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Abstract. Inpainting methods with third and fourth order equations ha ve certain advantages in
comparison with equations of second order such as the smooth interpolation of image information
even over large distances. Because of this such methods became very popular in the last couple of
years. Solving higher order equations numerically can be a c omputational demanding task though.
Discretizing a fourth order evolution equation with a brute force method may restrict the time steps
to a size up to order � x4 where � x denotes the step size of the spatial grid. In this work we
will present a more educated way of discretization, namely e �cient semi-implicit schemes that are
guaranteed to be unconditionally stable. We will explain th e main idea of these schemes and present
applications in image processing for inpainting with the Ca hn-Hilliard equation, TV-H � 1 inpainting,
and inpainting with LCIS (low curvature image simpli�ers).

1. Introduction

An important task in image processing is the process of �lling in missing parts of damaged images
based on the information gleaned from the surrounding areas. It is essentiallya type of interpolation
and is called inpainting. Thereby one could desire to restorate images with damaged parts due to, for
instance, intentional scratching, aging, or weather. Or one can imagine to recoverobjects which are
occluded by other objects, where within this context the process is called disocclusion. In fact the ap-
plications of image inpainting are countless. From the restoration of ancient frescoes [1], to the medical
needs of reducing artifacts in CT- or PET imaging results [39], digital imageinpainting is ubiquitous
in our modern computerized society. Since the �rst works on image inpainting by Mumford, Nitzberg
and Shiota [49], Masnou and Morel [44], Caselles, Morel, Sbert and Gillette[17], and Bertalmio et al
[8], a number of variational- and PDE-based approaches have been proposed for this task.

In mathematical terms image inpainting can be described in the following way: let f be the given
image de�ned on an image domain 
. The problem is to reconstruct the original image u in the
damaged domainD � 
, called inpainting domain. More precisely let 
 � R2 be an open and
bounded domain with Lipschitz boundary, B1; B2 two Banach spaces andf 2 B1 be the given image.
A general variational approach in inpainting can be written as

R(u) + k� (f � u)k2
B 1

! min
u2 B 2

;(1)

where R : B2 ! R and

� (x) =

(
� 0 
 n D
0 D;

(2)

is the characteristic function of 
 nD multiplied by a constant � 0 >> 1. R(u) denotes the regularizing
term and k� (f � u)kB 1

the so called �delity term of the inpainting approach. In general B2 � B1

signifying the smoothing e�ect of the regularizing term on the minimizer u 2 B2. Depending on the
choice of the regularizing termR and the Banach spacesB1, B2 various inpainting approaches have
been developed. The most famous model is the total variation (TV) model, whereR(u) =

R

 jr uj dx

denotes the total variation of u, B1 = L 2(
) and B2 = BV (
) the space of functions of bounded
variation, cf. [21, 19, 53, 52]. A variational model with a regularizing term containing higher order
derivatives is the Eulers elastica model [22, 23, 44] whereR(u) =

R

 (a + b� 2)jr uj dx with positive
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Figure 1. Two examples of elastica inpainting compared with TV inpainting. In
the case of large aspect ratios the TV inpainting fails to comply to theConnectivity
Principle . Figure from [22]

weightsa and b, and � = r� ( r u
jr u j ). Other examples to be mentioned for (1) are the active contour model

based on Mumford and Shahs segmentation [58], the inpainting scheme based on the Mumford-Shah-
Euler image model [29], inpainting with the Navier-Stokes equation [9], and wavelet-based inpainting
[24, 25], only to give a rough overview. For a more complete introductionto image inpainting we refer
to [22], and the recently appeared inpainting paper [15].

1.1. Second- versus higher-order inpainting approaches. Now second order variational inpaint-
ing methods (where the order of the method is determined by the derivatives of highest orderin the
corresponding Euler-Lagrange equation), like TV inpainting, have drawbacks asin the connection of
edges over large distances (Connectivity Principle , cf. Figure 1) and the smooth propagation of level
lines (sets of image points with constant grayvalue) into the damaged domain (Staircasing E�ect , cf.
Figure 2). This is due to the penalization of the length of the level lines within the minimizing process
with a second order regularizer, connecting level lines from the boundary of the inpaintingdomain
via the shortest distance (linear interpolation). The regularizing term R(u) =

R

 jr uj dx in the TV

inpainting approach for example can be interpreted via the coarea formula whichgives

min
u

Z



jr uj dx () min

� �

Z 1

�1
length(� � ) d�;

where � � = f x 2 
 : u(x) = � g is the level line for the grayvalue � . If we consider on the other hand
the regularizing term in the Eulers elastica inpainting approach, already mentionedearlier in this
introduction, the coarea formula reads

min
u

Z



(a + b� 2)jr uj dx () min

� �

Z 1

�1
a length(� � ) + b curvature2(� � ) d�:(3)

Thereby not only the length of the level lines but also their curvature is penalized (where the penal-
ization of each depends on the ratiob=a). This results in a smooth continuation of level lines over
the inpainting domain also over large distances, compare Figure 1 and 2. The performance of higher
order inpainting methods can also be interpreted via the second boundary condition, necessary for the
well-posedness of the corresponding Euler-Lagrange equation of fourth order. Not only the grayvalues
of the image are speci�ed on the boundary of the inpainting domain but also the gradient of the image
function, namely the direction of the level lines are given.

In an attempt to solve both the connectivity principle and the staircasing e�ect resulting from
second order image di�usions, a number of third and fourth order di�usions has been suggested for
image inpainting. The �rst work connecting image inpainting to a third order PDE (partial di�erential
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Figure 2. An example of elastica inpainting compared with TV inpainting. Despite
the presence of high curvature TV inpainting truncates the circle inside the inpainting
domain (linear interpolation of level lines, i.e., Staircasing E�ect ). Depending on the
weights a and b Eulers elastica inpainting returns a smoothly restored object, taking
the curvature of the circle into account. Figure from [23]

equation) is the transport process of Bertalmio et all. [8]. The image information, modeled by � u, is
transported into the inpainting domain along the level lines of the image. The resulting scheme is a
discrete model based on the nonlinear PDE

ut = r ? u � r � u;

solved inside the inpainting domain D using the image information from a small stripe around the
boundary of D . The operator r ? denotes the perpendicular gradient (� @y ; @x ). Due to the lack of
communication among the level lines, the transportation may result in kinks or contradictions inside
the inpainting domain. Thus in [8] the equation above is implemented with intermediate steps of
anisotropic di�usion. A variational third order approach to image inpaint ing is CDD (Curvature Driven
Di�usion) [20]. Solving the problem of connecting level lines also over large distances (connectivity
principle) the level lines are still interpolated linearly. The drawbacks of the third-order inpainting
models [8] and [20] have driven Chan, Kang and Shen [23] to a reinvestigation of the earlier proposal
of Masnou and Morel [44] on image interpolation based on Eulers elasticaenergy, compare (3). The
fourth order elastica inpainting PDE combines CDD [20] and the transport processof Bertalmio et
all. [8] and is as such able to solve both the connectivity principle and the staircasing e�ect. Other
recently proposed higher order inpainting algorithms are inpainting with the Cahn-Hilliard equation
(cf. [11], [12]), TV-H � 1 inpainting (cf. [16]) and combinations of second and higher order methods,
e.g. [43].

In this paper we are especially interested in three, rather new, fourth-order inpainting schemes.
Namely we will discuss Cahn-Hilliard inpainting, TV-H � 1 inpainting, and inpainting with LCIS (low
curvature image simpli�ers). We start the discussion with the inpainting of binary images using the
Cahn-Hilliard equation, compare [11], [12]. The inpainted versionu of f 2 L 2(
) is constructed by
following the evolution of

(4) ut = �( � � � u +
1
�

F 0(u)) + � (f � u);

where F (u) is a so called double-well potential, e.g.,F (u) = u2(u � 1)2. The applicability of the
Cahn-Hilliard equation for the inpainting of binary images is due to the double well potential F (u) in
the equation. The two wells correspond to values of u that are taken by most ofthe grayscale values.
Choosing a potential with wells at the values 0 (black) and 1 (white), equation (4) therefore provides
a simple model for the inpainting of binary images. The parameter� determines the steepness of the
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transition between 0 and 1. Further the fourth order regularizing term in the equation provides the
advantages of higher order inpainting approaches which have been discussed before, suchas the ability
to connect level lines also over large distances (cf. (3)).

The second method of interest in this paper isa generalization of the Cahn-Hilliard inpainting
approach to grayvalue imageswhich has been recently proposed in [16] and is calledTV-H � 1 inpainting .
Therein the inpainted image u of f 2 L 2(
), shall evolve via

(5) ut = � p + � (f � u); p 2 @T V(u);

with

T V(u) =

( R

 jr uj dx if ju(x)j � 1 a.e. in 


+ 1 otherwise;

where @T V(u) denotes the subdi�erential of the functional T V(u). To build the connection to Cahn-
Hilliard inpainting the authors in [16] showed that solutions of an appropriate time-discrete Cahn-
Hilliard inpainting approach �-converge, as � ! 0, to solutions of an optimization problem regularized
with the TV norm. A similar form of this approach already appeared in the context of decomposition
and restoration of grayvalue images, see for example [60], [50], and [41]. Further, in Bertalmio at al.
[10] an application of the model from [60] to image inpainting has been proposed. In contrast to the
inpainting approach (5) the authors in [10] only use a more general form of theTV-H � 1 approach
for a decomposition of the image into cartoon and texture prior to the inpainting process, which is
accomplished with the method presented in [8].

The third inpainting model we are going to discuss isinpainting with LCIS (Low Curvature Image
Simpli�er) . This higher order inpainting model is motivated by two famous 2nd order nonlinear PDEs
in image processing, the works of Rudin, Osher and Fatemi [52] and Perona Malik [51]. These methods
are based on a nonlinear version of the heat equation

ut = r � (g(jr uj)r u);

in which g is small in regions of sharp gradients. LCIS represent a fourth order relative of these
nonlinear 2nd order approaches. They have been proposed in [59] and later used by Bertozziand
Greer in [13] for the denoising of piecewise linear signals. In this paper we considerLCIS for image
inpainting. With f 2 L 2(
) our inpainted image u evolves in time as

ut = �r � (g(� u)r � u) + � (f � u);

with thresholding function g(s) = 1
1+ s2 . Note that with g(� u)r � u = r (arctan(� u)) the above

equation can be rewritten as

ut = � �( arctan(� u)) + � (f � u):(6)

1.2. Numerical solution of higher-order inpainting equations. One main challenge in inpaint-
ing with higher order 
ows is their e�ective numerical implementation. Discretizing a fourth order
evolution equation with a brute force method may restrict the time steps to a size up to order � x4

where � x denotes the step size of the spatial grid. Therefore the order of the equation and possible
non convex energies in the 
ow require educated discretization schemes to guarantee stability and a
fast convergence of the algorithm.

The numerical solution of higher-order equations, like thin �lms, phase �eld models,surface di�usion
equations, and much more, occupied a big part of research in numerical analysis in the last decades.
In [26] the authors propose a semi implicit �nite di�erence scheme for the solution of second order
parabolic equations. Thereby a di�usion term was added implicitly and subtracted explicitly in time,
to the numerical scheme in order to suppress unstable modes. Smereka picked up their idea and used
it to solve the fourth-order surface di�usion equation, cf. [55]. The same idea was rediscovered by
Glasner and applied to a phase �eld approach for the Hele-Shaw interface model, cf. [34]. Besides
the �nite di�erence approximations, there also exist a lot of �nite element algori thms for fourth-order
equations. Barrett, Blowey, and Garcke published a series of papers on the solution of various Cahn-
Hilliard equations, cf. [3, 4, 5]. For the sharp interface limit of Cahn-Hilliard, i.e., the Hele-Shaw
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model, Feng and Prohl analyzed �nite element methods in [31, 32]. Finite element methodsfor thin
�lm equations have been studied, for instance, in [38] and [6].

In the range of inpainting, e�cient numerical schemes for higher-order approaches are still a mostly
open issue. As correctly remarked in [22] one of the most interesting open problems in digital inpainting
is, in fact, the fast and exact digital realization. In [27, 28] Elliott and Smitheman proposed a �nite
element method for TV-H� 1 minimization in the context of image denoising and cartoon/texture
decomposition. Therein they also proved rigorous results about the approximation and convergence
properties of their scheme. An extension of their approach to TV-H� 1 inpainting would be interesting.
Note that, however, the di�erence of the inpainting approach from denoising and decomposition is
that the former does not follow a variational principle and the �delity term is lo cally dependent on
the spatial position. Another algorithm for TV-H � 1 minimization was proposed by one of the authors
in [54]. This work generalizes the dual approach of Chambolle [18] and Bect et al. [7] from an L 2

�delity term to an H � 1 �delity and additionally extends its application to image inpainting. The
main motivation for the work in [54] was that with the proposed algorithm the domain decomposition
approach developed in [33] can be applied to the higher-order total variation case. Being able to apply
domain decomposition methods to TV-H� 1 inpainting, can result in a tremendous acceleration of
computational speed due to the ability to parallelize the computation. Another very recent approach
in this direction was made in [15], where the authors propose a multigrid approach for inpainting with
CDD.

In this paper we discuss an e�cient semi implicit approach based on a numerical methodpresented
in Eyre [30] (also cf.[61]) calledconvexity splitting. Convexity splitting was originally proposed to solve
energy minimizing equations. We consider the following problem: LetE 2 C2(RN ; R) be a smooth
functional from RN into R, where N is the dimension of the data space. Let 
 be the spatial domain
of the data space. Find u2 RN such that

(7)

(
ut = �r E (u) in 
 ;

u(:; t = 0) = u0 in 
 ;

with initial condition u0 2 RN . The basic idea of convexity splitting is to split the functional E into
a convex and a concave part. In the semi implicit scheme the convex part is treated implicitly and
the concave one explicitly in time. Under additional assumptions on (7) this discretization approach
is unconditionally stable, of order 2 in time, and relatively easy to apply to a large range of variational
problems. Moreover we shall see that the idea of convexity splitting can be appliedto more general
evolution equations, and in particular to those that do not follow a variati onal principle, especially to
the inpainting equations (4) and (5).
Convexity splitting methods, although possibly not under the same name, already have a long tradition
in several parts of numerical analysis. In �nite element approximations for PDEs, examples for such
numerical schemes can be found in the works of Barrett, Blowley, and Garcke, cf. [2] equation (3.42)
for an application to a model for phase separation. In [29] a �nite di�erence schemefor second-order
parabolic equations is presented which also uses the convexity splitting idea, cf. equation (5.4) in [29].
Further convexity splitting was also discussed in a more general optimizationcontext, cf. [62] Chapter
2 for an overview on this topic.

The main part of the paper is to illustrate the application of the convexity splitting idea to the three
fourth-order inpainting approaches (4), (5) and (6). We will show that with thi s numerical approach
we are able to (approximately) compute strong solutions of the respective continuous problem and
this with an unconditionally stable �nite di�erence scheme. Thereby, in our context, the numerical
scheme is said to be unconditionally stable, if all solutions of the di�erence equation are bounded,
independently from the time step size, cf. De�nition 2.2. Moreover, we prove consistency of these
schemes, and convergence to the exact solution under possible additional restrictionson the latter.
For Cahn-Hilliard inpainting and TV-H � 1 inpainting the developed convexity splitting schemes can be
proven to be of order 1 in time. For inpainting with LCIS the numerical scheme is of order 2 in time.
Further we present numerical results demonstrating the e�ect of the higher order regularizing term in
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the approaches. In the case of TV-H� 1 inpainting, and inpainting with LCIS we directly compare the
visual results with the second order TV inpainting method.

Organization of the paper

In section 2 the idea of the convexity splitting is presented. After an introduction to gradient systems
we state and prove Eyre's theorem about the unconditional stability of the convexity splitting scheme.
Sections 3-5 are dedicated to the application of the convexity splitting idea to the inpainting approaches,
Cahn-Hilliard inpainting (4), TV-H � 1 inpainting (5) and inpainting with LCIS (6). Rigorous proofs for
the consistency of the numerical scheme, the boundedness of numerical solutions and their convergence
to the exact solution under additional restrictions on the latter are given. For each of these inpainting
algorithms numerical results are presented. In the conclusion of the paper open problems are discussed.

Notation

In this paper we discuss the numerical solution of evolutionary di�erential equations. Therefore we
have to distinguish between the exact solutionu of the continuous equation and the approximative
solution U of the corresponding time discrete numerical scheme. We write capitalUk for the kth solution
of the discrete equation and smalluk = u(k� t) for a solution of the continuous inpainting equation
at time k� t with time step size � t. Let ek denote the discretization error given byek = uk � Uk . In
subsection 2u and Uk are vectors inRN , whereN denotes the dimension of the data. In all other parts
of this paper u and Uk are assumed to be elements inL 2(
). Let E 2 C2(H ; R) denote a functional
from a suitable Hilbert spaceH to R, and r E(u) its �rst variation with respect to u. In the discrete
setting H = RN . Throughout this paper k�k denotes the norm inL 2(
) (or the Euclidean norm in the
discrete setting), and h�; �i the inner product in L 2(
) (or in RN in the discrete setting). Finally, since
we pose all three inpainting approaches (4)-(6) with Neumann boundary conditions,we have to de�ne
the non-standard spaceH � 1(
) as

H � 1(
) =
n

F 2 H 1(
) � j hF; 1i (H 1 ) � ;H 1 = 0
o

;

with norm k�k� 1 :=



 r � � 1�






L 2 (
) . Thereby the operator � � 1 denotes the inverse of� � with

Neumann boundary conditions. In more detail, let H 1
� (
) :=

�
 2 H 1(
) :

R

  dx = 0

	
. Then

u = � � 1F 2 H 1
� (
) is the unique weak solution of the following problem:

�
� � u � F = 0 in 

r u � � = 0 on @
 :

For a more elaborate derivation of the above space we refer to [16], Appendix A.

2. The convexity splitting idea

As already discussed in the Introduction, convexity splitting methods have been used in a wide
range of optimization problems, cf. Section 1.2 for relevant references. Originally designed to solve
gradient systems, we shall see in this paper that convexity splitting schemes can be of interest even
outside of this range, i.e., for evolution equations which do not follow a variational principle. Its use
for more general evolution equations shall be discussed at the end of this section and in particular in
Sections 3-5 separately for our three inpainting approaches (4)-(6).
First we would like to introduce the notion of gradient 
ows and the applicati on of convexity splitting
methods in this context. To do so we follow the explanations and notations in Eyre's work [30].

We consider equation (7). If E ful�lls the following conditions

(8)
(i ) E (u) � 0; 8u 2 RN

(ii ) E (u) ! 1 as kuk ! 1
(iii ) hJ (r E )(u)u; ui � � 8u 2 RN
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equation (7) is called agradient systemand its solutions are calledgradient 
ows. Thereby J (r E )(u)
is the Jacobian ofr E in u, � 2 R and h:; :i denotes the inner product onR with corresponding norm
kuk2 = hu; ui . All gradient systems ful�ll the dissipation property, i.e.,

dE(u)
dt

= � kr E (u)k2

and therefore E(u(t)) � E (u0) for all t � 0.
If E (u) is convex, i.e., � in condition (8)(iii) is positive, then only a single equilibrium for the

gradient system exists. Unconditionally stable and uniquely solvable numericalschemes exist for
these equations (cf. [56]). IfE (u) is not convex, i.e., � < 0, multiple minimizers may exist and the
gradient 
ow can possibly expand in u(t). The stability of an explicit gradient descent algorithm, i.e.,
Uk+1 = Uk � � tr E (Uk ), in this case may require extremely small time steps, depending of course on
the functional E. For fourth order inpainting approaches, for instance, E(Uk ) contains second order
derivatives resulting in a restriction of � t up to order (� x)4 (where � x denotes the step size of the
spatial discretization). Therefore the development of stable and e�cient discretizations for non-convex
functionals E is highly desirable.

The basic idea of convexity splitting is to write the functional E as

(9) E(u) = Ec(u) � Ee(u);

where

(10) Eo 2 C2(RN ; R) and Eo(u) is strictly convex for all u 2 RN ; o 2 f c; eg:

The semi-implicit discretization of (7) is then given by

(11) Uk+1 � Uk = � � t (r Ec(Uk+1 ) � r Ee(Uk )) ;

where U0 = u0.

Remark 2.1. We want to anticipate that the setting of Eyre, and hence the subsequent presentation of
convexity splitting, is a purely discrete one. Nevertheless it actually holds in a more general framework,
i.e., for more general gradient 
ows. In the case of anL 2 gradient 
ow for example, the JacobianJ of
the discrete functional E just has to be replaced by the second variation of the continuous functional
E in L 2(
) .

In the following we will show that convexity splitting can be applied to the i npainting approaches
(4), (5), and (6) and produces unconditionally gradient stable or unconditionally stable numerical
schemes. Let us �rst de�ne what unconditionally gradient stable and unconditionally stable schemes
are.

De�niton 2.1. [30] A one-step numerical integration scheme isunconditionally gradient stable
if there exists a function E(:) : RN ! R such that, for all � t > 0 and for all initial data:

(i) E (U) � 0 for all U 2 RN

(ii) E (U) ! 1 as kUk ! 1
(iii) E (Uk+1 ) � E (Uk ) for all Uk 2 RN

(iv) If E (Uk ) = E(U0) for all k � 0 then U0 is a zero of r E for (7) and (8).

Now, Cahn-Hilliard inpainting (4) and TV-H � 1 inpainting (5), are not given by gradient 
ows.
Hence, in the context of these inpainting models the meaning of unconditional stability has to be
rede�ned. Namely, in the case of an evolution equation which does not follow a gradient 
ow, a
corresponding discrete time stepping scheme is said to be unconditionally stable ifsolutions of the
di�erence equation are bounded within a �nite time interval, independently from the st ep size � t.

De�niton 2.2. Let u be an element of a suitable function space de�ned on
 � [0; T], with 
 � R2

open and bounded, andT > 0. Let further F be a real valued function andut = F (u; D � u) be a partial
di�erential equation with space derivatives D � u, � = 1 ; : : : ; 4. A corresponding discrete time stepping
method

(12) Uk+1 = Uk + � tF k ;
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whereFk is a suitable approximation ofF in Uk and Uk+1 , is unconditionally stable , if all solutions
of (12) are bounded for all� t > 0 and all k such that k� t � T .

We start with a theorem proved by Eyre in [30].

Theorem 2.1. [30, Theorem 1]Let E satisfy (8), and Ec and Ee satisfy (9)-(10). If Ee(u) additionally
satis�es

(13) hJ (r Ee)(u)u; ui � � �

when� < 0 in (8)(iii), then for any initial condition, the numerical scheme (11) is consistent with (7),
gradient stable for all � t > 0, and possesses a unique solution for each time step. The local truncation
error for each step is

� k =
(� t)2

2
(J (r Ec(û)) + J (r Ee(û))) r E (u(� )) ;

for some � 2 (k� t; (k + 1)� t) and for some û in the parallelopiped with opposite vertices atUk and
Uk+1 .

Remark 2.2. Condition (13) in Theorem 2.1 is equivalent to the requirement that all the eigenvalues
of J (r Ee) dominate the largest eigenvalue� � of � J (r E ), i.e.,

hJ (r Ee)(u)u; ui
(13)
� � �

(8)
� h� J (r E )(u)u; ui

for all u 2 RN , i.e.,

(14) �̂ � j � j ; for all eigenvalues�̂ > 0 of Ee:

Proof: (Eyre [30]). The unconditional gradient stability of (11) in the sense of De�ni tion 2.1 will be
established �rst. By our assumptions in (8) properties (i) and (ii) in De�nitio n 2.1 immediately follow.
Property (iv) follows from the general behavior of gradient systems, i.e., if E (Uk ) = E(U0) for all k � 0
this means that U0 is an ! - limit point of (7) and (8) and hence U0 is a zero ofr E (cf. [40]). The
main part of the proof consists of the veri�cation of property (iii). Namel y we have to show that

E(Uk+1 ) � E (Uk ); 8 Uk 2 RN :

To do so we consider the di�erenceE(Uk+1 ) � E (Uk ). The proof is by repeated application of Taylor's
theorem. We start with an exact expansion ofE about Uk+1 up to second order and obtain

E(Uk ) = E(Uk+1 ) � hr E (Uk+1 ); Uk+1 � Uk i +
1
2

hJ r E(Uk+1 � � (Uk+1 � Uk ))Uk+1 � Uk ; Uk+1 � Uk i

for some� 2 (0; 1). Then by assumption (iii) in (8) we get

E(Uk+1 ) � E (Uk ) � hr E (Uk+1 ); Uk+1 � Uk i + j� j kUk+1 � Uk k2 :

By (9) and (11) this is the same as

E(Uk+1 ) � E (Uk ) � hr Ec(Uk+1 ) � r Ee(Uk+1 ); Uk+1 � Uk i + j� j kUk+1 � Uk k2

�
�

1
� t

(Uk+1 � Uk ) + r Ec(Uk+1 ) � r Ee(Uk ); Uk+1 � Uk

�

= � hr Ee(Uk+1 ) � r Ee(Uk ); Uk+1 � Uk i +
�

j� j �
1

� t

�
kUk+1 � Uk k2 :(15)

Similarly as for E we Taylor expand Ee about Uk+1 and Uk respectively, i.e.,

Ee(Uk ) = Ee(Uk+1 ) � hr Ee(Uk+1 ); Uk+1 � Uk i
+ 1

2 hJ r Ee(Uk+1 � � 1(Uk+1 � Uk ))Uk+1 � Uk ; Uk+1 � Uk i ;

and

Ee(Uk+1 ) = Ee(Uk )+ hr Ee(Uk ); Uk+1 � Uk i +
1
2

hJ r Ee(Uk � � 2(Uk+1 � Uk ))Uk+1 � Uk ; Uk+1 � Uk i ;
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for some� 1 and � 2 in (0; 1). SinceEe is convex, thenJ (r Ee) is positive de�nite and its eigenvalues
are positive. By bounding the eigenvalues ofJ (r Ee) by �̂ > 0 and adding the above expressions we
get

hr Ee(Uk+1 ) � r Ee(Uk ); Uk+1 � Uk i � �̂ kUk+1 � Uk k2 :
Substituting this in (15), we obtain

E(Uk+1 ) � E (Uk ) � �
�

�̂ � j � j +
1

� t

�
kUk+1 � Uk k2 :

By applying condition (13) (,i.e., (14)) the result follows for all � t � 0. Hence the method is uncon-
ditionally gradient stable.

To prove the unique solvability of (11) we consider the nonlinear equations

Uk+1 + � tr Ec(Uk+1 ) = Rk ;

which must be solved at each step for a givenRk . SinceEc is strictly convex, then

G(Uk+1 ) =
1
2

kUk+1 k2 + � tE c(Uk+1 ) � h Uk+1 ; Rk i

has a unique minimum for all � t , and (11) has a unique solution for all � t � 0. The consistency and
the local truncation error of (11) can be established by similar Taylor expansions as the ones we did
above to prove the unconditional stability of the scheme. More precisely it constitutes of expanding
Uk+1 and Uk around (k + 1=2)� t, and r Ec(Uk+1 ) and r Ee(Uk ) around Uk+1 =2. This �nishes the
proof of Theorem 2.1. �

In the following we apply the idea of convexity splitting to our three inpainting models (4), (5), and
(6). For this we change from the discrete setting to the continuous setting, i.e., considering functions
u in a suitable Hilbert space instead of vectorsu in RN . Although the �rst two of these inpainting
approaches, i.e., Cahn-Hilliard inpainting and TV-H � 1 inpainting, are not given by gradient 
ows, we
shall see that the resulting numerical schemes are still unconditionally stable (in the sense of De�nition
2.2) and therefore suitable to solve them accurately and reasonably fast. For inpainting with LCIS (6)
the results of Eyre can be directly applied, even in the continuous setting, cf. Remark 2.1. Nevertheless,
also for this case, we additionally present a rigorous analysis, similarto the one done for Cahn-Hilliard-
and TV-H � 1 inpainting.

3. Cahn-Hilliard inpainting

In this section we will show the application of convexity splitting to Cahn-Hi lliard inpainting (4).
Recall that the inpainted version u(x) of f (x) is constructed by following the evolution equation

ut = �( � � � u +
1
�

F 0(u)) + � (f � u):

This modi�ed Cahn-Hilliard equation was introduced in [11] for the inpainting o f binary images.
The latter, mainly numerical paper, was followed by a very careful analysis of (4) in [12]. To start
with, the authors proved global existence of a unique weak solution of the evolution equation (4).
More precisely the solution u was proven to be an element inC([0; T]; L 2(
)) \ L 2(0; T; V ), where
V =

�
� 2 H 2(
) j @�=@�= 0 on @


	
, and � is the outward pointing normal on @
. Under additional

conditions on the given imagef , they also derived some very interesting results concerning the con-
tinuation of the gradient of the image into the inpainting domain. Namely, they showed, that in the
limit � 0 ! 1 the gradient of a stationary solution of (4) equals the gradient of the given imagef on
the boundary of the inpainting domain. The existence of a stationary solution of (4) was assured in
[16]. This, once more, supports the claim, that fourth-order methods are superiorover second-order
methods with respect to a smooth continuation of the image contents into the missing domain.

The idea to apply convexity splitting in order to solve (4) numerically, was born in [11]. The
numerical results presented there, already suggested the usefulness of this scheme. Although the
authors did not analyze the scheme rigorously, based on their numerical results theyalready conjectured



10 C.-B. SCH •ONLIEB, A. BERTOZZI

that it is unconditionally stable. In the following we will present this numerica l scheme and derive
some additional properties based on a rigorous analysis of the latter.

The original Cahn-Hilliard equation is a gradient 
ow in H � 1 for the energy

E1(u) =
Z




�
2

jr uj2 +
1
�

F (u) dx;

while the �tting term in (4) can be derived from a gradient 
ow in L 2 for the energy

E2(u) =
1
2

Z



� (f � u)2 dx:

However, note that equation (4) as a whole does not build a gradient system anymore. Hence, for the
discretization in time, we apply the convexity splitting discussed in section 2 to both functionals E1

and E2 separately. Namely we splitE1 in E1 = E1c � E1e with

E1c(u) =
Z




�
2

jr uj2 +
C1

2
juj2 dx; E1e(u) =

Z



�

1
�

F (u) +
C1

2
juj2 dx:

A possible splitting for E2 is E2 = E2c � E2e with

E2c(u) =
1
2

Z




C2

2
juj2 dx; E2e(u) =

1
2

Z



� � (f � u)2 +

C2

2
juj2 dx:

To make sure that E1c; E1e and E2c; E2e are strictly convex the constantsC1 and C2 have to be chosen
such that C1 > 1

� , C2 > � 0, compare [12].
Then the resulting discrete time-stepping scheme for an initial conditionU0 = u0 is given by

Uk+1 � Uk

� t
= �r H � 1 (E1c(Uk+1 ) � E1e(Uk )) � r L 2 (E2c(Uk+1 ) � E2e(Uk )) ;

where r H � 1 and r L 2 represent gradient descent with respect to theH � 1 inner product and the L 2

inner product respectively. This translates to a numerical scheme of the form

(16)
Uk+1 � Uk

� t
+ � �� Uk+1 � C1� Uk+1 + C2Uk+1 =

1
�

� F 0(Uk ) � C1� Uk + � (f � Uk )+ C2Uk ; in 
 :

We imply Neumann boundary conditions on @
, i.e.,

@Uk+1

@�
=

@� Uk+1

@�
= 0 ; on @
 ;

and intend to compute Uk+1 in (16) in the spectral domain using the discrete cosine transform (DCT).
The idea to use spectral methods for equations involving Laplacian operators is classical and is based
on the fact that the Laplace matrix is diagonalized in the spectral domain. Hence solving these
equations in the spectral domain can be done much faster since matrix multiplication is replaced by
scalar multiplication (multiplying with the elements in the main diagonal) . Since additionally there
also exist fast numerical methods to compute the discrete Fourier/Cosine transform (such as the fast
Fourier transform (FFT)) this method has an overall computational advanta ge. Let Û be the DCT of
U with eigenvalues� i . Then equation (16) in Û reads

Ûk+1 (i; j ) =
(1 � C1� t( 1

� x 2 � i + 1
� y2 � j ) + C2� t)Ûk (i; j ) + � t

�
\� F 0(Uk )( i; j ) + � t \� (f � Uk )

1 + C2� t + � � t( 1
� x 2 � i + 1

� y2 � j )2 � C1� t( 1
� x 2 � i + 1

� y2 � j )
:

3.1. Rigorous Estimates for the Scheme. From Theorem 2.1 we know that (at least in the spatially
discrete framework) the convexity splitting scheme (9)-(11) is unconditionally stable, i.e., separate
numerical schemes for the gradient 
ows of the energiesE1(u) and E2(u) are not increasing for all
� t > 0. But this does not guarantee that our numerical scheme (16) is unconditionally stable, since
it combines the 
ows of two energies. In this section we shall analyze the scheme in more detail and
derive some rigorous estimates for its solutions. In particular we willshow that the scheme (16) is
unconditionally stable in the sense of De�nition 2.2. Our results are summarized inthe following
theorem.
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Theorem 3.1. Let u be the exact solution of (4) and uk = u(k� t) the exact solution at time k� t,
for a time step � t > 0 and k 2 N. Let further Uk be the kth iterate of (16) with constants C1 > 1=�,
C2 > � 0. Then the following statements are true:

(i) Under the assumption thatkutt k� 1, kr � ut k2 and kut k2 are bounded, the numerical scheme
(16) is consistent with the continuous equation(4) and of order 1 in time.

Under the additional assumption that

(17) F 00(Uk � 1) � K

for a nonnegative constantK , we further have

(ii) The solution sequenceUk is bounded on a �nite time interval [0; T], for all � t > 0.
(iii) The discretization error ek , given byek = uk � Uk , converges to zero as� t ! 0.

Remark 3.1. Note that our assumptions for the consistency of the numerical scheme, only hold if the
time derivative of the solution of the continuous equation(4) is uniformly bounded. This is true, for
smooth and bounded solutions of the equation.

Further, since we are interested in bounded solutionsUk of the discrete equation(16), it is natural
to assume(17), i.e., that the nonlinearity F 00 in the previous time step�( k � 1) is bounded.

The proof of Theorem 3.1 is organized in the following three Propositions 3.1-3.3.

Proposition 3.1. (Consistency (i)) Under the same assumptions as in Theorem 3.1 and in partic-
ular under the assumption thatkutt k� 1, kr � ut k2 and kut k2 are bounded, the numerical scheme(16)
is consistent with the continuous equation(4) with local truncation error k� k k� 1 = O(� t).

Proof. Let Fk (U) = 0 represent the di�erence equation approximating the PDE at time k� t. If
the discrete solution U is replaced by the exact solutionu of (4), the value � k = Fk (u) is the local
truncation error de�ned over a time step. Then

� k = � 1
k + � 2

k ;

with

� 1
k =

uk+1 � uk

� t
� ut (k� t)

� 2
k = � ��( uk+1 � uk ) � C1�( uk+1 � uk ) + C2(uk+1 � uk )

= � � t � 2 uk+1 � uk

� t
� C1� t � 2 uk+1 � uk

� t
+ C2� t

uk+1 � uk

� t
;

i.e.,

(18) � k =
uk+1 � uk

� t
+ � � 2uk+1 �

1
�

� F 0(uk ) � � (f � uk ) � C1�( uk+1 � uk ) + C2(uk+1 � uk ):

Using standard Taylor series arguments and assuming thatkutt k� 1, kr � ut k2 and kut k2 are bounded
we deduce that

�(19) k� k k� 1 = O(� t):

Proposition 3.2. (Unconditional stability (ii)) Under the same assumptions as in Theorem 3.1
and in particular assuming that (17) holds, the solution sequenceUk with k� t � T for T > 0 �xed,
ful�lls for every � t > 0

(20) kr Uk k2
2 + � tK 1 k� Uk k2

2 � eK 2 T
�

kr U0k2
2 + � tC1 k� U0k2

2 + � t T C(
 ; D; � 0; f )
�

;

for suitable constantsK 1 and K 2, and constant C depending on
 ; D; � 0; f only. This gives bounded-
ness of the solution sequence on[0; T].
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Proof. We consider our discrete model
Uk+1 � Uk

� t
+ � �� Uk+1 � C1� Uk+1 + C2Uk+1 =

1
�

� F 0(Uk ) � C1� Uk + � (f � Uk ) + C2Uk ;

multiply the equation with � � Uk+1 and integrate over 
. We obtain

1
� t

�
kr Uk+1 k2

2 � hr Uk ; r Uk+1 i 2

�
+ � kr � Uk+1 k2

2 + C1 k� Uk+1 k2
2 + C2 kr Uk+1 k2

2

=
1
�

hF 00(Uk )r Uk ; r � Uk+1 i 2 + C1 h� Uk ; � Uk+1 i 2

+ hr � (f � Uk ); r Uk+1 i 2 + C2 hr Uk ; r Uk+1 i 2 :

Using Cauchy's inequality we obtain

1
2� t

�
kr Uk+1 k2

2 � kr Uk k2
2

�
+ � kr � Uk+1 k2

2 + C1 k� Uk+1 k2
2 + C2 kr Uk+1 k2

2

�
1

2��
kF 00(Uk )r Uk k2

2 +
�
2�

kr � Uk+1 k2
2 +

C1

2
k� Uk k2

2 +
C1

2
k� Uk+1 k2

2

+
C2

2
kr Uk k2

2 +
C2

2
kr Uk+1 k2

2 +
1
2

kr � (f � Uk )k2
2 +

1
2

kr Uk+1 k2
2 :

Using the estimate
kr � (f � Uk )k2

2 � 2� 2
0 kr Uk k2

2 + C(
 ; D; � 0; f )
and reordering the terms we obtain

�
1

2� t
+

C2

2
�

1
2

�
kr Uk+1 k2

2 +
C1

2
k� Uk+1 k2

2 +
�

� �
�
2�

�
kr � Uk+1 k2

2

�
�

1
2� t

+
C2

2
+ � 2

0

�
kr Uk k2

2 +
1

2��
kF 00(Uk )r Uk k2

2 +
C1

2
k� Uk k2

2 + C(
 ; D; � 0; f ):

By choosing � = 2 � 2, the third term on the left side of the inequality is zero. Because of assumption
(17) we obtain the following bound on the right side of the inequality

kF 00(Uk )r Uk k2
2 � K 2 kr Uk k2

2

and we have
�

1
2� t

+
C2

2
�

1
2

�
kr Uk+1 k2

2 +
C1

2
k� Uk+1 k2

2

�
�

1
2� t

+
C2

2
+ � 2

0 +
K 2

4� 3

�
kr Uk k2

2 +
C1

2
k� Uk k2

2 + C(
 ; D; � 0; f ):

Now we multiply the above inequality by 2� t and de�ne
~C = 1 + � t(C2 � 1);

~~C = 1 + � t(C2 + 2 � 2
0 +

K 2

2� 3 ):

SinceC2 is chosen greater than� 0 > 1, the �rst coe�cient ~C is positive and we can divide the inequality
by it. We obtain

kr Uk+1 k2
2 + � t

C1

~C
k� Uk+1 k2

2 �
~~C
~C

kr Uk k2
2 + � t

C1

~C
k� Uk k2

2 + � tC (
 ; D; � 0; f );

where we updated the constantC(
 ; D; � 0; f ) by C(
 ; D; � 0; f )= ~C.

Since
~~C
~C

� 1, we can multiply the second term on the right side of the inequality by this quotient
to obtain

kr Uk+1 k2
2 + � t

C1

~C
k� Uk+1 k2

2 �
~~C
~C

�
kr Uk k2

2 + � t
C1

~C
k� Uk k2

2

�
+ � tC (
 ; D; � 0; f ):
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We deduce by induction that

kr Uk k2
2 + � t

C1

~C
k� Uk k2

2 �

 ~~C
~C

! k �
kr U0k2

2 + � t
C1

~C
k� U0k2

2

�

+� t
k � 1X

i =0

 ~~C
~C

! i

C(
 ; D; � 0; f )

=
(1 + K 2� t)k

(1 + K 1� t)k

�
kr U0k2

2 + � t
C1

~C
k� U0k2

2

�

+� t
k � 1X

i =0

(1 + K 2� t) i

(1 + K 1� t) i C(
 ; D; � 0; f ):

For k� t � T we have

kr Uk k2
2 + � t

C1

~C
k� Uk k2

2 � e(K 2 � K 1 )T
�

kr U0k2
2 + � t

C1

~C
k� U0k2

2

�

+� tT e(K 2 � K 1 )T C(
 ; D; � 0; f )

= e(K 2 � K 1 )T
�

kr U0k2
2 + � t

C1

~C
k� U0k2

2

+� t T C(
 ; D; � 0; f )) ;

which gives boundedness of the solution sequence on [0; T] for any T > 0 assuming that (17) holds. �

The convergence of the discrete solution to the continuous one as the time step �t ! 0 is veri�ed
in the following proposition.

Proposition 3.3. (Convergence (iii)) Under the same assumptions as in Theorem 3.1 and in par-
ticular under assumption (17) the discretization error ek ful�lls, for suitable constants C; C1; K 1; K 2,

(21) kr ek k2
2 + � t

C1

~C
k� ek k2

2 � T � te4(K 1 + K 2 )T � C;

for k� t � T and a �xed T > 0.

Proof. Let us follow the lines of the consistency proof in (18). Then the discretization error ek satis�es
ek+1 � ek

� t
+ � � 2ek+1 � C1� ek+1 + C2ek+1

=
1

� t
(uk+1 � uk ) �

1
� t

(Uk+1 � Uk ) + � � 2uk+1 � � � 2Uk+1

� C1� uk+1 + C1� Uk+1 + C2uk+1 � C2Uk+1

= �
�

1
�

� F 0(Uk ) � C1� Uk + � (f � Uk ) + C2Uk

�

+
�

1
�

� F 0(uk ) + � (f � uk ) � C1� uk + C2uk

�
+ � k

= �
�

1
�

�( F 0(Uk ) � F 0(uk )) � C1�( Uk � uk ) + C2(Uk � uk ) � � (Uk � uk )
�

+ � k :

Multiplication with � � ek+1 leads to

1
� t

hr (ek+1 � ek ); r ek+1 i 2 + � kr � ek+1 k2
2 + C1 k� ek+1 k2

2 + C2 kr ek+1 k2
2

=
1
�

h�( F 0(Uk ) � F 0(uk )) ; � ek+1 i 2 � C1 h�( Uk � uk ); � ek+1 i 2

+ hr � (Uk � uk ); r ek+1 i 2 � C2 hr (Uk � uk ); r ek+1 i 2 +


r � � 1� k ; r � ek+1

�
2 :
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Further, because

1
� t

�
kr ek+1 k2

2 � hr ek ; r ek+1 i 2

�
�

1
2� t

(kr ek+1 k2
2 � kr ek k2

2);

we obtain

1
2� t

(kr ek+1 k2
2 � kr ek k2

2) + � kr � ek+1 k2
2 + C1 k� ek+1 k2

2 + C2 kr ek+1 k2
2

�
1
�

h�( F 0(Uk ) � F 0(uk )) ; � ek+1 i 2 + C1 h� ek ; � ek+1 i 2 � hr �e k ; r ek+1 i 2

+ C2 hr ek ; r ek+1 i 2 +


r � � 1� k ; r � ek+1

�
2 :

Applying Cauchy's inequality leads to

1
2� t

(kr ek+1 k2
2 � kr ek k2

2) + � kr � ek+1 k2
2 + C1 k� ek+1 k2

2 + C2 kr ek+1 k2
2

� �
1
�

h(F 00(Uk )r Uk � F 00(uk )r uk ); r � ek+1 i 2 +
C1

� 1
k� ek k2

2 + C1� 1 k� ek+1 k2
2

+
� 2

0

� 3
kr ek k2

2 + � 3 kr ek+1 k2
2 +

C2

� 2
kr ek k2

2 + C2� 2 kr ek+1 k2
2

+
1
� 4

k� k k2
� 1 + � 4 kr � ek+1 k2

2 :

Since (17) holds, we obtain

�
1
�

h(F 00(Uk )r Uk � F 00(uk )r uk ); r � ek+1 i 2

�
1

2�� 5
kF 00(Uk )r Uk � F 00(uk )r uk )k2

2 +
� 5

2�
kr � ek+1 k2

2

�
K
�� 5

kr Uk k2
2 +

K
�� 5

kr uk k2
2 +

� 5

2�
kr � ek+1 k2

2 ;

and therefore
�

1
2� t

+ C2(1 � � 2) � � 3

�
kr ek+1 k2

2 + C1(1 � � 1) k� ek+1 k2
2 +

�
� � � 4 �

� 5

2�

�
kr � ek+1 k2

2

�
�

1
2� t

+
� 2

0

� 3
+

C2

� 2

�
kr ek k2

2 +
C1

� 1
k� ek k2

2 +
1
� 4

k� k k2
� 1 +

K
�� 5

�
kr Uk k2

2 + kr uk k2
2

�
:

Next we choose� 1 = 1=2 and multiply the inequality with 2� t

(1 + 2� t(C2(1 � � 2) � � 3)) kr ek+1 k2
2 + � tC1 k� ek+1 k2

2 + 2� t
�

� � � 4 �
� 5

�

�
kr � ek+1 k2

2

�
�

1 + 2� t(
� 2

0

� 3
+

C2

� 2
)
�

kr ek k2
2 + 4� tC1 k� ek k2

2 +
2� t
� 4

k� k k2
� 1 + � t

2K
�

�
kr Uk k2

2 + kr uk k2
2

�
:

Now choosing all � s such that the coe�cients of all terms in the inequality are nonnegative and
estimating the last term on the left side from below by zero we get

kr ek+1 k2
2 + � t

C1

~C
k� ek+1 k2

2 �
~~C
~C

kr ek k2
2 + 4� t

C1

~C
k� ek k2

2 +
2� t

� 4 ~C
k� k k2

� 1

+ � t
2K

� ~C

�
kr Uk k2

2 + kr uk k2
2

�
;

where

~C = 1 + 2� t(C2(1 � � 2) � � 3); ~~C = 1 + 2� t(
� 2

0

� 3
+

C2

� 2
):
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Further,

kr ek+1 k2
2 + � t

C1

~C
k� ek+1 k2

2 � 4
~~C
~C

�
kr ek k2

2 + � t
C1

~C
k� ek k2

2

�

+ � t
�

2

� 4 ~C
k� k k2

� 1 +
2K

� ~C

�
kr Uk k2

2 + kr uk k2
2

� �
:

In addition we apply the consistency result (19) and the uniform bound (20) to the above inequality
and obtain

kr ek+1 k2
2 + � t

C1

~C
k� ek+1 k2

2 � 4
~~C
~C

�
kr ek k2

2 + � t
C1

~C
k� ek k2

2

�

+ � t
�

2

� 4 ~C
(� t)2 +

2K

� ~C

�
C2 + kr uk k2

2

� �
:

To proceed we assume for now that the exact solution is uniformly bounded inH 1(
), i.e.,

(22) 9C3 > 0 such that kr uk k2 � C3 for all k� t < T:

This assumption will be proven in Lemma 3.1 just after the end of this proof. Now, implementing (22)
in our computation we have

kr ek+1 k2
2 + � t

C1

~C
k� ek+1 k2

2 � 4
~~C
~C

�
kr ek k2

2 + � t
C1

~C
k� ek k2

2

�

+ � t
�

2

� 4 ~C
(� t)2 +

2K

� ~C
(C2 + C3)

�
:

By induction we deduce that

(23) kr ek k2
2 + � t

C1

~C
k� ek k2

2 �

 

4
~~C
~C

! k �
kr e0k2

2 + � t
C1

~C
k� e0k2

2

�

+ � t
k � 1X

i =0

 

4
~~C
~C

! i �
2

� 4 ~C
(� t)2 +

2K

� ~C
(C2 + C3)

�
:

Since e0 = U0 � u0 = 0, the �rst term on the right-hand side of the above inequality vanishes. For
k� t � T we �nally have

kr ek k2
2 + � t

C1

~C
k� ek k2

2 � T � te4(K 1 + K 2 )T � C: �

From [11, 12] we know that the solutionuk to the continuous equation globally exists and is uniformly
bounded in L 2(
). Next we show that assumption (22) holds.

Lemma 3.1. Let uk be the exact solution of(4) at time t = k� t and let T > 0. Then there exists a
constant C > 0 such that kr uk k2 � C for all k� t < T .

Proof. Let K (u) = � � � u + 1
� F 0(u). We multiply the continuous evolution equation (4) with K (u)

and obtain

hut ; K (u)i 2 = h� K (u); K (u)i 2 + h� (f � u); K (u)i 2 :

Let us further de�ne

E(u) :=
�
2

Z



jr uj2 dx +

1
�

Z



F (u) dx:
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Then we have

hut ; K (u)i 2 =
�

ut ; � � � u +
1
�

F 0(u)
�

2

= hr ut ; � r ui 2 +
�

ut ;
1
�

F 0(u)
�

2

=
d
dt

E(u);

sinceu satis�es Neumann boundary conditions. Therefore we get

(24)
d
dt

E(u) = �
Z



jr K (u)j2 dx + h� (f � u); � � � ui 2 +

�
� (f � u);

1
�

F 0(u)
�

2
:

Since F (u) is bounded from below, we only have to show thatE(u) is uniformly bounded on [0; T],
and we automatically have that jr uj is uniformly bounded on [0; T]. We start with the last term, and
recall the following bounds onF 0(u) (cf. [57]): There exist positive constantsC1; C2 such that

F 0(s)s � C1s2 � C2; 8s 2 R

and, for every � > 0, there exists a constantC3 such that

jF 0(s)j � �C 1s2 + C3(� ); 8s 2 R:

Use the last two estimates to obtain the following
�

� (f � u);
1
�

F 0(u)
�

2
=

� 0

�

Z


 nD
F 0(u)f dx �

� 0

�

Z


 nD
F 0(u)u dx

�
� 0

�

Z


 nD
jF 0(u)j dx � kf kL 1 (
) �

� 0C1

�

Z


 nD
u2 dx +

� 0C2 j
 n D j
�

� � 0C(f; 
)

 

�
C1

�

Z


 nD
u2 dx +

C3(� ) j
 n D j
�

!

�
� 0C1

�

Z


 nD
u2 dx

+
� 0C2 j
 n D j

�

� �
� 0C1

�
(1 � �C (f; 
))

Z


 nD
u2 dx + C(� 0; �; �; 
 ; D; f );

where we choose� < 1=C(f; 
). Therefore integrating (24) over the time interval [0 ; T] results in

Z T

0

d
dt

E(u(t)) dt �
Z T

0
�

Z



jr K (u)j2 dx dt +

Z T

0
h� (f � u); � � � ui 2 dt

�
� 0C1

�
(1 � �C (f; 
))

Z T

0

Z


 nD
u2 dx dt + T � C(� 0; �; �; 
 ; D; f ):

Next we consider the second term on the right side of the last inequality. From Theorem 4.1 in [11] we
know that a solution u of (4) is an element inL 2(0; T; H 2(
)) for all T > 0. Hence � u 2 L 2(0; T; L 2(
))
and the second term is bounded by a constant depending onT. Consequently for each 0� t � T we
get,

E (u(t)) � E (u(0)) + C(T) + T � C(� 0; �; �; 
 ; D; f )

�
Z T

0

" Z



jr K (u)j2 dx +

� 0C1

�
(1 � �C (f; 
))

Z


 nD
u2 dx

#

dt;

and with this, for a �xed T > 0, that jr uj is uniformly bounded in [0; T]. �
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Figure 3. Destroyed binary image and the solution of Cahn-Hilliard inpainting with
� 0 = 105 and switching � value: u(600) with � = 0 :1, u(1000) with � = 0 :01

Figure 4. Destroyed binary image and the solution of Cahn-Hilliard inpainting with
� 0 = 109 and switching � value: u(200) with � = 0 :8, u(500) with � = 0 :01

Figure 5. Destroyed binary image and the solution of Cahn-Hilliard inpainting with
� 0 = 109 and switching � value: u(800) with � = 0 :8, u(1600) with � = 0 :01

3.2. Numerical Results. In our computations the optimal � t turned out to be � t = 1 or 10 (de-
pending also on the size of� and � 0). Numerical results of the above scheme are presented in Figure 3, 4
and 5. In all of the examples we follow the procedure of [11], i.e., the inpaintedimage is computed in a
two step process. In the �rst step Cahn-Hilliard inpainting is solved with a r ather large value of� , e.g.,
� = 0 :1, until the numerical scheme is close to steady state. In this step the level linesare continued
into the missing domain. In a second step the result of the �rst step is put as an initial condition into
the scheme for a small� , e.g., � = 0 :01, in order to sharpen the contours of the image contents. The
reason for this two step procedure is twofold. First of all in [12] the authors give numerical evidence
that the steady state of the modi�ed Cahn-Hilliard equation (4) is not unique, i.e. , it is dependent
on the initial condition inside of the inpainting domain. As a consequence, computing the inpainted
image by the application of Cahn-Hilliard inpainting with a small � only, might not prolongate the
level lines into the missing domain as desired. See also [12] for a bifurcation diagram based on the
numerical computations of the authors. The second reason for solving Cahn-Hilliard inpainting in two
steps is that it is computationally less expensive. Solving the above time-marching scheme for, e.g.,
� = 0 :1 is faster than solving it for � = 0 :01. This is because of the damping introduced byC1, i.e., � ,
into the scheme, cf. (16).
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One possible generalization of Cahn-Hilliard inpainting for grayscale images is to split the grayscale
image bit-wise into channels

u(x)  
KX

k=1

uk (x)2� (k � 1) ;

where K > 0. The Cahn-Hilliard inpainting approach is then applied to each binary channel uk

separately, compare Figure 7. At the end of the inpainting process the channels are assembled again
and the result is the inpainted grayvalue image in lower grayvalue resolution, compare Figure 6. In
Figure 8 the application of bitwise Cahn-Hilliard inpainting for the restor ation of satellite images of
roads is demonstrated. One can imagine that the black dots in the �rst picture representtrees that
cover parts of the road. The idea of bitwise binary inpainting was proposed in [25] for the inpainting
with wavelets based on the Allen-Cahn energy.
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Figure 6. Cahn-Hilliard bitwise inpainting with K = 8 binary channels (� 0 = 108,
with � = 0 :1 until t = 800 and � = 0 :01 until t = 1200)

4. TV-H � 1 Inpainting

In this section we discuss convexity splitting for TV-H � 1 inpainting (5). To avoid numerical dif-
�culties we approximate an element p in the subdi�erential of the total variation functional T V(u)
by a smoothed version ofr � ( r u

jr u j ), the square root regularization for instance. With the latter
regularization the smoothed version of (5) reads

(25) ut = � � r �

 
r u

p
jr uj2 + � 2

!

+ � (f � u);

with 0 < � � 1. In contrast to its second-order analogue, the well-posedness of (5) strongly depends
on the smoothing used forr � ( r u

jr u j ). In fact there are smoothing functions for which (5) produces
singularities in �nite time. This is caused by the lack of maximum principles which in the second-
order case guarantee the well-posedness for all smooth monotone regularizations. In [14] the authors
considered (5) with � = � 0 in all of 
, i.e., the fourth-order analogue to TV-L 2 denoising, which was
originally introduced in [50]. They proved well-posedness in one space dimension for a set of smooth
monotone regularizations which include the square root smoothing

(26)

 
uxp

jux j2 + � 2

!

x

and, the arctan regularization

(27)
�

2
�

arctan(ux =� )
�

x
;
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Figure 7. What is going on in the channels? The given image (�rst row) and the
Cahn-Hilliard inpainting result (second row) for the channels 2; 3 and 5.

Figure 8. Bitwise Cahn-Hilliard inpainting with K = 8 binary channels applied to
road restoration

for 0 < � � 1. The behavior of the fourth-order PDE in one dimension is also relevant for two-
dimensional images since a lot of structure involves edges which are one-dimensionalobjects. In two
dimensions similar results are much more di�cult to obtain, since energy estimates and the Sobolev
lemma involved in its proof might not hold in higher dimensions anymore.

In the following we will present the convexity splitting method applied to (5) for both the square
root and the arctan regularization. Similarly to the convexity splitting f or Cahn-Hilliard inpainting,
we propose the following splitting for the TV-H � 1 inpainting equation. The regularizing term in (5)
can be modeled by a gradient 
ow in H � 1 of the energy

E1(u) =
Z



jr uj dx;

where jr uj is replaced by its regularized version, e.g.,
q

jr uj2 + � 2, � > 0. We split E1 in E1c � E1e

with

E1c(u) =
Z




C1

2
jr uj2 dx; and E1e(u) =

Z



�jr uj +

C1

2
jr uj2 dx:
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The �tting term is split into E2 = E2c � E2e analogous to the Cahn-Hilliard inpainting. The resulting
time-stepping scheme is given by

(28)
Uk+1 � Uk

� t
+ C1�� Uk+1 + C2Uk+1 = C1�� Uk � �

�
r � (

r Uk

jr Uk j
)
�

+ C2Uk + � (f � Uk ):

We assume thatUk+1 satis�es zero Neumann boundary conditions and use the DCT to solve (28).
The constants C1 and C2 have to be chosen such thatE1c; E1e; E2c; E2e are all strictly convex. In

the following we will demonstrate how to compute the appropriate constants. Let us considerC1 �rst.
The functional E1c is strictly convex for all C1 > 0. The choice ofC1 for the convexity of E1e depends
on the regularization of the total variation we are using. We use the square regularization (26), i.e.,
instead of jr uj we have

Z
G(jr uj) dx; with G(s) =

p
s2 + � 2:

Setting y = jr uj we have to chooseC1 such that C1
2 y2 � G(y) is convex. The convexity condition for

the second derivative gives us that

C1 > G 00(y) () C1 >
� 2

(� 2 + y2)3=2
() C1 >

1
�

;

is su�cient as � 2

( � 2 + y2 )3= 2 has its maximum value at y = 0. Next we would like to compare this with the

arctan regularization (27), i.e., replacing r u
jr u j by 2

� arctan( r u
� ), as proposed in [14]. Here the convexity

condition for the second derivative reads

C1 �
d
ds

�
2
�

arctan(
s
�

)
�

> 0:

The � sign results from the absent absolute value in the regularization de�nition. Weobtain

C1 �
2
�

1
� (1 + s2=� 2)

> 0:

The inequality with a plus sign instead of � is true for all constants C1 > 0. In the other case we
obtain

C1 >
2
�

�
� 2 + s2 ;

which is ful�lled for all s 2 R if C1 > 2
�� . Note that this condition is almost the same as in the case

of the square regularization.
Now we considerE2 = E2c � E2e. The functional E2c is strictly convex if C2 > 0. For the convexity

of E2e we rewrite

E2e(u) =
1
2

Z



� � (f � u)2 + C2juj2 dx

=
Z

D

C2

2
juj2 dx +

Z


 nD
�

� 0

2
(f � u)2 +

C2

2
juj2 dx

=
Z

D

C2

2
juj2 dx +

Z


 nD
(
C2

2
�

� 0

2
) juj2 + � 0fu �

� 0

2
jf j2 :

This is convex for C2 > � 0, e.g., with C2 = � 0 + 1 we can write

E2e(u) =
Z

D

C2

2
juj2 dx +

Z


 nD

�
1
2

u + � 0f
� 2

�
�

� 2
0 +

� 0

2

�
jf j2 dx:
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4.1. Rigorous Estimates for the Scheme. As in Section 3.1 for Cahn-Hilliard inpainting, we pro-
ceed with a more detailed analysis of (28). Throughout this section we consider thesquare-root
regularization of the total variation both in our numerical scheme and in the continuous evolution
equation (5). Note that similar results are true for other monotone regularizers such as the arctan
smoothing. Our results are summarized in the following theorem.

Theorem 4.1. Let u be the exact solution of(25) and uk = u(k� t) be the exact solution at timek� t
for a time step � t > 0 and k 2 N. Let further Uk be the kth iterate of (28) with constants C1 > 1=� ,
C2 > � 0. Then the following statements are true:

(i) Under the assumption thatkutt k� 1, kr � ut k2 and kut k2 are bounded, the numerical scheme
(28) is consistent with the continuous equation(5) and of order 1 in time.

(ii) The solution sequenceUk is bounded on a �nite time interval [0; T], for all � t > 0.
(iii) Let further ek = uk � Uk . If

(29) kr uk k2
2 + kr � uk k2

2 � K for a constant K > 0; and for all k� t < T;

then the error ek converges to zero as� t ! 0.

Remark 4.1. Note that assumption (29) in Theorem 4.1 (iii) does not hold in general. Given the re-
sults in [14] for the one dimensional equation with� (x) = � 0 on all of 
 , which guarantee the existence
of a unique smooth solution for both the square root and the arctan regularization, this assumption nev-
ertheless seem to be reasonable in an heuristic sense. Heuristically speaking, this assumption holds for
one dimensional structures, like edges, in the two dimensional image. Rigorously, the well-posedness
and regularity of solutions in the two dimensional case withnon constant � is still a matter for further
research.

The proof of Theorem 4.1 is split into three separate Propositions 4.1-4.3.

Proposition 4.1. (Consistency (i)) Under the same assumptions as in Theorem 4.1 and in partic-
ular under the assumption thatkutt k� 1, kr � ut k2 and kut k2 are bounded, the numerical scheme(28)
is consistent with the continuous equation(25) with local truncation error k� k k� 1 = O(� t).

Proof. The local truncation error is de�ned over a time step as satisfying

� k = � 1
k + � 2

k ;

where

� 1
k =

uk+1 � uk

� t
� ut (k� t); � 2

k = C1� 2(uk+1 � uk ) + C2(uk+1 � uk );

i.e.,

(30) � k =
uk+1 � uk

� t
+ �

 

r �

 
r ukp

jr uk j2 + � 2

!!

� � (f � uk )

+ C1� 2(uk+1 � uk ) + C2(uk+1 � uk ):

Using standard Taylor series arguments and assuming thatkutt k� 1, kr � ut k2 and kut k2 are bounded
we deduce that

�(31) k� k k� 1 = O(� t):

Proposition 4.2. (Unconditional stability (ii)) Under the same assumptions as in Theorem 4.1
the solution sequenceUk with k� t � T for T > 0 �xed, ful�lls for every � t > 0

(32) kr Uk k2
2 + � tK 1 kr � Uk k2

2 � eK 2 T
�

kr U0k2
2 + � tK 1 kr � U0k2

2 + � tT C(
 ; D; � 0; f )
�

;

for suitable constants K 1, K 2, and a constant C, which depends on
 ; D; � 0; f only. This gives
boundedness of the solution sequence on[0; T].
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Proof. If we multiply (28) with � � Uk+1 and integrate over 
 we obtain

1
� t

�
kr Uk+1 k2

2 � hr Uk ; r Uk+1 i 2

�
+ C2 kr Uk+1 k2

2 + C1 kr � Uk+1 k2
2

=

*

� r �

0

@ r Ukq
jr Uk j2 + � 2

1

A ; � Uk+1

+

2

+ C1 hr � Uk ; r � Uk+1 i 2

+ hr (� (f � Uk )) ; r Uk+1 i 2 + C2 hr Uk ; r Uk+1 i 2 :

Applying Cauchy's inequality to the inner products on the right and estimating

kr � (f � Uk )k2
2 � 2� 2

0 kr Uk k2
2 + C(
 ; D; � 0; f )

results in

1
2� t

�
kr Uk+1 k2

2 � kr Uk k2
2

�
+ C2 kr Uk+1 k2

2 + C1 kr � Uk+1 k2
2

�

*

� r �

0

@ r Ukq
jr Uk j2 + � 2

1

A ; � Uk+1

+

2

+
C1

� 1
kr � Uk k2

2 + C1� 1 kr � Uk+1 k2
2

+
2� 2

0

� 2
kr Uk k2

2 + � 2 kr Uk+1 k2
2 +

C2

� 3
kr Uk k2

2 + C2� 3 kr Uk+1 k2
2 + C(
 ; D; � 0; f ):

Now, the �rst term on the right side of the inequality can be estimated as follows
*

� r �

0

@ r Ukq
jr Uk j2 + � 2

1

A ; � Uk+1

+

2

= �

*

rr �

0

@ r Ukq
jr Uk j2 + � 2

1

A ; r � Uk+1

+

2

�
1
� 4













rr �

0

@ r Ukq
jr Uk j2 + � 2

1

A














2

2

+ � 4 kr � Uk+1 k2
2 :

Applying Poincar�e's and Cauchy's inequality to the �rst term leads to












rr �

0

@ r Ukq
jr Uk j2 + � 2

1

A














2

2

� O(1=� )(kr Uk k2
2 + k� Uk k2

2 + kr � Uk k2
2):

Interpolating the L 2 norm of � u by the L 2 norms of r u and r � u, we obtain
�

1
2� t

+ C2(1 � � 3) � � 2

�
kr Uk+1 k2

2 + ( C1(1 � � 1) � � 4) kr � Uk+1 k2
2

�
�

1
2� t

+
2� 2

0

� 2
+

C2

� 3
+

C(1=�; 
)
� 4

�
kr Uk k2

2 +
�

C1

� 1
+

C(1=�; 
)
� 4

�
kr � Uk k2

2

+ C(
 ; D; � 0; f ):

For � i = 1=2, i = 1 ; : : : ; 4 we obtain
�

1
2� t

+
C2 � 1

2

�
kr Uk+1 k2

2 +
C1 � 1

2
kr � Uk+1 k2

2

�
�

1
2� t

+ 4 � 2
0 + 2( C2 + C)

�
kr Uk k2

2 + 2 ( C1 + C) kr � Uk k2
2 + C(
 ; D; � 0; f ):

SinceC1 and C2 are chosen such thatC1 > 1=� > 1 and C2 > � 0 > 1, the coe�cients in the inequality
above are positive. The rest of the proof is similar to the proof of Proposition 3.2. We multiply the
inequality by 2� t and set

Ca = 1 + � t(C2 � 1); Cb = C1 � 1; Cc = 1 + 2� t(4� 2
0 + 2( C2 + C)) ; Cd = 4( C1 + C):
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We obtain

Ca kr Uk+1 k2
2 + � tCb kr � Uk+1 k2

2 � Cc kr Uk k2
2 + � tCd kr � Uk k2

2 + 2� tC (
 ; D; � 0; f ):

Dividing by Ca and multiplying the �rst and the second term on the right side of the inequality by Cd

and CcCb respectively we have

kr Uk+1 k2
2 + � t

Cb

Ca
kr � Uk+1 k2

2 �
CcCd

Ca

�
kr Uk k2

2 + � t
Cb

Ca
kr � Uk k2

2

�
+

2
Ca

� tC (
 ; D; � 0; f ):

By induction it follows that

kr Uk+1 k2
2 + � t

Cb

Ca
kr � Uk+1 k2

2 �
�

CcCd

Ca

� k �
kr U0k2

2 + � t
Cb

Ca
kr � U0k2

2

�

+ � t
k � 1X

i =0

�
CcCd

Ca

� i 2
Ca

C(
 ; D; � 0; f ):

Therefore we obtain for k� t � T

kr Uk k2
2 + � t

Cb

Ca
kr � Uk k2

2 � eKT
�

kr U0k2
2 + � t

Cb

Ca
kr � U0k2

2 + � tT
2

Ca
C(
 ; D; � 0; f )

�
: �

Finally we show that the discrete solution converges to the continuous one as �t tends to zero.

Proposition 4.3. (Convergence (iii)) Under the same assumptions as in Theorem 4.1 and in
particular under assumption (29) the error ek ful�lls, for suitable nonnegative constants M 1; M 2 and
M 3,

(33) kr ek k2
2 + � tM 1 kr � ek k2

2 � T � teM 2 T � M 3;

for k� t � T and a �xed T > 0.

Proof. By our discrete approximation (28) and the consistency computation (30), we have for ek =
uk � Uk

ek+1 � ek

� t
+ C1� 2ek+1 + C2ek+1

=
1

� t
(uk+1 � uk ) �

1
� t

(Uk+1 � Uk ) + C1� 2uk+1 � C1� 2Uk+1 + C2uk+1 � C2Uk+1

= �

0

@C1� 2Uk � �

0

@r �

0

@ r Ukq
jr Uk j2 + � 2

1

A

1

A + � (f � Uk ) + C2Uk

1

A

�

0

@�

0

@r �

0

@ r ukq
jr uk j2 + � 2

1

A

1

A � � (f � uk ) � C1� 2uk � C2uk

1

A + � k

= � [� �

0

@r �

0

@ r Ukq
jr Uk j2 + � 2

1

A � r �

0

@ r ukq
jr uk j2 + � 2

1

A

1

A

+ C1� 2(Uk � uk ) + C2(Uk � uk ) � � (Uk � uk )] + � k :
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Taking the inner product with � � ek+1 , we have

1
� t

hr (ek+1 � ek ); r ek+1 i 2 + C1 kr � ek+1 k2
2 + C2 kr ek+1 k2

2

=

*

� �

0

@r �

0

@ r Ukq
jr Uk j2 + � 2

1

A � r �

0

@ r ukq
jr uk j2 + � 2

1

A

1

A ; � ek+1

+

2

+ C1


� 2(Uk � uk ); � ek+1

�
2 + hr � (Uk � uk ); r ek+1 i 2

� C2 hr (Uk � uk ); r ek+1 i 2 +


r � � 1� k ; r � ek+1

�
2

Using the same arguments as in the proof of Proposition 3.3 we obtain

1
2� t

(kr ek+1 k2
2 � kr ek k2

2) + C1 kr � ek+1 k2
2 + C2 kr ek+1 k2

2

�

*

� �

0

@r �

0

@ r Ukq
jr Uk j2 + � 2

1

A � r �

0

@ r ukq
jr uk j2 + � 2

1

A

1

A ; � ek+1

+

2

+
C1

� 1
kr � ek k2

2 + C1� 1 kr � ek+1 k2
2 +

� 2
0

� 3
kr ek k2

2 + � 3 kr ek+1 k2
2

+
C2

� 2
kr ek k2

2 + C2� 2 kr ek+1 k2
2 +

1
� 4

k� k k2
� 1 + � 4 kr � ek+1 k2

2 :

We consider the �rst term on the right side of the above inequality in detail,
*
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2
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+
1
2

kr � ek+1 k2
2

� C(1=�; 
)
�

kr Uk k2
2 + kr � Uk k2

2 + kr uk k2
2 + kr � uk k2

2

�

+
1
2

kr � ek+1 k2
2 ;

for a constant C > 0 (cf. the estimate for the regularizer in the proof of Proposition 4.2). Therefore
we obtain

�
1

2� t
+ C2(1 � � 2) � � 3

�
kr ek+1 k2

2 +
�

C1(1 � � 1) � � 4 �
1
2

�
kr � ek+1 k2

2

�
�

1
2� t

+
C2

� 2
+

� 2
0

� 3

�
kr ek k2

2 +
C1

� 1
kr � ek k2

2 +
1
� 4

k� k k2
� 1

+ C(1=�; 
)
�

kr Uk k2
2 + kr � Uk k2

2 + kr uk k2
2 + kr � uk k2

2

�
:
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Figure 9. TV-H � 1 inpainting: u(1000) with � 0 = 103

Figure 10. (l.) u(1000) with TV-H � 1 inpainting, (r.) u(5000) with TV- L 2 inpainting

Proposition 4.2 guarantees that Uk is bounded by a constant, and assumption (29) that the exact
solution uk is bounded. Therefore by following the lines of the proof of Proposition 3.3 we �nally have
for k� t � T

kr ek k2
2 + � tM 1 kr � ek k2

2 � T � teM 2 T � M 3;

for suitable positive constantsM 1; M 2 and M 3. �

4.2. Numerical results. Numerical results for the TV-H � 1 inpainting approach are presented in
Figure 9 and 10. For a comparison of the higher order TV-H� 1 inpainting approach with its second
order cousin, the standardT V � L 2 inpainting method, we consider the performance of both algorithms
in a small part of the image in Figure 9 in Figure 10. In fact the result shown in Figure 9 and 10
strongly indicates the continuation of the gradient of the image function into the inpainting domain.
A rigorous proof of this observation, as the one for Cahn-Hilliard inpainting (cf. Section 3), is a matter

of future research. In both examples the total variation jr uj is approximated by
q

jr uj2 + � and the
time step size � t is chosen to be equal to 1.

5. LCIS Inpainting

Our last example for the applicability of the convexity splitting method to higher -order inpainting
approaches is inpainting with LCIS (6). With f 2 L 2(
) our inpainted image u evolves in time as

ut = � �(arctan(� u)) + � (f � u):

In contrast to the other two inpainting methods that we discussed, this inpainting equation is a gradient

ow in L 2 for the energy

E(u) =
Z



G(� u) dx +

1
2

Z



� (f � u)2;
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with G0(y) = arctan( y). Therefore Eyre's result in Theorem 2.1 can be applied directly. The functional
E (u) is split into Ec � Ee with

Ec(u) =
Z




C1

2
(� u)2 dx +

1
2

Z




C2

2
juj2 dx;

Ee(u) =
Z



� G(� u) +

C1

2
(� u)2 dx +

1
2

Z



� � (f � u)2 +

C2

2
juj2 dx:

The resulting time-stepping scheme is

(34)
Uk+1 � Uk

� t
+ C1� 2Uk+1 + C2Uk+1 = � �(arctan(� Uk )) + C1� 2Uk + � (f � Uk ) + C2Uk :

Again we impose homogeneous Neumann boundary conditions, use DCT to solve (34)and we choose
the constants C1 and C2 such that Ec and Ee are all strictly convex and condition (13) is satis�ed.
The functional Ec is convex for all C1; C2 > 0. The �rst term in Ee is convex if C1 > 1. This follows
from its second variation, namely

r 2E1e(u)(v; w) =
�

d
ds

Z
(C1�( u + sw) � arctan(�( u + sw)))� v dx

�

s=0

=
Z �

C1 �
1

1 + (� u)2

�
� v� w dx:

For E1e being convexr 2E1e(u)(v; w) has to be > 0 for all v; w 2 C1 and therefore

C1 �
1

1 + (� u)2 > 0:

Substituting s = � u we obtain

C1 >
1

1 + s2 8s 2 R:

This inequality is ful�lled for all s 2 R if C1 > 1. We obtain the same condition onC1 for G0(s) =
arctan( s

� ). For the convexity of the second term of Ee, the second constant has to ful�ll C2 > � 0, cf.
the computation for the �tting term in Section 4. With these choices of C1 and C2 also condition (13)
of Theorem 2.1 is automatically satis�ed.

5.1. Rigorous Estimates for the Scheme. Finally we present rigorous results for (34). In contrast
to the inpainting equations (4) and (5), inpainting with LCIS follows a va riational principle. Hence, by
choosing the constantsC1 and C2 appropriately, i.e., C1 > 1, C2 > � 0 (cf. the computations above),
Theorem 2.1 ensures that the iterative scheme (34) is unconditionally gradient stable. Additionally to
this property, we present similar results as before for Cahn-Hilliard- and TV-H � 1 inpainting.

Theorem 5.1. Let u be the exact solution of (6) and uk = u(k� t) the exact solution at time k� t,
for a time step � t > 0 and k 2 N. Let further Uk be the kth iterate of (34) with constants C1 > 1,
C2 > � 0. Then the following statements are true:

(i) Under the assumption thatkutt k� 1, kr � ut k2 and kut k2 are bounded, the numerical scheme
(34) is consistent with the continuous equation(6) and of order 1 in time.

(ii) The solution sequenceUk is bounded on a �nite time interval [0; T], for all � t > 0.
(iii) Let further ek = uk � Uk . If

(35) kr � uk k2
2 � K; for a constant K > 0; and for all k� t < T;

then the error ek converges to zero as� t ! 0.

Remark 5.1. Note that the consistency result of Theorem 5.1 is weaker than than the one following
from Theorem 2.1. In fact Eyre's theorem shows that the scheme is of order 2, which is a stronger
result than Theorem 5.1 (i).

Note that assumption (35) does not hold in general. Given the results of[13] for the denoising case
� (x) = � 0 in all of 
 and for smooth initial data and smooth f , this assumption nevertheless seems
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to be reasonable in an heuristic sense. Rigorously, the well-posedness and regularity of solutions in the
two-dimensional case with non constant� is a matter for future research.

The proof of Theorem 5.1 is organized in the following three Propositions 5.1-5.3. Since the proof
of consistency follows the lines of Proposition 3.1 and Proposition 4.1, we just state the result.

Proposition 5.1. (Consistency (i)) Under the same assumptions as in Theorem 5.1 and in partic-
ular assuming that kutt k� 1, kr � ut k2 and kut k2 are bounded, we have

k� k k� 1 = O(� t):

Next we would like to show the boundedness of a solution of (34) in the following proposition.

Proposition 5.2. (Unconditional stability (ii)) Under the same assumptions as in Theorem 5.1
the solution sequenceUk ful�lls, for k� t < T

kr Uk k2
2 + � tK 1 kr � Uk k2

2 � eK 2 T
�

kr U0k2
2 + � tK 1 kr � U0k2

2 + � tT C(
 ; D; � 0; f )
�

for suitable constantsK 1, K 2, and constant C depending on
 ; D; � 0; f only.

Proof. If we multiply (34) with � � Uk+1 and integrate over 
 we obtain

1
� t

�
kr Uk+1 k2

2 � hr Uk ; r Uk+1 i 2

�
+ C2 kr Uk+1 k2

2 + C1 kr � Uk+1 k2
2

= h�arctan(� Uk ); � Uk+1 i 2 + C1 hr � Uk ; r � Uk+1 i 2

+ hr (� (f � Uk )) ; r Uk+1 i 2 + C2 hr Uk ; r Uk+1 i 2 :

Using the same arguments as in the proofs of Proposition 3.2 and 4.2 weobtain

1
2� t

�
kr Uk+1 k2

2 � kr Uk k2
2

�
+ C2 kr Uk+1 k2

2 + C1 kr � Uk+1 k2
2

� h �arctan(� Uk ); � Uk+1 i 2 +
C1

� 1
kr � Uk k2

2 + C1� 1 kr � Uk+1 k2
2 +

� 2
0

2� 2
kr Uk k2

2

+ � 2 kr Uk+1 k2
2 +

C2

� 3
kr Uk k2

2 + C2� 3 kr Uk+1 k2
2 + C(
 ; D; � 0; f ):

Now, the �rst term on the right side of the inequality can be estimated as follows

(36)

h�arctan(� Uk ); � Uk+1 i 2 = � hr arctan(� Uk ); r � Uk+1 i 2

= �
�

1
1 + (� Uk )2 r � Uk ; r � Uk+1

�

2

�
1
� 4










1
1 + (� Uk )2 r � Uk










2

2
+ � 4 kr � Uk+1 k2

2

�
1
� 4

kr � Uk k2
2 + � 4 kr � Uk+1 k2

2 :

From this we get
�

1
2� t

+ C2(1 � � 3) � � 2

�
kr Uk+1 k2

2 + ( C1(1 � � 1) � � 4) kr � Uk+1 k2
2

�
�

1
2� t

+
� 2

0

2� 2
+

C2

� 3

�
kr Uk k2

2 +
�

C1

� 1
+

1
� 4

�
kr � Uk k2

2 + C(
 ; D; � 0; f ):

Analogously to Section 4.1, with

Ca = 1 + � t(C2 � 1); Cb = C1 � 1; Cc = 1 + 2� t(� 2
0 + 2C2); Cd = 4( C1 + 1) ;

we obtain

kr Uk k2
2 + � t

Cb

Ca
kr � Uk k2

2 � eKT
�

kr U0k2
2 + � t

Cb

Ca
kr � U0k2

2 + � tT
2

Ca
C(
 ; D; � 0; f )

�
;
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Figure 11. LCIS inpainting u(500) with � = 0 :1 and � 0 = 102.

which gives boundedness of the solution sequence on [0; T] for any T > 0 and any � t > 0. �

The convergence of the discrete solution to the continuous one as �t ! 0 is veri�ed in the following
proposition.

Proposition 5.3. (Convergence (iii)) Under the same assumptions as in Theorem 5.1 and in
particular under assumption (35), the error ek ful�lls, for suitable nonnegative constants M 1; M 2 and
M 3,

(37) kr ek k2
2 + � tM 1 kr � ek k2

2 � T � teM 2 T � M 3;

for k� t � T and a �xed T > 0.

Proof. Since all the computations in the convergence proof for (34) are the same as in Section 4.1 for
(28) except of the estimate for the regularizer � (arctan(� u)), we only give the details for the latter
and leave the rest to the reader. Thus for the inner product involving the regularizer of (34) within
the convergence proof we apply the arguments from (36) and obtain

h� � (arctan(� Uk ) � arctan(� uk )) ; � ek+1 i 2

= hr (arctan(� Uk ) � arctan(� uk )) ; r � ek+1 i 2

� kr � Uk k2
2 + kr � uk k2

2 +
1
2

kr � ek+1 k2
2 :

By assumption (35) and by following the same steps as in the proof of Proposition 4.3 we �nally have
for k� t � T

kr ek k2
2 + � tM 1 kr � ek k2

2 � T � teM 2 T � M 3;

for suitable positive constantsM 1; M 2 and M 3. �

5.2. Numerical results. For the comparison with TV-H � 1 inpainting we apply (34) to the same
image as in Section 4.2. This example is presented in Figure 11. In Figure 12the LCIS inpainting
result is compared with TV-H � 1 - and TV-L 2 inpainting, for a small part in the given image. Again
the result of this comparison indicates the continuation of the gradient of the image function into
the inpainting domain. A rigorous proof of this observation is a matter of future research. For the
numerical computation of (34) the arctan(s) was regularized by arctan(s=� ), � > 0 and � t chosen to
be equal to 0:01.

6. Conclusion

Unconditionally stable discrete schemes for the numerical solution of inpaintingmodels of high
di�erential order were proposed. In particular the numerical solution of three fourth order inpainting
approaches was discussed: Cahn-Hilliard inpainting, TV-H� 1 inpainting, and inpainting with LCIS.
Thereby the construction of these schemes is based on the idea of convexity splitting,also introduced
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Figure 12. (l.) u(1000) with LCIS inpainting, (m.) u(1000) with TV-H � 1 inpainting,
(r.) u(5000) with TV- L 2 inpainting

in this paper. Rigorous results, including consistency, unconditional stability, and convergence, for
each of the three numerical schemes were given. In the following we address some open problems that
we consider to be interesting for the understanding of higher order inpainting schemes:

� The advantage of fourth order inpainting models over models of second di�erentialorder, is the
smooth continuation of image contents, even across large gaps in the image. A motivation for
the reasonability of this claim was already given in the Introduction of this paper. In short we
can imagine that a fourth-order partial di�erential equation asks for one boundary condition
more than a second order equation. In [12] the authors showed that, in the limit� 0 ! 1 ,
a stationary solution u of the Cahn-Hilliard equation ful�lls two conditions on the boundary
of the inpainting domain, i.e., u = f and r u = r f on @D. Hence during the inpainting
process additionally to the value of the image function, also its gradient is continued into the
missing domain. That this is also true for our other two inpainting approaches,i.e., TV-H � 1

inpainting and inpainting with LCIS, is motivated by the numerical results in Figures 12 and
10. A rigorous derivation of our presumption, as the one for Cahn-Hilliard inpainting in [12],
is open for future research.

� For the proofs of convergence of the discrete solution to the exact solution, i.e., for the proofs
of Theorem 4.3 and Theorem 5.3, we had to assume that the exact solution is bounded on a
�nite time interval in a certain Sobolev norm. As we already argued in the remarks after the
statement of the theorems, these assumptions seem to be heuristically reasonable considering
earlier results in [14] and [13]. Nevertheless a rigorous derivation of suchbounds is still missing.

� Besides the fact that rigorous results for fourth-order partial di�erential equat ions are rare in
general, an asymptotic analysis of our three inpainting models would be of high (even practical)
interest. More precisely the convergence of a solution of the evolution equations(4), (5), and
(6), to a stationary state is still open. Since the inpainted image is the stationary solution
of those evolution equations, the asymptotic behavior is of course an issue.Also in practice,
the numerical schemes are solved to steady state (up to an approximational error). Note that
additionally to the fourth di�erential order, a di�culty in the convergence analys is of (4) and
(5) is that they do not follow a variational principle.

� Although the proposed discrete schemes in this paper are unconditionally stable, theirnumer-
ical performance is still far away of being real-time. The reason is the damping introduced
by the conditions on the constantsC1, and C2 in all three schemes (16), (28), and (34). Fast
numerical solvers for higher order inpainting models is still a mostly open �eld of research.
Among such fast solvers we found the recent contribution of Brito-Loeza and Chen [15] very
interesting and forward-looking, who used a multigrid method to solve inpainting with CDD
(Curvature Driven Di�usion). We consider the construction of similar methods f or other
higher-order inpainting models, such as the ones discussed in this paper, to be quite favorable.
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