UNCONDITIONALLY STABLE SCHEMES FOR HIGHER ORDER INPAINTING
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ABSTRACT. Higher order equations, when applied to image inpainting, have certain advantages over
second order equations, such as continuation of both edge and intensity information over larger
distances. Discretizing a fourth order evolution equation with a brute force method may restrict the
time steps to a size up to order Axz? where Az denotes the step size of the spatial grid. In this
work we present efficient semi-implicit schemes that are guaranteed to be unconditionally stable. We
explain the main idea of these schemes and present applications in image processing for inpainting
with the Cahn-Hilliard equation, TV-H~! inpainting, and inpainting with LCIS (low curvature image
simplifiers).

1. INTRODUCTION

An important task in image processing is the process of filling in missing parts of damaged images
based on the information gleaned from the surrounding areas. It is essentially a type of interpolation
and is called inpainting. Thereby one could restore images with damaged parts due to, for instance,
intentional scratching, aging, or weather. Or one can recover objects which are occluded by other
objects, where within this context the process is called disocclusion. In fact the applications of image
inpainting are countless. From the restoration of ancient frescoes [3], to the medical needs of reducing
artifacts in MRI-, CT- or PET imaging reconstructions [47], digital image inpainting is ubiquitous in
our modern computerized society. Since the first works on image inpainting by Mumford, Nitzberg
and Shiota [57], Masnou and Morel [52], Caselles, Morel, Sbert and Gillette [21], and Bertalmio et
al [10], much effort has gone into developing digital algorithms. These methods include the texture
synthesis and exemplar-based approach (see, e.g., [20, 29, 32, 72]) and a number of variational- and
PDE-based approaches. This paper focuses on the latter.

In mathematical terms, image inpainting can be described in the following way: let f be the given
image defined on an image domain 2. The problem is to reconstruct the original image w in the
damaged domain D C 2, called inpainting domain. More precisely, let © C R? be an open and
bounded domain with Lipschitz boundary, By, Bs two Banach spaces and f € B; be the given image.
A general variational approach in inpainting can be written as

(1) E(u) = R(u) +[]M(f = )|, — min,

where R : Bo — R and

@) Aw) = {3 o

is the characteristic function of 2\ D multiplied by a constant Ao > 1. R(u) denotes the regularizing
term and [[A(f —u)[|5, the so called fidelity term of the inpainting approach. In general By C By
signifying the smoothing effect of the regularizing term on the minimizer u € Bs. Depending on the
choice of the regularizing term R and the Banach spaces By, Bs various inpainting approaches have
been developed. The most famous model is the total variation (TV) model, where R(u) = [, |Vu| dz
denotes the total variation of u, By = L?(Q) and By = BV(Q) the space of functions of bounded
variation, cf. [23, 25, 61, 60]. A variational model with a regularizing term containing higher order
derivatives is the Eulers elastica model [26, 27, 52] where R(u) = [, (a + bx?)|Vu| dz with positive
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FIGURE 1. Two examples of curvature based inpainting compared with TV inpainting
from [26]. In the case of large aspect ratios the TV inpainting fails to comply to the
Connectivity Principle.

weights a and b, and curvature k = V - (Vu/|Vul). Other examples to be mentioned for (1) are the
active contour model based on Mumford and Shahs segmentation [68], the inpainting scheme based
on the Mumford-Shah-Euler image model [35], inpainting with the Navier-Stokes equation [11], and
wavelet-based inpainting [28, 30], only to give a rough overview. For a more complete introduction to
image inpainting using PDEs we refer to [26, 18, 63].

1.1. Second- versus higher-order inpainting approaches. Second order variational inpainting
methods (where the order of the method is determined by the derivatives of highest order in the
corresponding Euler-Lagrange equation), like TV inpainting, have drawbacks as in the connection of
edges over large distances (Connectivity Principle, cf. Figure 1) and the smooth propagation of level
lines (sets of image points with constant grayvalue) into the damaged domain (Curvature Preservation,
cf. Figure 2). This is due to the penalization of the length of the level lines within the minimizing
process with a second order regularizer, connecting level lines from the boundary of the inpainting
domain via the shortest distance (linear interpolation). The regularizing term R(u) = [, |Vu| dz in
the TV inpainting approach, for example, can be interpreted via the coarea formula which gives
oo
min/ [Vu| dx <~ min/ length(Ty) dA,

u o Jo ' J-ox
where T’y = {2z € Q : u(x) = A} is the level line for the grayvalue A. If we consider on the other hand
the regularizing term in the Eulers elastica inpainting approach the coarea formula reads

oo

(3) min/(a + %) |Vu| do <= Hl}in/ a length(T'y) 4 b curvature?(T'y) dA.
voJa r J—oo

Thus not only the length of the level lines but also their curvature is penalized (where the penalization
of each depends on the ratio b/a). This results in a smooth continuation of level lines over the inpainting
domain also over large distances, compare Figure 1 and 2. The performance of higher order inpainting
methods can also be interpreted via the second boundary condition, necessary for the well-posedness
of the corresponding Euler-Lagrange equation of fourth order. Not only are the grayvalues of the
image specified on the boundary of the inpainting domain, but also the gradient of the image function,
namely the direction of the level lines are given.

In an attempt to solve both the connectivity principle and the staircasing effect resulting from
second order image diffusions, a number of third and fourth order diffusions has been suggested for
image inpainting. The first work connecting image inpainting to a third order PDE (partial differential
equation) is the transport process of Bertalmio et al. [10]. The image information, modeled by Au, is



UNCONDITIONALLY STABLE SCHEMES FOR HIGHER ORDER INPAINTING 3

Original Image TV inpainting : b/a =0

b/a=10 b/a=20

FIGURE 2. An example of elastica inpainting compared with TV inpainting from [27].
Despite the presence of high curvature, TV inpainting truncates the circle inside the
inpainting domain (linear interpolation of level lines, i.e., Curvature Preservation).
Depending on the weights a and b Eulers elastica inpainting returns a smoothly re-
stored object, taking the curvature of the circle into account.

transported into the inpainting domain along the level lines of the image. The resulting scheme is a
discrete model based on the nonlinear PDE

up = Viu - VAu,

solved inside the inpainting domain D using the image information from a small stripe around the
boundary of D. The operator V+ denotes the perpendicular gradient (—0y,0z). Due to the lack of
communication among the level lines, the transportation may result in kinks or contradictions inside
the inpainting domain. Thus in [10] the equation above is implemented with intermediate steps of
anisotropic diffusion. In [11] the authors develop a theory for the proper boundary conditions in [10]
by making a connection to the Navier-Stokes equations. The two conditions on the “boundary” of
the inpainting domain correspond to the no slip condition for Navier-Stokes. A variational third order
approach to image inpainting is CDD (Curvature Driven Diffusion) [24]. Solving the problem of con-
necting level lines also over large distances (connectivity principle) the level lines are still interpolated
linearly. The drawbacks of the third-order inpainting models [10] and [24] have driven Chan, Kang and
Shen [27] to a reinvestigation of the earlier proposal of Masnou and Morel [52] on image interpolation
based on Eulers elastica energy (3). The fourth order elastica inpainting PDE combines CDD [24]
and the transport process of Bertalmio et al. [10] and is as such able to solve both the connectivity
principle and the staircasing effect. Other recently proposed higher order inpainting algorithms are
inpainting with the Cahn-Hilliard equation [13, 14], TV-H™! inpainting [19, 64] and combinations of
second and higher order methods, e.g. [51].

In this paper we are especially interested in three, rather new, fourth-order inpainting schemes.
Namely, we shall discuss Cahn-Hilliard inpainting, TV-H! inpainting, and inpainting with LCIS (low
curvature image simplifiers). We start the discussion with the inpainting of binary images using the
Cahn-Hilliard equation [13, 14]. The inpainted version u of f € L?(Q) is constructed by following the
evolution of

(4) up = A(—eAu + %F'(u)) + A(f —u),

where F(u) is a so called double-well potential, e.g., F(u) = u?(u — 1)2. The applicability of the
Cahn-Hilliard equation for the inpainting of binary images is due to the double well potential F'(u) in
the equation. The two wells correspond to values of v that are taken by most of the grayscale values.
Choosing a potential with wells at the values 0 (black) and 1 (white), equation (4) therefore provides
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a simple model for the inpainting of binary images. The parameter ¢ determines the steepness of the
transition between 0 and 1. Further the fourth order regularizing term in the equation provides the
advantages of higher order inpainting approaches which have been discussed before, such as the ability
to connect level lines also over large distances (cf. (3)).

The second method of interest in this paper is a generalization of the Cahn-Hilliard inpainting
approach to grayvalue images which has been recently proposed in [19, 64] and is called TV-H !
inpainting. Therein the inpainted image u of f € L?(f2), shall evolve via

5) we=Ap+A(f —w), pEOTV(w),
with
JoIVu| dz if Ju(z)] <1 a.e. in Q

400 otherwise,

TV (u) = {

where 0TV (u) denotes the subdifferential of the functional 7'V (u). To build the connection to Cahn-
Hilliard inpainting the authors in [19] show that solutions of an appropriate time-discrete Cahn-Hilliard
inpainting approach I'-converge, as ¢ — 0, to solutions of an optimization problem regularized with
the TV norm. A similar form of this approach appears in the context of decomposition and restoration
of grayvalue images, see for example [49, 58, 70]. Further, in Bertalmio at al. [12] an application of
the model from [70] to image inpainting is proposed. In contrast to the inpainting approach (5) the
authors in [12] use a more general form of the TV-H~! approach for a decomposition of the image
into cartoon and texture prior to the inpainting process. The latter is accomplished with the method
presented in [10]. Moreover, we would like to mention that in [45] the authors consider a complex
Ginzburg-Landau energy for inpainting of grayscale- and color images.

The third inpainting model we are going to discuss is inpainting with LCIS (Low Curvature Image
Simplifier). This higher order inpainting model is motivated by two famous 2nd order nonlinear PDEs
in image processing, the works of Rudin, Osher and Fatemi [60] and Perona Malik [59]. These methods
are based on a nonlinear version of the heat equation

u = V- (g9(|Vu|)Vu),

in which ¢ is small in regions of sharp gradients. LCIS represent a fourth order relative of these
nonlinear 2nd order approaches. They are proposed in [69] and later used by Bertozzi and Greer in
[15] for the denoising of piecewise linear signals. In this paper we consider LCIS for image inpainting.
With f € L?() our inpainted image u evolves in time as

wp = =V - (g(Au)VAu) + A(f ),

with thresholding function g(s) = H% Note that with g(Au)VAu = V(arctan(Au)) the above
equation can be rewritten as
(6) uy = —A(arctan(Au)) + A(f — u).

1.2. Numerical solution of higher-order inpainting equations. One main challenge in inpaint-
ing with higher order flows is their effective numerical implementation. Discretizing a fourth order
evolution equation with a brute-force method may restrict the time steps to a size up to order Az?*
where Az denotes the step size of the spatial grid. Such a brute-force method is computationally
prohibitive and hence it is essentially never done, see, e.g., [65].

The numerical solution of higher-order equations, like thin films, phase field models, surface diffusion
equations, and much more, occupied a big part of research in numerical analysis in the last decades.
In [31] the authors propose a semi implicit finite difference scheme for the solution of second order
parabolic equations. A diffusion term is added implicitly and subtracted explicitly in time to the
numerical scheme in order to suppress unstable modes. Smereka uses this idea to solve the fourth-
order surface diffusion equation, cf. [65]. The same idea is applied by Glasner to a phase field approach
for the Hele-Shaw interface model, cf. [40]. Besides the finite difference approximations, there also exist
a lot of finite element algorithms for fourth-order equations. Barrett, Blowey, and Garcke published a
series of papers on the solution of various Cahn-Hilliard equations, cf. [5, 6, 7]. For the sharp interface
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limit of Cahn-Hilliard, i.e., the Hele-Shaw model, Feng and Prohl analyze finite element methods in
[37, 38]. Finite element methods for thin film equations are studied, for instance, in [8, 46].

For image inpainting, efficient numerical schemes for higher-order methods is an active area of
research. As discussed in [26] one of the most interesting open problems in digital inpainting is, in
fact, the fast and exact digital realization. In the case of Cahn-Hilliard inpainting, in [13] the authors
propose a semi-implicit scheme, which constitutes the common numerical method discussed in this
paper. They verify its computational superiority compared with currently used numerical methods for
three curvature driven approaches. It turns out that Cahn-Hilliard inpainting performs at least one
order of magnitude faster than the curvature methods. In [33, 34] Elliott and Smitheman propose a
finite element method for TV-H~! minimization in the context of image denoising and cartoon/texture
decomposition. They also prove rigorous results about the approximation and convergence properties
of their scheme. An extension of their approach to TV-H™! inpainting would be interesting. Note
that, however, the difference of the inpainting approach from denoising and decomposition is that the
former does not follow a variational principle and the fidelity term is locally dependent on the spatial
position. Another algorithm for TV-H~! inpainting is proposed by one of the authors in [62]. This
work generalizes the dual approach of Chambolle [22] and Bect et al. [9] from an L? fidelity term to
an H™! fidelity and extends its application from TV-H™! denoising [1, 2] to image inpainting. The
main motivation for the work in [62] is that with the proposed algorithm the domain decomposition
approach developed in [39] can be applied to the higher-order total variation case. Being able to
apply domain decomposition methods to TV-H™! inpainting can result in a tremendous acceleration
of computational speed due to the ability to parallelize the computation. Another very recent approach
in this direction is [18], where the authors propose a multigrid approach for inpainting with CDD.

In this paper we discuss an efficient semi implicit approach based on a numerical method presented
in Eyre [36] (also cf.[71]) called convezity splitting. Convexity splitting was originally proposed to solve
energy minimizing equations. We consider the following problem: Let E € C?*(RM R) be a smooth
functional from RY into R, where N is the dimension of the data space. Let € be the spatial domain
of the data space. Find u € R such that

ug = —=VE(u) inQ,
™ u(,t=0)=wup inQ,

with initial condition uy € RY. The basic idea of convexity splitting is to split the functional E into a
convex and a concave part. In the semi implicit scheme, the convex part is treated implicitly and the
concave one explicitly in time. Under additional assumptions on (7), this discretization approach is
unconditionally stable, consistent, and relatively easy to apply to a large range of variational problems.
Moreover we shall see that the idea of convexity splitting can be applied to more general evolution
equations, and in particular to those that do not follow a variational principle, especially to the
inpainting equations (4) and (5).

Convexity splitting methods, although possibly not under the same name, already have a long tradition
in several parts of numerical analysis. In finite element approximations for PDEs, examples for such
numerical schemes can be found in the works of Barrett, Blowley, and Garcke, cf. [4] equation (3.42)
for an application to a model for phase separation. In [35] a finite difference scheme for second-order
parabolic equations is presented which also uses the convexity splitting idea, cf. equation (5.4) in [35].
Further convexity splitting is also discussed in a more general optimization context, cf. [73] Chapter
two for an overview on this topic.

The main part of the paper is to illustrate the application of the convexity splitting idea to the
three fourth-order inpainting approaches (4), (5) and (6). Motivated by the analysis in [17], we show
that with this numerical approach we are able to (approximately) compute strong solutions of the
continuous problem with an unconditionally stable finite difference scheme. The numerical scheme is
said to be unconditionally stable, if all solutions of the difference equation are bounded, independently
from the time step size, cf. Definition 2.2. Moreover, we prove consistency of these schemes and
convergence to the exact solution. Further, we present numerical results demonstrating the effect of



6 C.-B. SCHONLIEB, A. BERTOZZI

the higher order regularizing term in the approaches. In the case of TV-H™! inpainting, and inpainting
with LCIS we directly compare the visual results with the second order TV inpainting method.

ORGANIZATION OF THE PAPER

In section 2 the idea of convexity splitting is presented. After an introduction to gradient systems
we state and prove Eyre’s theorem about the unconditional stability of the convexity splitting scheme.
Sections 3-5 are dedicated to the application of convexity splitting to Cahn-Hilliard inpainting (4),
TV-H™! inpainting (5) and inpainting with LCIS (6). In the case of Cahn-Hilliard- and TV-H™*
inpainting the corresponding equations (4) and (5) are not strictly gradient flows but their evolution
is the sum of the gradients of two different energies. Here, convexity splitting is applied to each of
these energies and results into a semi-implicit scheme for the whole evolution. Rigorous proofs for the
consistency of the numerical scheme, the boundedness of numerical solutions and their convergence to
the exact solution are given. For each of these inpainting algorithms numerical results are presented.
In the conclusion of the paper open problems are discussed.

NOTATION

In this paper we discuss the numerical solution of evolutionary differential equations. Therefore we
have to distinguish between the exact solution u of the continuous equation and the approximative
solution U of the corresponding time discrete numerical scheme. We write capital Uy for the ki
solution of the discrete equation and small u;, = u(kAt) for a solution of the continuous inpainting
equation at time kAt with time step size At. Let e denote the temporal discretization error given
by ex = ur — Up. In subsection two, v and U are vectors in RY, where N denotes the dimension
of the data. In all other parts of this paper u and U are assumed to be elements in L2(f2). Let
E € C?(H,R) denote a functional from a suitable Hilbert space H to R, and VE(u) its first variation
with respect to u. In the discrete setting H = RY. Throughout this paper [|-| denotes the norm in
L?(Q2) (or the Euclidean norm in the discrete setting), and (-,-) the inner product in L?() (or in RY
in the discrete setting). Finally, since we pose all three inpainting approaches (4)-(6) with Neumann
boundary conditions, we have to define the non-standard space H () as

HNQ) = {F e HYQ)" | (F1) g1 s =0},
with norm [|-|| _; = HVA_l . HL2(Q). Thereby the operator A~! denotes the inverse of A with Neumann
boundary conditions. In more detail, let I;;l(ﬂ) ={Yp e HY(Q): [(¥dx=0}. Thenu=A"'F ¢
I}) L(Q) is the unique weak solution of the following problem:

Au—F =0 in
Vu-v=20 on 0f).

For a more elaborate derivation of the above space we refer to [19], Appendix A.

2. THE CONVEXITY SPLITTING IDEA

As already discussed in the Introduction, convexity splitting methods are used in a wide range of
optimization problems, cf. Section 1.2 for relevant references. Originally designed to solve gradient
systems, we shall see in this paper that convexity splitting schemes are relevant for more general
problems, i.e., for evolution equations which do not follow a variational principle. See Sections 3-5 for
our three inpainting approaches (4)-(6).

First we introduce the notion of gradient flows and the application of convexity splitting methods in
this context. To do so we follow the explanations and notations in Eyre’s work [36].
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We consider equation (7). If E fulfills the following conditions,

(i)  E(u) >0, Yu e RN,
(8) (i) E(u) — oo as ||ul]| = oo,
(iii)  (J(VE)(u)u,u) > X\ Vu € RV,

then equation (7) is called a gradient system and its solutions are called gradient flows. Thereby
J(VE)(u) is the Jacobian of VE in u, A € R and (.,.) denotes the inner product on RY with corre-
sponding norm ||u||2 = (u,u). All gradient systems satisfy the dissipation property, i.e.,

dE(u)

dt

and therefore E(u(t)) < E(ug) for all t > 0.

If E(u) is strictly convex, i.e., A in condition (8)(iii) is positive, then only a single equilibrium for
the gradient system exists. Unconditionally stable and uniquely solvable numerical schemes exist for
these equations (cf. [66]). If E(u) is not strictly convex, i.e., A < 0, multiple minimizers may exist and
the gradient flow can possibly expand in u(t). The stability of an explicit gradient descent algorithm,
ie., Ugr1 = Up — AtV E(Uy), in this case may require extremely small time steps, depending of course
on the functional E. For fourth order inpainting approaches, for instance, F(Uy) contains second order
derivatives resulting in a restriction of At up to order (Axz)* (where Az denotes the step size of the
spatial discretization). Therefore the development of stable and efficient discretizations for non-convex
functionals E is highly desirable.

The basic idea of convexity splitting is to write the functional E as

=~ |[VE(u)|*

(9) E(u) = Ec(u) = Ee(u),
where
(10) E, € C*(RY,R) and FE,(u) is strictly convex for all u € RY, o € {c,e}.

The semi-implicit discretization of (7) is then given by
(11) U1 — U = —At (VE(Ugy1) — VE.(Ug)),
where Uy = ug.

Remark 2.1. We want to anticipate that the setting of Fyre, and hence the subsequent presentation of
convexity splitting, is a purely discrete one. Nevertheless it actually holds in a more general framework,
i.e., for more general gradient flows. In the case of an L? gradient flow for example, the Jacobian J of
the discrete functional E just has to be replaced by the second variation of the continuous functional

E in L*(Q).

In the following we show that convexity splitting can be applied to the inpainting approaches (4),
(5), and (6) and produces unconditionally gradient stable or unconditionally stable numerical schemes.

Definiton 2.1. [36] A one-step numerical integration scheme is unconditionally gradient stable
if there exists a function E(.) : RN — R such that, for all At > 0 and for all initial data:
(i) E(U) >0 for allU € RY
(ii) E(U) — oo as |U]| — o
(iii) E(Ugt1) < E(Ug) for all Uy € RN
(iv) If E(Uy) = E(Uy) for all k > 0 then Uy is a zero of VE for (7) and (8).

Note that Cahn-Hilliard inpainting (4) and TV-H~! inpainting (5) are not given by gradient flows.
Hence, in the context of these inpainting models the meaning of unconditional stability has to be
redefined. Namely, in the case of an evolution equation which does not follow a gradient flow, a
corresponding discrete time stepping scheme is said to be unconditionally stable if solutions of the
difference equation are bounded within a finite time interval, independently of the step size At.



8 C.-B. SCHONLIEB, A. BERTOZZI

Definiton 2.2. Let u be an element of a suitable function space H defined on Q x [0,T], with Q C R?
open and bounded, and T > 0. Let further G be a real valued function and uy = G(u, D*u) be a partial

differential equation with space derivatives D%u, o =1,...,4. A corresponding discrete time stepping
method
(12) Uky1 = Up + AtGr(Uk, Ug 41, DUy, D*Ug41),

where Gy, is a suitable approzimation of G in Uy, and U4y is

e unconditionally stable, if all solutions of (12) are bounded for all At > 0 and all k such
that kAt < T.
e consistent if

li At) =
Aim, (A1) =0,
where T, (At) is the local truncation error of the scheme and defined as
Upy1 — U
(13) Te(At) = % — Gi(uk, upr1, D ur, D*up 1),
and uy, = u(kAt) is the exact solution at time t = kAt. In what follows we abbreviate 73, for
Ti(At). Moreover, we define the global truncation error to be

T(At) = m]?XHTk(At)H’H.

A numerical scheme is said to be of order p in time if
T(At) = O(At?)  for At — 0.

We start with a theorem of Eyre [36]. The proof presented below follows the same arguments as in
[36] with additional details.

Theorem 2.1. [36, Theorem 1] Let E satisfy (8), and E. and E, satisfy (9)-(10). If E.(u) additionally
satisfies

(14) (J(VE)(w)u, u) > =X

when A < 0 in (8)(iii), then for any initial condition, the numerical scheme (11) is consistent with (7),
gradient stable for all At > 0, and possesses a unique solution for each time step. The local truncation

error for each step is
At R .
e = (J(VE:(a)) + J(VE(a))) VE(u(€)),
for some & € (kAt, (k + 1)At) and for some @ in the parallelopiped with opposite vertices at Uy and

Uk+1.

Remark 2.2. Condition (14) in Theorem 2.1 is equivalent to the requirement that all the eigenvalues
of J(VE,) dominate the largest eigenvalue —\ of —J(VE), i.e.,

(14) (®)
(J(VE.)(w)u,u)y > =X > (=J(VE)(u)u,u)

for all u € RV, i.e.,
(15) A >N, for dll eigenvalues A > 0 of E,.

Proof:(Eyre [36]). The unconditional gradient stability of (11) in the sense of Definition 2.1 is es-
tablished first. By our assumptions in (8) properties (i) and (ii) in Definition 2.1 immediately follow.
Property (iv) follows from the general behavior of gradient systems, i.e., if E(Uy) = E(Up) for all k > 0
then Uy is an w- limit point of (7) and (8) and hence Uy is a zero of VE (cf. [48]). The main part of
the proof consists of the verification of property (iii). Namely we have to show that

E(Us1) < E(Uy), VUp€RY.
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To do so we consider the difference F(Ug41) — E(Uyg). The proof is by repeated application of Taylor’s
theorem. We start with an exact expansion of E about Uj41 up to second order and obtain

E(Uk) = E(Uy41)=(VE(Ugk11), U1 — Uk>+% (J(VEU+1 — (Ur41 — Uk)))Uk41 — U, U1 — Us)
for some o € (0,1). Then by assumption (iii) in (8) we get
E(Uk41) — E(Ux) < (VE(Uk41), U1 — Ur) + [N [ Ukgr — Ul
By (9) and (11) this is the same as
E(Uks1) = E(Ux) < (VE(Ukt1) = VE(Ukt1), U1 — Ux) + [N [Uksa — Ugl|?

1
— <E (Uk-',-l — Uk) + VEC(U]C_H) — VEe(Uk), Uk—i—l — Uk>

1
(10 =~ (VEWin) = VEG)Uur = G0+ (W = 7 ) 10 = Gl

Similarly, we Taylor expand E. about Ugy; and Uy respectively, i.e.,

Ee(Ug) = Ee(Ugt1) = (VEe(Ugt1), U1 — Ug)
+% (J(VE:(Uky1 — a1(Ugs+1 — U)))Ups1 — Uk, Uy1 — Ug) s

and
1
E.(Ukt1) = Ec(Ug)+(VE(Uy), U1 — Uk>+§ (J(VE(Uy — a2(Ug+1 — Ur)))Uks1 — Ui, Upy1 — Ug)

for some «; and as in (0,1). Since E. is convex, then J(VE,) is positive definite and its eigenvalues
are positive. By bounding the eigenvalues of J(VE,) by A > 0 and adding the above expressions we
get

(VE(Uks1) = VEe(Ur), Uks1 = Ur) > M [Urr = U
Substituting this in (16), we obtain

- 1
E(Us) - E(U) < — (A S E) 1Uiss — Ul

By applying condition (14) (i.e., (15)) the result follows for all At > 0. Hence the method is uncondi-
tionally gradient stable.
To prove the unique solvability of (11) we consider the nonlinear equations

Uk+1 + AtVE.(Ugs1) = Ry,

which must be solved at each step for a given Ry. Since E. is strictly convex, then
1
3 U1 [ + AtEe(Uii) = (U1, R)

has a unique minimum in Ug4q for all A¢, and (11) has a unique solution for all At > 0. The con-
sistency and the local truncation error of (11) can be established by similar Taylor expansions as the
ones we did above to prove the unconditional stability of the scheme. More precisely it constitutes
of expanding Uy41 and Uy around (k + 1/2)At, and VE.(Ug+1) and VE,(Uy) around Uy /5. This
finishes the proof of Theorem 2.1. O

In the following we apply the idea of convexity splitting to our three inpainting models (4), (5), and
(6). For this we change from the discrete setting to the continuous setting, i.e., considering functions
w in a suitable Hilbert space instead of vectors u in RY. Although the first two of these inpainting
approaches, i.e., Cahn-Hilliard inpainting and TV-H~! inpainting, are not given by gradient flows, we
show that the resulting numerical schemes are still unconditionally stable (in the sense of Definition
2.2) and therefore suitable to solve them accurately and reasonably fast. For inpainting with LCIS (6)
the results of Eyre can be directly applied, even in the continuous setting, cf. Remark 2.1. Nevertheless,
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also for this case, we additionally present a rigorous analysis, similar to the one done for Cahn-Hilliard-
and TV-H™! inpainting.

3. CAHN-HILLIARD INPAINTING

In this section we show the application of convexity splitting to Cahn-Hilliard inpainting (4). Recall
that the inpainted version u(z) of f(z) is constructed by following the evolution equation

up = A(—eAu + %F/(u)) +A(f —u),

to steady state. This modified Cahn-Hilliard equation is introduced in [13] for the inpainting of
binary images. The latter, mainly numerical paper, was followed by a very careful analysis of (4)
in [14]. To start with, the authors prove global existence of a unique weak solution of the evolution
equation (4). More precisely the solution u is proven to be an element in C([0,T]; L*(Q))NL2(0,T; V),
where V = {¢ € H*(Q) | 9¢/0v = 0 on Q}, and v is the outward pointing normal on 9. Under
additional conditions on the given image f, they also derive some very interesting results concerning
the continuation of the gradient of the image into the inpainting domain. In fact in [14] the authors
prove that in the limit Ay — oo a stationary solution of (4) solves

AleAu— 2P () =0 inD
€
(17) u=f on 0D
Vu=Vf ondD,

for f regular enough (f € C?). The existence of a stationary solution of (4) is assured in [19]. This,
once more, supports the claim, that fourth-order methods are superior to second-order methods with
respect to a smooth continuation of the image contents into the missing domain.

The idea to apply convexity splitting in order to solve (4) numerically, was born in [13]. The
numerical results presented there illustrate the usefulness of this scheme. Although the authors do not
analyze the scheme rigorously, based on their numerical results they conjecture unconditional stability.
In the following we shall present this numerical scheme and derive some additional properties based
on a rigorous analysis of the latter.

The original Cahn-Hilliard equation is a gradient flow in H~! for the energy

1
By (u) :/nguf +~F(u) do,

while the fitting term in (4) can be derived from a gradient flow in L? for the energy

Es(u) = %/Q)\(f —u)? da.

However, note that equation (4) as a whole is no longer a gradient system. Hence, for the discretization
in time, we apply the convexity splitting discussed in section 2 to both functionals E; and F5 separately.
Namely we split £y in £y = Ey. — Fq. with

C 1 C
Fro(u) = / Cvul + D de, Br(u) = / )+ G e
Q 2 2 Q € 2
A possible splitting for Es is Fo = Fo. — Fo. with
1 1

Eoe(u) = 5/ch lul> dz, Fae(u) = 5/9—)\(f—u)2+02 lu? da.

To make sure that Fy., E1. and Fs., s, are strictly convex the constants C; and Cs have to be chosen
such that Cy > %, Cy > Ao, see [14].
Then the resulting discrete time-stepping scheme for an initial condition Uy = ug is given by
Uk+1 — Uy

N (Bre(Ukt1) = Er1e(Uk)) — Vi (Bae(Ugy1) — B2 (Ug)),
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where V-1 and V. represent gradient descent with respect to the H~! inner product and the L?
inner product respectively. This translates to a numerical scheme of the form

Uky1 — U, 1
(18) %—HAAU;CH ~C1AUk 1 +ColUkss = ~AF'(Ur) = CLAUR+M(f = Up) +CaUs,  in Q.
We enforce Neumann boundary conditions on 912, i.e.,
(19) VUgi1 -1 =VAUgy -1 =0, on 0,

where 77 is the outward pointing normal on 952, and compute Ugy1 in (18) in the spectral domain
using the discrete cosine transform (DCT). The idea to use spectral methods for equations involving
Laplacian operators is classical and is based on the fact that the Laplace matrix is diagonalized
in the spectral domain. Hence, solving these equations in the spectral domain can be done much
faster since matrix multiplication is replaced by scalar multiplication (multiplying with the elements
in the main diagonal). Since additionally there also exist fast numerical methods to compute the
discrete Fourier/Cosine transform (such as the fast Fourier transform (FFT)) this method has an
overall computational advantage. Let U be the DCT of U with eigenvalues \;. Then equation (18) in
U reads

(1= CLAH(F= i + 2 y) + C2ANU(i, ) + ALAFY(Uy) (i, ) + A — Ui

14+ CyAt + EAt(ﬁ/\z + ALygAj)2 — OlAt(ﬁ)\l + ALyz)\J)

Ups1(i,§) =

3.1. Rigorous Estimates for the Scheme. From Theorem 2.1 we know that (at least in the spatially
discrete framework) the convexity splitting scheme (9)-(11) is unconditionally stable, i.e., separate
numerical schemes for the gradient flows of the energies Fq(u) and Es(u) are non—increasing for all
At > 0. But this does not guarantee that the numerical scheme (18) is unconditionally stable, since it
combines the flows of two energies. In this section we shall analyze the scheme in more detail and derive
some rigorous estimates for its solutions. In particular we show that the scheme (18) is unconditionally
stable in the sense of Definition 2.2. Our results are summarized in the following theorem.

Theorem 3.1. Let u be the exact solution of (4) and ur = u(kAt) the exact solution at time kAt,
for a time step At > 0 and k € N. Let further Uy, be the kth iterate of (18) with constants C1 > 1/e,
Co > Ng. Then the following statements are true:

(i) Under the assumption that ||uy| _, and |[VAus||, are bounded, the numerical scheme (18) is
consistent with the continuous equation (4) and of order one in time.

Under the additional assumption that
(20) F'Up-1) < K

for a nonnegative constant K, we further have

(ii) The solution sequence Uy, is bounded on a finite time interval [0, T, for all At > 0. In particular
for kAt <T,T >0 fized, we have for every At > 0
(21) VUL + AtK: [AULS < €7 (VU] + ALK, | AUg|l3 + At T C(, D, 0, f)) .

for suitable constants K1 and Ko, and constant C depending on 0, D, Ao, f only.
(iii) The discretization error ey, given by ey, = uy, — Uy, converges to zero as At — 0. In particular,
we have for kAt <T,T >0 fized, that

|~

C
(22) IVerlls + Atz 1Aen]3 < Fe T O (A1),

Q

for suitable constants C, C, K.

Remark 3.1. Note that our assumptions for the consistency of the numerical scheme only hold if the
time deriwative of the solution of the continuous equation (4) is uniformly bounded. This is true, for
smooth and bounded solutions of the equation.
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Further, since we are interested in bounded solutions Uy, of the discrete equation (18), it is natural
to assume (20), i.e., that the nonlinearity F'' in the previous time step (k — 1)At is bounded. Also
note that the constant K in (20) can be chosen arbitrarily large.

The proof of Theorem 3.1 is organized in the following three Propositions 3.1-3.3.

Proposition 3.1. (Consistency (i)) Under the same assumptions as in Theorem 3.1 and in par-
ticular under the assumption that ||uy||_, and |[VAu||, are bounded, the numerical scheme (18) is
consistent with the continuous equation (4) with ||7x||—1 = O(At) as At — 0, where 11 is the local
truncation error as defined in equation (13) above.

Proof. Let 71, be the local truncation error defined as in (13). Then

1 2
Tk = T, + Ti,

with
Uk+1 — Uk
T;% = 7+At — ’U,t(kAt)
7’]? = EAA(uk+1 — uk) — OlA(uk+1 — Uk) + OQ(UkJrl — ’U,k)
_ AtAgukJrl—uk _ AtAukH_uk AtukJrl_'UJk
‘ A O Ay TRt
i.e.,
U — U 1
(23) Tk — % + €A2uk+1 - ;AF’(U/C) - )\(f - uk) - ClA(ukH - uk) + Cg(uk_,_l — uk)

Using standard Taylor series arguments and assuming that [juy|_; and ||[VAuw|, are bounded we
deduce that the global truncation error 7 is given by

(24) 7 =max /|, = O(At)  as At — 0. 0

Proposition 3.2. (Unconditional stability (ii)) Under the same assumptions as in Theorem 3.1
and in particular assuming that (20) holds, the solution sequence Uy, fulfills (21). This gives bounded-
ness of the solution sequence on [0,T].

Proof. We consider our discrete model
Uky1 — Uy

At
multiply the equation with —AU};1 and integrate over 2. We obtain

1
+ EAAUkJrl — ClAUkJrl + CoUpy1 = EAF/(U]Q) — C1AU, + /\(f — Uk) + CyUy,

1
= (IVUks1]13 = (VUL VULt1), ) + € [VAUL [ + C1 AU 1} + Co VU 3

1
= E <F”(Uk)VUk, VAUk+1>2 + C4 <AU;€, AUk+1>2
+ (VA(f = Uk), VUg11)y + C2 (VUg, VU 1), -
Using Young’s inequality we obtain
1
57 (10113 = IVURIE) + €IV AURs1 113 + Cu AU ]13 + Co VU1

1 2 0 2 O 2 CO1 2
< — ||F" — A — [|A —||A
< POV + 2 VATl + D AT + L AT 2

C C 1 1
+ 5 VU + S VUl + 5 VA = Unl + 5 VUil

Using the estimate
IVA(f = UR)llz < 225 VU]l + C (9. D, Mo, f)
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and reordering the terms we obtain

)
(_2 - —) VU 12+ S 5 AUk 3 + ( - —) VAU 5
< (o + 22 ) IVOLIE + o 1P U0VULIE + S AULE + C(2, D, Mo, f).
=\aar T2 T 27 26 202 2

By choosing 6 = 2¢2, the third term on the left side of the inequality is zero. Because of assumption
(20) we obtain the following bound on the right side of the inequality
|F"(Un) VU5 < K2 [ VULl3

and we have

1 Oy 9 K2 s O )
< BN B A3 Y .
- (2At+ 2 +)‘0+463 ||VU7€||2+ 5 HAUkH2+C(Q,D,)\Ouf)
Now we multiply the above inequality by 2At and define

C=1+At(Cy—1),

2

O_1+At(02+2A2 23)

Since C5 is chosen greater than Ag > 1, the first coefficient C is positive and we can divide the inequality
by it. We obtain

C C C
VUi + At [AUL I < 5 VUL + At |ATLE + AtC(R, D, o, ),

where we updated the constant C(Q2, D, N, f) by C(22, D, N\, f)/C'
Since % > 1, we can multiply the second term on the right side of the inequality by this quotient
to obtain

¢
¢

C C
IVl + a6 a1} < £ <|vvk|§ +ard |Avk|§) AR, D, 20, f).

We deduce by induction that

Q1 Qu

k
C C
||m||§+Atgl AU < ( ) (nvmn%mtgnwoﬁ)

k—1 C:' g
+At — | C(Q,D, ),
§<C> ( 0. f)

1+ KoAt)k C
R e A RN =N TN
(1+K At) ¢

(1 + KaAt)!
At Q,D .
+ Z 1+K1At ( ) aAOaf)
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For kAt < T we have

IN

V018 + A2 AT < T ([7tl+ ar AT

+ALT 2 EITC(Q, D, N, f)

= K- K)T <|VU0||§ + At% 1A 5
+ALT C(Q, D, N, f))

which gives boundedness of the solution sequence on [0, T for any T > 0 assuming that (20) holds. O

The convergence of the discrete solution to the continuous one as the time step At — 0 is verified
in the following proposition.

Proposition 3.3. (Convergence (iii)) Under the same assumptions as in Theorem 3.1 and in
particular under assumption (20) the discretization error ey, fulfills (22).

In order to prove Proposition 3.3 we need the following auxiliary lemma.

Lemma 3.1. The error ey between the exact and approximate solution defined as in Theorem 3.1

fulfills
/ er dr = O((At)?).
Q

Proof of Lemma 3.1. Because of the fidelity term in (4) and (18), solutions of these equations are not
mass preserving, i.e., fQ ey, does not in general vanish. In fact, we have for a solution wuy of (4)

i/uk — _6/A2uk+l/AFl(uk)+/)\(f—Uk)
dt Q Q €Jq Q
1

= —€ VAug -1+ — VF'(uk)-ﬁ-i-/ )\(f—uk),
l}9) € Jon Q

where we have used Gauss divergence theorem to obtain the boundary integrals. Assuming zero
Neumann boundary conditions as in (19) the two boundary integrals vanish and hence

d
o7 Quk—/g)\(f—uk)

and in particular

d

U = 0.
A similar computation for the discrete solution of (18) shows that

(f+6) - -t

and in particular

(26) <$ + 02) /D (Upsr — Up) = 0.
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Next, let us follow the lines of the consistency proof in (23). Then the discretization error e satisfies

€yl — €
% + eA?ep1 — CrAegi1 + Coepin
1 1

= E(Uk-i-l —ug) — E(Uk—i-l —U) + 6A2uk+1 - 6A2Ulc+1

—ClAUkJrl + OlAUkJrl + Coupr1 — CoUg11
1
— (EAF/(UI@) — C1AU, + /\(f — Uk) + CgUk>

1
+ (EAFI(Uk) + A(f —ur) — CrAu + Cz%) + 7

_ (EA(F’(U,C) — F(ug)) — CLAWx — ug) + Co(Us — ug) — \(Up — uk)) +

€

As before, integrating over 2, applying Gauss divergence theorem and the zero Neumann boundary
conditions for u; and Uy we get

(27) (é +C'2> /Q(ekﬂ —er) +/Q/\6k = /Tk7
where
/QTk (é +C2) /Q(Uk-i-l — ug) —/Q(Uk)t

(é + Cg) /Q(uk + At(ug) + O((AY)?) — ug) — /Q(uk)t
= O(At).

Now, to prove our claim we apply induction on k. First, assuming that ug = Uy in 2 we have that

and hence,

(28) (é + 02> /Qel = O(Ab).

Assuming that assertion (28) holds for all indices < k and using (25) and (26) we have for (27)

1
<E+02> /Q(ekﬂ—ek)-i—/g)\ek /Tk

(é + 02) /Qe,H1 — O(AY) + Ao (é + 02) Townn = o

1
(E+CQ>AGk+1 = O(At),

and hence,

(14 ChAt) /Q ex = O((AD)?),

for all k£ > 0. ]

We continue with the proof of Proposition 3.3.
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Proof of Proposition 3.3. In the proof of Lemma 3.1 we have used the consistency result (23) to show
that the discretization error e, satisfies

€k+1 — €k

A7 +eA?epi1 — CrAegq1 + Coeppr

= — (%A(F/(Uk) — F'(ug)) — C1AWUy — ug) + Co(Up, — ug) — MUy, — uk)) + 7.

Multiplication with —Aey41 leads to

1

A (V(ers1 — er), Veri1)y + € |[VAert |5 + C1 [|Aeprls + Co | Verrll

= (A (UF) ~ F'(ug)), Aex 1), — Cr (AU — ug), Ackn),

+ <V/\(Uk — uk), V€k+1>2 — Oy <V(Uk - uk), Vek+1>2 + <VA_177§, VA€k+1>2 .
Further, because

1 1
= (IVersall} = (Ver, Vers)s) = oo (IVersall3 — [ Verl?)

we obtain

1

2 2 2 2
: At(HVeanQ I9enl) + eV Ackr1l + CrlAernll} + Ca [ Vel

—_

- <A(F/(Uk) F'(uk)), A€k+1>2 + C4 <A6k, A6k+1>2 - <V)\€k, V6k+1>2
+ Cs <V6k, V€k+1>2 + <VA_177§, VA€k+1>2 .

™

Applying Young’s inequality leads to

1 2 2 2 2 2
o (19ersal} = [Vewl}) + €V Aekiall3 + Cr [ Aesa [} + C [ Vers

1 C Cio
< (W VU ~ ) V), Vensn)y + o [8eul + A Ayl
Y o 03 9 Ch 2 0252
+ _2603 Verll5 + 5 IVerylls + 25, [Verl5 + HV%HHQ
1 2
b Il + 2 19 Ak .

Let us consider the remaining inner product in the last inequality

1
—Z <(F//(Uk)VUk - F”(uk)Vuk), VA€k+1>2

1 1
= - <F”(Uk)Vek, VA€k+1>2 + - <(F”(uk) — F”(Uk))Vuk, VA6k+1>2

95 06 2
2t ﬂ) [VAekt1]l; -

Next we assume that (20) holds and that Vuy is uniformly bounded on [0, 7], in particular that

IN

I\F”(Uk)IVekII\2+ I () = F”(Uk))IVuklngr(

(29) JK > 0 such that ||V, < K for all kAt < T.

The latter assumption will be proven in Lemma 3.2 just after the end of this proof. Moreover, since
F" is locally Lipschitz continuous we obtain

1
- z <(F//(Uk)VUk — F”(uk)Vuk), VA€k+1>

_26

O 55 56 2
IVerl} + gelleall + (52 + 52 ) IV Accial,
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llex]l3

where we have set C' to be a universal constant for all bounds. Further, using Lemma 3.1 and
lex — O(AL)* + O(At)?|3
< 2ller — O(AL? |13 + 2| O(A)?3,

we can apply Poincaré inequality to the L? norm of ej. In sum we get

1 62 (53 6 64 55 + 56
(E + Cy (1 — 3) ) ||V€k+l||2+01 (1 — 3) ||A€k+1||2 (6 - —

1 )\2 02 C C 2
< R

(2At 25, T 25, T 25 566) IVerllz +

2
Next we choose 61 = 1 and multiply the inequality with 2At

) vl
S el + 5 Il + 080?13,

(14 At(Co(2 = 63) — 83)) [ Versa |2 + AtCy | Aeria |3 + At (26 — 04—
2
(1 + At (A Cs

05 + 9
: B 6) HVA@HlH%
C 20
5 T T AtCy||A
FP S W )) IVerlls + AtCy | Aexls +
Let

20
IITkllfl + At=—[O(A? [
4 €06
C =1+ At(Co(2 = 53) — 63), C—1+At(

2C
R et )
Now, choosing all ds such that the coefficients of all terms in the inequality are nonnegative and the
quotient C'/C' > 1, and estimating the last term on the left side from below by zero we get

At
IVeril +At 2 Aerra s < = ||V6k||2 +Af =l Aell +
and because C'/ C > 1 we further have

C
IVercall + 802 acusnl} < S (IVerl + 2 aei?)

n At (1 I H2 . 2C
— — || 7]

¢ \oy "rI
By induction on k£ we obtain

v 2112

loo?3).
C

IVewslls + At [Aersll;

é’ k+1 o

(5> (nwon%wtgwmea%)
JAry (€
C

( ) (il )+ 22 j0013)
1=0 4

Il + —IIO(At) 12
& )

IN

2C
< KikAt 2 == 2
< 2 (57 a2 ) + SC 108713
where we have used the fact that eg = 0 and
result (24) we conclude for kAt < T

At & ) 2 >
F; (1+ KAt <E max{[|7il|%,} + 5 10(AD) ||2>
At

Qe

+ K1At. Hence, by using the consistency
2 C1
[Verl|s + At— || Aek |5

=~ —~€K1T -C- (At)2
C

O
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From [13, 14] we know that the solution uj to the continuous equation globally exists and is uniformly
bounded in L?(Q2). Next we show that assumption (29) holds.

Lemma 3.2. Let uy, be the exact solution of (4) at time t = kAt and let T > 0. Then there exists a
constant C' > 0 such that ||Vug|ly < C for all KAt <T.

Proof. Let K(u) = —eAu + £F’(u). We multiply the continuous evolution equation (4) with K (u)
and obtain
(ur, K(u))y = (AK (), K(u))y + A(f — u), K(u)),-
Let us further define )
E(u) := E/ |Vul? dz + —/ F(u) dx.
2 Ja €Ja

Then we have

(e, K (), = <ut, —eAu+ %F’(u)>

2
1

= (Vuy, eVu), + <ut, —F’(u)>
€

d
=—F
dt ('LL),

since u satisfies Neumann boundary conditions. Therefore we get

d E(u) = —/Q VK (u)|* dz 4+ (\(f — u), —eAu), + </\(f —u), lF/(u)>2

2

(30) T .

Since F(u) is bounded from below, we only have to show that F(u) is uniformly bounded on [0, T},
and we automatically have that |Vu| is uniformly bounded on [0, T]. We start with the last term, and
recall the following bounds on F’(u) (cf. [67]): There exist positive constants Cy, Cy such that

F'(s)s > C1s* —Coy, VseR
and, for every d > 0, there exists a constant Cs such that
|F'(s)| < 6Cys? + C3(d), Vs €R.
Using the last two estimates we obtain the following

<)\(f — ), %F’(u)>2 _ o /Q\D Flu)f do— 22 F'(w)u dz

€ € Q\D
Ao )\ch )\002 |Q\D|
<2 [ P @) dr | fll ) — —/ u? dp + 2
Q\D Q\D

T € € €

< MC(f, Q) <5ﬁ/ u? de + C5(9) |Q\D|> _ 20Ch / u? da
O\D Q\D

€ € €

MoCo |2\ D
Jr02|6\|

<2200 [t det CO.6.0.D, ),
€ Q\D

where we choose 6 < 1/C(f,). Therefore integrating (30) over the time interval [0, 7] results in
T, T T
/ —E(u(t)) dt < / —/ |VEK (u)|? da dt +/ (A(f —u), —eAu), dt
o dt 0 Q 0
XoCh

€

T
(1—50(f,Q))// u? dx dt +T - C(No,e, 6, D, f).
0 JO\D

Next we consider the second term on the right side of the last inequality. From Theorem 4.1 in [13] we
know that a solution u of (4) is an element in L2(0, T'; H%(2)) for all T > 0. Hence Au € L?(0,T; L*(2))
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FIGURE 3. Binary image with unknown center and the solution of Cahn-Hilliard in-
painting with g = 10° and switching € value: «(600) with ¢ = 0.1, u(1000) with
e=0.01

FIGURE 4. Text removal from a binary image: the solution of Cahn-Hilliard inpainting
with A\g = 10° and switching € value: 4(200) with € = 0.8, u(500) with ¢ = 0.01

and the second term is bounded by a constant depending on 7'. Consequently for each 0 <t < T we
get,

E(u(t)) < E(u(0)) + C(T) + T - C(Xo,€,6,9, D, f)

T . AoCy .
- / / VK (u)|? do + (1=6C(f,9)) / u? dx| dt,
Jo |JQ € JO\D
and with this, for a fixed T' > 0, that |Vu/ is uniformly bounded in [0,T]. O

3.2. Numerical Results. In our computations the optimal At turned out to be At =1 or 10 (de-
pending also on the size of € and \g). Numerical results of the above scheme are presented in Figure 3,
4 and 5. In all of the examples we follow the procedure of [13], i.e., the inpainted image is computed
in a two step process. In the first step Cahn-Hilliard inpainting is solved with a rather large value
of €, e.g., ¢ = 0.1, until the numerical scheme is close to steady state. In this step the level lines are
continued into the missing domain. In a second step, the result of the first step is put as an initial
condition into the scheme for a small €, e.g., ¢ = 0.01, in order to sharpen the contours of the image
contents. The reason for this two step procedure is twofold. First of all in [14] the authors give numer-
ical evidence that the steady state of the modified Cahn-Hilliard equation (4) is not unique, i.e., it is
dependent on the initial condition inside of the inpainting domain. As a consequence, computing the
inpainted image by the application of Cahn-Hilliard inpainting with a small € only, might not extend
the level lines into the missing domain as desired. See also [14] for a bifurcation diagram based on the
numerical computations of the authors. The second reason for solving Cahn-Hilliard inpainting in two
steps is that it is computationally less expensive. Solving the above time-marching scheme for, e.g.,
e = 0.1 is faster than solving it for ¢ = 0.01. This is because of the damping introduced by C1, i.e., €,
into the scheme, cf. (18). All numerical examples presented here have been computed in orders of 10
seconds on a 1.86 GHz processor with 1 GB RAM. For a further discussion on computational times
for the convexity splitting method applied to Cahn-Hilliard inpainting we refer to [13].



20 C.-B. SCHONLIEB, A. BERTOZZI

FI1GURE 5. Vandalized binary image and the solution of Cahn-Hilliard inpainting with
Ao = 10 and switching € value: u(800) with ¢ = 0.8, 4(1600) with ¢ = 0.01

One possible generalization of Cahn-Hilliard inpainting for grayscale images is to split the grayscale
image bit-wise into channels

K
u(x) ~ Z up ()2~ B
k=1

where K > 0. The Cahn-Hilliard inpainting approach is then applied to each binary channel wuy
separately, compare Figure 7. At the end of the inpainting process the channels are assembled again
and the result is the inpainted grayvalue image in lower grayvalue resolution, compare Figure 6. In
Figure 8 the application of bitwise Cahn-Hilliard inpainting for the restoration of satellite images of
roads is demonstrated. One can imagine that the black dots in the first picture represent trees that
cover parts of the road. The idea of bitwise binary inpainting is proposed in [30] for the inpainting
with wavelets based on the Allen-Cahn energy.

Inpainted image

FIGURE 6. Cahn-Hilliard bitwise inpainting with K = 8 binary channels (\g = 108,
with € = 0.1 until ¢ = 800 and ¢ = 0.01 until ¢ = 1200)

4. TV-H~! INPAINTING

In this section we discuss convexity splitting for TV-H™! inpainting (5). To avoid numerical and
theoretical difficulties we approximate an element p in the subdifferential of the total variation func-
tional TV (u) by a smoothed version of V - (Vu/|Vul|), the square root regularization for instance.
With the latter regularization the smoothed version of (5) reads

Vu
31 U = —AV: | ——— | + A\(f — u),
E : ( |Vu|2+52> (F =)
with 0 < § < 1. In contrast to its second-order analogue, the well-posedness of (5) strongly depends
on the smoothing used for V- (Vu/ |Vul). In fact there are smoothing functions for which (5) produces
singularities in finite time. This is caused by the lack of maximum principles which in the second-order
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FIGURE 7. The given image (first row) and the Cahn-Hilliard inpainting result (second
row) for the channels 2,3 and 5.

Inpinted image

FicUure 8. Bitwise Cahn-Hilliard inpainting with K = 8 binary channels applied to
road restoration

case guarantee the well-posedness for all smooth monotone regularizations. In [16] the authors consider
(5) with A = \g in all of €, i.e., the fourth-order analogue to TV-L? denoising, which was originally
introduced in [58]. They prove global well-posedness in one space dimension for smooth initial data
for the arctan regularization

(32) (% arctan(u /5)) ,

x

where 0 < § < 1. For the square root smoothing

Uy

V| ug|? + 62

they conjecture, supported by empirical evidence, that singularities occur in infinite time, not finite
time. The behavior of the fourth-order PDE in one dimension is also relevant for two-dimensional
images since a lot of structure involves edges which are one-dimensional objects. In two dimensions
similar results are much more difficult to obtain, since energy estimates and the Sobolev lemma involved
in its proof might not hold in higher dimensions anymore. We also note that in [19] the authors prove
the existence of a weak stationary solution for (5) in two space dimensions.

(33)
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In the following we present the convexity splitting method applied to (5) for both the square root
and the arctan regularization. Similarly to the convexity splitting for Cahn-Hilliard inpainting, we
propose the following splitting for the TV-H~! inpainting equation. The regularizing term in (5) can
be modeled by a gradient flow in H~! of the energy

B(w) = [ [Vul da,
Q
where |Vu| is replaced by its regularized version, e.g., 1/ |Vu|2 +62,6 >0. We split B in Ey. — Eq.
with
C C
Eic(u) = / —L|Vul? dz, and Eyo(u) = / —|Vu| + == |Vul? dz.

o 2 Q 2
The fitting term is split into Fo = Fs. — Fs. analogous to Cahn-Hilliard inpainting. The resulting
time-stepping scheme is given by

VU,
|VUy|

Uki1 — Uy

(34) A7

+ C1AAUR 41 + CoUg+1 = C1AAU, — A (V -( )) + CU, + )\(f — Uk).

We assume that Uy satisfies zero Neumann boundary conditions and use the DCT to solve (34).

The constants C7 and C5 have to be chosen such that Fi., Eie, Fo., Foe are all strictly convex. In
the following we demonstrate how to compute the appropriate constants. Let us consider C; first. The
functional Ej. is strictly convex for all C7; > 0. The choice of C for the convexity of Ej. depends
on the regularization of the total variation we are using. We use the square regularization (33), i.e.,
instead of |Vu| we have

/G(|Vu|) de, with G(s) = /5% + 2.

Setting y = |Vu| we have to choose C; such that %y2 — G(y) is convex. The convexity condition for
the second derivative gives us that

52 1
1!
Cl>G(y)<:>Cl>W<:>Cl>g,

2

WJF‘;W has its maximum value at y = 0. In the one dimensional case, we would like

to compare this with the arctan regularization (32), i.e., replacing

is sufficient as

Uy
[ue |

by 2 arctan(%), as proposed
n [16]. Here the convexity condition for the second derivative reads

The =+ sign results from the absent absolute value in the regularization definition. We obtain

2 1

Gt a0

> 0.

The inequality with a plus sign instead of 4 is true for all constants C; > 0. In the other case we
obtain

2 4

Ci> =g
Vo ro2 1 s2

which is fulfilled for all s € R if C7 > %. Note that this condition is almost the same as in the case
of the square regularization.
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Now we consider Fy = Fs. — Fs.. The functional Fs. is strictly convex if Cs > 0. For the convexity
of Fs. we rewrite

Ese(u) = %/Q—/\(f - u)2 + C’2|u|2 dx

= /%|u|2d:17+/ —&(f—u)2+%|u|2dx
D 2 op 2 2

B Cy, 1o Ca Aoy 2 Ao |2
= [Tl [ (Gl dapu 1S

This is convex for Co > Ao, e.g., with Cy = A\g + 1 we can write

C: 1 2 A
Ege(u):/ E d:c—i—/ —utNof ) — (A2 +2) P da
p 2 Q\D 2 2

4.1. Rigorous Estimates for the Scheme. As in Section 3.1 for Cahn-Hilliard inpainting, we pro-
ceed with a more detailed analysis of (34). Throughout this section we consider the square-root
regularization of the total variation both in our numerical scheme and in the continuous evolution
equation (5). Note that similar results are true for other monotone regularizers such as the arctan
smoothing. Our results are summarized in the following theorem.

Theorem 4.1. Let u be the exact solution of (31) and uy, = u(kAt) be the exact solution at time kAt
for a time step At >0 and k € N. Let further Uy be the kth iterate of (34) with constants Cy; > 1/9,
Co > Ng. Then the following statements are true:

(i) Under the assumption that ||uy|_, and |[VAu||y are bounded, the numerical scheme (34) is
consistent with the continuous equation (5) and of order one in time.

(ii) The solution sequence Uy is bounded on a finite time interval [0,T], for all At > 0. In
particular, for kAt <T,T >0 fized, we have for every At >0

(35) VUL + AtK [VAULIS < T (VU3 + AtK VATl + ATC(Q, D, X, f))

for suitable constants K1, Ka, and a constant C, which depends on 2, D, o, [ only.
(i) Let further er, = uy — Ug. For smooth solutions uy and Uy, the error ey converges to zero as
At — 0. In particular, for kAt <T,T > 0 fized, we have

T
(36) [Verlly + AtMy |V Aex|l; < e (A1)?,
2

for suitable positive constants My, Ms and Ms.

Remark 4.1. For the convergence result in Theorem 4.1 (iii) we assume that smooth solutions to
both the continuous in time problem and the discrete in time approximation exist. The validity of this
assumption is not known in general. Note however that the global reqularity results are known in 1D
for the arctan smoothing [16]. Moreover, our numerical results show no indication of singularities in
2D. Therefore, it is not unreasonable to analyze the convergence under these assumptions.

The proof of Theorem 4.1 is split into three separate Propositions 4.1-4.3.

Proposition 4.1. (Consistency (i)) Under the same assumptions as in Theorem 4.1 and in par-
ticular under the assumption that ||uy||_, and |[VAu||, are bounded, the numerical scheme (34) is
consistent with the continuous equation (31) with ||7||-1 = O(At) as At — 0, where 1, is the local
truncation error.

Proof. The local truncation error is defined over a time step as satisfying
T = 7';1 + 7';?,
where

u — U
T = % —u(kAL), 7% = C1A% (upy1 — ug) + Co(upsr — up),



24 C.-B. SCHONLIEB, A. BERTOZZI

i.e.

Ukl — Ug ' Vuy, _ u
(B37) ™= A +A (V <7\/W>> A(f — ug)

+ O1A? (upy1 — ug) + Co(ups1 — ug).

Using standard Taylor series arguments and assuming that [Juy|_;, ||[VAu||, and |lu]|, are bounded
we deduce that

(38) 7]l _, = O(At) for At — 0. O

Proposition 4.2. (Unconditional stability (ii)) Under the same assumptions as in Theorem 4.1
the solution sequence Uy, fulfills (35). This gives boundedness of the solution sequence on [0,T].

Proof. Tf we multiply (34) with —AUj; and integrate over 2 we obtain
1
=7 (190115 = (VUL VULs1)5 ) + Co [ VUi + C1 [ VAU

VU,
= <AV = ,AUk+1> + C4 <VAU]€, VAU;H_1>2

\/ VU + 62

Applying Young’s inequality to the inner products on the right and estimating

+ (VAf = Uk)),VUri1)y + Co (VUk, VUi 1), -

IVA(f = Un)ll3 < 278 VU3 + C(2, D, Ao, f)
results in

1

55 (IVUksl3 = IVURIZ) + Co [ VU3 + C1 IV AU I

VU C
§<AV- — ,AUk+1> +6—11|\VAUk||§+Cl51|\VAUk+1|\§

\/ VU + 62 ,

203 C
+ 5 VORI + 82 VU3 + 52 VUK + Cads IV Ukiall3 + C(2.D, o, f),

Now, the first term on the right side of the inequality can be estimated as follows

VU, VU
<AV- e S ,AUk+1> ——<VV~ kR ,VAUk+1>
VIVU + 62 , VIVUL? + 62 i
2
1 vU
< |V [ ||| + 5 VAU 2

01 VIVUR? +32 ) |

Applying Poincaré’s and Cauchy’s inequality to the first term leads to

2

U, c
\VAVA __ YUk <f

VIVUP+a2 )|

(IVUR|2 + | AU |12 + [V AUR|2).
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Interpolating the L? norm of Au by the L? norms of Vu and VAu, we obtain
1
(57 + €2l = 89) = 62 ) VTl + (o1 = 62) = 60) [V AV

2At
1 22 G C(1/6,9) i C(1/5,9) )
< =+ = S A
<2At + 52 + 53 + 54 ) HVUk”Q <61 + 64 ) Hv Uk||2
+C(QvD7)\Oaf)'

For 6; =1/2,1=1,...,4 we obtain

1 02—1 2 Cl
(50 + 257 ) 190l + S 19 AT

1
< (m +4X2 +2(Co + C)> VU5 + 2 (C1 + O) |[VAUR |3 + C(, D, Ao, f).

Since C7 and Cs are chosen such that Cq > 1/§ > 1 and Cy > Ag > 1, the coefficients in the inequality
above are positive. The rest of the proof is similar to the proof of Proposition 3.2. We multiply the
inequality by 2At and set
Co=14+AtCy—1), Co=0C1—1, C.=1+2At(AN2+2(Ca+C)), Cyq=4(Cy+0O).

We obtain

Co [|[VUks1 |5 + AtCy VAU < Ce VUL + AtCq |[VAUL|S + 2AtC(Q, D, Ao, ).
Dividing by C, (which is > 0) we have

2 Ch 2 _ Ce 2 Ca 2, 2

VU iall3+ At G- VAU < 5 VUL + At VAU + & AC(@, D, Ao, ).
We rewrite the right hand side of the inequality such that
C.Cyqy
Ca Ca
Since Cy > 1 we can multiply the first term within the brackets on the right hand side of the inequality

with Cy and will only get something which is larger or equal. For the same reason we can multiply

the second term within the brackets with
1< CCy (1+ 2At(4/\% +2(Co+O)))(CL —1)
C, 1+ At(Cy — 1)

C
IVUksally + At [ VAUl; < (— IVUR[I3 + At — ||VAUk|2) Z-ALC(Q, D, Mo, f).

and we get
C.Cq

C
VU1 + At [IVAUR a5 < S AICQ, D, o, f).

(19015 + At 19A0I3) + 5

By induction it follows that

C.Cq
Ca

k
C
) (1vvali + 2t vavolg)

k—1 [
C.Cy 2
At —C(Q,D .
+ ;( C > CaC( ) 7)\05f)

a

C
VU3 + At > [ VAU 3 < (

Therefore we obtain for kAt < T

C C 2
VU5 + At g [VAUR[; < <7 (||VUo|§ + At [VAUO; + AT 5-

Finally we show that the discrete solution converges to the continuous one as At tends to zero.

C(Q,D,)\o,f)> .0

Proposition 4.3. (Convergence (iii)) Under the same assumptions as in Theorem 4.1 (iii) the
error ey, fulfills (36).
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Proof. By our discrete approximation (34) and the consistency computation (37), we have for e, =
Uk — Uk

ehy1 — €
% + C1A%p41 + Caeppn
t
1

1
= E(“Hl —uy) — E(Uml — Ug) + C1A%1p 41 — C1 AU 41 + Cougy1 — Co2Upya

—|C1A U, -A | V- VU + A(f — Ug) + CoUy
\/ |VUL? + 62
Vuk 2
AV | ————— | | = A\(f —ur) — C1A%uy — Couy, | + 7
/| Vue? + 62
VU Vug,
| -AlyV | ——— |-V | ———
( (\/|wk|2+62) (\/mkﬁw?))

—I—ClAz(Uk — uk) + CQ(Uk — uk) — )\(Uk — uk)

+ Tk.

Taking the inner product with —Aegy1, we have

1
A7 (Vlertn —ex), Veria) + Cr [VAeriall; + Co [ Vertall;

VU Vuy
=(-A|V | ——=— |-V | ——— ,Aek+1>
< ( (\/IVUMQM?) <\/|wk|2+62)) 2
+ Cl <A2(Uk — uk), A€k+1>2 + <V/\(Uk — Uk), V€k+1>2
— Oy <V(Uk — uk), V€k+1>2 - <VA_1Tk, VAek+1>2

Using the same arguments as in the proof of Proposition 3.3 we obtain

1
(39) 3x7(IVerstll3 = IVerl3) + Co [V Aeu1]3 + Ca [ Versall3

S<_A S B T A>
\/ VU + 62 v/ [Vug|? + 62 ,
Ch 2 s A 2 2
N [VAe5 + Cro1 [|[VAekt1]l; + 5 [Verlls + 03 | Ver+ll;
C 1
+ 5—22 IVeklls + Cada || Verialls + o I7ll2) + 04 | VAess1]5 -

We consider the first term on the right side of the above inequality in detail,
<_A S (R LS R (R A>
\/ [VUL? + 62 [V + 62 )
U
(40) - <v V. __ YUk v _ Ve ,VA€k+1> .
\/ IVUR|? + 82 V[V + 62 )
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We get

2 2
Vu Au UpUpg + 2UgUyUgy + Uy Uyy

V : = f—
N2y A (Vul + 32)372

Next, we apply the gradient to this expression and obtain

vi|v. Vu _ VAu
| Vul® + 62 | Vul® + 62
B Au v (|Vu|2) B V(U2 gy + 20ty Ugy + ufjuyy)
2|Vl + 52)°72 (Val® + 32572
3(ulUgy + 2UgUyUyy + ulu
( x - Y Y Y yy) V(|VU|2),
2(|Vul|” + §2)5/2
where
AT B
v (IVul?) = o =2 ( eyt > ,
ovy . [ Y Uglzy + Uylyy
Uyy
and

V(g + 2Up Uy Ugy + uZuyy) = 2(UpUgz + Uylay) Vg + 2(UgUzy + Uylyy) Vi,

+ U2 Vg + 22Uty Vitg, + uiVuyy

Reordering the involved terms we have

v
A RYE e = H1(Vu) - VAU + Ho(Ug, Uy, Ugg, Uzy, Uyy) - Vg

| Vul® + 62

+ Hy(Ugy Uy Ugay Ugggs Uyyy) + Vg + Hy (U, Uy) - Vg + Hs (g, Uy) - Vgy + He (g, Uy) - Vg,

where

1
/[ Vul? + 62

Ha (g, Uy Uy Uy Uyy) = — < -

H1 (Vu) ==

(|Vul* + §2)3/2 (|Vul® + 62)5/2
H3(U;E7 Uy Uz y Uy s ’U/yy) = - AU’U’U ks 2(“wuwu ki UUUUU) - 3(U§umm - 2uwuyumy - uzuyy)uy 5
‘ oo (|Vul|® + 62)3/2 (|Vul|® + §2)5/2
2
U
Hy(ug, uy) = ———52—,
(1 1) (IVul® + 62)3/2
2U,U
Hs(ug,u,) = —— 20
e ) = =G g2y
u2
Hﬁ(uﬂcvuy) = - !

(IVul® + 62)3/2"
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Now we are going to insert this into (40). For ease of notation we suppress the time index k for now,
i.e., we define U := Uy, u := uy and e := e;. We obtain

VU

\/ VU + 62

. v

(v(v

VUk vAekJrl >

\/ |Vuk|2"'52 2

= (H1(VU)-VAU — Hi(Vu) - VAu,VAegi1),

+ (Ha( ) VU —
+ (H3(Uy, Uy, Upg, Uyy, Uyy) - VU, —
<H4(UCE7UU

(Hs(

(Hs(

+ ) - VU — Ha(ug, uy) -
+ (H5(Uy,Uy) - VUyy — Hs (g, uy) -
+ (Ho(Uy, Uy) - VUyy — He(ug, uy) -
1

< —||H{(VU

< 25|| u

) - (VAU — VAu) |3 + E|\VAu - (Hy(Vu)

Ho (U, Uy, Uz, Ugy, Uyy) - Vg, VAL 1),y
3(“@7 Uy, Ugpg, Uzy, uyy) - Vuy, VA@;C+1>2
V’Uzmw, VA@]C+1>
V’Umy, VA€k+1>
Vuyy, VA€k+1>

— Hy(VU))I3

HHZ(Uza Uy, Use,Usy, Uyy) (VU, — VUm)”%

+2—SHV’U/1 : (H2(umuuyuumwuuwyauyy) -

H2(U17 Uyu UE:E? Uwyv UUU)H%

1
+EHH3(U17 va Uz, Uml/? Uyy) : (VUy - VUU)HS

+2_S|‘Vuy : (H3(urauyauzz;uzy’uyy) -

1
+EHH4(U17 Uy) : (VUM

1
+2_SHH5(UM Uy) - (VUzy — vury)”% +

1
+2_SHH6(U1, Uy) - (VUyy
+60(|VAeyi1]]3,

1
- VUII)”% + ﬁ”vuww : (H4(uwauy)
1
Z—SHVUW (Hs(ug, uy) —

1
- vuyy)”% + ?g”vuyy : (Hﬁ(uxauy) -

H3(U17 va Uzz; Uryv Uyy)”%
- H4(U:E= Uy))”%
H5(Us, Uy)) |3

He(Us, Uy))ll3

for a suitable constant § > 0. Next we want to use that the H;’s are Lipschitz continuous in €2, with
Lipschitz constants L(1/d) < oo for 6 > 0, which grow as § decreases. For simplicity, we only present

the proof for the first part of Hs, i.e., for

Ug (BUgy + uyy) + 2uyuxy

Hzl (Uza Uy y Uz Uy, uyy) = -
The others follow similarily. We have

HH21(uxa Uy s Ugas Uy, uyy) -

Uy (BUgy + uyy) + 2UyUgy

Autiy + 2(Uplgy + Uylay) _
(IVul® + §2)3/2

(|Vul? + 62)3/2

H21 (Uaca va Uzza nyv Uyy||2
Uy (3Uss + Uyy) +2U,U,,

(|Vul? + 62)3/2

Uy (3Uss + Uyy)
(VU + 62)3/2

Uz (BUga + Uyy)

(IVul® + §2)3/2

Ug

(VU + 52)3/2

Uyny
2
(VU +462)%/2

Us

(|Vul® +62)3/2

‘ uyuzy

(3ezs — €yy)

(IVul® + §2)3/2

(Buzz + uyy) (

+2

- (vUP +52)3/2>

(IVUJ? + §2)3/2

2
Uy

Uy Uy
Uy 2 s2\3/2 2 | $21\3/2
(VP + 0252 (VU + 082572 ) ||

Exy

(IVUJ? + §2)3/2

2
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From our assumption in Theorem 4.1 (iii) we have a continuous in time smooth solution u on a finite
time interval. In particular this gives us a uniform bound for the second derivatives of the exact
solution wu, i.e., there exists a C' > 0 such that ||uzz|loo + [|Uzylloc + [[Uyyllec < C on a finite time
interval [0, 7). Further, with the fact that the function W is uniformly bounded for § > 0

and for all z,y € R we have

| Ha (s, gy Wy Uiy Uyyy) — Hay (U, Uyy Uy Uy Uy |2

Uy U,

<C 2 - 2
(|Vu|™ +62)3/2  (|VU|" + §2)3/2

+ C [|3eza — eyyll,
2

Uy Uy

+2C —
(IVul> +62)3/2  (|[VU|* + §2)3/2

+2C [leaylly
2

where we used a universal constant C' > 0 for the uniform bounds. Moreover, for a fixed y and
0 > 0 the function W is Lipschitz continuous with constant L(1/6), which is increasing as &
decreases. By additionally applying the triangular inequality once more we eventually have

HH21(U‘:67 uy7 uwma uwyu u?ﬂ/) - H21 (Uwu Uy7 wau Umya UUU||2 S
CL(1/0)(llexll2 + lleyllz + IVell2) + Cllleazll2 + lexyll2 + lleyyll2)

and hence that Hi is Lipschitz continuous. Similarly one can show that the other H;’s are Lipschitz
continuous. Let us further observe that Hy, Hy, Hs, Hg are uniformly bounded for § > 0. Moreover,
the uniform boundedness of Hy and Hj for the discrete in time solution U on a finite time interval, is
given by the smoothness assumption in Theorem 4.1 (iii) for U. Then, with the Lipschitz continuity
and the uniform boundedness of the H;’s on a finite time interval, and the uniform boundedness on
a finite time interval of Vuy, Auy and VAuy for the exact solution uy given in Theorem 4.1 (iii), we
eventually obtain an estimate for (40)

U
(41) <v AV __ VU v _ Vuk ,VA6k+1>
\/ [VUL? + 62 Vg + 62 )
C 3 C C CL
< o3IV Al + CLEIVeld + = IVeall3 + 25 1Vey I3 + S (leaslld + learlld + llewld)

C C C -
+ %HVGMH% + %Hvewy”g + 5Hveyy”§ + 65||VA€I€+1H§7

where L = L(1/0) denotes a universal Lipschitz constant for the H;’s and C' is a universal constant
for the involved uniform bounds.
Further, having assumed zero Neumann boundary conditions for (5) and (34), i.e.,

Vu

Vul? + 02
VIVuP? + 62

where 7 is the outward pointing normal on 9€2, the second and third derivatives in (41) can be bounded
by

Vu-ﬁ—VV-( >~ﬁ_0, on 012,

(42) ”eww”% + ||€my||§ + ||€yy||§ + HVGMHg + Hvewy”% + ”veyyH% < B(HAeH% + HVA@H%),
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for a suitable constant B > 0. Because of the Neumann boundary conditions we also get that fQ Ae =
0. Hence, we can apply Poincaré’s inequality to ||Ael|2 and obtain for (39)

1 —
(@ +Co(1-02) = 53) IVeriall3 + (Cr(1 = 61) — 64 — 66) [|[VAeri1ll5
@ 03 5 01 25

where we reintroduced the index notation ey for e. Therefore by following the lines of the proof of
Proposition 3.3 we finally have for kAt < T

1 O, M3CL c, C 5 1 1
< + 2 02V WellR+ [ 2 + =+ BC | =+ L=| ) [|[VAex|2 + = |7]/%1.
52 20 1) 54

T
[Verll; + MMy [V Ak < e T (A2,
for suitable positive constants My, My and Ms. O

Remark 4.2. Note that the Lipschitz continuity of the H;’s — necessary for the estimates in the
convergence proof — breaks down if 6 — 0, where § is the smoothing parameter in the square-root
reqularization (33) of the total variation.

4.2. Numerical results. Numerical results for the TV-H™! inpainting approach are presented in
Figure 9 and 10. For a comparison of the higher order TV-H™! inpainting approach with its second
order cousin, the standard TV-L? inpainting method, in Figure 10 we consider the performance of
both algorithms in a small part of the image in Figure 9. In fact the result shown in Figure 9 and 10
strongly indicates the continuation of the gradient of the image function into the inpainting domain.
A rigorous proof of this observation, as the one for Cahn-Hilliard inpainting (cf. Section 3), is a matter

of future research. In both examples the total variation |Vul| is approximated by 1/|Vu|? + & and the

time step size At is chosen to be equal to one. The computational time for the example in Figure 9 is
of the order of 100 seconds on a 1.86 GHz processor with 1 GB RAM.

FIGURE 9. TV-H™! inpainting: u(1000) with \g = 103

5. LCIS INPAINTING

Our last example for the applicability of the convexity splitting method to higher-order inpainting
approaches is inpainting with LCIS (6). With f € L?(Q) our inpainted image u evolves in time as

uy = —A(arctan(Au)) + A\(f — u).

In contrast to the other two inpainting methods that we discussed, this inpainting equation is a gradient
flow in L? for the energy

E(u) = /QG(Au) dx + %/ﬂ)\(f—u)z,
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FIGURE 10. (1.) u(1000) with TV-H™! inpainting, (r.) «(5000) with TV-L? inpainting

with G’(y) = arctan(y). Therefore Eyre’s result in Theorem 2.1 can be applied directly. The functional
E(u) is split into E, — E. with

1
Ec(u):/ﬂ%(mf dz+§/ﬂ%|u|2 dz,

C 1 C
E.(u) = / —G(Au) + = (Au)? dz + —/ NS —w)? + =2 |ul? da.

Q 2 2 Ja 2

The resulting time-stepping scheme is
Ukt1 — Ui
At

Again we impose homogeneous Neumann boundary conditions, use DCT to solve (43) and we choose
the constants Cy and Cj such that E. and E. are all strictly convex and condition (14) is satisfied.

The functional E. is convex for all C7,Cs > 0. The first term in E. is convex if C'y > 1. This follows
from its second variation, namely

(43) + 01A2Uk+1 + CyUp 41 = —A(arctan(AUy)) + ClA2Uk + M(f = Ug) + CoUy,.

ds
*/ C’—; AvAw d
= 1 T (A vAw dx.

For Ej. being convex V2Ej.(u)(v,w) has to be > 0 for all v,w € C* and therefore

1
O T mee 7Y

V2 By () (0, w) = <i / (C1 A (u + sw) — arctan(A(u + sw)))Av d:c)

s=0

Substituting s = Au we obtain

Ci > —1i82 Vs € R.
This inequality is fulfilled for all s € R if C; > 1. We obtain the same condition on C; for G'(s) =
arctan($). For the convexity of the second term of E,, the second constant has to fulfill C; > X, cf.
the computation for the fitting term in Section 4. With these choices of Cy and C5 also condition (14)
of Theorem 2.1 is automatically satisfied.

5.1. Rigorous Estimates for the Scheme. Finally we present rigorous results for (43). In contrast
to the inpainting equations (4) and (5), inpainting with LCIS follows a variational principle. Hence, by
choosing the constants C; and Cs appropriately, i.e., C1 > 1, Cy > )¢ (cf. the computations above),
Theorem 2.1 ensures that the iterative scheme (43) is unconditionally gradient stable. Additionally to
this property, we present similar results as before for Cahn-Hilliard- and TV-H~! inpainting.

Theorem 5.1. Let u be the exact solution of (6) and ur = u(kAt) the exact solution at time kAt,
for a time step At > 0 and k € N. Let further Uy, be the kth iterate of (43) with constants Cy > 1,
Co > Ng. Then the following statements are true:
(i) Under the assumption that ||uy|_; and |[VAu||, are bounded, the numerical scheme (43) is
consistent with the continuous equation (6) and of order one in time.
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(ii) The solution sequence Uy is bounded on a finite time interval [0,T], for all At > 0. In
particular, for kKAt <T, T >0 fized, we have
(44) VU + At VAU < 27 (V0[5 + ALK [ VAT|3 + ATC(2. D, 2. )

for suitable constants K1, Ko, and constant C' depending on 0, D, Ao, f only.
(iil) Let further ey = up — Uy. If

(45) IVAu|? < K, for a constant K > 0, and for all kAt < T,
then the error ey converges to zero as At — 0. In particular, for kKAt < T, T > 0 fized, we
have
T
(46) [Vexlly + ALMy [VAex]l; < e T (At)?,
2

for suitable nonnegative constants My, Mo and Ms.

Remark 5.1. As in Theorem 4.1, cf also Remark 4.1, the convergence of the iterates Uy to the exact
solution is proven under an assumption on the exact solution, i.e., assumption (45), whose validity is
unknown in general. However, previous results in [15] for the denoising case, i.e., for AN(z) = Xg in
all of Q, and for smooth initial data and smooth f, suggest the assumption is also reasonable for the
mpainting case.

The proof of Theorem 5.1 is organized in the following three Propositions 5.1-5.3. Since the proof
of consistency follows the lines of Proposition 3.1 and Proposition 4.1, we just state the result.

Proposition 5.1. (Consistency (i)) Under the same assumptions as in Theorem 5.1 and in partic-
ular assuming that |[uy||_, and [[VAu|y are bounded, we have

l7e]l_; = O(At)  for At — 0.
Next we would like to show the boundedness of a solution of (43) in the following proposition.

Proposition 5.2. (Unconditional stability (ii)) Under the same assumptions as in Theorem 5.1
the solution sequence Uy, fulfills (44). This gives boundedness of the solution sequence on [0,T].

Proof. If we multiply (43) with —AUy41 and integrate over 2 we obtain

1
N (HVUkHHi —(VUy, VUk+1>2) +Cy | VUi 113 + C1 VAU 41 I3

= (Aarctan(AUy), AUiy1) + C1 (VAUR, VAUj41)4
+ (VAf = Uk)),VUri1)y + Co (VUk, VU 1), -
Using the same arguments as in the proofs of Proposition 3.2 and 4.2 we obtain
ﬁ (HVUWI@ - HkaHi) + Oy [[VUks1 |15 4 C1 VAU 1 |13
< (Aarctan(AU), AUy 1), + ?—11 VAU + C161 |[VAU 1|3 + % VU3

C
+ 02 | VUk41]l3 + 5—:‘ VU2 + C203 |V Uk |3 + C(Q, D, Ao, f).

Now, the first term on the right side of the inequality can be estimated as follows
(Aarctan(AUy), AUg1)y = — (Varctan(AUy), VAUj41),

1
=— <7VAU;€, VAUk+1>

1+(AUk)2 9
7 <2 L oanl 1 vav
< 5—4 m k 2+ 4l k+1H2

1
< 5 VAU + 64 [ VAU 5.
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From this we get

1
(557 + Call =) = 02 ) IVl + (Co(1 = 60) = 60 [V A
< (=402 == .
< (g + o8+ ) Ivvl+ ($+ 5 ) 198U + €. D20, 5)
Analogously to Section 4.1, with
Co=1+AtCy—1), Cp=0C1—1, C.=1+2At\2+20Cy), Cq=4(Cy +1),

we obtain
IVOIE + Arge IVATLIE < T (V003 + AtgE [VATGIS + AT 200D 1) ).

which gives boundedness of the solution sequence on [0,T] for any 7' > 0 and any At > 0. O

The convergence of the discrete solution to the continuous one as At — 0 is verified in the following
proposition.

Proposition 5.3. (Convergence (iii)) Under the same assumptions as in Theorem 5.1 and in
particular under assumption (45), the error ey, fulfills (46).

Proof. Since all the computations in the convergence proof for (43) are the same as in Section 4.1 for
(34) except of the estimate for the regularizer A (arctan(Au)), we only give the details for the latter
and leave the rest to the reader. Thus for the inner product involving the regularizer of (43) within
the convergence proof we obtain

(—A (arctan(AUy) — arctan(Auy)) , Aegq1)y
= (V (arctan(AUy) — arctan(Auy)) , VAer41),
(w(AUL)VAU, — w(Aup)VAu,, VAeri1),
= —(w(AUy)VAe,, VAeir11)y — (w(AUR) — w(Aug))VAug, VAegi1),
1) + o1

1
< 2—5Hw(AUk)|VA€k|H§+ Auy) — w(AU))|VAug|||3 + |V Aesi1ll3,

1
2—51 [ (w(
where we have used that

1
V (arctan(Au)) = m VAu = w(Au)VAu.

Using the uniform boundedness of w(s) for all s € R, the uniform bound on VAuy from assumption
(45) and the Lipschitz continuity of w we get

(—A (arctan(AUy) — arctan(Auy)) , Aegq1)y < 0 + l

C CL
2—5|WA61€H% + 2_51||A6k”§ |V Aesi1]]3.

Moreover, because of the zero Neumann boundary conditions fulfilled by solutions of (6 ( ) and (43), i.e
Vu -7 = V(arctan(Au)) -7 =0, on 0f,
where 77 is the outward pointing normal on 92, Aej has zero mean and we can apply Poincaré’s

inequality to obtain

(—A (arctan(ATy) — arctan(Auy)), Aegsr)y < 0 - l

C CL
( IV A2

5+ 5 ) IVaals +

Following the same steps as in the proof of Proposition 4.3 we finally have for kAt <T
T
IVer3 + AtM; [VAer|; < WGMST(N)Q,
2

for suitable positive constants My, My and Ms. ]
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5.2. Numerical results. For the comparison with TV-H™! inpainting we apply (43) to the same
image as in Section 4.2. This example is presented in Figure 11. In Figure 12 the LCIS inpainting
result is compared with TV-H~! - and TV-L? inpainting, for a small part in the given image. Again
the result of this comparison indicates the continuation of the gradient of the image function into the
inpainting domain for the two higher-order methods. A rigorous proof of this observation is a matter of
future research. For the numerical computation of (43) the arctan(s) was regularized by arctan(s/J),
6 > 0 and At chosen to be equal to 0.01. The inpainted image in Figure 11 has been computed in
about 90 seconds on a 1.86 GHz processor with 1 GB RAM.

FIGURE 12. (1.) «(1000) with LCIS inpainting, (m.) u(1000) with TV-H~! inpainting,
(r.) u(5000) with TV-L? inpainting

6. CONCLUSION

In this paper we present several higher order PDE-based methods for image inpainting, along with
unconditionally stable time-stepping schemes for the solution of these equations. Specific examples
discussed include Cahn-Hilliard inpainting, TV-H~! inpainting, and inpainting with LCIS. The con-
struction of these schemes is based on the idea of convexity splitting, also introduced in this paper.
We study the numerical analysis of the schemes including consistency, unconditional stability, and
convergence. Below we consider some open problems for this class of methods.

e The advantage of fourth order inpainting models, over models of second differential order,
is the smooth continuation of image contents, including direction of edges, across gaps in
the image. Fourth order PDEs require an extra boundary condition compared with second
order equations and this is the motivation for additional geometric content provided by such
methods. However, in general, the additional boundary condition could involve any of the
higher derivatives, and for inpainting is it desirable to continue the first derivative accross the
inpainting region. The methods proposed here are global methods based on an L? fidelity term
associated with the known information. For the special case of the Cahn-Hilliard equation [14]
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in the limit as A\g — oo a stationary solution is proved to satisfy precisely the desired two
boundary conditions - matching of grey value and matching direction of edges. We conjecture
that analogous results are true for the other methods presented here although a rigorous proof
is beyond the scope of this manuscript.

e For the proofs of convergence of the discrete solution to the exact solution, i.e., for the proofs
of Theorem 4.3 and Theorem 5.3, we had to assume that the exact solution is bounded on a
finite time interval in a certain Sobolev norm. As we already argued in the remarks after the
statement of the theorems, these assumptions seem to be heuristically reasonable considering
earlier results in [15, 16]. Nevertheless a rigorous derivation of such bounds is still missing,.

e Besides the fact that rigorous results for fourth-order partial differential equations are rare in
general, an asymptotic analysis of our three inpainting models would be of high (even practical)
interest. More precisely the convergence of a solution of the evolution equations (4), (5), and
(6), to a stationary state is still open. Since the inpainted image is the stationary solution
of those evolution equations, the asymptotic behavior is of course an issue. Also in practice,
the numerical schemes are solved to steady state (up to an approximational error). Note that
additionally to the fourth differential order, a difficulty in the convergence analysis of (4) and
(5) is that they do not follow a variational principle.

e The discrete schemes proposed in this paper are unconditionally stable and their numerical
performance is a matter of 10 to 100 seconds for small to medium-sized images, i.e., 128 x 128
to 256 x 256 pixels, and gaps that constitute about one to ten percent of the image domain.
Fast numerical solvers for higher order inpainting models is still a mostly open field of research.
Among such fast solvers we found the recent contribution of Brito-Loeza and Chen [18] very
interesting and forward-looking, who use a multigrid method to solve inpainting with CDD
(Curvature Driven Diffusion). Another approach is the Split Bregman method of Goldstein
and Osher [41, 42], which suggests a splitting of a higher-order variational problem in two
consecutively minimized first-order problems. Although not directly applicable to the non-
variational inpainting techniques (4) and (5), their method promises an efficient solution of,
e.g., (6) LCIS inpainting.
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