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Abstract We investigate the dynamics of bidensity slur-
ries on an incline. The particle-fluid mixture consists

of two species of negatively buoyant particles that have

roughly the same size but significantly variant densities.

This mismatch in particle densities induces or prevents

settling depending on the relative amount of heavy to
light particles, leading to complex regimes also found

in the monodisperse case. In addition, when settling

effects dominate within the thin film, we observe the

phase separation down the incline between the particles
and the liquid, as well as between two particle types.

Keywords particle-laden flow · thin films · bidisperse

slurries · shear-induced migration · particle segregation

1 Introduction

In recent years, there has been much focus on the gravity-

driven, free-surface flows of a particle-fluid mixture both
experimentally and theoretically [1–6], due to their rel-

evance in geophysical phenomena (i.e. landslides [7,8])

and industrial applications. Experiments in [1,3,5] re-

vealed complex dynamics of the monodisperse slurry

depending on the total volume fraction, φ0, and chan-
nel inclination angle, α. At low inclination angles and

particle concentrations (i.e. α < 35o and φ0 < 0.35),

the particles settle in the direction normal to the chan-

nel walls as they move down the incline, resulting in
the ‘settled’ regime. For α > 40o and φ0 > 0.4, more

particles collect near the free surface, corresponding to
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the ‘ridged’ regime. For the intermediate parameter val-
ues, the particles appear to be evenly distributed inside

the thin film, yielding the transient ‘well-mixed’ regime.

This behavior was explained theoretically based on a

diffusive flux model in [2–4], which included the com-

peting effects of gravity and varying shear.

The dynamics of bidisperse suspensions has also been

investigated in the low Reynolds number limit but has

thus far excluded the thin, free-surface flow geometry.

Previous studies include the sedimentation of bidisperse
suspensions, which revealed the enhanced settling of

heavy particles with the addition of lighter ones [9–12].

Bidisperse slurries have also been studied in the con-

stant shear flow, as Tripathi and Acrivos [13] investi-

gated the resuspension behavior of a bidisperse mixture
in a Couette device.

In this paper, we investigate the dynamics of a thin

layer of bidensity mixture flowing down an incline due

to gravity. Distinct from the previous bidisperse studies,

this current geometry incorporates the effects of both
gravitational sedimentation and varying shear inside

the thin film. In particular, we identify the three afore-

mentioned regimes (settled, well-mixed, and ridged) ex-

perimentally as evident in the monodisperse case and
focus on the effects of including a second particle species.

This work is consequential in light of numerous in-

dustrial applications (such as mineral processing via

spiral separators) that involve segregating particles of

different densities. Recent work on spiral separators
showed that, to leading order, the diffusive flux model

for monodisperse slurries is valid even in a spiral geom-

etry [14,15]. This allowed Lee et al. [14,15] to develop

a simple model for particle segregation in the spiral
separator for monodisperse suspensions. Thus, the cur-

rent work on bidensity mixtures provides fundamental

groundwork, essential in investigating the multi-species
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segregation mechanism in more complex geometries.

The paper is organized as follows: Sec. 2 describes the

experimental setup and procedure; Sec. 3 discusses the

experimental results, followed by the discussion of fu-

ture work in Sec. 4.

2 Experimental setup

The experimental apparatus (see Fig. 1) consists of an

acrylic track of length 90 cm and width 14 cm with an

adjustable inclination angle, α. A reservoir of volume

6 · 10−4 m3 sits on top of the incline with a release gate
that leads to the track. A slurry mixture of 100 ml in

volume is emptied into the reservoir and flows down the

track once the release gate is lifted. A digital camera

mounted in front of the incline captures the motion
of the mixture in a 12-20 minute long video from the

time it is first released from the reservoir to when it

reaches the bottom of the track. The runs are repeated

2-3 times. Each video is subsampled into a series of

images that are one second apart, and the images are
subsequently analyzed using MATLAB R©.

The fluid used in all the experiments is PDMS oil

(Clearco Products) with density ρl = 970 kg/m3 and
kinematic viscosity ν = 10−3 m2/s, which is approxi-

mately 1000 times more viscous than water. Two types

of beads are present in the suspension, which sets this

investigation apart from the previous monodisperse ex-
periments in the same geometry [3–5]. The glass beads

(Ceroglass, P1) have density of ρp1 = 2500 kg/m3 and

average diameter of d1 = 380 mm. The second species of

particles is ceramic beads (Ceroglass, P2) with ρp2 =

3800 kg/m3 and d2 = 300 mm. While both types of
particles are negatively buoyant (ρl < ρp1 < ρp2), the

ceramic beads (P2) are 1.5 times heavier than the glass

particles (P1) and hence settle faster. The particle di-

ameters on average differ by 6% and are considered con-
stant (i.e. d ≈ d1 ≈ d2) for the purposes of data inter-

pretation. In the experimental pictures presented in this

manuscript, the glass and ceramic beads are shown as

red and blue, respectively, while, in selected runs, the

oil is dyed yellow for better visualization. The specifi-
cations of materials used are listed in Table 1.

We carry out a series of experiments in which we

vary two system parameters: inclination angle α, and
the volume ratio between glass and ceramic beads, de-

noted by λ. The latter is defined by 100% · [Vp1/(Vp1 +

Vp2)], where Vp1 and Vp2 are the volumes of glass and

ceramic beads, respectively. The total volume fraction
of particles is guven by φ0 = Vp/(Vp + Vl), where Vl is

the liquid volume and Vp = Vp1 + Vp2. While prelimi-

nary experiments have also been conducted for φ0 = 0.2

Fig. 1 Schematic of the experimental apparatus.

Table 1 Experimental parameters used

particles d (mm) ρp (kg/m3)

P1 (glass, red) 0.25-0.50 2500
P2 (ceramic, blue) 0.20-0.40 3800

fluid ν (m2/s) ρl (kg/m3)

PDMS oil (yellow) 10−3 970

and φ0 = 0.5, the results reported in Sec. 3 focus only

on the φ0 = 0.4 case.

3 Experimental results

In what follows we describe the regimes observed in

gravity-driven, particle-laden flow. As mentioned in Sec.

1, we observe three distinct regimes, which arise due to

competition between two governing physical effects: set-
tling due to gravity and shear-induced migration. The

latter effect causes the particles to move towards low

shear-stress regions [16,17], which results in particle re-

suspension towards the free surface. In situations where

gravitational effects dominate (i.e. at low values of α
and φ0), the particle-laden flow reaches the ‘settled’

regime, in which the particles settle rapidly to channel

walls, leaving the clear fluid on top. Since the flow is

generally faster near the free surface, the liquid on top
travels ahead of the particles, forming clear fingers at

the leading edge. Experimentally, the settled regime is

characterized by a clear fluid front (see top row of Fig.

2). In situations where shear-induced migration domi-

nates (i.e. at higher α and φ0), particles aggregate to-
wards the free surface, which results in more particles

collecting at the leading edge, as evidenced in the bot-

tom row images of Fig. 2.

We have a good understanding of the flow of monodis-
perse slurries [3,4] which is well-supported by mathe-

matical analysis both in low particle concentrations [18]

and highly-packed suspensions [19]. In order to gain
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Fig. 2 Phase flow diagram demonstrating the effect of in-
creasing plane angle of inclination (α) and increasing ratio
of glass to ceramic beads (λ) on the flow patterns observed
experimentally.

some physical insight on the bidisperse slurry dynam-

ics, we examine here the mathematical model for the

particle flux, J, employed in monodisperse suspensions.
The model includes both gravitational and shear effects

showing excellent agreement with monodisperse exper-

iments [2–4]:

J = d2φ

[

(ρp − ρℓ)

18µ
f(φ)g −

Kc

4
∇(γ̇φ)−

Kv

4

φγ̇

µ(φ)
∇µ

]

,

(1)

where f(φ) is the hindrance settling function, Kc and

Kv are diffusivity constants under shear, γ̇ is the shear
rate, and g = g(sinα,− cosα) is the two-dimensional

gravity vector. The first term in Eq.(1) refers to the

effects of gravity, while the last two terms correspond to

shear-induced migration. Notably, both the settling and
shear-induced migration effects scale as d2, while only

the gravitational term depends on the particle density

ρp.

To leading order, the physics included in the equi-

librium theory for the monodisperse case applies to the

bidisperse model as well. Therefore, by including two
particle species with approximately equal diameter, d,

and two different values of ρp in the current experi-

ments, we effectively keep the shear-induced migration

term constant while independently varying the gravi-

tational effects. Thus, the volume ratio between glass

and ceramic beads, λ, is expected to affect the overall

settling behavior, in addition to α and φ0. Specifically,

increasing the relative amount of heavier ceramic beads
(or decreasing λ) should increase the settling effects, as

ceramic beads settle faster than glass ones.

In order to illustrate the effects of λ on the overall

particle dynamics, a series of bidensity experiments are
conducted for λ = 0−100%, and also for α = 20o−50o,

while keeping φ0 constant at 0.4. The results are sum-

marized in Fig. 2: the leftmost and rightmost columns

simulate a monodisperse case of ceramic beads (blue)

and glass beads (red), respectively. All snapshots are
captured at 0.4 m down the inclined plane and cover a

distance of 0.25 m. In Fig. 2, moving from left to right,

the percentage of glass beads increases (indicated by

the increasing value of λ) which results in reduced set-
tling effects. This trend is more evident at intermediate

angles; see, for example, the flow regimes correspond-

ing to λ = 25% and λ = 50% at 30o. At lower angles

of inclination (refer to rows corresponding to 20o, 30o)

the heavier ceramic beads tend to settle fast, while the
lighter glass beads move to the front of the flow and, in

situations where settling is favored, the clear fluid flows

over the particles and advances down the plane. At

higher angles of inclination (refer to rows correspond-
ing to 40o, 50o), the particles tend to accumulate at the

front of the flow, forming a particle-rich ridge with the

heavy particles generally settling first and the lighter

particles settling on top of the heavy ones.

The quantitative phase plane in Fig. 3 clearly demon-
strates the transition from the settled to ridged regimes:

settling is favored for low values of λ and α, and the

ridged regime dominates at high λ and α. Each marker

point represents a single run; the type of marker reflects

the flow regime observed experimentally. The settled,
well-mixed, and ridged regimes are represented by cir-

cles, triangles, and diamonds, respectively. Based on ex-

perimental observations and a confidence interval anal-

ysis employing lower and upper limits for the boundary
points of each physical regime, we indicate three in-

terval regions on the phase diagram. The dark gray de-

picts the range of system parameters which result in the

ridged regime while the white region shows the range of

parameters which favors the settled regime. The lighter
gray region represents the intermediate, transient regime.

We note that the interval spanning the transient regime

is narrower for low values of λ (i.e. increasing volume

of P2-type particles); this suggests that decreasing λ
induces settling. We find that the onset of settling (this

is defined as the first instant at which clear fluid flows

over the particles) increases by approximately 50% be-
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Fig. 3 (a) Phase diagram for fixed total particle concentra-
tion, φ0 = 0.4, showing the effect of increasing plane angle of
inclination (α) and increasing ratio of glass to ceramic beads
(λ). Each marker point represents experimental observations
for a single run and the following key is used: circles indicate
‘settled’, triangles indicate ‘well-mixed’ and diamonds indi-
cate ‘ridged’ regimes. The dark gray shaded region shows the
range of system parameters within which we expect ridged
fronts, the light gray shows the transient regime while the
white region represents the range of parameters which favor
settling. (b) Plot showing the onset of settling (in seconds)
as a function of λ for α = 20o and α = 30o.

tween a monodisperse glass suspension (λ = 100%) and

a predominantly bidisperse suspension (λ = 25%) at
20o. We find that, within the ‘settled’ phase space, this

trend is more evident at higher inclination angles. This

behavior is clearly shown in Fig. 3 (b).

Figure 3 suggests that, while φ0 is kept constant,
it is possible to identify a critical angle αc at which

the flow regime behavior changes and is computed here

for all ceramic (λ = 0%) and all glass (λ = 100%)

cases. Within the thin film, particles equilibrate in the

z-direction (normal to the channel walls) at the leading
order (i.e. Jz = 0), reducing Eq.(1) to the following

[2–4]:

[

1 + k
φ

φm − φ

]

σφ′ −
2ρs cotα

9Kc

(1− φ) + σ′φ = 0, (2)

where k = 2(Kv − Kc)/Kc, and ρs = (ρp − ρl)/ρl,

σ is the dimensionless shear stress, and the prime de-

notes the derivative with respect to z. In addition, φm is

the maximum packing fraction of the mixture which is

empirically determined. We solve Eq.(2) together with
the fluid flow equation (this is a result of the Stokes

equations reduced in the lubrication approximation) as

a coupled system of ODEs which yield solutions for

the particle concentration, φ(z) and the slurry velocity,
u(z) (refer to [4] for more details on the mathemati-

cal model). The resulting ODE solution for φ(z) shows

a bifurcation in the phase space indicating three be-

haviors associated with the three, aforementioned flow

regimes: φ monotone decreases in z (settled regime); φ
monotone increases in z (ridged); φ is constant (well-

mixed). Therefore, in the well-mixed regime such that

φ′ = 0 and φ = φ0, Eq.(2) can be rearranged to yield

the expression for the critical angle αc, as shown in [3]:

tanαc =
2ρs(1 − φ0)

9Kcφ0(1 + ρsφ0)
. (3)

As expected, αc increases with increasing ρs = (ρp −

ρl)/ρl, as heavier particles settle for a wider range of α.
Interestingly, αc also depends on the value of the dif-

fusivity constant, Kc, which is an empirical measure of

how strongly particles experience particle-particle col-

lisions in shear flows [17]. The value of Kc for glass

beads is set to be 0.41 from previous experiments [3,
4], while the value of Kc for ceramic is assumed to be

higher based on their tendency to form clusters. The

evidence of ceramic beads in clusters is highlighted in

Fig. 4 for the α = 50o and λ = 0 case and can also
be observed in Fig. 2. According to [20], particles in a

cluster act as a single larger particle due to the hydro-

dynamic lubrication forces, which subsequently forces

them to experience higher shear stress and higher col-

lision rate (higher Kc) at a given shear rate. Thus, αc

is computed to be 41.8o for ceramic and 38.2o for glass

and is consistent with the experimental results; these

are shown in Fig. 3(a) with ‘x’.

We now focus on the separation mechanism between
the two particle species by considering a pictorial evo-

lution of the settled regime [Fig. 5 (a)] and the ridged

regime [Fig. 5 (b)]. The pictures shown in Fig. 5 cover

a distance of 0.65 m from the top of the 0.9 m long

track. In both panels the ratio of P1 to P2-type beads
is fixed at λ = 25% while the angle of inclination is

varied from 30o [panel (a)] to 50o [panel (b)]. Focusing

on the ridged regime, the particle front appears evenly

mixed with P1 and P2 particles from the onset of the
experiment and throughout the run. In the last frame,

the leading edge consists of both P1 and P2 particles,

which confirms that the dominant shear-induced migra-
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Fig. 4 Enlarged image of the ceramic beads showing cluster-
ing at α = 50o and λ = 0; the circled region shows the more
prominent clustering features.

tion effects act equally on P1 and P2 and result in no

separation between the species of equal diameter. In the

settled regime where gravitational effects dominate, the

initially well-mixed front develops over time into three

fronts of the clear fluid (yellow fingers), lighter beads
(red), and heavier beads (blue), respectively. Within the

thin film, heavier P2 beads settle fast before P1 with the

clear fluid on top; this stratification due to density dif-

ferences subsequently evolves into the three aforemen-
tioned fronts, resulting in phase separation. We expect

the edge delineating the red and blue beads to develop

more clearly on a longer track.

4 Discussion

In this paper, we experimentally investigate the behav-

ior of bidisperse slurries flowing down an incline in a
thin film. The mixture consists of two negatively buoy-

ant particle species with approximately the same di-

ameter and different densities. This bidensity suspen-

sion exhibits three regimes: settled, well-mixed, and
ridged, due to the competition of gravitational effects

and shear-induced migration. The same regimes have

been previously observed in monodisperse slurries in

the same geometry for varying channel inclination angle

α and the total particle volume fraction, φ0. However,
in the current bidensity study, we observe the transition

from the settled to ridged regime even at fixed α and

φ0, by decreasing the volume ratio of light to heavy par-

ticles, λ. Specifically, the inclusion of more heavy par-
ticles induces settling, which is quantified in two ways.

First, as shown on the phase plane [Fig. 3 (a)], decreas-

ing λ results in the suppression of the well-mixed regime

(a)

(b)

Fig. 5 Pictorial evolution of the settled [panel (a)] and ridged
[panel (b)] regimes. In both panels, the total particle volume
fraction is 40% while the ratio of glass to ceramic beads is
fixed at λ = 25%. In panels (a) and (b), the plane angle
of inclination is fixed at 30o and 50o, respectively. The last
frame in panels (a) and (b) is shown after approximately 8
and 4.5 minutes after the gate is released.

(shaded in light gray). Since the well-mixed regime has

been theoretically shown to be transient [3,4], the pres-
ence of more heavy particles (low λ) minimizes the span

of this transient regime, as the settled regime widens.

Secondly, for given α and φ0, the time of onset of set-

tling (when the clear fingers first emerge) increases with
increasing λ. This indicates that the addition of heav-

ier particles speeds up the settling behavior, and this

effect is more clearly shown for α = 30o in comparison

to α = 20o [Fig. 3 (b)], which will be further investi-

gated as future work. In addition, the phase separation
between two particle species is observed only in the set-

tled regime [Fig. 5 (a)], in which the dominant gravita-

tional effects stratify the particles by densities. When

shear-induced migration effects, which scale with parti-
cle size, become important in the ridged regime [Fig. 5

(b)], the particles remain evenly mixed throughout the

thin film.
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The dynamics of multi-species mixtures is a funda-

mentally important problem that holds many industrial

applications. In particular, the mechanism of phase sep-

aration is important in wastewater treatment, crude oil

refinement, and mineral processing via a spiral separa-
tor. Due to the complex coupling between the particle-

fluid dynamics, a rigorous yet tractable model has not

yet been developed for these applications. However, as

Lee et al. [14,15] showed recently, the monodisperse the-
ory on an incline is valid in spiral geometries, and the

resultant particle segregation is determined by the par-

ticle dynamics inside the thin film. Therefore, the cur-

rent experimental results and subsequent work can be

directly used to address the particle segregation process
in more complex geometries. For instance, the particles

of different densities are shown to stratify inside the

thin film and develop into three distinct fronts when

the sedimentation effects dominate over shear-induced
migration. This observation implies that the separation

between particle species via a spiral channel is more

likely to occur in the settled regime. Thus, future work

includes quantitative analysis on the segregation ob-

served in the current experiments and development of
the diffusive flux theory for the bidisperse case.
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