave condensation] Suppos¢S,| = 1 for all x. Then

1 2
Em’ﬂ(lﬁgr: S,(‘ ) >1— %GL(O, 0). (2.19)

Proof. Let ék = erm S.&¥* be the Fourier coefficient of the decomposition(8f) into
the so calledpin wavesThe IRB yields

A v Ld
Eu &P < = ——, k e T} \ {0}. 2.20
S S 25 750 L\ (0 (2.20)
On the other hand, Parseval's identity along Wi = 1 implies
DUSP=L' DI =1" (2.21)
keTy xeT

The IRB makes no statement ab&jtso we split it from the rest of the sum:

1 . 1 A
ﬁ|so|2 =1- [2d z 1S (2.22)
keT* \{0}
Now take expectation and apply (2.20):
1 . v 1 1
By (1lBF) 21— 05 D (2.23)
L 2 L keT} \{0} 1-J(k)
In light of (2.18), this is (2.19). O

With (2.19) in the hand we can apply the same reasoning as for the GFF: In the tran-
sient casess| (0, 0) converges to the integral (2.6) and so the right-hand side has a finite
limit. By taking £ sufficiently large, the limit is actually strictly positive uniformly in.

This in turn implies that the zero mode of the spin-wave decompositioratoscopically
populated—very much like the ground state of the free Bose gas at Bose-Einstein conden-
sation. Here is how we pull the corresponding conclusions figronto Z:

Theorem 2.5 [Phase coexistence i@(n)-model] Consider Qn)-model with n> 1 and
one of the three interactions above. Let

n dk 1
- - - 2.24
o /[_n,n]d @r)d 1= (k) (2.24)
Then for anys > Bo and anyd e S"~* there existgy € &4 which is translation invariant
and ergodic such that

1

m Z S Ijo m, 0, Ho-aA.S, (2.25)

XeAL

for some m = m,(f) > 0.
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Note that (2.25) implies that the measures are mutually singular with respect to one
another.

Proof. Suppose, without loss of generality, that we are in the transient caséyi.e.po.

The idea of the proof is quite simple: We use (2.19) to show that the free energy is not
differentiable in a an appropriate external field when this field is set to zero. Then we apply
Theorem 1.5 to conclude the existence of the required distinct, ergodic Gibbs measures.

Fix 8 € S"~! and let L
f(h) = lim —logE,, [e"?%0]. (2.26)

(The limit exists by Theorem 1.5.) We want to show t@ﬁif(O) > 0 (and thus, by
symmetry,ah_ f (0) < 0). Corollary 2.4 yields

., (L7207 = b ﬁﬁ°+o(1) (2.27)
Since|&| < LY, forany O< ¢ < 1 we have
Ev, (L™2N%0P) < e+ u (1] = eLY) (2.28)
and so 1
na(1812 57500 = SR o), 229)

By the O(n) symmetry ofu 4, the law of&/ LY is rotationally invariant with non-degene-

rate “radius” distribution. Specializing to = 2 to get the explicit constants, we have
ﬁ fo, q )>1ﬂ—m

s ~6 p

But this means that the exponent in the definitionf df at least; ~#2L¢ with uniformly

positive probability and so

M,ﬁ( &> = +o(1) (2.30)

of >ﬁ_’80 > of ‘ (2.31)

8h+‘h:0_ 48 = oh-

Applying Theorem 1.5, fop > o and anyd e S! there exists a translation invariant,
ergodic Gibbs statgy € &4 such that

of
5h+)h =0

Next we need to show that the stajesare actually distinct. The Ergodic Theorem implies

E.@-S) = (2.32)

IALI > s —> md,  ppas. (2.33)

XeAL

wheref e S"! and wheram, is a positive number such that, in light of (2.32),

~ of
m*G . 9 - ah_+ h:O' (234)
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The distinctness ofi, will follow once we prove (2.25), i.ef = . (This is intuitively
obvious because by the way; is constructed, it should be tilted in the directiordof

Supposé +# . Find a rotationA € O(n) such thatAd = . Let i = uy o A~"1—since
both the Hamiltorlian and the priori measure ar®(n)-invariant, i € &4. Since (2.33)
impliesE,, = m, 6, we have

of

mo. -0 =—— (2.35)

E:(0-S) =E, @@ AS) =m0 :
i@ -S) =E,@-AS) =m,|0] ks 3 Iheo

However, i is a Gibbs measure and so this contradicts the general bounds in Theorem 1.5.
Hence, we must have = 6 after all. O

2.4 Mermin-Wagner theorem

Our last item of business in this chapter is the complementary part of Theorem 2.2 on the
absencef symmetry breaking in the recurrent cases. This argument predates the existence
part by 20 years and bears the name of its discoverers:

Theorem 2.6 [Mermin-Wagner theorem] Consider the @n)-model, n> 1, with non-
negative interactions constantd, y) satisfying the conditions (11,12) from Sect. 2.1. Sup-
pose the corresponding random walk is recurrent. Theeryu e &g is invariant under
simultaneous rotation of all spins.

Proof. We will show that spins can be arbitrarily rotated at arbitrary small cost of the total
energy. We will have to work with inhomogeneous rotations to achieve this, 8q le¢

a collection of numbers withx: ¢, # 0} finite and let R be a unit element of the Lie
algebrao(n), i.e., &7 is a rigid rotation of the unit sphere by angleabout a particular
axis. Letw, be the map on configuration space acting on individual spins via

w,(S) = €”Rs,. (2.36)

To investigate the effect of such transformation on the Hamiltonian, note that
w(p(S() . w(p(Sy) — S( . ei(ﬂﬂy—(/’x)RSY — S( . S’ _ S( X [1 _ ei(f/)y—‘/’x)R]Sy. (237)

Hence the energy of a configuration in any blatko {x: ¢4 # 0} transforms as

Ha (0,(S)) = HA(S) — AH (2.38)
where 1
AR =2 Zy Joy Sc-[L = @RS, (2.:39)

Using thatAH depends only on the portion of the spin configuratiomina simple appli-
cation of the DLR condition shows that, for any local functibn

E.(f ow,) = E,(fe!*M). (2.40)
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Suppose now thaty, — a. Then the LHS tends to expectation bfwith respect to the
uniformlyrotated measure; o ;1. The theorem will thus follow if we can find a sequence
of (px) such thapy — o for all x butAH — 0.

To express the-dependence of H, we expand the exponential:

AH :—IEZny(S(‘ RS)(py — 9x)
) Xy (2.41)
+Z§ny(Rsx-R@)(wy—¢x)2+--~

In the first term we note that the self-adjointnessRsf-valid by the choice of R as an
element of the Lie algebra—implies that, (S, - RS) is symmetric under the exchange
of x andy. Since(py — ¢y) is antisymmetric and finitely supported, the sum is zero.
Estimating the remainder by the quadratic term, we thus get

IAHT < C 7 hylpy — 9x)* = 2CE1-3(p, 9) (2.42)
X,y

where we used thdR & - RS) is bounded and recalled the definition of the Dirichlet form
of the random walk driven by thgly y)’s.

Our task now boils down to minimizing the Dirichlet form subject to the condition ¢hat
tends to one in every finite set. To that end we fix R < co and let

9 (X) = a Px(10 < 7a2). (2.43)

This function equals: atx = 0, zero onA§ and is harmonic (wrt the generator of the
random walk) inAg \ {0}. A calculation shows

E13(0.0) =D 00D Iyl —py) = a D doyla—gy)  (244)
X y

zero in{0}¢ y

But recurrence implies thaty, — « as R — oo for everyy and since thel,,'s are
summable, the right-hand side tends to zero by the Dominated Convergence Thearem.

2.5 Literature remarks

The content of the entire chapter is very classical. The Infrared Bound was discovered in
the seminal work by Fhlich, Simon and Spencer [37] from 1976 and used to prove a phase
transition in theO(n)-model. The technique was immediately extended to other classical,
and in some more limited cases, quantum models in papersobfiéh, Israel, Lieb and
Simon [33, 34] and Dyson, Lieb and Simon [26].

The Mermin-Wagner theorem goes back to 1966 [54]. Various mathematical treatments
followed [23, 36, 57]; the approach presented here is inspired by the exposition in Simon’s
book [64]. The probabilistic approach to this result, discovered by Dobrushin and Shlos-
man [23], has the advantage that no regularity conditions need to be posed on the spin-spin
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interaction provided it takes the form(S, — §); cf the recent paper by loffe, Shlosman

and Velenik [47]. Finally, we remark that a beautiful and more in-depth exposition of this
material—including quantum systems—was presented at the Prague School in 1996 by
Balint Toth; his handwritten lecture notes should be available online [67].

The connection with random walk is, of course, made possible by our choice to work with
non-negative couplings. However, most of the quantitative conclusions of this chapter hold
without reference to random walks.
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Chapter 3

Infrared bound & mean-field theory

In the preceding lecture we recalled some classic results based on the infrared bound (IRB).
The purpose of this lecture is to discuss how the IRB can be used to estimate how close
is the so called mean-field approximation to the actual lattice model. A distinctive feature
of this application is that while the control of spin-wave condensation is based primarily
on the infrared—i.e., smak-or large spatial scale—content of the IRB, here will make the
predominant use of the finite—i.e., short range—part of the IRB. (Notwithstanding, the
finiteness of the integral (2.6) will still be required.)

3.1 Mean-field theory

Mean-field theory is a versatile approximation technique frequently used by physicists to
analyze realistic physical models. We begin by a simple derivation that underscores the
strengths, and the shortcomings, of this approach.

Consider the model with the usual Hamiltonian (2.1). Pick a translation invariant Gibbs
measureu € &, and consider the expectation of the spin at the origin. The conditional
definition of Gibbs measures (the DLR condition) allows us to compute this expectation by
first conditioning on the spins outside the origin. The one-spin Gibbs measure is determined
by the (one-spin) Hamiltonian

Ho (9 =—D Jox S S =% D JoxS (3.1)
X X
DenotingMo = >, Jox S, we get

Euo(S eﬂSO'MO_)) (3.2)

Here, abusing the notation slightly, the “inner” expectations are Syefwhile Mg acts as
a constant here—and the outer expectation is over the spifs\rf0}, and thus oveM,.

So far the derivation has been completely rigorous but now comesldrocstep: We
suppose that the random variatdi is strongly concentrated about its average so that we

27
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can replace it by this average. Denoting

m= E,(S) (3.3)
we thus get thatn should be an approximate solution to
E, (SefsSm
= Ew(Se™) (3.4)
E,,(e/5™m)

This is the so callethean-field equation for the magnetization

Apart from the unjustified approximation, the problem with this equation is that it often has
multiple solutions. For instance, for the set of poiffs m) that obey this equation, one
typically gets a picture like this:

m

Bo B

Itis clear that a@ varies, the physical solution must undergo some sort of jump, but it is not
possible to tell where this jump occurs on the basis of equation (3.4) alone. For that one has
to go beyond the heuristic derivation presented above. Here guidance will be provided by
the fact that there is actually one system where the above derivation can be made rigorous:
the same model on the complete graph. (In this case thefd segtices andlyy = Yy for

all x andy.) The second key idea is to invoke the language of large-deviation theory.

Consider the cumulant generating function of the meagygre
G(h) = log E,,,[e"9], heR". (3.5)

The Legendre transform,
Z(m) = hin[éfv [G(h) —h-m] (3.6)

defines theentropywhich, according to Craér’s theorem, is the rate of large-deviation
decay in

#O(ZN: S ~ mN) — —NY(m)+o(N). (3_7)
x=1
Next we inject the energy into the mix and look at the Gibbs measure. To describe what
configurations dominate the partition function, and thus the Gibbs measure, we identify the
decay rate of the probability

s
/lo<em Zy’yzl&@l{ix Sme}) = g N PrmHo (3.8)
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Here the rate function,

_b
2

is the so callednean-field free-energy functiomhe physical solutions are clearly obtained

as theabsoluteminima ofm = ®4(m). This is actually completely consistent with (3.4):

Dp(m) = —=|m|® — 7 (m), (3.9)

Lemma 3.1 We have
Vdgz(m) =0 S m = VG(Sm) (3.10)

Explicitly, the solutions t¢3.4) are in bijection with the extreme points ofw ®z(m).

Proof. This is a simple exercise on the Legendre transform. First we not& tham) = 0
is equivalent tofm = —V.#(m). The convexity ofG implies that there is a unique,
such that(m) = G(hy,) — m- hy,. Furthermoreh,, depends smoothly om and we have
VG(hy) = m. Itis easy to check that théh.”(m) = —h,. Putting this together with our
previous observations, we get tHa®z(m) = 0 < fm = hy, © m = VG(Sm). To get
the second claim, note that = VG(f#m) is a concise way to write (3.4). O

In short, the appearance of multiple solutions to (3.4) coincides with the emergence of
secondary local maxima/minima. Let us check this on an explicit example:

Mean field theory of the Potts mod&tecall the definition of the Potts model and our rep-
resentation on the spin spa@e= {V4, ..., Vq}. The mean-field free energy function is best
expressed by means of thele fractionsx, . .., Xq, which on the complete graph repre-
sent the fraction of all vertices with spins pointing in the directions . ., Vg, respectively.
Clearly, iq:l X; = 1 and the corresponding magnetization vector is

m = X1V1 + - - - + XqVq. (3.11)
In this notation we have
LB
Dp(m) = Z(—Exlf—i-xk Iogxk). (3.12)
k=1

As itturns out, all interesting behavior ®; occurs “on-axes” that s, in the directions of the
spin states. The following picture shows the qualitative look of the funetien ®z(mv,)
at four increasing values ¢f:

Here the function first starts convex and,ascreases, develops a secondary local min-
imum (plus an inevitable local maximum). Fg@reven larger, the secondary minimum
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becomes degenerate with the onenat= 0 and eventually takes over the role of the global
minimum. With these new distinctions, the plot of solutions to the mean-field equation for
the magnetization becomes:

m

A3
; )
local min .
s
.

Bt B

Note that the local maximum eventually merges with the local minimum at zero—at which
point zero becomes a local maximum. The jump in the position of the global minimum
occurs at somg;, which is strictly larger than thgy, i.e., the point where the secondary
minima/maxima first appear.

3.2 Approximation theorem & applications

The goal of this section is to show that, with the help of the IRB, the conclusions of mean-
field theory can be given a quantitative form. Throughout we restrict ourselves to interac-
tions of the form (2.1) and the coupling constants being one of the 3 types above.

Definition 3.2 We say that a measupe e & is atorus statef it is either a (weak) cluster
point of measureg 4 or can be obtained from such cluster points by perturbing either
or uo or the inner product between spins.

The reason for the second half of this definition is that the “operations” thus specified pre-
serve the validity of the IRB. For such states we prove:

Theorem 3.3 SupposdS| < 1. Letu € &, be a translation-invariant, ergodic, torus
state and define

m, = E,(&). (3.13)

Let ®; be the mean-field free energy function corresponding to this model. Then

. vp
®p(m.) = meégr]:m) Cpm) + 5T (3.14)
where
dk  J(k)?
Ty = _— 3.15
‘ /[_M]d (2r)d1 - J(k) (319)
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Note that the integral is finite iff the random walk correspondingXg) is transient. How-
ever, unlike for Green'’s functiorfy represents the expected number of returns back to the
origin after the walk has left the origin. In strongly transient situation, one should expect
thatZy is fairly small. And, indeed, we have the following asymptotics:

e N.n. interactions 1
Ly ~ 24 d — oo. (3.16)
e Yukawa potentialdf d > 3,
Ty < Cut. (3.17)

e Power-law potentialsif d > 3 ORs < min{d + 2, 2d},

Ty < C(s—d). (3.18)

Of course, one is able to make the integral small for interactions with power law tails even
whens is not too close tal: Just take a mixture of Yukawa and power-law with positive
coefficients and lex be sufficiently small. Within the class of above models, we can
rephrase Theorem 3.3 as:

Physical magnetizations nearly minimize the mean-field free energy function

This is justified because, as it turns out, all relevant magnetizations can be achieved in
ergodic torus states. Let us again demonstrate the conclusion on the examplg-sfate
Potts model:

Theorem 3.4 Let g > 3 and suppose thaly <« 4. Then there existg; € (0, co) and
translation-invariant, ergodic measureg, vy, ...vq € &g such that

IEw(S)I K1 (3.19)

and
Evj(Sx):m*\?,—, i=1....q, (3.20)

where m > 15, In particular, the3-state Potts model undergoes a first-order phase transi-
tion provided the spatial dimension is sufficiently large.

This result is pretty much the consequence of the pictures in Sect. 3.1. Indeed, including
the error bound (3.14), the physical magnetization is confined to the shaded regions:

g
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Thus, once the error is smaller than the “hump” separating the two local minima, there is
no way that the physical magnetization can change continuously as the temperature varies.
This is seen even more dramatically if we depict the set of allowed values of the magneti-
zation directly into the mean-field magnetization plot:

m

(To make the effect visible, the plots are done fordghe 10 state Potts model rather than
the most interesting case gf= 3.) Notice also that the transition is bound to occur rather
sharply and very near the mean-field valugggfive actually have explicit error bounds but
there is no need to state them here.

3.3 Ideas from the proofs
The fundamental technical ingredient of the proof is again provided by the IRB. However,
we will need the following enhanced version:

Lemma 3.5 [IRB enhanced] Suppose the random walk driven by k) is transient
and let G(x, y) denote the corresponding Green's function 8h Letu € &, be a
translation-invariant, ergodic, torus state and let.r& E,(S). Then for all(vx)xezd €
CZ* with finite support,

2}@#A@—ml©~mﬂsé§}@ﬁmw. (3.21)

X,y X,y

Proof. The IRB on torus survives weak limits and so we know that, for every with
finite supportand >_, wx =0,

%wxu')y E.(S-S) < Zﬂ wawyG(x y) (3.22)

where

k dk&x=y
Gmw=g@pu&w=[ dk € (3.23)

e (27)9 1 — J(K)
What separates (3.22) from (3.21) are theterms in the expectation on the left and the
absence of the restriction on the sumogf The former is remedied easily; indeed, the
restriction)_, wy = 0 allows us to put then, terms at no additional cost.
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To address the latter issue, suppasecontains the support @by) and let

1
a =—— 3.24
L IAL| Ux ( )

Definewy = vx —a 15, (X). Then

wawy ((Sc—=m) - (S, —m)) = D> vxiy B, ((Sc—my) - (S, —m,))

X,y
- 2E, ([aL > S—m| - [Xoy(s - m»})
XeAL y
Eﬂ(\aL > (s-m) 2) (3.25)

XeAL

But ergodicity ofu implies that

1 2
Eﬂ(’mXEZAL(SX - rm)\ ) — 0 (3.26)

and so, by Cauchy-Schwarz, the last two terms in (3.25) tend to zére-aso. Similarly,
a direct calculation (and the Riemann-Lebesgue lemma) shows that

Z G(x,y) — 0 (3.27)

XeAL

IAI

and so the corresponding terms on the right-hand side of (3.21) suffer a similar fate. This
means that the left-hand sides of (3.21-3.22) tend to each other, and same for the right-hand
sides. The desired bound (3.21) is thus a limiting version of (3.22). O

Clearly, the restriction to finitely-supportédy) is not necessary; instead, one can consider
many reasonable completions as well. The above formulation has an immediate, but rather
fundamental, consequence:

Corollary 3.6 [Key estimate] Letu € &, be an ergodic torus state and letra E, (S,).
Then we have

E, ( \Z Jox S — m*‘z) < ﬁzd (3.28)

Proof. Chooseny = Jox and note that with this choice the left-hand side of (3.21) becomes
the left-hand side of (3.28). As to the right-hand side of (3.21), we get

Y dk ek
% 130 3.29
2p XZ/[—ﬂ,n]d (2r)d1— Jk 0,x Jo,y ( )

Recalling the definition ofi (k), this yields the desired error term. O

This corollary provides the justification of tles hocstep in the derivation of mean-field
theory: Indeed, oncéy is small, the variance d¥lp is small and sdVlg is with high proba-
bility close to its average.



34 CHAPTER 3. IRB & MEAN-FIELD THEORY

The rest of the proof is based on inequalities linking the mean-field free energy with the
actual magnetization of the system; this part of the proof works for general non-negative
coupling constants satisfying conditions (11-12) from Sect. 2.1. The relevant observations
are as follows:

Proposition 3.7 Letu € &4 be translation invariant and let m= E, (S,).

(1) We have

Op(m) < inf - p(m)+ 5 LY s s)-mpP] 330

xeZd

(2) Suppose alsopd > 0and|S| < 1. Then

> ox[Eu(S- S0 - Im.P? <ﬂE()ZJOX& m,

xeZd

) (3.31)

Proof of (1). The proof is based on convexity inequalities linking the mean-field free energy
and the characteristics of the actual system./Fix Z¢ and letZ, be the partition function
in A. A standard example of such convexity inequality is

Zp > exp{—lAl At @)+ O(aA)} (3.32)
whose proof is standard (and uses the same arguments as are to follow) and so we omit it.
LetMpy =D, .1 Scand fixh e R". First we note that the DLR condition implies

E,(eHthMaz 1y — Eg, [e"MA]= &MCM), (3.33)

The Z, term can be bounded away via (3.32); Jensen’s inequality then gives

BEL(HA) +[Alh-m, —|A] inf Dg(m)+ O(OA) < |AIG(h) (3.34)
meConuQ)

Next, translation invariance qf yields E, (Hx) = —|A|% >« JoxEu(S - S) + O(0A)
and so dividing byA and takingA 1 Z9 along cubes gets us

p :
-3 Z bxEu(S-S) - inf @p(m) < G(h)—h-m, (3.35)
Optimizing overh turns the right-hand side int¢’(m,). Adding %|m*|2 on both sides and
invoking (3.9) now proves the claim. O

Proof of (2). The left-hand side can be written &$ (S - Mo) — Im, |2. SinceJpp = 0, an
application of the DLR condition yields

E.(Mo - S) = E,(Mo- VG(SMo)) (3.36)

As E,(Mo) = E,[VG(SMp)]= m,, we have

E,(S- Mo) — Im.2 = E, ((Mo—m.) - (VG(AMo) — V(M) (337)



3.4. LITERATURE REMARKS 35

But|S| < 1impliesVVG(m) < id at anym € ConuQ)—assumingl, y > O—and so
(Mo —m,) - (VG(fMo) — VG(Sm,)) < fIMo — m,|? (3.38)

by the Mean-Value Theorem. Taking expectations proves (3.31). O

Theorem 3.3 now follows by combining Proposition 3.7 with Corollary 3.6.

Interestingly, (3.30) gives
> JoxEu(S-S) = Im,J? (3.39)

xeZd

i.e., the actual energy density always exceeds the mean-field energy density.

3.4 Literature remarks

Mean field theory dates back to Curie [20] and Weiss [69]. One of the early connections to
the models on the complete graph appears in Ellis’ textbook on large-deviation theory [28].
Most of this section is based on the papers of Biskup and Chayes [6] and Biskup, Chayes
and Crawford [7]. The Key Estimate has been known for some while in specific cases; e.qg.,
for the Ising model in the paper by Bricmont, Kesten, Lebowitz and Schonmann [16] and
for the g-state Potts model in the paper by Kesten and Schonmann [49]. Both these works
deal with the limit of the magnetization ds— oo; notwithstanding, no conclusions were
extracted for the presence of first-order phase transitions in finite-dimensional systems.

The first-order phase transition in thestate Potts model has first been proved by Kofeck
and Shlosman [49] but the technique works only for extremely lgrgehe case of smadj

has been open. The upshot of the present technique is that it reglagekor interaction
range in its role of a “large parameter.” The price to pay is the lack of explicit control
over symmetry: We expect that the measuyeén Theorem 3.4 is actually “disordered” and
E,,(S) = 0. This would follow if we knew that the magnetization in the Potts model can
be discontinuous only at the percolation threshold—for the Ising model this was recently
proved by Bodineau [15]—but this is so far known onlydin= 2 (or for g very large).

It is natural to ask whether one can say anything about the contimuartension of the

Potts model, the random cluster model; see [45]. Unfortunately, here it has been shown
that the main condition for proving the IRB, reflection positivity, holds for random-cluster
measure if and only if| is integer [5].

As already mentioned, the special cases of Yukawa interaction belongs to the class of Kac
models. The 3-state Kac-Potts model has recently been studied by Gobron and Merola [44]
who proved the existence of the first-order phase transition mentioned above using robust
contour techniques. An advantage of contour technology over the RP is the explicit control
of many quantities, including the number of coexisting phases. A drawback is the restriction
to smeared-out interaction.

Another model for which the methods of this chapter yield novel results is the liquid-crystal
model discussed in Sect. 1.2. Here Angelescu and Zagrebnov [4] proved that symmetry
breaking (for the order parameter mak, [ S*]?—1y) occurs at low temperatures by ex-
hibiting spin-wave condensation; cf Chapter 2. In [6] it has been shown that,¥d8, the
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order parameter undergoes a discontinuous transition at intermediate temperatures (cf also
the papers of van Enter and Shlosman [29, 30] for proofs of such transitions in highly “non-
linear” cases). Further “mean-field driven” first order phase transitions have been proved
for the cubic model [6] and the Blume-Capel model [7].

The IRB has been connected to mean-field theory before; namely, in the work of Aizen-
man [1] (cf also Fdhlich [32] and Sokal [65]) in the context of lattice field theories and
Aizenman and Fedndez in the context of Ising systems in either high spatial dimen-
sions [2] or for spread-out interactions [3]. A representative result from these papers is that
the critical behavior in the Ising model is of mean-field nature above 4 dimensions. The
IRB enters as a tool to derive a one-way bound on the critical exponents. Unfortunately, the
full conclusions are restricted to interactions that are reflection positive; a non-trivial gener-
alization was obtained recently by Sakai [59] who proved the IRB—and the corresponding
mean-field conclusions—directly via a version of the lace expansion.



Chapter 4

Reflection positivity

In the last two chapters we have made extensive use of the infrared bound. Now is the
time to prove it. This will require introducing the technique of reflection positivity which,
somewhat undesirably, links long-range correlation properties of the spin models under
consideration to the explicit structure of the underlying graph. Apart from the infrared
bound, reflection positivity yields also the so called chessboard estimates which we will
use extensively in Chapter 5.

4.1 Reflection positive measures

We begin by introducing the basic setup for the definition of reflection positivity: Consider
the torusT_ of sideL with L even. The torus has a natural reflection symmetry along
planes orthogonal to one of the lattice directions. (For that purpose we may thHihkasf
embedded into a continuum torus.) The corresponding “plane of refled®dra’s two com-
ponents, one at the “front” of the torus and the other at the “back.” The plane either passes
through the sites off| or bisects bonds; we speak of reflectidhsugh sitesor through

bonds respectively. The plane splits the torus into two haligsand T, which are dis-

joint for reflections through bonds and obBBy N T = P for reflections through sites.

Let 2A* denote the set of all functions: Q™ — R that depend only on the spins’l]ﬁ_t.
Let ) denote the reflection operater; 2+ — 2AF, which acts on spins Vid(S,) = Syx)-
Clearly,? is a morphism of algebrd* onto2(~ and¥? = id.

Definition 4.1 [Reflection positivity] A measurex on QTt is reflection positive(RP)
with respect ta? if

(1) Forall f,g e AT,
E.(f¥9)=E,(gvf) (4.2)

(2) Forall f e AT,
E.(fof)>0. (4.2)

Note that the above implies thdt g — E,(f ¥g) is a positive-semindefinite bilinear
form. The first condition is usually automatic—it requires otijnvariance ofu—so it is

37
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the second condition that makes this concept non-trivial (hence also the name). As it turns
out, one has always at least one RP measure:

Lemma 4.2 The product measure, = ) wo, is RP with respect to all reflections.

Proof. First consider reflections through bonds. lfeg € ™. SinceT{ N T{ = g, the
random variabled and#g are independent under. Hence,

E.(f99) = E.(f)E,(J9) = E,.(f)E.(9) (4.3)
whereby both conditions in Definition 4.1 follow.

For reflections through sites, we note tfaand#g are independent conditional .
Invoking the reflection symmetry of (-|Sp), we get

E,(f 091S) = E, (1) E.(99ISe) = E.(f|SP)E, (9ISp). (4.4)
Again the conditions of RP follow by inspection. O
A fundamental consequence of reflection positivity is the Cauchy-Schwarz inequality
[E.(f99)]" < E,(f 91)E,(g¥0) (4.5)
Here is an enhanced, but extremely useful, version of this inequality:
Lemma 4.3 Letu be RP with respecttd and let A B, C,, D, € 2*. Then
[Eﬂ (eA+19 B+>, Cu ¥ Dy )]2 < [Eﬂ (eA+19 A+, C, rﬂca)] [Eﬂ (eB+19 B+>, Du ¥ Da)] (4.6)

Proof. Clearly, in the absence of i, 1} D, terms, this simply reduces to (4.5). To include
these terms we use expansion into Taylor series:

, . 1
|5,4(e‘\+ﬂB+ZaCa9Da):zm > Eu((€C,y...Co)¥(€®D,, ... Dyy)). (A7)

n>0 01,...,0n

Now we apply (4.5) to the expectation on the right-hand side and then one more time to the
resulting sum:

E, (e B+, CuDuy

1 1/2
<> [E/, ((€*Csy ... Cap) 9(€*Cyy ... Cyy))
n>0 Ayenns an
x E,((€8Dy, ... Dy,) ¥ (€BD,, ... Dan))l/z]
. 12 (4.8)
< (Z =l E.((€"C,,...Cy) VI (ENC,, ... can)))
n>0 a1,...,0n
1 1/2
X (Z = > Eu((€®Dy,...Dg) 0(€®D,, ... Dan)))
n>0 = ai,....an
Resummation via (4.7) now yields the desired expression. O

Finally, let us also check that all 3 interactions that we focused our attention on in previous
lectures are of the form in Lemma 4.3:
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Lemma 4.4 For any plane P, the n.n. (ferromagnet) interaction, Yukawa potentials and
the power-law decaying potentials, the torus Hamiltonian can be written as

—HL = A+9A+ > C,0C, (4.9)

for some AC, € A™.

Proof. We focus on reflections through bonds. GivMenthe terms in the Hamiltonian can
naturally be decomposed into three groups: those between the sitgs those between
the sites i and those involving both halves of the torus:

d
_HL:%‘ Z Jg})&'sy-i-% Z Jéb)s(.ssl+zz‘]>£l§)§(<i)$/i) (4.10)

x,yeT} x,yeT[ i=1 xeT}

yeT|
A JA

R

where we used the reflection symmetry of t);@ to absorb thés, into the sum at the cost
of confiningx to T} andy to T, . The first two terms indentifyA and+ A; it remains to
show that theR;-term can be written a3, C, ¥C,. We proceed on case-by-case basis:

1 i i
R =5 uzy:) SR (4.11)

XeTt
yeT,

which is of the desired form sincg, = 9 (S,).

n.n. interactionsHere

Yukawa potentiatsWe will only prove this ind = 1; the higher dimensions are harder but
similar. Note that ifP passes through the origin ardc= T, andy € T,

WW=c Z e #(XI+lyl+nL) (4.12)
n>0

Hence,

R=C ze—ﬂnL(Z e—ﬂIXISS))(Z e—ll|y|$)) (4.13)

n>0 XeTt yeT_
which is of the desired form.

Power-law potentialsHere we note

1 o L
X_VE =/0 du pstemi -y (4.14)
1

which, after a moment’s thought, reduces the problem to the Yukawa case. O

As a side remark we note that Lemma 4.4 gives us a sufficient condition for a Gibbs measure
to be reflection positive:
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Lemma 4.5 Fix a plane of reflection P and let be the corresponding reflection operator.
Fix # > 0 and suppose that the torus Hamiltonian takes the f¢t@) with A, C, € 2.
Then the torus Gibbs measuge, 4, is RP with respect to'.

Proof. The proof is a simple modification of the argument in Lemma 4.5: fig € 2.
Expansion of the exponential term i, C, ¥ C, yields

1 9 q
EﬂL,ﬁ = Z_L E®/lo(f (€e)) ef(A+IA+Y, Cy UCa))

1 i in (4.15)
ZH > Eguo((fePACq, -+ Co) (g’ Cy, -+ Coy)).

n>0 01,...,0n

1

=7
The conditions of RP fop s are now direct consequences of the fact that the product
measure) uo, is itself RP (cf Lemma 4.3). O

The previous proof actually yields the following facgt:a torus measure: is RP, and a

torus Hamiltonian H takes the forn(4.9), then also the measues/Htdy is RP. This

seems like a useful tool for constructing RP measures; unfortunately, we do not know any
natural measures other than product measures for which RP can be shown directly—that is,
without invoking the proof of Lemma 4.3.

4.2 Gaussian domination

Now we are in a position to start proving the infrared bound. First we introduce its integral
version known under the name Gaussian domination:

Theorem 4.6 [Gaussian domination] Let (Jyxy) be one of the three interactions above.
Fix # > 0and for h= (hy)xer, € (R")™t define

Zy(h) = Eg g (exp{—ﬁ > IPIS—S +h— hy|2}). (4.16)

x,yeT|
Then
Z, (h) < Z,(0). (4.17)

Proof. Let H_ denote the sum in the exponent. It is easy to checkkhat of the form

—HL = A+ 9B+ > C 0D, (4.18)

Indeed, forh = 0 this is simply Lemma 4.4 as the diagonal terms can always by absorbed
into thea priori measure. To gdt # 0 we replaces, by S, + hy at eachx. This changes

the meaning of the original term& andC,—and makes them different on the two halves
of the torus—but preserves the overall structure of the expression.

A fundamental ingredient is provided by Lemma 4.3 which yields

Z (h? < Zu(hp)Zi(ho) (4.19)
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whereh, = hon T/ andh, = 9h onT[, and similarly forh_. Now let us show how
this yields (4.17): Noting thaZ, (h) — 0 whenever any component bftends totoo, the
maximum ofZ (h) is achieved at some finite Leth* be a maximizer for which

N(h) = #{(x, y): hy # hy} (4.20)

is minimal among all maximizers. We claim thidtth*) = 0. Indeed, ifN(h*) > 0 then
there exists a plane of reflectidh through bonds such th#t intersects at least one bond
(x, y) with h} # hj. Observe that then

min{N(h%), N(h*)} < N(h") (4.21)
Suppose thal (h%,) < N(h*). Then the fact that* was a maximizer implies
Z (h")? < Z () Zy (h) < Z (h) Z, (h) (4.22)
which means
Z (h) < Z(hy), (4.23)

i.e., hi is also a maximizer. But that contradicts the choicenoby which N(h*) was
already minimal possible. It follows th&t(h*) = 0, i.e.,h* is a constant. Sinc(h+c) =
Z(h) for any constant, (4.17) follows. O

Now we can finally pay an old debt and prove the infrared bound:

Proof of Theorem 2.3To keep the proof succinct, we will writgy, ¢) = >, . #x¢x for
the natural inner product dn?(T\ ). Note that for any(7y) € (R¥)Tt,

> I —mylP = (.G (4.24)
x,yeT|

whereG_ is as in (2.18). (Indeed, in Fourier componet@@l(k) =1- j(k).) As is easy
to check,
Zu() = Egg (€SO
— ZL(0)E,, (€GS9 -Fh oy
whereu 4 is the torus Gibbs measure. The statement of Gaussian domination (4.17) is
thus equivalent to

(4.25)
HL,B

E, ,(e2MCi'9) < ehhGh (4.26)

HL,B

We will now use invertibility of G, to repIaceG[lh by h. This yields

Eu , (€M) < /MO whenever > h( =0, (4.27)

XETL

where the latter condition comes from the fact Bat* annihilates constant functions. Next
we expand both sides to quadratic ordehin

2
1-2BE, ,((h,9) + %Ew(m, S?) +--- <14 ph,GLh) +... (4.28)
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SinceE,, ,(S)is constantg, ,((h,S)) = (h, E,_,(S)) = 0 and we thus get

E/lL,/i(<h: 8)2) < % (ha GLh> (4-29)
Finally, chooseh, = v4x&, for some orthornormal basis vectdsin R”. This singles
out thei-th components of the spins on the left-hand side and has no noticeable effect on
the right-hand side (beyond replacing vectbgsby scalarsvy). Summing the resulting
inequality overi = 1, ..., v we get the dot product of the spins on the left and an extra
factorv on the right-hand side. O

4.3 Chessboard estimates

The proof of the infrared bound was based on the bound in Lemma 4.5 which boils down to
the Cauchy-Schwarz inequality for the inner prodéiagy — E, (f ©/g). In this section we

will systematize the use of this inequality to derive bounds on correlation functions. The key
estimate—referred to as tlthessboard estimatewill turn out to be useful in the proofs

of phase coexistence in specific spin systems (even those to which the IRB technology does
not apply).

Pick two integersB < L, such thatB dividesL andL/B is even. Fixing the origin of

the torus, letAg the block corresponding t®, 1, ..., B}9—i.e., the block of sideB with
lower-left corner at the origin. We may covér by translates ofA g,

T.= | J (As+ BY), (4.30)

tETL/B

noting that the neighboring translates share the vertices on the adjacent sides. (This is a
useful fact implied by our choice to work exclusively with reflections through planes of
sites.) The translates are indexed by the sites in a “factor taruss.

Definition 4.7 A function f: Q™ — R is called a Bblock functionif it depends only on
{Sc: x € AL}. Aneventd c QT is called a Bblock evenif 14 is a B-block function.

Given aB-block function f, andt € T g, we defined; f be the reflection off “into”

Ag + Bt. More precisely, for a self-avoiding path @h g connectingAg to Ag + Bt, we

may sequentially reflect along the planes between the successive blocks in the path. The
result is a function that depends only 08 : x € Ag + Bt}. Due to the commutativity

of the reflections, this function does not depend on the choice of the path, so we denote it
simply by, f. Note that since reflections are involutiv¥, = id, there are only @ distinct
functions one can obtain frorh modulo translations.

Theorem 4.8 [Chessboard estimate] Supposeu is RP with respect to all reflections
between the neighboring blocks of the foa + Bt, t € T, ,g. Then for any B-block
functions {, ..., f, and anydistinctty, ..., tn € T /g,

m

Eﬂ(ﬁﬂn ) sH[Eﬂ( [T » f,-)}(B/L)d (4.31)
j=1

j=1 tETL/B
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Here is a version of this bound for events:Af, .. ., A, areB-block events andl, . .., ty
aredistinctelements offl' g, then

m

m (8/L)
w(N95n) < [ () ocap)] #32)
j=1

j=1 '[E’]TL/B

whered, (A) = {¥;14 = 1}. Note that the exponeiiB/L)? is the reciprocal volume of the
torusTy ,g. (This is consistent with the fact that both expressions transform homogeneously
under the scalind; — 4; f; with 2; > 0.)

Proof of Theorem 4.8We will assume throughout thd,(f ¥f) = 0 implies f = 0.
(Otherwise, one has to factor out the ideal of such functions and work on the factor space.)
We will first address the 1D case; the general dimensions will be handled by induction.

Abbreviate 2 = L/B and fix a collection of non-zero functionfs, ..., f,,. Define a
multilinear functionalF on the set oB-block functions by

2n
F(fy,..., fan) = E#(Hﬁt ft). (4.33)

t=1

Noting thatF (f;, ..., f;) > 0, we also define
F(fy,..., f
G(fy,.... fan) = — (h ) - (4.34)
HJ:l F(fj,..., fj)zn

These objects enjoy a natural cyclic invariangd,fq, ..., fon) = F(fon, f1, ..., fon_1)

and, similarly,G(fq, ..., fon) = G(fon, f1, ..., fon_1). The definition ofG also implies
G(f,...,f)=1. (4.35)
Finally, Cauchy-Schwarz along the plane separafinfjom f,, and f, from f,, yields
G(fr, ..., fan) < G(fy, ..., fn, frooen, T2
x G(fon, ... foots fogds - ., fan) 2. (4.36)

This will of course be the core estimate of the proof.
The desired claim will be proved if we show that

G( fl, ey fzn) <1, (4.37)

i.e., thatG is maximized by B-tuples composed of the same function. We will proceed
similarly as in the proof of Gaussian Domination: Givenrat@ple of B-block functions,
(fy, ..., fon), let(gy, ..., gon) be such that

Q) g €{f1,..., fon}foreachi =1,...,2n

(2) G(gy, ..., gn) maximizesG over all such choices @, .. ., g
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(3) 91, ..., g is minimal in the sense that it contains the longest block (counted period-
ically) of the form f;, fj, ..., fi, forsome € {1, ..., 2n}.

Let k be the length of this block and, using the cyclic invariance, assume that the block

occurs at the beginning of the sequenge. . ., Oon, i.€.,01, ..., Ok = fi.
We claim thak = 2n. Indeed, in the opposite case< 2n, we haveg,, # fi and so (4.36)
and the fact thatgs, . . ., g2n) is @ maximizer ofG yield

G(gla B 92n)2 < G(gl: o595 0n, - gl)G(QZHa co 5 On+1, Ontds - - - s an)- (4 38)

S G(gl)"')gn, gn:--'agl)G(gl:---agZH) .
i.e.,
G(gla---agzn) S G(gl,---,gn, gl’h"',gl) (439)

This means thatgi, ..., gn, On, ..., 01) iS also a legitimate maximizer @ but it has a

longer constant block—namely of length at least §{#k) 2n}. Hence, we must hade= 2n
as claimed. In light of (4.35-4.37), this proves the claind ia 1.

To extend the proof tal > 1, suppose than = (L/B)¢ and assume, without loss of
generality, that we have one functidpnfor each blockAg + Bt. Writing

2n

[[mn:[I([Iﬁm) (4.40)

teTL 8 j=1 *teTy/B
t1=]
we may apply the 1D chessboard estimate along the productjov&his homogenizes
the product overf; in the first coordinate direction. Proceeding through all directions we
eventually obtain the desired claim. O

The chessboard estimate allows us to bound the probability of simultaneous occurrence
of distinctly-placedB-block events in terms of thettisseminated versiorf§;.p_, i (A).
The relevant quantities to estimate are thus

s =u( ) o)™

tETL/B

(4.41)

Interestingly, as the next lemma shows, the mdap> 3(A) is an outer measure:

Lemma 4.9 [Subadditivity] Let.A and.Aj, A,, ..., be B-block events such that

Ac A (4.42)
k

Then
3(A) < D 3(A. (4.43)

k

Proof. First we use the subadditivity f and (4.42) to get
AT =u () ) < D () o) (4.44)

(442) 4=

teTy /B teTy /B
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Next we apply the chessbhoard estimate

w( ) #0) = TT 5640 (4.45)

tETL/B tETL/B

to each term on the right hand side. Finally we apply the distributive law for sums and
products with the result

[T, sl
s < 3T st = [T st = (Zsean) (4.46)
k

(ki) teT /B teT 5 k

Taking the| T ,g|-th root now yields the desired claim. O

The subadditivity property of is extremely useful in applications: In order to estimate
the-value of an event, we may decompose it into smaller—and easier to compute-with—
events, compute thevalue for each of them and then just add the results.

4.4 Literature remarks

The material of this section is entirely classic; a possible exception is Lemma 4.9 which
seems to have been formulated in the present form only relatively recently [10]. The idea
of reflection positivity goes to the days of constructive quantum field theory (namely, the
Osterwalder-Schrader axioms [56]) where RP was a tool to obtain a sufficiently invariant—
and natural—inner product. The use in statistical mechanics was initiated by the work of
Frohlich, Simon and Spencer [37] (infrared bound) anghifich and Lieb [35] (chessboard
estimates). The theory was further developed in two papers diyliEn, Israel, Lieb and
Simon [33, 34]. There have been a couple of nice reviews of this material, e.g., by Shlos-
man [63] and in Georgii [43].

All use of reflection positivity in this note is restricted to one of the three interactions in-
troduced in Chapter 2. Some generalizations beyond these are possible; e.g., the n.n. inter-
action of strengthl may be accompanied by a n.n.n. interaction of strerigtincluding
negative values—and the result is still RP provided 2(d — 1)|A|. Some other examples

are discussed, e.g., in [33, page 32]. Concerning arbitrary couplings, a sufficient conditions
for RP is that, apart from translation and reflection invariance,

> Lyt f@y) =0 (4.47)
xeH
yeZI\H

wheneverf : H — R is such that
>t =0 (4.48)
xeH
HereH is a halfspace ifZ.—orthogonal to one of the coordinate direction—ahs the
reflection ofHl ontoZ \ H. This is shown by proving equivalence of this property with the
property ofconditional reflection negativitycf [33, page 14-17 and Corollary 3.6].
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Finally, we wish to comment on RP with respectiiagonal reflectionsFord-dimensional
torusT, of sideL = 2n, one considers planes through sites of the form

{(X1, ..., Xd): Xi =Xj ORX = Xj +n},

(4.49)
{(X1, ..., Xd) - Xi = —Xj ORX; =n — X},

and shifts thereof. Since no edgesTf are bisected by such planes, nearest-neighbor
interactions (of any sign) are RP with respect to the corresponding reflections. The whole
theory then applies without significant changes. These observations go back to [63].



Chapter 5

Applications of chessboard estimates

In this chapter we will apply the technique of chessboard estimates to obtain proofs of phase
coexistence in some lattice spin models. The arguments will be carried out in detail only for
one rather simple example. For more sophisticated systems we present only the important
ideas. Details, anyway, can be found in the corresponding papers.

5.1 Gaussian double-well model

Here we will demonstrate the use of chessboard estimates on the model of a Gaussian free-
field model in a non-quadratic, double-well on-site potential. The Hamiltonian takes the
general form

BH@) =B D (¢x — )"+ D V() (5.1)

{x,y) X

wheregy, € R with a priori measure given by the Lebesgue measure,\arns a poten-
tial. Note thatp has been incorporated into the Hamiltonian in such a way that the on-site
potential remains independent of it.

The most well known example of such system¥ (&) = gqbz with « > 0 which is known
as themassivesaussian free field. This case can of course be treated completely explicitly;
e.g., on the torus the corresponding Gaussian measugg pis zero mean with covariance

C ero 5.2
oV(¢x, = —_— .
(x> By) kEZT;ﬁD(kHK (5.2)
L

whereﬁ(k) is the Fourier transform of the torus (discrete) Laplacian,

d .

D)= > [1—¢&k (5.3)
j=1

Note that the inclusion of the mass,> 0—more preciselyy is the mass squared—makes
the covariance regular even for the zero mkde 0.

47
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We will look at a modification of this case wh&htakes the form

V(o)

¢

In fact, we will be even more specific and assume thad simply given by

e V@) _ g 5017 | g 5@ +D)? (5.4)

It is easy to check that, for sufficiently large,V defined using this formula looks as in
the figure. The reason for assuming (5.4) is the possibility dserg-spin representation
Indeed, we may rewrite (5.4) as

e_V(¢) — Z e_%(‘is_”)z =C Z e‘%d’x_’“ﬁxﬁx (55)
o=+1 o=%1
whereC = e7*. A product of such terms is thus proportional to
H e V@) Z H e 3K xox (5.6)
S (ox) X

This means we can write the Gibbs weight of the model as follows

e f 3 iy Bx—by)* =24V ($0) fo'e Z e f kg @Bx—dy)2—5 >y 42 " 2x #x0x (5.7)
(ox)

If we elevate(oy) to genuine degrees of freedom, we get a model on spins (¢x, ox)
with a priori law Lebesgue oifR x counting measure of+1, 1} and the Hamiltonian

PHG.0) =B D (dx =9y’ +5 D d5 +x 3 deox (5.8)
(X,y) X X

Notice the first two terms on the right-hand side is the Hamiltonian of the massive (centered)
Gaussian free field while the interaction betweendglseand thes’s has on-site form.

Here are some observations whose (simple) proof we leave to the reader:

Lemma 5.1 Letu be a Gibbs measure for Hamiltonigh.8) and letv be its¢-marginal.
Thenv is a Gibbs measure for the Hamiltonigh.1) subject to(5.4). The marginalv
completely determines: For any f depending only os ando in a finite setA,

E,(f) = Ev( Z f (4, o) H eV(cbx)—%(tzﬁx—Jx)z) (5.9)

(Gx)xeA XeA
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We will use &, to denote the set of all Gibbs measures for the Hamiltonian (5.8) with
parameter® andx. The principal result for this model is as follows:

Theorem 5.2 Letd > 2. For all ¢ > Othereis a> 0 such that for allg, x > a there
existu™t, u~ € &4, which are translation invariant and obey

ptlox=x1)>1—¢ (5.10)

and
|E.=(¢) F1| <e. (5.11)

In simple terms, at low temperatures and large curvature of the wéells thfe fields prefer
to localize in one of the wells. We remark that, while we chose the model as simple as
possible, a similar conclusion would follow for with given by

e V@) _ g FT@-D2th 4 o= T @+1>-h (5.12)

whereh changes the relative weight to the two minima. Indeed, there éxiatsvhich one
has two Gibbs measure—the analogueg dfand . ~. Moreover, ifx, > x_, thenh; > 0
because, roughly speaking, the well<t offers more room for fluctuations.

5.2 Proof of phase coexistence

Here we will prove Theorem 5.2. We will focus @h= 2; the proof in general dimension
is a straightforward, albeit more involved, generalization.

Let us refer to a face df? as aplaquette(i.e., a plaquette is a square of side one with a
vertex of Z? in each corner). Given a spin configuratiory), we say that a plaquette is
goodif all four spins take the same value, abdd otherwise. Let3 denote the event that
the plaquette with lower-left corner at the origin is bad.

Since the interaction is that of the GFF with a modified single-spin measure, the torus
Gibbs measure is RP. The crux of the proof is to show that bad plaquettes are suppressed.
Specifically, we want to show that

3(B)<«1 once B,k>1 (5.13)

Appealing to the subadditivity lemma (Lemma 4.9) we only need to estimatgvhkie
of all possible configurations on the plaquette that constifiteDue to the plus-minus
symmetry of thes’s, it suffices to examine three patterns:

-+ + - -+
+ - + - ++ (5.14)

We begin with the most interesting of the three:

Lemma 5.3 Foranyp,x > 0,
4k

3(GT) < ew (5.15)




50 CHAPTER 5. APPLICATIONS OF CHESSBOARD ESTIMATES

Proof. Let Z, = Y [ /M@ [] . dg¢y be the torus partition function. Given a pla-
guette spin pattern, let, (patterr) denote the same object withfixed to the disseminated
pattern—the sole element ¢, v:(pattern. (We are working withB = 1.) By the
definition of3 we have

A s A (i
3(;i)nr | _ LZ(JLr ) < Zt&i; (5.16)

Now the patrtition function with alb’s restricted to+ is given by

ZL (i i) = / e_ﬁ Z(x,y)(¢x—¢y)2—% S 2 g " >k Px H d¢x
xeTL (5.17)

= () Eere(e™ 2%

where the expectation is with respect to the massive Gaussian free field and the prefactor
denotes the integral of the Gaussian kernel ovepallSimilarly we obtain

ZL(9) = ( .-)EGFF(e_K 2x ¢X(_l)w) (5.18)

where we noticed that by disseminating the pattgtiwe obtain a configuration which is
one at even paritx and minus on at odd parity. Thus we conclude

ooy ¢ e

B EGFF(e"‘ 2x ¢>x(—1)|x|) (5.19)

i.e., we only need to compute the ratio of the Gaussian expectations, and not the prefactors.

Next we recall a standard formula for Gaussian moment generating functiodsislf

multivariate Gaussian, then
E(d"x) _ ez.Ex+%Var(i.X) (5.20)

SinceEgrr(¢x) = 0, we only need to compute the diagonal matrix element of(&avpy)
for vectors 1= (1,1,...) and(-=1)*I. However, a quick look at (5.2) will convince us
that these functions are eigenvectors of the covariance matrix corresponding Gand

k = (z, 7), respectively. Sinc®(0) = 0 while D(z, =) = 8, we get

VarGFF(;qﬁx) = r]i—Ll (5.21)
Vargee( 3 g(~D)M) = 8';—;'}{ (5.22)

where the factoT| | is the (square of) the?(T,)-norm of the functions under considera-
tion. Plugging this in (5.19) we conclude

il eXIogl']I“LIKZ(SﬁlJr P %)} (529

from which the claim readily follows. O

Next we attend to the other patterns:
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Lemmab5.4 Foranyp,x > 0,
2fx
3(10) < e (5.24)

and
2pK

() < o

(5.25)

Proof. As for (5.24), dissemination df” leads to alternating stripes of plusses and minuses,
i.e., ox = (=1l Again, this is an eigenvector of the covariance matrix (5.2) With
(7, 0). The correspondin® equals 4 and so

L 1 1 1
5(1:)|T < EXP<§|TL|K2(4IB T ;)} (5.26)
yielding (5.24).

The patterrn; { is more complex because its dissemination will not lead to an eigenvector
of the covariance matrix. However, we circumvent this problem by proving that

36D <3G (5.27)

Indeed, since the torus comes from a square, and the interaction is nearest-neighbor, we
may also use the diagonal reflections; cf the remarks in Sect. 4.4. Thus reflecting along the
diagonal containing twe-’s, the patterry * yields; * andff. This implies

1 1
e [ e T (5.28)
But3(f1) < 1 and so (5.27) follows. By Lemma 5.3, (5.27) implies (5.25). O

Corollary 5.5 For eache > 0there exists a> 0 such that if, x > a, thenj(B) < e.

Proof. The event3 can be written as the union over a finite number of bad patterns. On
the basis of Lemmas 5.3-5.4 the claim holdsBareplaced by any fixed bad pattern. The
desired bound now follows—with slightly worse constants—by invoking Lemma 4[9.

Next we explain our focus on the bad event:

Lemma 5.6 There exists a constant € (1, o) such that if g(B) < Y, then for any
X,yeTy,
puL(ox =1, oy = —1) < 2¢c3(B). (5.29)

Proof. This is a consequence of a simple Peierls’ estimate. Indeed~# 1 andoy, = —1,

thenx is separated frony by a “circuit” of bad plaquettes. (Formally, either all plaquettes
containingx are bad or there exists a non-trivial connected component of good-réte.,
bad—plaquettes containing This component cannot cover the whole torus becayse

—1; the above “circuit” is then comprised of the bad plaquettes on the boundary of this
component.) This means that

mox=1oy=-1 = > u(4®) <> B (5.30)
)i 14

Y tey
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where|y| denotes the maximal number of disjoint bad plaquettesand where we used

the chessboard estimates to derive the second bound. By standard arguments, the number of
circuits of “length”n surroundingx or winding aroundl', at least once is bounded b,

for some constant > 1. It follows that

plox=10,=-1) <> c"3(B)" (5.31)

n>1
Under the conditiort(B) < ¥, this sum is less than twice its first term. O
Finally, we can assemble the ingredients into the proof of phase coexistence:

Proof of Theorem 5.2By symmetry of the torus measure, we have
pLlox =1) =% = u (ox = -1). (5.32)
Letz be a site at the back of the torus—that is distant at legabm the origin—and define
uE (=) = pL(=log = £1). (5.33)

These measures satisfy the DLR condition with respect to any function that depends only on
the “front” of the torus and so any weak cluster point of these measures will be an infinite-
volume Gibbs measure. Extract such measures by subsequential limits and callthem
andu—, respectively.

We claim thatu* # x~. Indeed, by Lemma 5.6 we have
i (ox = =1) < 2c3(B) (5.34)

once3(B) <« 1 and, by Corollary 5.5, this actually happens omfce > 1. Thus if,
say, 23(B) < L4, thenu; (cx = —1) < Y4 and, at the same time, (ox = +1) < Ya.
The same holds for the limiting objects andsb # x~. Note that the measures can be
averaged over shifts so that they become translation invariant. O

In the last step of the proof we used, rather conveniently, the plus-minus symmetry of
the torus measure. In the asymmetric cases, e.g., (5.12), one can either invoke a con-
tinuity argument—choosé = h_ such that (5.32) holds—or turn (5.29) into the proof
that|T_|~* 2 xer, Ox Will take values in {1, -1+ €] U[1 — ¢, 1] with probability tending

to one ad. — oo. The latter “forbidden-gap” argument is rather robust and extends, with
appropriate modifications, to all shift-ergodic infinite-volume Gibbs measures. Hence, the
empirical magnetization in ergodic measures cannot change continuously.with

5.3 Gradient fields with non-convex potential

Having demonstrated the use of chessboard estimates on a toy model, we will proceed to
discuss more complicated systems. We begin with an example which is somewhat similar
to the Gaussian double-well model.

A natural generalization of the massless GFF is obtained by replacing the quadratic gradient
interaction by a general, even function of the gradients. The relevant Hamiltonian (again
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with temperature incorporated in it) is

BH@) = D V(g — ¢y) (5.35)

(x.y)
The requirements that we generally put\érare continuity, evenness and quadratic decay
at infinity. Under these conditions one can always define finite-volume Gibbs measures.

As to the measures in infinite volume, the massless nature of the model may prevent ex-
istence of a meaningful thermodynamic limit in low dimensions; however, if one restricts
attention togradient variables

b = ¢y — ¢« if bis the oriented edggx, y), (5.36)

then the infinite-volume Gibbs measures exist, and may be characterized by a DLR condi-
tion, in alld > 1. We call thesgradient Gibbs measurd&GM). A non-trivial feature of
the GGM is that they obey a host of constraints. Indeed, almost envsrguch that

Moy + Mo, + Moy + 1, = 0 (5.37)

for any plaquettébs, ..., bsy) with bonds listed (and oriented) counterclockwise.

Surprisingly, the classification of all possible translation-invariant, infinite-volume GGMs
can be achieved under the condition tiais strictly convex:

Theorem 5.7 Suppose V is convex, twice continuously differentiable wittbdunded
away from zero and infinity. Then the shift-ergodic GGMare in one-to-one correspon-
dence with their tilt, which is a vector a RY such that

E.(mp)=2a-b (5.38)
for every (oriented) bond b (we regard b as a unit vector for this purpose).

The wordtilt comes from the interpretation afas the slope or the incline of the interface
whose height-gradient along bobds given byn,. The proof of this result—which is due

to Funaki and Spohn—is based on the use of Brascamp-Lieb inequality through which the
convexity assumption enters in an essential way.

A natural question to ask is what happens whelis not convex. Specific examples of
interest might b&/ taking the form of a double-well potential—kind of like for the Gaussian
double-well model—oW s as in the figure:

@ V(n) (0) V(n)
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As it turns out, the double-well case is not quite tractable at the moment—and most likely
behaves like a massless GFF on large scales—but the other two cases are within reach. We
will focus on the case (a) and, as for the Gaussian double-well model, assume a particular
form of the potential:

e_V("I) — p e_KO"/Z/2 + (1 — p) e—anz/Z (539)

whereky andxp are positive numbers amg € [0, 1] is a parameter to be varied. For this
system one can prove the following result:

Theorem 5.8 Suppose d= 2 andx, > kp. Then there is pe (0,1) and, for V
with p = p, there are two distinct, infinite-volume, shift-ergodic GGMsq and s
that are invariant with respect to lattice rotations and have the following properties:

(1) zero tilt:
1
ALl z Mo L—_>—O>OO, Hords Udis-@.S. (5.40)
b=(x,
X,V(EXAyL)

(2) distinct fluctuation size:
Eﬂord(}/]g) < E,udis(ng) (541)

(3) GFF as the scaling limit: For any smooth: fR> — R with compact support,

> mlfey) —fe] = NO.CIVH) (5.42)
b=(x,y)

where (0, 62) denotes a normal mean-zero varianggrandom variable and C is
a positive constant.

The upshot of this result is that, once the convexity a$ strongly violated, the conclusions
of Theorem 5.7 do not apply. While the example is restricted to 2, and to potentials

of the form (5.39), generalizations tb> 2 and other potentials as in the above figure are
possible and fairly straightforward.

Here are the main steps of the proof. First, as for the Gaussian double-well model, we use
(5.39) to expand the Gibbs weight according to whether the first or the second term in (5.39)
applies. This gives rise to a configuration of coupling stren¢ths one for each bond,

which take values ifxo, kp}. The joint Hamiltonian of the/'s and thec's is

Kp

>l (5.43)

BHG, ) =

b

The joint measure is RP with respect to reflections through bonds and sites andxg)yen
then’s are Gaussian.

Next we focus on lattice plaguettes and divide these into good and bad according to whether
thex’s are all the same or not, respectively. The dissemination of bad patterns again leads to
Gaussian integrals, but this time for GFF with inhomogeneous—yet periodically varying—

couplings. The periodic nature allows the use of Fourier modes to diagonalize the requisite
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covariance matrices. Performing the integrals we then check that all patterns designated as
bad are suppressed (this is wheges> «p is needed). The rest of the proof is pretty much
as for the double-well model.

Full details of the proof of (1-2) are to be found in the paper by Kojeakd the present
author; the proof of (3) is a consequence of some basic arguments in homogenization theory.

5.4 Spin-waves vs infinite ground-state degeneracy
Next we will discuss a couple of spin models whose distinctive feature is a high degeneracy
of their ground state which is removed, at positive temperature, by soft-mode spin-wave

fluctuations. The simplest example is as follows:

Orbital compass modeHere S, € S9! with x € Z9. The Hamiltonian is

d
HS =D D (S - 5% ) (5.44)

X a=1

whereS® denotes the:-th Cartesian component of the spin &gds the unit vector in the
a-th coordinate direction.

Note thateveryconstant configuration is a minimum-energy state of (5.44). Other ground
states may be obtained from the constant ones by picking a coordinate direciiod
changing the sign of the-th component of all spins in some of the “lines” parallel wath

Ind = 2 these are all ground states butin- 3 other complicated operations are possible
that preserve the minimum-energy property.

Here is a theorem one can prove about the 2D system:

Theorem 5.9 For eache > 0 there existf, > 0 and, for eachf > fy, there exist two
distinct, shift-ergodic Gibbs measurgs, 1> € &4 such that

Eﬂj(|s<-éj|) >1—ck¢, j=12 (5.45)
Moreover, for anyu € &; we have
E.(S)=0 (5.46)
and there are no shift-ergodic € &, 8 > Bo, for whichmaxj_1, E,, (IS - &j]) <1 —e.
The main idea underlying the proof is the evaluation of the free energy associated with spin-
wave perturbations of the constant ground states; it this expected that only the states with
the largest contribution of these fluctuations survive at positive temperatures. Specifically,

we need to quantify the growth rate of the torus partition function with all spins constrained
to lie within A of a given direction:

Lemma 5.10 For eache > Othere iso > 0 such that if, A obey

PA? > % and pA3 <9 (5.47)
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then for everyly = (cosd, sind) e S,

_ 2r\L%2 .
E®#o(e BHL(S) H 1{|&_VH|<A}) — (7) o LAFO)+o)] (5.48)
XETL
where "
1 . .
FO) = 5/ PaE log{sir(0)|1 — €"|? + cos(9)|1 — &*2|?}. (5.49)

The quantityF may be interpreted apin-wave free energyA convexity argument—based
on the fact sif(@) + cog(¥) = 1—now shows thaF is minimized byd = 0, 7/, 7, 37/,
i.e., exactly in one of the coordinate directions. We will fix>- 0 and letA = ﬁ‘l% and
B = log $# and let3g andBsy be the following events:

(1) Be ={ a pair of neighboring spins ing make angle larger than with each othe}

(2) Bsw is the event that the blockg has all neighboring spins within of each other
with at leastc 3> A from one of the four coordinate direction

The calculation in Lemma 5.10 and a simple use of the subadditivity lemma show
C
3(Bsw) < Xle‘czBs"z (5.50)

for some constants;, ¢, > 0. Thus, onceg > 1, the density of such blocks in any typical
configuration fromu 4 will be rather small. Similarly we prove that

3(Be) < Bl o (5.51)

which for # > 1 is also very small. Thus thiead blocks—i.e., those wherBg U Bsw
occurs—are unlikely. However, if a block is aligned in one coordinate direction and an-
other block is aligned in a different direction, they must be separated by a “circuit” of bad
blocks. Such circuits are improbable which leads to phase separation. Details of these
calculations—which extend even to quantum setting—can be found in a paper by Chayes,
Starr and the present author.

120-degree modeHere we focus ol = 3. The spinsS,, take values ir§'; the Hamil-
tonian looks similar to the orbital compass model except 8fdtno longer represents a
Cartesian component. Explicitly, I&, by, bs denote the vectors if! representing the
three complex roots of unity. Then

HS =Y > (S-bi— Sue, - b)> (5.52)

X a=1,23

Again, all constant configurations are ground states; and further ground states may again
be obtained by judicious reflections. Fortunately, eved ia= 3 the number of energy-
preserving operations one can perform on ground states is much smaller than for the orbital
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compass model, and all ground states can thus be classified. Indeed, given a ground state
configuration, every unit cube iA° looks as one of the four cubes in the picture

1SS S

modulo, of course, a simultaneous rotation of all spins. Here is what we can we say rigor-
ously about this model:

Theorem 5.11 LetWs, ..., Ws € S* be the six sixth roots of unity. For eaeh> 0 there
existfp > 0 and, for eachs > o, there exist six distinct, shift-ergodic Gibbs measures
U1, ..., ue € B such that

E.(S-Wj)>1-¢, j=1,...,6 (5.53)

,,,,,

The idea underlying this theorem is quite similar to the orbital compass model; e.g., the
analogue of the spin-wave free energy (5.49) is

o) - L dk [

3] @ log > qa(0)|1—eika|2} (5.54)

a=1,2,3

whereq; = sir?(9), g = si?(@ — 120°) andgs = sir(@ + 120°). Again, a rather
sophisticated argument shows thrats minimal only foré of the form%j, j =1,...,6.

The rest of the argument is as for the orbital-compass model. See the paper of Chayes,
Nussinov and the present author for further details.

n.n. and n.n.n. antiferromagnefinally, we consider a toy model that exemplifies the fea-
tures of both systems above. Here= 2 and the spins take again value$in but the inter-
action isantiferromagnetie-that is, with a preference for antialignment—for both nearest
and next-nearest neighbors:

H(S) =7 D [Sc- Suer + S Sern] + D[S Scronsr + Sc Sirty-s,]  (5.55)

Assuming|y| < 2, we obtain the minimum energy state by first enforcing the n.n.n.
constraints—there is an antiferromagnetic, oeNerder on both even and odd sublattice—
and only then worrying about how to satiate the n.n. constraint. But once the sublattices
are ordered antiferromagnetically, the net interaction between the sublattices is zero—and
so each of the sublattices can be rotated independently! A configuration of this form is
depicted in the figure below. We can prove the following theorem:
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Theorem 5.12 For eache > 0 there existfy > 0 and, for eachs > S, there exist two
distinct, shift-ergodic Gibbs measurgs, 1> € &4 such that

—Eu (S Sirayre) > 1—€ (5.56)

and
E. (SK . S,<+éj) >1—e, j=12 (5.57)

There are no shift-ergodig € &4, f > fo, for which either(5.56)or at least one 0{5.57)
does not hold.
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As for the two models above, everything boils down to a spin-wave calculations in the end.
Here the relevant parameter is the relative orientafiarf the two antiferromagnetically
ordered sublatices. The spin-wave free energy is then

1 dk
FO)=35 /[_M]Z on)? log D (9), (5.58)

where
Dk(@) = |1 — d®t2 41 — glatd|2 4 o cogh) (|11 — €412 — |1 - &4?).  (5.59)

As it turns out,F is minimized by = 0 ord = =. In terms of the typical spin con-

figurations, the former corresponds to horizontal alignment and vertical antialignment of
nearest neighbors, and the latter to horizontal antialignemnt and vertical alignment, i.e.,
stripe states. See the paper by Chayes, Kivelson and the present author for further details.
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5.5 Literature remarks

The Gaussian double-well model is a standard example which can be treated either by
methods of reflection positivity, or by Pirogov-Sinai theory [24]. Representations (5.4) have
been used already byikske [52, 53] and Zahrad[71]. The method of proof presented

here draws on the work of Dobrushin, Kotgchnd Shlosman [22, 49, 50] which was used

to control order-disorder transitions in a number of systems; most notably;stede Potts

model withg > 1 [49]. These methods can be combined with graphical representations
of Edwards-Sokal [27] (or Fortuin-Kasteleyn [31]) to establish rather complicated phase
diagrams, e.g., [9,19]. Recently, the method has been used to resolve a controversy about a
transition can occur in 2D non-linear vector models [29, 30].

Theorem 5.7 has been proved by Funaki and Spohn [39]. As already mentioned, their
proof is based on convexity properties of the potenWla-by invoking the Brascamp-

Lieb inequality as well as certain coupling argument to the natural dynamical version of
the model—and so it does not extend beyond the convex case. (A review of the gradi-
ent measures, and further intriguing results, can be found in Funaki [38], Velenik [68] or
Sheffield [60].) Theorem 5.8 has been proved by Biskup and KgtEceK except for the
convergence to the GFF in each of the coexisting phases whose proof in the process of
writing. (I would like to thank Herbert Spohn for bringing this question to my attention.)

The interest in models in Sect. 5.4 came from a physics controversy about whether orbital
ordering in transition-metal oxides exists at low temperatures. On the basis of rigorous
work by Biskup, Chayes and Nussinov [10] (120-degree model) Biskup, Chayes, Nussinov
and Starr [11,12] (2D and 3D orbital compass model), it was demonstrated that, at least at
the level of classical models, spin-wave fluctuations stabilize certain ground states [55].
The conclusions hold also the 2D quantum orbital-compass model with large quantum
spins [12]. The mechanism of entropic stabilization—or, in physics jargater by disor-
der—is most clearly demonstrated in the n.n. &n.n.n. antiferromagnet studied by Biskup,
Chayes and Kivelson [8]. This model actually goes back to the original order-by-disorder
physics arguments by Shender [61] and Henley [46].

All three theorems in Sect. 5.4 have, apart from an existence clause, also a clause on the
absenceof ergodic states whose local properties deviate from those whose existence was
asserted. Actually, these were not the content of the original work [8, 10] because, at that
time, the focus on torus measures dictated by reflection positivity was deemed to make it
impossible torule outthe occurrence of some exotic measures. A passage to such state-
ments was opened by the work of Biskup and Kofefl3]; the non-existence clauses in
Theorems 5.9, 5.11 and 5.12 are direct consequences of the main result of [13] and the
method of proof of the existence part. This technique does not quite apply in the setting of
gradient models due to the strong role the boundary conditions play in this case.
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CHAPTER 5. APPLICATIONS OF CHESSBOARD ESTIMATES



Three open problems

We finish with a brief discussion of three general open problems of the subject covered by
these notes which the present author finds worthy of significant research effort.

In Chapters 2 and 3 we have shown how useful the infrared bound is in proofs of symmetry
breaking and control of the mean-field approximation. Unfortunately, the only way we
currently have for proving the IRB is reflection positivity. So our first problem is:

Problem 1 Consider models with the Hamiltonian B — >, ., S - ;. Prove the IRB
directly without appeal to RP.

As already mentioned, a successful attempt in this direction has been made by Sakai [59],
who managed to apply the lace expansion to a modified random current representation
of the Ising model used previously by Aizenman [1]. Notwithstanding, here we have in
mind something perhaps more robust which addresses directly the principal reason why we
need RP, which is that

the spingS;) are nota priori independent Gaussian

A step in this direction is thepherical approximatiorior the O(n) model (see [64, Sec-

tion 11.11]) in which the constraintS;| = 1 at every spin is replaced by a (global) constraint
on Y, |S|?. This approximation is asymptotic as— oo. A paper by Burioni, Cassi and
Vezzani [17] claims progress on Problem 1 on general graphs but the level of control of
certain steps in their argument seems, at this point, not sufficient.

The IRB is often viewed as a rigorous versionspin-wave theory This theory, initiated

in the work of Dyson [25] and others, describes continuous deformations of the lowest en-

ergy states by means of an appropriate Gaussian field theory. In Chapter 5 we saw that
chessboard estimates may be appliedonjunctionwith spin-wave calculations—which

are generally deemed to be the realm of the IRB—to prove phase transitions. This was
possible because spin-waves disqualified all but a finite number of ground states from can-
didacy for low-temperature states. Notwithstanding, one might be able to do the same even
in the presence of infinitely many low-temperature states:

Problem 2 Prove symmetry breaking at low temperatures in systems with continuous in-
ternal symmetry—e.g., the(®)-model—without the use of the IRB. The use of chessboard
estimates is allowed.

Further motivation to look at this problem comes from quantum theory: The quantum
Heisenberg ferromagnet is not RP (see Speer [66]) and so there is no proof of the IRB
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and, consequently, no proof of low-temperature symmetry breaking. On the other hand, the
classical Heissenberg ferromagnet is RP and so the spin-condensation argument applies. If
we had a more robust proof of symmetry breaking in the classical model, e.g., using chess-
board estimates, one might hope to extend the techniques of Biskup, Chayes and Starr [12]
to include also the quantum system.

While the theory described in these notes is not restricted exclusively to ferromagnetic
systems, in order to have the IRB one needs a good deal of attractivity in the system. It is
actually clear that the IRB cannot hold as stated for genuine antiferromagnets—those which
cannot be turned to ferromagnets by reversing every other spin—e.g., hard core lattice gas,
which is a model with variables, € {0, 1} and the “Gibbs” weight proportional to

a2 [T =nyny), (5.60)
(x,y)

or theg-state Potts antiferromagnet, which is the model in (1.7) Witk 0. Indeed, the
staggeredong-range order, which is known to occur in the hard core lattice gas/oped.,
implies that the macroscopically occupied mod&is= («, ..., ) rather thark = 0.
Nevertheless, we hope that some progress can be made and so we pose:

Problem 3 Derive a version of the IRB for the hard-core lattice gas and/or the g-state
Potts antiferromagnet at zero temperature.

Solving this problem would, hopefully, also provide an easier passage to the proof that the
critical 1 for the appearance of staggered order tends to zeth-as co—in fact, if the
mean-field theory is right then one should have~ ¢q—and that the 3-coloring of?
exhibits six distinct extremal measures of maximal entropy. These results have recently
been obtained by sophisticated contour-counting arguments [40, 41].
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