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The analysis of criminal behavior with mathematical tools is a fairly new idea, but one which can
be used to obtain insight on the dynamics of crime. In a recent work,*! Short et al. developed an
agent-based stochastic model for the dynamics of residential burglaries. This model produces the
right qualitative behavior, that is, the existence of spatio-temporal collections of criminal
activities or “hotspots”, which have been observed in residential burglary data. In this paper, we
prove local existence and uniqueness of solutions to the continuum version of this model, a
coupled system of partial differential equations, as well as a continuation argument. Further-
more, we compare this PDE model with a generalized version of the Keller—Segel model for
chemotaxis as a first step to understanding possible conditions for global existence versus blow-
up of the solutions in finite time.
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1. Introduction

The study of crime hardly needs motivation, it is a phenomenon that affects all
individuals. The city of Los Angeles, nicknamed the “Gang Capital of the Nation”,
is of particular interest. Violent and non-violent crimes from burglaries to drive-
by-shootings have affected the citizens of this city since the beginning of the 20th
century. One of the most frequently occurring crimes is residential burglaries, a crime
which will affect most people at some point. The observation that residential bur-
glaries are not spatially homogeneously distributed and that certain neighborhoods
have more propensity to crime than others led Short et al. to study the dynamics
of residential burglary hotspots.>* A hotspot is a spatio-temporal aggregation of crim-
inal occurrences and the understanding of how they evolve can be extremely useful.
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For example, it can help the police force mobilize their resources optimally. This would
ideally lead to the reduction or even elimination of these crime hotspots. A theoretical
understanding of dynamics of hotspots would help predict how these hotspots will
change and thus aid law enforcement agencies fight crime.

Short et al. modeled the dynamics of hotspots using an agent-based statistical
model based on the “broken window” sociological effect.?® The idea of the “broken
window” effect is that crime in an area leads to more crime. It has been observed in
the residential burglary data that houses which are burglarized have an increased
probability of being burglarized again for some period of time after the initial bur-
glary. This increased probability of burglary also affects neighboring houses and is
referred to as the “repeat near-repeat effect”.>?° 2" The model is based on the
assumption that criminal agents are walking randomly on a two-dimensional lattice
and committing burglaries when encountering an opportunity. Furthermore, there is
an attractiveness value assigned to every house, which refers to how easily the house
can be burgled with reduced negative consequences for the criminal agent. The
criminal agents, in addition to walking randomly, have a biased movement toward
areas of high attractiveness values and move with a speed inversely proportional to
the value in their current position. Let A(z,t) and p(z,t) be the attractiveness value
and the criminal density at position x and time ¢ respectively, then the continuum
limit of the agent-based model gives the following PDE model:

%:nAA7A+Ap+AO, (1.1a)
ap _
i Ap—2V - [pVx(A)] + B — Ap; (1.1b)

where x(A) =log(A4). A formal derivation of this model can be found in Ref. 34.
From (1.1) we observe that criminal agents are being created at a constant rate B
and are removed from the model when a burglary is committed. In essence, the
number of burglaries being committed at time ¢ and location z is given by the
A(z,t)p(z,t). Furthermore, the attractiveness value increases with each burglary. As
we will discuss later the system (1.1) can be seen as a nonlinear version of the
Keller—Segel model for chemotaxis with growth and decay. The Keller—Segel model
is a reaction—diffusion system that models the movement of some mobile species which
is being influenced by an external chemo-attractant.” 12223735 In the Keller—Segel
model literature the function y(A) is referred to as the sensitivity function. Various
forms of the sensitivity function have been analyzed including log(A) and A.%°3 For
these cases global existence has been proved in one dimension.®*? Furthermore, in two
dimensions global existence has been proved for small enough initial mass of the cell
density.*° It is important to note that these models do not include growth or decay.
Although the logarithmic sensitivity function has been analyzed, most of the research
done on the Keller—Segel model has been for x(A) = A. Recall that the model (1.1) is
the continuum limit of a discrete agent-based model. In the discrete model the
probability of an agent moving from node s to node n is given by the ratio of the
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attractiveness value at node n over the sum of attractiveness values of the neighboring
nodes of node s. This gives the logarithmic sensitivity function we see in (1.1).
Therefore, it makes sense in this case to analyze the more complicated sensitivity
function. In fact, we will see later that the term 1/A in the advective term helps
prevent blow-up.

From the numerical analysis performed in Ref. 34 this model seems to have
appropriate qualitative properties, i.e. existence of hotspots. However, to show that
this model is truly robust, the unique existence of a solution, which does not blow-up
in finite time, is essential. The main result of this paper is the local existence of a
solution in addition to a continuation argument, which gives a necessary and suffi-
cient condition for global existence. Assuming that the criminals entering the city
and the criminal leaving are approximately the same, we consider no-flux boundary
condition in a bounded domain Q C R2:

0A

| =0 and (—Vp+2%VA>~V

_— 0; (1.2)

o0

where v is the outer normal vector. The initial conditions are given by:
A(0,z) = Ay(),

p(0,) = pola). (13)

The paper is organized as follows. In Sec. 2, we state notation and existing theory to
be used for the proof of the main result. Simultaneously, we give an outline of the
proof. In Sec. 3, we prove the existence and uniqueness of a family of solutions to a
regularized version of the original model. Following, in Sec. 4, we look at a priori
higher-order energy estimates that enable us to pass to the limit and prove the final
result. Section 5 is devoted to proving a continuation argument. In Sec. 6, we look at
a generalized version of the Keller—Segel model for chemotaxis and compare it with
the PDE model for residential burglaries. In this section we also prove a blow-up
argument for a modified residential burglary model. We conclude this paper in Sec. 7
with a final discussion.

2. Notation and Proof Outline of Main Result

We begin this section by establishing the notation that will be used throughout the
paper. The proof of the main result follows the techniques used in Ref. 31 for the
Navier—Stokes equation in 3D (see also Ref. 36 Taylor for symmetric hyperbolic
systems). In the Keller—Segel literature, there are two principal methods used to
prove global existence of solutions to various versions of the model.?* The first one
involves finding L estimates for the advection term. The second method involves
finding a Lyapunov function. Both of these methods use fixed point theory to obtain
local solutions. Since we do not know of the existence of a Lyapunov function for
(1.1), our method is more closely related to the first method mentioned. We use an
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abstract version of Picard’s theorem for ODEs to obtain a local solution to (1.1). We
will see that global existence will depend on some L estimates.

2.1. Notation

We have an initial-boundary value problem with no-flux boundary conditions. For
simplicity assume that our domain is a square. This problem can be mapped into the
periodic problem with symmetry on a domain four times the size of the original
domain. This is true provided that A° and the initial data satisfy reflection sym-
metry, in which case the model preserves symmetry. Hence, from now on we work
with periodic boundary conditions and € = T? unless otherwise specified. It is useful
to define the following notation:

/vdm = /vdm,
Q

ol = [ vda.
Q

Furthermore, for a multi-index o = (ay, as, ..., ay), a; € ZT U {0}, we define the
H™(Q)-norm as follows:

o=

ol = | D ID*0]3

|a|<m
Finally, we define the spaces with their corresponding norms to be used:

e For X a Banach space with norm || - ||x, C([0,7T]; X) is the space of continuous
functions mapping [0, 7] into X. This space has the following norm:

HU”C([O,T];X) = sup ||v|x.
0<i<T

e L (0,T;X) is the space of functions such that v(t) € X for a.e. t € (0,T) has finite
norm:

[Vl 0.7:x) = ess sup [lv(t)]|x-
te(0,7)

e L2%(0,T; X) is the space of functions such that v(t) € X for a.e. t € (0, T) with finite

norm:
T , 3
ol = ( / ||v<t>||th) .

Definition 2.1. The space C™([0,T]; H*(£2)) denotes continuity on the interval
[0, T] with values in the weak topology of H?. In other words, for any fixed ® € H?,
(®,u(t)), is a continuous scalar function on [0,7]. The inner-product of H*® is
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given by
(u,v), = Z/D“u - D%vdx. (2.1)
a<s
The Hilbert spaces we will be working on for most of the time is:
V™ ={(u,v) € H™(2) x H™()}. (2.2)
Since we are working extensively with different bounds and the constants are not
always important, we introduce the notation A< B to mean that there exists a

positive constant ¢ such that A < ¢B. This notation will be used when the constants
are irrelevant and become tedious.

2.2. Main result and outline of its proof

Our main contribution is to prove local existence and uniqueness of solutions to the
system (1.1). More precisely, we prove the following theorem.

Theorem 2.1. (Local existence of solutions to the PDE residential burglaries
model) Given initial conditions (Ay(z), po(z)) € V™ form > 3 such that Ay(z) > A°
there exists a positive time, T >0, such that A,p € C([0,T];C%*(Q2)) N C([0,T7;
C(Q)) form a unique solution to (1.1) on the time interval [0,T].

We first modify the system (1.1) by regularizing it, for the purpose of bounding
differential operators in Sobolev spaces. This is useful because finding a family of
solutions to the regularized system is straightforward. Givenv € L?(T?)for1 < p < oo
we define the mollification of v by

Joo(x) =Y d(k)e < 2mike, (2.3)
kez?

where v(k) = fQ v(z)e 2™k dz. The mollified function, J,v,, has many useful proper-
ties, some of which are summarized in the following lemma. For more details we refer
the reader to Ref. 3. Furthermore, a proof can be found in Ref. 18. We note that this is
analogous to mollification by convolution with smooth functions in R2. The interested
reader is referred to Ref. 16.

Lemma 2.1. (Properties of mollifiers) Let J, be a mollifier defined in (2.3). Then
Jov € C* and has the following properties:

(1) Vv e CYQ) Jv — v uniformly and
[ Jevloo < [v]oc-

(2) Mollifiers commute with distribution derivatives,
D*Jv=JD%, Vl|a<m, veH™.

(3) Vu,ve L2(Q),

/(Z(Jeu)vde?:/gz(Jev)udx.
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(4) Vv e H5(Q), Ju converges to v in H* and the rate of convergence in the H*!
norm is linear in e

11{% [Jev =l =0,

[Jev = vlly-1 < Cellv]],.

(5) Voe H™(Q), v, k€ ZT U0, and 0 < e < 1:

C
||JEU||m+~ S g ”U”vn:

Cr
|J.D*vly < 2 1l
Once the original system has been regularized, it is easy to show that the assump-
tions of the Picard theorem on a Banach space are satisfied by the regularized model for
any fixed € > 0. We now state this theorem along with a natural continuation theorem.
A proof of the following two theorems can be found in Ref. 19.

Theorem 2.2. (Picard theorem on a Banach space) Let O C B be an open subset
of a Banach space B, and let F : O — B be a mapping satisfying:

(1) F(z) maps O to B.
(2) Fislocally Lipschitz continuous, i.e. for any x € O there exist L > 0 and an open
neighborhood U, C O of = such that for oll x,z € U, we have

|1F(z) — F(z)|s < Lllz — %[
Then for any x, € O, there ezists a time T such that the ODE

dx
i F(z), z|lp=2(0)€0
has a unique local solution x € C*((—T,T);0).

Theorem 2.3. (Continuation on a Banach space) Let O C B be an open subset of a
Banach space B, and let F : O — B be a locally Lipschitz-continuous map. Then the
unique solution X € C*([0,T); O) to the autonomous ODE

dx
i F(z), =z|p==(0) €O,

either exists globally in time, or T < 0o and X(t) leaves the open set O ast — T.

We will see that the above theorem can be applied provided an appropriate
functional framework is chosen. We use some calculus inequalities in the Sobolev
spaces to show that this theorem can be used to obtain a family of solutions which
depend on the regularizing parameter €. Refer to Ref. 31 for a proof of the following
lemma in the case when €2 = R¥. The proof for the case when ) is the torus follows
exactly.
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Lemma 2.2. (Calculus inequalities in the Sobolev spaces)
(1) Vm € ZT U 0, there exists ¢ > 0 such that for all u,v € L°°(Q) N H™(Q):

[woll < e{fuloc[D™vllo + D™ ullolvl }

Y 1D (o) = uDlly < ef[Vuloo [ D™ ollg + [ D™ ullo|v]ac }-
0<|a|<m
(2) Vs >4, H*(Q) is a Banach algebra. That is, there exists ¢ > 0 such that for all
u,v € H3(Q):
l[uvlls < ellull[vls-
The next step is to pass to the limit as € — 0. Energy estimates, which are inde-
pendent of the regularizing parameter, are essential for this purpose.

3. Local Existence and Uniqueness of Solution to a Regularized
Version of the Crime Model

We consider the following regularization of (1.1):

A(
%—t — J2AAC — Af 4 prA° 4 A, (3.1a)
8[)6 _ € p6 € € A€ R

D= ap) 20|V (Logvac)| - pac+ B (31)

This choice of regularization will become clear when we perform the energy estimate
calculations. The goal of this section is to prove the local existence and uniqueness of
solutions to the system (3.1) for fixed e. Consider the function space for the solution
to (3.1) to be the Banach space V2, m =2 in (2.2), with norm |[|(4,p)|y: :=
1 All, + lell-

Theorem 3.1. (Local existence of solutions to the regularized residential burglary
model) For any € > 0 and initial conditions (Ay(x), py(x)) € V2 such that Ay(z) >
A° there exists a solution, (A€, p¢) e CY([0,T.);V?), for some T.>0, to the
regularized system (3.1). Furthermore, the following energy estimate is satisfied:

d
1A% )l < el (A% )1V + call (A ) 172 + e[l (A p) v (3.2)
where ¢;, ¢y and c3 are constants that depend only on ﬁ, e and 7.

Proof. Define the map F¢ = [F[, F5] : O C V? — X. To use Theorem 2.2 we need a
suitable set O such that F¢ maps O to V2, i.e. X = V2. Define the function by:

F{(A p) = nJ2AAS — A 4 pc A + A°, (3.3a)
FS(A, p) = J*ApS — 2. [v : (% JNA‘)] —p‘A°+ B. (3.3b)
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Hence, if v¢ = (A€, p¢) € V2, the original model reduces to an ODE in V2.
d €
th = F<(v), (3.4a)

v(0) = (Ag(x), po())- (3.4b)

With this framework we can prove that the conditions of Theorem 2.2 are satisfied.

Let v§ = (AS, p§) € V2 (i = 1,2), we drop ¢ for notational convenience. By definition
of the V2-norm and F we have:

[1F(v1) = F(vo)llve = [[Fi(vi) = Fi(va)lla + [[Fa(v1) — Fo(va)la-
After substituting (3.3) above and using (5) of Lemma 2.1 and (1) of Lemma 2.2 we
obtain a suitable bound for F;. Initially we have:

£y (v1) — Fi(vy)ll2 < U||J3A(A1 — Ag)lls +[[A1 — Aslly + [[p1 A1 — Azpslls.

The last term in the above inequality will appear repeatedly and can be bounded

using (2) of Lemma 2.2 by:
lp1 A1 — Aspslls SipallallAr — Aslly + [[Arll2ller — pollo- (3.5)

Using (3.5) we easily obtain the final estimate for F}:

n
|F1(v1) = Fi(vg)ll2 S (6—24' 1+ ||/’2H2> A1 — Aslla + [ A2 lo1 — pallo- (3.6)

For F, we only state the final bound, refer to Appendix A.1 for more detailed
computations. If we define the open set

1
0= {wo e Y <Kl < Luloll < Lo},

o0

we obtain similar estimates for F,. In particular, if v, vy € O then

[1F5(v1) — Fa(vg)lo S él | Ay — Aslls + C~'2||P1 = pall2; (3.7)

where,

- K
¢ = 6—3(”01”2 + Kyl Arllilp1]oo + K1l Azl lloall2 + K[ Ao[13 llp2ll2)

K,

K,
+?||A1||1 1 Azll2 [lp2ll2 + 6—2|p1|oo + [lp2ll2s

S 1 Ct
Cy = 2 + [ A1l +6—31||A2H2 [A1ll2(1 + K [[Aglly + K1 [ Asll)-

The important thing to note is that C; and C, depend only on |42, 1|pill2, € and
K, for i = 1,2. Combining (3.6) and (3.7) gives:
||F(1)1> - F(’l)g)”vz < 0(777 L17L27K17 E)”Al - A?H? + C(L17L27K17 e)le - p2||2'
(3.8)

Setting Ay = 0 and p, = 0 we see that F does map Oto V2. Furthermore, F : O — V2
is locally Lipschitz, therefore the conditions of Theorem 2.2 are satisfied for fixed e.
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Consequently, we obtain a family of unique local solutions to (3.1), {(A¢, p€)}c~, such
that (A, p) € CY([0,T,);V2NO). A careful look at the computations performed
(see A.1) enables us to see that the constants in the above inequality are at most cubic
in ||(A, p)|ly2- Once again, setting Ay = 0 and p, = 0 in (3.8) from (3.4) we obtain the
desired inequality (3.2). Note that the constants c;, ¢y and ¢3 depend solely on
C}, € and n. By taking K; = ﬁ we obtain the dependence on 1A4°. O

4. Local Existence and Uniqueness of Solution to Original
Residential Burglary Model

In the previous section we successfully showed the unique existence of a solution to
(3.1) on [0,T,) for fixed e. The next step is to show that a subsequence of these
solutions converge to a solution of the original system (1.1). To do this we need
estimates that are independent of €. The following section is devoted for this purpose.

4.1. Energy estimates

From Theorem 3.1 we see that the time interval on which the solutions to (3.1) exist
depend on €. To be able to pass to the limit it is essential that we find a uniform time
interval of existence. To obtain such an interval we look at energy estimates which
are essential to show that the solution to (3.1) is in C'([0,T"); V™). We will see that
provided m is chosen large enough7 we can obtain classical solution. For simplicity,
from now on we denote C; = Au

Proposition 4.1. (Higher-order energy estimates) Let (A€, p¢) be a solution to the
reqularized system (3.1) with initial conditions (A€(0), p¢(0)) € V'™, where V™ is
defined by (2.2) for m > 3, such that Ay(x) > A°. If M is chosen large enough, then
Eg,(t) =L||Ac||2, + ||p]| 5, satisfies the following differential inequalities:

e Form =3:

d

2 B3() SO, C)(BS) ™ + C(A°, B, M).

e Form > 3:

d

21 Em(8) SO, Oy, [Alucs [plocs VP e, [V AT BT (1) + C(A?, B, M).

The proof of this proposition requires a sequence of lemmas. For these lemmas we
let A€ and p€ be as in Proposition 4.1.

Lemma 4.1. If M is an arbitrary constant, then the following holds:

M d

B IA S ~ Ml T VAN, + 5 A+ MOTAL + 1L + | ALIA,

+M(|[VA + |A|oc)||p‘||72n- (4.1)
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Proof. Following standard procedure we first look at the time evolution equation of
| A||%,. We drop e for notational simplicity. Recalling the multi-index notation from
Sec. 2.1 and using the chain rule we obtain:

1d o o
5 g4l = 3 [or oy

la|<m

For fixed « substitute in (3.1a), we obtain:

/(D“A)(DaAt)dx = /(DQA)D“’(UJZAA — A+ Ap+ A°)dx

~illI DAY} - DAl + [ (Do A)D A%z

+ / (D*A)(D(Ap))da.

Note that the third term of the last equality will only contribute when o = 0. For
now consider the case o # 0. The Cauchy—Schwarz inequality gives:

/(D“A)(D‘“At)dfv < —nl|l7°D*VA|g — D Al§ + | DAl [ D* (Ap)llo-  (4.2)

To simplify the computations we first look at the following claim. The derivation can
be found in Appendix A.2 and uses part (1) of Lemma 2.2.

Claim 1.

> IDullg|D* (wo)lo S (1 Vulae + lualoo + [olso) 7+ (IValso + fuloo)[[0]] -
la]<m
Adding (4.2) over |a| < m:
M d

o g 1Al < =Myl JVAIIZ, = M{A]l5, + M| Aol All

+M Y [D* Ao D*(Ap)o-

la|<m

Applying Cauchy—Schwarz inequality to M||A°||y||Allo and Claim 1 to the sum-
mation term gives the final result. O

Since the computations for p are more complicated we first look at the advection
term.

Lemma 4.2. For I, = [{D(J.Vp) D*(§-JVA)}dzx the following estimate
holds for any 0 < § < 1:

C1Cs)? 1
2 3 158190+ OO v a4 S i a2l

|a|<m

2
1 mfl_
+5 (cav,oﬁloo + CHlp 1l VAT + [0l D_CiCT |V AY| §:1> AL
k=0



Local Ezistence and Uniqueness of Solutions to a PDE Model for Criminal Behavior 1435

The proof can be found in Appendix A.2. We note that the power ten in the energy
inequality for the case when m = 3 in Proposition 4.1 comes from the fact that we are
taking multiple derivatives of 1/A.

Lemma 4.3.

1d 2 2 1= 2 1 2 2
_ € < 176 va € - B - € Ae
S35 (L TV + LB + 5 ol + 514
C,0,)?
Bl + G v, (4.3

where,

o 1=Vl + 1ol +5 (V6 oo+ Cilploc] VA + 1%l X' COTHIVAET?,
o B2 =|Vp o + Al + 0l + 5 CEIVAIL.

Proof. For fixed a substitute in (3.1b):
a a _ a af 72 P 1e n
/(D p)(Dp,)dz = /(D p)D (Jf Ap—2J.V - (ZJ VA) — Ap+ B)dx
< (7D p|[§ + [I1D*pllo 1DBllo + 1D pllo 1D (Ap)llo

+2 /DQ(JEVp) . D® (% JfVA) dz.

1,

@

Simply using Lemma 4.2 and Claim 1 we obtain the final estimate for p given by
(4.3). O

Combining Lemmas 4.1 and 4.3 gives the proof of Proposition 4.1.

Proof. (Proposition 4.1) Recalling that we have the estimate |p|,, < c||p|ls, then
|p0(2)]se < ¢Ly =: Cy. Combine (4.1) and (4.3) by first fixing § < 1 and then choosing
M > %(0102)2. In fact, if (51 = (1 — (5) > 0 and 62 = M’l](s - (0102)2 > 0 then

d
R ORI PAY R PAZ B
< Dyf|A[5 + Daflp 17 + C(A°, B, M), (44)

where

o O(A°,B,M) = 5| A°|I§ + 5 [IBIIS,

o Dy =f1+ M(I[VA9 s + 0o + [Al);

o Dy = (s + M(|VA¢ | +|4]s)-

Observe that the coefficients of ||p¢||2, and ||A¢||2, depend only on [VA¢|., [Vp|,

|A¢| s, |p¢loe and Cj. From Sobolev embedding estimates we have |Vu|,, < cluls;
hence, it is natural to first consider the case m = 3. This case is useful to get an initial



1436 N. Rodriguez & A. Bertozzi

estimate of T from (4.4). Indeed, we obtain the desired result for this case:

-%&mgomaqx&w+cmzRMy (4.5)

The power ten on Fj in (4.5) comes from Lemma 4.2. Fortunately, this estimate is
independent of the regularizing parameter e. Hence, there exists a positive time, T,
such that the H3-norms of A and p are bounded on [0, T']. Considering the case where
m > 3 gives the second desired inequality:

4
dt
with C' = C(M, Cy, |Alac, [ploos [V 0% oo [V A0 ). O

E(t) + 80l JNVp |l + 81TV A5, S OB, () + C(A%, B, M), (4.6)

Remark 4.1. Note that for the above argument we needed |p|,, < Cy. Due to the
Sobolev embedding theorem, the L. -norm is controlled by the HZ2-norm. From
Theorem 3.1 each € > 0 we know that ||p€||s < Ly for ¢ € [0,7,). However, we know
that [0,7] C [0,T,).

The bound on the higher-norms of the regularized solutions proves to be extremely
useful in multiple ways. To begin with, all higher-order norms are bounded on [0, 77.
Moreover, we know that there exist some 7 > 0 such that A¢(z,¢) > A° forall (z,t) €
Q% [0,7] if A¢(z,0) > A°. Indeed, if we define A = min,cq A¢(z,t) then we have a
pointwise bound on its time derivative, thanks to Proposition 4.1. In fact, we know
that:

dA©
‘ < AAT + AT+ Avpr + A%

dt

< n|AA + [|[AC+ Ap + Ay,

where we need A€ H™ for m >4 to use (1) of Lemma 2.1 and then Sobolev
embedding estimates. Since || A¢||4 is bounded independent of €, AS > A° on [0, 7] for
some 7 € [0, 7). For simplicity let "= min{T, 7}, from now on we take [0,7] to be
the interval on which the higher-order norms are bounded and A€ > A°. Now that we
have a nontrivial interval on which all the higher-order norms are bounded, we show
that the family of solutions to the regularized system (3.1), {(A€, p€)}ey, form a
Cauchy sequence in the L2norm. This enables us to obtain the necessary limiting
functions A, p, which are solutions to (1.1).

Lemma 4.4. The family of solutions {(A¢, p)}eso to (3.1) form a Cauchy sequence
in C([0,T]; L%(Q) x L%(Q)). In particular, there exist a constant C and a time T > 0
such that for all € and €’

sup {[|A° = A%y + llp* = p“llo} < Cmax(e,¢’).
0<t<T

Proof. Let (A€, p¢) and (A€, p¢) solve their respective regularized systems (3.1)
and satisfy the conditions of the lemma. Take the inner product of A¢ — A¢ and
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AS— A¢

gl =A%l = [ (A — ayai - 4o
- / (A° — A“YI2AA — pI2AAYde — [Ac— A7)

+ / (A°— A)(Ape — A%p)dw = I, + I + L.

Since I, has a negative sign, it is not problematic. The other two terms can be easily
dealt with using (4) of Lemma 2.1.

I, = —n||J. V(A — A")H(Q) + 77/(J52 — J2)AA(A — A )dx
< =l Jo V(A = A9)[|§ + nmax(e, €)[|A]|s]| A« = A[lp.
For the last term,

I, = /p‘(A‘ — A2z + /A"(A‘ — A (pc — p)dz

1
< (Il 3 147K 1A = 415 4 5 1ALl = o1
Combine these inequalities and return to the initial estimate to obtain:

1
€ €2 < € - € o € _ A€'2
pllac— a1 < (Il + 1A% — 1 )llAr - 41
+nmax(e, €' )| Al]|A° — A¢ ||o+ A llo = plIF- (47

Perform a similar computation for p:

1d / € ¢
thHp —p° Ho—/(p‘—p‘)(pf—pt )dzx

= /(/f —p)(JEApe = JEAp)da + /(p‘ —p) (AP — A p)dx

+/(pf — ) (Jf (v -%JNA‘) — T <v : %LVA"))dx

:F1+F2+F3.

The terms F; and F;, are dealt with exactly as was done for the attractiveness value.
F3 is not as straightforward but it can be simplified using Cauchy—Schwarz

pe € P € € _ €
Je(v AEJEA> Je,<V A,J,VA)HO)|,0 ol

inequality:

F3§(

+
0
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We can extract an € at the expense of a higher-order norm and the loss of a mollifier.
For example we have:

<e

pF
L A€
O TN

pe
< T
NE{AEOC 0}.

From the proof of Lemma 4.2, refer to the inequality (A.3), the above inequality has a
bound that depends only on [|p¢|,, ||A¢|5, and C,. Define v? = ||Ac — A¢||} +
o€ = p¢||3. Since ||A¢||; and [|p¢||, are bounded on [0,T], we have the following

. ‘ A€
J5<v TN >

2

D2vay + (74 02 (4)

differential inequality:

d

—ou < C(max(e, ') +v).

dt

Notice that the constant depends on Cy, ||p|l, and ||A¢||3. The above differen-
tial inequality gives v(t) < e“(v(0) 4+ max(e, €’)) — max(e, €’). Since (A€, p°) and
(A€, p¢') satisfy the same initial conditions, we have that v(0) = 0, which implies:

sup v(t) < Cmax(e,€’). O
0<t<T

4.2. FEzistence and uniqueness of solutions to the original residential
burglary model

We have all the tools to prove Theorem 2.1; however, we first state and prove the
result for uniqueness of solutions. More precisely, if we assume that we have existence
of a smooth enough solution to (1.1), then this solution must be unique.

Lemma 4.5. (Uniqueness of smooth solutions) Let (A;, p;), (Ag, po) be local-in-time
solutions, with a common interval of existence [0,T], to the system (1.1).
Furthermore, suppose these solutions are smooth enough and with the same initial
data in V™ for m > 3, which satisfy the conditions stated in Theorem 2.1, then
Ay = A, and py = py on [0, 7).

Proof. We consider the difference of both variables u = A; — A, and v = p; — ps.
From (1.1) we can see that u and v satisfy the following system:

uy = nAu — u + pyu + Ayv, (4.8a)
Vy = A'U — QV . &VAl — QVAQ — p1u — Az'l). (48b)
A Ay

The time evolution of the L2-norm of u multiplied by a constant M (the same M used
in Lemma 4.1) satisfies the following inequality:

d M

1 M
&l < =Ml + 3 (Il + 3 b = 1)l + 5 1Askellel. (09)
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The above inequality can be seen simply by taking the L2-inner product of u; and w.
Substituting (4.8a) for u, into this inner product and integrating by parts gives (4.9).
The same is done for v. The following inequality holds:

d 1
= 5 W SCIC3IVulG + Cllpr ke, [V Asloo) [l

+ C(1p1]os 1V Az s [ A1 o) 0115 (4.10)

For detailed computations of the upper bound given by (4.10), refer to Appendix A.3.
Define F'(t) = %Hu(t)”% +1 [v(t)||2, again choosing M > %(0102)2 then from (4.9)
and (4.10) we see that F(t) satisfies the following ode:

AP o R, (4.11)

dt

In (4.11) the constant Cy; = Cy(M,|p1lsos [ A1lses [42]aes VA | C1). We are
set to apply a Gronwall’s lemma.*! Applying this lemma to (4.11) gives that
supg<i<r {F(t)} < F(0)e“vT. All terms that compose C); are bounded on the interval
[0,T7]. Since the two solutions satisfy the same initial conditions, F(0) = 0, which
implies the uniqueness of the solution. O

We now progress to the proof of the main result: Theorem 2.1.

Proof. From Theorem 3.1 we have that given the initial conditions in the hypothesis
of Theorem 2.1, there exists a family of solutions {(A€, p)}.( to the regularized
problem (3.1). These solutions exist on the time interval [0,7.). The interval of
existence depends on the regularizing parameter; however, from Lemma 4.1 we know
that the V2-norm of the solutions are bounded independent of €. This gives a uniform
interval of existence [0,7]. Furthermore, from Lemma 4.4 we conclude that there
exist A, p € C([0,T); L?(9)) such that:

sup {[|A° = Allo + [lp* = pllo} < Ce.
0<t<T

Therefore, the solutions converge strongly in the low-norm. We state an interpolation
lemma needed to show strong convergence in intermediate norms. This lemma offers
a connection between Lemmas 4.1 and 4.4 which leads to the desired result.

Lemma 4.6. (Interpolation in Sobolev spaces) Given s > 0, there exists a constant
C, so that for allv e H*(Q), and 0 < s' < s the following inequality holds:

1_/ 3 !
lollsr < ol 7*loll 3.

To use Lemma 4.6 having strong convergence in the L?-norm and some bounds on the
higher norms is essential. For m > 3 we apply the above lemma to A = A€ — A and

p=p—p.
T — T l-m'/m ¢ / —I=m'/m = m’
sup {[| Al + 7l } < (Al ™A™ + 130" " 17l ™)
0<t<T

S (A /mermim ] mermim),
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The estimate (4.6) implies that A€, p¢ are uniformly bounded in H™, for m > 2.
Therefore, the above inequality implies strong convergence in C([0,7], V™). Taking
m’ to be larger than three implies strong convergence in C([0,77],C?(2)) due to the
Sobolev embedding theorem.'* Now, we simply need to verify that the limits A and p
actually satisfy (1.1). Since (A€, p¢) — (A, p) from (3.1) we see that A§ converges
to nAA— A+ Ap+ A° in C(]0,T],C(Q)). Correspondingly, pi converge to
V- [Vp—24VA]+ B — Ap. Finally, since Aj — A, and p§ — p; then A and p are
classical solutions of (1.1). Since the solutions satisfy the smoothness requirements of
Lemma 4.5, they are unique. O

5. Continuation of the Solutions to the Residential Burglary Model

In the previous section we proved that if the initial data (A(0, z), p(0,z)) € V™ then
there exist some positive time T, such that there exists a classical solution (A(z,t),
p(x,t)) to (1.1) on [0, T]. We are interested in whether this solution can be continued
for all time or if there exists a blow-up in finite time. A natural subsequent step is to
prove a continuation argument which gives necessary and sufficient conditions for
global existence. Recall that we used the Picard theorem on a Banach space to prove
local existence, for fixed ¢, to the regularized system (3.1) in Lemma 3.1. This the-
orem has a natural continuation argument. The family of solutions can be extended
in time provided |1/A¢|, ||A||,, and ||p¢[],, remain bounded.?! This argument does
not directly apply to the solution of the original system and to prove a similar result
we need the following theorem.

Theorem 5.1. (Continuity in the high norms) Given initial conditions (Ay(z),
po(x)) € V™, for m > 3, which satisfy the conditions stated in Theorem 2.1. Let
{(A¢, p®)}esg be the family of solutions to (3.1) and (A, p) be the solution described in
Theorem 2.1. The following hold:

(1) {(A€, p)}eag and (A, p) are uniformly bounded in CVek([0, T]; V™).
(2) (4,p) € C([0,T]; V™) nCH[0,T]; V™=2).

Proof. From Lemma 4.1 we conclude that:

sup |[(AS p)|lym < K. (5.1)
0<t<T
Furthermore, automatically from (1.1):

sup <K. (5.2)

0<t<T

We need to show that the limiting solution is continuous in the weak topology of
V'™(Q). From Definition 2.1 it suffices to show that (A, ¢1),, and (p, ¢2),,, where these
inner products are defined by (2.1), are continuous scalar functions V ¢, ¢, € H™.
Actually, since H =™ is the dual of H™ we simply need to prove that for allt) € H ™ the
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following is true: (¢, A€);» — (¥, A)>. The same needs to hold for p. Previously we
proved that A¢ — A in the intermediate norms, i.e. in C([0,T); H™'), where m’ < m.
This implies that A¢ — A. Consider the L>2-inner product of ¥» € H ™ and A€ — A:

(¢7 A€ — A)Lz = (11[} - ¢j7 AG)L2 + ((rb]) A€ — A)L2 + (¢] - ’l/)a A)L27 (53)

where {¢;};cy is a sequence in H ™" which converges strongly in H =™ to 1. Such a
sequence exists because H ™ is dense in H . These terms are bounded above on
[0, T7:

W - ¢jaAE)L2 < ||¢ - ¢j||fm||A€Hm < K6/3’
(¢j7A€ - A)L2 < ”(Zstfm’HAE - A”m’ < K26/3a

(¢j - ¢7 A)L2 < ||¢ - qﬁ]”fm'A‘m < K(S/?)

These inequalities substituted into (5.3) gives that (¢, A — A);. — 0. The same
argument can be made for p and this wraps up the proof of part (1).

We are left to prove that (4, p) € C([0,T]; V™(Q)) N C*([0,T); V™=2(2)). Thanks
to part (1) it suffices to show that ||A(t)]],, and ||p(¢)||,, are continuous functions in
time. We take advantage of (4.6) by integrating it on the interval [0, T7:

T T T
B, (T) + 6, / 17,9 p |2, dt + 6, / .V A]2dt < E,(0) + / (CE,.(t) + Dy}t.
0 0 0

Applying Gronwall’s lemma we obtain that E,,(T) < (E,,(0) — Dy/C)e‘T + D,/C.
Taking the limit as 7' — 0 we see that E,,(¢) is continuous at t = 0. Furthermore,
being that E,,(t) is bounded on [0, 7] and 6;, 65 > 0 the inequality above implies that
(A, p) € L%([0,T); V™*tL(Q)). Thus, for a.e. t; € [0,7] then (A(ty),p(ty)) € Vi,
Indeed, the initial conditions have gained regularity. Take an arbitrarily small ¢, and
let (A(ty), p(ty)) be a new set of initial conditions. Running through the same
existence and uniqueness arguments we obtain a solution (A, p) which exists on an
interval [to, T1], (4, p) € C([ty, T1]; V™), where now m’ < m + 1. In view of the fact
that for m > 3, E,, and E,, | satisfy the same differential inequality then 77 > T
Uniqueness and the arbitrary choice of ¢, imply that (A,p)e C([0,T];V™).
Furthermore, by virtue of the equation then (A4, p) € C1([0,T]; V™2). O

Remark 5.1. From (4.6) we know that we have control of the V™*! norm as long as
we have control |A(ty)|ss 10(t0)]loos [VA()|ss [Vo(to)lse and M. Furthermore,
control of |1/A(ty)|s imply control of M.

Fortunately, we find that the terms mentioned in Remark 5.1 are interdependent
and we can obtain a dominating term. However, before we discuss this we state and
prove a regularity argument.

Theorem 5.2. (Regularity) The solutions A, p of the system (1.1) obtained from
Theorem 2.1 are in the space C*((0,T) x ).
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Proof. Since (A,p) € C([0,T];V™)NCL([0,T];V™2) from Sobolev embedding
estimates (A4, p) € C([0,T]; C™=*) N C([0,T); C™27%) for s > 1. This will give us
smoothness in space. To obtain smoothness in time we simply look at the time-
derivates of the system of Egs. (1.1) and use a bootstrap argument. O

Next we show that if the appropriate initial and boundary data are chosen for A
then only control of |V ()| is needed to continue the solution. We prove this in the
following sequence of lemmas. The first one states that |Vp|,, and |[VA|,, control ||
and | A|,, respectively. This holds because there is a bound for the mass of p and A on
any finite time interval.

Lemma 5.1. Let A and p be solutions from Theorem 2.1 with initial conditions
Ay(z) and py(x), for 1 < p < oo the following estimate holds for A and p on [0,T) for
any T > 0:

[u( Ollzr < el Vullz + (B + AT, (5.4)
for allt €10,T).
Proof. Adding both equations in the system (1.1) we obtain that [ p(z,t)dz <
(B + A°)t. The same estimate holds for A. Since 2 is the unit torus, the average value

of a function w is given by @ = [udz. Now, by Poincaré inequality |ul;, <
c|lVul|z» + ||@||z»- This gives the final result. |

Furthermore, since there is a max principle for the attractiveness value equation
we prove that if A(z,0) > A° # 0 for all z, then A(z,t) > A° during the interval of
existence. We state this result formally in the following lemma.

Lemma 5.2. (Lower-bound of attractiveness value) Let Q=T? and A, p €
C([0,T];C*(2)) N CH([0,T];C(2)) be a solutions to (1.1) with initial conditions:

Az,0) = Ayg(z) > A°,
p(@,0) = po(z).
Then A(z,t) > A° in Q for all t € [0,T).

Proof. We see directly from (1.1) that A,p > 0. Let w = A° — A then w satisfies:
w; = nAw — w + wp — A°p. Since both p and A° are non-negative, we have:

w; — nAw — dw < 0, (5.5)

where A = supp<icr [p(+,t) — 1|oo. Then w =eMv satisfies (5.5) if v satis-

fies v; — nAv < 0. From the initial data we know that w(x,0) < 0 for all x € 2 and
the same is true for v. By continuity in time v must remain non-negative for
some nontrivial time interval, say 0 <t < t;,. Assume that at ¢, we have that
v(zg, ty) = 0 for some x;. This means that v,(xy, ty) > 0 and since we have a maximum,
—Awv(xg,ty) > 0 which is a contradiction unless v(z, ;) = 0 for all = € Q. Therefore,
v(z,t) <0 and since w and v have the same sign, w(z,t) < 0. This proves the
result. O
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Lemma 5.2 tells us that if |p|,, is bounded then A > A°, provided we have appro-
priate initial and boundary data. We also need for the solutions to the regularized
model to remain bounded from below. However, we know that this is true on [0, 7] as
was discussed earlier. In addition, we prove that if |V p|, remains bounded, then [V A|
also remains bounded. This will be demonstrated in the following two lemmas.

Lemma 5.3. Let (A, p) satisfy (1.1) in the classical sense and assume that |Vpl|y is
bounded on [0,T), for T > 0 then

IVAC, )17 < (IVA(,0)]|72 — C)eCnIVo=ABIT 4 €, (5.6)
where C = C(n,|Vplw, A%, B). This holds ¥t € [0, T).
Proof.
li/|VA|2d - /VA-VA d
2 dt v o
“:”/VA V(nAA— A+ Ap + A%)da
= —77/|AA|2dm - /|VA|2d:U + /VA -V (Ap)dx
= —7)/|AA|2dxf /|VA|2d:17+/|VA|2pdx
—|—/AVA - Vpdz
Cauchy—Schwarz 9 9
—nllAA[[7: + (Iple = DIVA L
+ Vol (1472 + [VAIIZ2)
(5.4) ) _
< O, lplos; IVl IIVAI 72 + C(IVpl, A% B, T).
Integrating this and using (5.4) for p = co gives the desired result (5.6). O

Lemma 5.4. Let (A, p) satisfy (1.1) in the classical sense and assume that |Vp|,, is
bounded on [0,T], for T > 0, then

IVA(, )l < e max{|VA(,0)|, (IVA(, 0)[| 72 — C)e + C} (5.7)
Yt € [0,T). The constants C and C are defined as in Lemma 5.3.
The proof of Lemma 5.4 uses the Moser— Alikakos iteration.!

Proof. Let s > 2:

1
—i/|VA|sda: = /\VAP’IVAtdx
sdt

= /\VAP*V(UAA — A+ Ap+ A%)dz
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<—n(s— 1)/|VA|S’2|AA\2d:L‘— /|VA|“”d:1c

+/|VA\""‘pd:c—|—/A|VA|S_1|Vp|d:L“

Hélder’s Ineq. 4dn(s — 1
vy nea A : )

IVAVAI)IEe + Vol [ VA

7o Al 2

+ (Ipls = DIVA]

S
Ls

(54) 4n(s—1 s
85 1)\ A1 72)2 1 eV A

S
s + Co,

where ¢; = ¢;(|Vp|so, |plos A% B) and ¢, = c3(A°, B). Multiplying both sides by s,
s > 2 gives:

s
s + Sco.

d
o [ 1V Ards < <209V AP + sei[9 4]

We need to make use of an extended Sobolev inequality’”:

(I1—¢) &
—IVullze < = —lullZ: + 5 lullZ:. (5-8)

A derivation of (5.8) can be found in Appendix A.4. Taking u = |VA|*/? gives:

L +as||VA]|

d 2n(1 — ) '
L \vArde < —Mnmngﬂ—gwm 5.+ sCy.
dt € €

Choose € = - noting that s > n € [0, 1] (refer to Ref. 34), then

d
< A
dt/'v

Multiplying both sides by e“*!, the above inequality is equivalent to

Lodz < —cys||V A

1s +c3s”(|VA|

25/2 + scy.

d
S L IVAIT} < e (e5s?|[ VA Lo+ C28).

Integrating this over [0, ¢] gives:

t
eS|\ VA, 1)z < |IVA(,0)||7: + sup HVA(-,T)HSLS/Z/ c38%e5Tdr
0<r<t 0
t
—|—/ Co€ 15T sdT
0
< ITACO) 5 + sup [TAC 75 0mess(e — 1) + et — 1),
0<r<t

Therefore,

IVAC, )

b < (VACOl+¢0)* + s sup [VAC 50, (59)
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where ¢g = max{1, ¢5}. Define M(s) = max{|VA(-,0)| + ¢s,supg<i<r [|[VA(-,t)||1s }
From (5.9) we conclude that

M(s) < (cz8)/*M(s/2). (5.10)

Let s = 2% for k € N the recursive relation (5.10) gives:
k

M@ < (e 2?20 (1),

Since both sums Z§:1 277 and Z;Ll 7277 converge as k — oo taking the limit as
s — 00 we get:

IVA(,T)|s < lim M(s)

§—00

(0r) 220127 (2) Z712 M(1),

IN

Applying Lemma 5.3 gives the final result. O

From Theorem 5.1 and Lemmas 5.2—5.4 proved above, we obtain necessary and
sufficient conditions for the continuation of the solution to (1.1).

Corollary 5.1. Given initial conditions (A(x,0),p(z,0)) € V™, m >4 such that
A(z,0) > A° and “no-flux” boundary conditions, there exist a mazimal time of
existence 0 < Ty < 0o and a unique solution (A(xz,t), p(z,t)) € C([0, Tpayx ); V™) N
CY[0, Tyax ); V™2) of the system (1.1). Furthermore, if Ty.. 1is finite, then
Vs = 00.

lim, _, 7

max

6. Analysis of a Modified PDE Model of Criminal Behavior
and Its Relation to Keller—Segel Model

Though we succeeded in proving local existence and uniqueness of solutions to (1.1),
the question of whether the solutions can be extended for all time has not been
addressed. To be confident that we have a robust model, suitable for the target
application, we need insight on global existence and/or possible blow-up. Working
with a strongly coupled system of nonlinear PDEs makes it difficult to apply the
usual techniques to prove well-posedness. Fortunately, as was mentioned before,
there is an evident relation between the model for residential burglaries and the
Keller—Segel model for chemotaxis, developed in Ref. 28 by Keller and Segel in 1971.
This is not surprising since both processes are usually modeled by a para-
bolic—parabolic system and include motion up gradients of some external field.
Chemotaxis is the influence of a chemical substance in the environment on the
movement of a mobile species. This process is key in cellular communications. Keller
and Segel developed a general model for the chemotaxis phase of aggregation of slime
mold, i.e. Dictyostelium Discoidium in Ref. 28. There has been a great deal of analysis
on various versions of the Keller—Segel model since it was developed and research is
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TA0IL13,15:21.29 Thyg far the most studied version is:

ou

still in progress.

B kAu — xV - (uVv), (6.1a)
ov
€5 = k.Av — av + Bu, (6.1b)

with Neumann boundary conditions. In (6.1) u is the myxamoebae density of slime
mold and v the chemo-attractant concentration. Comparing this model to (1.1) we
can see that the chemo-attractant density is comparable to the attractiveness value.
It is worth noting that chemotaxis is sometimes modeled by an elliptic—parabolic
system; however, in the residential burglaries model the timescale of the change in
attractiveness value is similar to the change in criminal density. From (6.1) we see
that the myxamoebae move up gradients of chemo-attractant concentration like
criminals move up gradients of attractiveness value. Global existence and finite time
blow-up of (6.1) is highly dependent on the dimension. In one dimension finite time
blow-up cannot occur.® In two dimensions it has been shown, by Corrias and Calvez,’
that the solution exists globally in time if the initial mass is below the critical
quantity 8. If the initial mass is above 87, then aggregation occurs in the case when
€ = 0.220 As far as we know the blow-up results for the fully parabolic system has not
been proved. For higher dimension, d, there exists a similar critical quantity that is
governed by the L%2-norm of the initial myxamoebae density. Although the most
studied version of the Keller—Segel model is (6.1), various variations of the model
have also been analyzed. A comprehensive summary of much of this work can be
found in Refs. 23 and 24. In a sense, the model given by (1.1) can be thought of as a
generalized and more complicated version of (6.1), which includes growth and decay
of the myxamoebae density and the chemo-attractant. We want to take advantage of
the extensive body of work done on (6.1) as a first step to obtaining insight on the
global existence or finite time blow-up of (1.1). To accomplish this, analyze a sim-
plified model of (1.1). This will ease the mathematical analysis while maintaining
fundamental assumptions made in Ref. 34. The model we propose is:

e%: nAA— A+ Bp+ A°(x), (6.2a)
%~ Ap—29 - (4VA) + B(x) ~ (Al (6.20)

From now on we work in all of R2. Notice that now A° and B are functions of the
space variable and must have sufficient decay as |x| — co. Model (6.2) makes three
simplifications to (1.1). First, the advection speed is now given simply by |V A|. The
second modification is that the attractiveness value increases with the number of
criminals with constant of proportionality [, i.e. we replace Ap with pin (1.1a). We
have no reason to believe that this modification will decrease the accuracy of the
model. Finally, the criminal density decays with a rate of f(A) and we assume that
f(A) has a lower and upper bound.
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6.1. Useful properties of the modified residential burglaries model

It is not surprising that (6.1) is the most studied version of the Keller—Segel model
since it possesses properties that facilitates mathematical anlysis. There are three
properties worth noting. First, the system (6.1) conserves mass of the cell density.

Furthermore, one can express the chemo-attractant concentration as the convolution
EE . .
of the Bessel kernel, B,(z) = ﬁ *Le~ir"dt, and the cell density. In two dimen-
i JO Ot
sions this is especially useful for proving blow-up results given large enough initial
mass of the cell density. Most importantly, this model, after non-dimensionalization,

has a Lyapunov functional®:

F(t) = /ulog(u)dz - /Uvdl"+%/|Vv|2dx+/av2dx.

This functional is key in proving global existence. The model (6.2) does not possess
these exact properties; however, it does possess ones which are useful enough.
For ve L'(Q) let M,(t) = [,v(z,t)dz. As an example of a useful property if
A, p are solutions to (6.2) then M,(t) is bounded above and below. Define f,;,, =
minycr+ f(A), then
M+ > M=
B B
- + . (6.3)
f min f min
Replacing f.;, with f,.« gives a similar lower bound for M,(t). Another key pro-
perty is the explicit expression of the attractiveness value in terms of the criminal

M () < et (Mp<o>

density in the quasi-static case, i.e. ¢ = 0:
A(z) = B, * (Bp + A°). (6.4)

We conjecture that solutions to (6.2) satisfy an energy functional whose upper bound
can be controlled with time. Being that this is beyond the scope of this paper we only
mention that proving such an energy functional is important for proving global
existence via the Lyapunov functional method discussed in the Introduction.

6.2. Blow-up of a modified residential burglaries model

In this section, we explore the possibility of blow-up in finite time of the solution to
the modified residential burglaries model (6.2) in the case where e = 0. It turns out
that similar to the Keller—Segel model, if the lower-bound on the mass of the criminal
density is large enough, there is mass concentration on a set of measure zero. Let
M:,mn = min{M,(0), Mg/fmax} and M = max{M,(0), M5 /fn} and for a func-
tion v we denote the finite second moment by I, = [ |z|2vdz. We state this blow-up
result in the following theorem.

Theorem 6.1. (Blow-up of a modified residential burglaries model) Let (A(z,0), p
(z,0)) € LY(R?) be initial data such that (ﬁMpmm— Am)M ™ > nlz. Furthermore,
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let p be the non-negative smooth solution to (6.2b) and that A has reached a steady

state and is defined by (6.4), then A, p are non-negative smooth solutions to (6.2)
(when € = 0). Then, if the initial second moment is small enough. That is if

/ |CL'| pdl' < |:<ﬂ Mmln )M;Hin — IB:| 27 (65)

whereI5(x) = [ Bde, K=[% O(M")*? +a,(M}*™)"/?], a, = 4| VB, ()|, A° (2)]
and C a constant then there exists a finite time singularity.

Proof. Consider the time evolution of the second moment of p, I(t) = |5, |z|*pda:

= [ la(dp =2V (574) ~ f(A)p+ Bda

< 4/ pdw+4ﬁ/ p(x-VB, *p)dx+4/ p(x- VB, x A°(x))dx + I5. (6.6)
R2 R2 R2

The third term on the right in the above inequality can be bounded above using

Cauchy—Schwarz inequality and Young’s inequality for convolutions®’:

4/ PIx|IVB, * A%(x)\dz < 4]V, * A"(a:)|oo/p|x|dm.
R2

< A|VB, |11 A°()]o My (0)\/T(D). (6.7)

ap

We use the explicit expression of the gradient of the Bessel kernel, VB, (z) =

42
—% I Joe 5 ds, to bound the second term. Let g,(z) = [;7e e~ irds and dA =
dxdy, then
A -y)
Bl plx-VB,xp)de < -2 5 9y(T —y)p(y, t)dydz
R2 R2 R2 |

<L / ottt = gtz - oty 14

2 / o(,1)p(y, )dA
—-2arz)+ 2 [ [ otw0l1 - g,(a - oty A

Observe that g,(z) is a positive, radially symmetric, decreasing function with
maximum of one. This implies that 0 < (1 — g,(2)) < 1. Now, consider the derivative
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of (1 — g,(r)) with respect to r = |2|:

where 7 = # for 0 <r < If C= 27”rnax(sup;e(o_l){7’"’15’1(7""')}, 1), then
7 n

(1 - g,(2)) < C|z|. Hence, we have:
45/ p(x- VB, = p)da < — L M2t <)+—50M()/ oz, 1)|z|dz
R2 ™ R2
< Dz + Lo, )7 VI, (6.8)

Substituting (6.7) and (6.8) into (6.6) gives:
dI

dt_(4—M M,(t) + =CM* () /I(t) + a, M) ()/I(t) + I

™

e
(4—M >M ( CM3(t )+a1M;/2(t))\/m+I§
( 8 an) M ( COM™™)3/2 4 a, (M) 1/2> IO + 1.

K

In the last inequality we use the fact that the initial conditions are chosen so that
BM "™ > 4r. Integrating on [0,t) gives the integral inequality:

o <10)+ | 'g(1(s))ds, (6.9)

where g(I(t)) :( 5Mmm)Mmin + K\/I(t) 4+ Iz. The function g(I) is contin-
uous, increasing and such that g(I(¢t*)) = 0 for t* > 0 such that:

% 1 ﬂ min min 2

where K is defined in the theorem. Since I(0) < I(¢*), by continuity of g there exists
a t >0 such that fo (5))ds < 0. Hence, I(t) < I(0). Repeating this process will
eventually give that I(¢) =0 for some positive ¢ which proves the result. O
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From Theorem 6.1 we conjecture that a logarithmic sensitivity function is more
suitable than a linear sensitivity function. Moreover, from the maximum principle of
the attractiveness value a lower bound on f(A) is implicit in the original model.
Hence, setting f(A) = A is only eliminating the upper bound on f(A). This would
only help prevent blow-up. The remaining difference between the two models is less
obvious to analyze. We conjecture that the nonlinear Ap aids blow-up more than Sp.
This is because we expect, and indeed we observe numerically, that A and p grow and
decay together. Hence, we have that Ap ~ p? which would aid blow-up more so than
Bp would.

6.3. Exploring blow-up of a modified residential burglaries model in 1D

Although we see blow-up in the modified model for large enough mass of the initial
criminal density in two dimensions, a similar type of blow-up in finite time of the
model (6.2) cannot occur in one dimension. This is due to change of properties of
the Bessel kernel in one dimension. In fact, a simple computation shows that the
second moment will always be bounded below by something positive. For simplicity
of notation we take =1, in this case in one dimension we have that B( ) =

o e At and 9,8(2) = — % [Fplye At = — L [e i ds. Tn
contrast to the previous section we now seek a bound from below for the second
moment.
dl
i 2M,(t)+48 | p(x0,Bx*p)dx+4 [ p(x0,B + A°(z))dx
R2 R2

- / (Al pd + I

> 2M ™ + I + 40 /R 2 p(20,B * p)dx

4 / P20, B % A2(2))de — foe I(8)
R2
> 2M;nin + IE - fmax I(t>

— [4]B, ] (B(M™)3/2 4 || A°||y M )1 (£) /2
> Oy = Gy(1),

where Cy = 2035 + I — §[4{B, | (J(M™) 3 + [ A, ME™))? and Cy = 2 — fue
We choose ¢ small enough such that C; > 0. This implies that I(t) >
e @H(I(0) — C,/Cy) + C,/Cy, which has a bound from below for all time. Hence, if
there is blow-up in finite time, we cannot show it via this method. This agrees with
preliminary numerical results which show finite time blow-up in two dimensions but
not in one dimension. We hope to address this issue further in a future paper.
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7. Discussion

The overarching goal of the development of model (1.1) by Short et al. is to help to
understand the spatio-temporal dynamics of residential burglary “hotspots” to aid
law-enforcement in the mobilization of their resources. In this paper we studied the
well-posedness of this model to determine whether it is a suitable model for the target
application. In particular, we know that certain types of finite time blow-up would
invalidate the model. For example, blow-up in the L* norm of the criminal density
would not make any physical sense. As a first step to determining whether this model is
well-posed, we proved local existence of classical solutions. Furthermore, we know that
with no-flux boundary conditions the attractiveness value will never go below its static
component A°. From the continuation argument we know that the model has a global
solution provided the L*> bound of the gradient of p remains bounded. In the case of
blow-up we also know that if the L > norm of the gradient of A blows-up in finite time,
then the same has to be true for the gradient of p. In the final part of the paper we
explored the connections of the residential burglary model and the Keller—Segel model
for chemotaxis, which has been vastly studied. Considering a modified residential
burglary model we determined that the logarithmic sensitivity function in (1.1) is
essential to preventing blow-up. In fact, preliminary numerical results show finite time
blow-up for (1.1) with x(A) = A with no other modifications in two dimensions. In one
dimension no such blow-up has been observed. This serves to confirm the connections
between the Keller—Segel model and the residential burglary model.

Appendix A. Additional Computations
A.1. Computations for Theorem 3.1

Computations for F,

IFaton) = Futell < 172801 = ple + 2]V - 509, - 9 - 22594,
1

+llp1 Ay — Aspolls = Si 4 S + S;.

2

The terms S} and S5 appeared in the inequality for F}; therefore, we are only con-
cerned with S5:

1 Llp P2
-G8 < || _ 2
2 Sy S |4, J VA, A, J VA, )
1 P1 PL P2
< At — e
=3 <HA1 J V(A — Ay) 1+ ‘ J VA, <A1 A, 1,

P
Ay

<i<

ID{J.V (A — A)}lo + [V (4, — A2)|>oHD<p_l)

oo
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1 Pr P2
el Al Np(PL_ P
i (1waio(5 - 4)

1
26_2(R1+R2+R3+R4)

P1 P2

A, A,

|D4VAmQ

0 00

R, can be easily bounded, without any additional factors of 1/¢, by
|ATY s lp1]sllA1 — Asllo- On the other hand, for R, we need to use (5) of Lemma 2.1
and (1) of Lemma 2.2. More precisely, we have:

1 1 112
< 214, — Ayl [ |~ =
R, S . 14, 2||2<’A1Lo|ﬂl||1 + ‘A

1]o0

Mwm)

The next term requires more work, basically repeated applications of Lemma 2.2.

1 Aspr — A1po
< = L
T |
S U 1A= 10145 — pasll + 11 As — oy | D2
S 22A1A200p12 P2A1|1 P12 — P21 A A, .
1 1
S €||A2||2 A4, 00”91/12 — p2Ailli + 1p1As — p2Ails -

Since |v]4 < |v] and

2 2

1 1 1 1 1
D 117 va RN RN
H (AIAQ) 0 ~ A1 00 A2 OOHV 2”0 + ’AZ‘OO Al oo”V 1||07
we have:
1 1 1 1 1 2 1 1 2
Ry <—||A B I A 4
3wﬂﬂ%hm@w+&w5@um+ngm1@

X |lp1Ag — pa Ayl

Finally,

1 1
R, < ‘&L‘%L”Alnzh‘lwl — p2Ai|s-

A.2. Computations for higher-order energy estimate estimates

Claim 1.

Y IDullo | D2 (wo)llo S (1 Vulae + lualoo + [oloo) [l A+ (IValoo + uloo)[[0]]

lo|<m
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Proof.

D IDulo D (wo)llg < Y D ullo{|ID° (uwv) — uD vl + ulc[|IDv]lo}

|a|<m la|<m
< lall | Y 1D (w0) = uDvllg + fulso [0l
la|<m

< dllullm {IVulo D™ ollo + D™ ullo[vlsc + lulso ]l }-

This proves the claim. O

Lemma A.1.

k+2 L
| IVASlDTRA, (A1)

-Gl <&k
A ||, = 2 Ok ac
A)llg = &= M4

where the C).s are constants.

Proof. Using (1) of Lemma 2.2 and dropping the constants we get:

Pl =l Ge)l,

0

swmeDml( )H ]— 1DV Al
< m—2 1 1 m—2
wal. (1val | (55) | +[5 "Dl
1
+ ] i an
m2 k+2 .
<varto ( )H 2| Aoy
S k+2|VA|’;o||Dm*kA||o. 0
k=0 A 0

Proof. (Lemma 4.2)
I

@

o afl P ge o
[ D90 D (v a)as < DT

(zﬁ €
D (AJVA>

p P
De(=JVA)—-=—D" A
(494) -2 D154

0

< [ID*(JVp)llo

0

(o3 p «
+1D(Vp)lo|5| D" L7 Allo
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Summing over |a| < m gives:

Y Lo < 19Vl ( >

a|<m af<m

«@ ﬁ € _ﬁ «@ ﬁ
D <AJ VA> 2p (JEVA)HO—i—‘ALOUEVAHm)

S ||J6VP||m(\V(§) |_ID 1,9 Al + 11,9 AL|| D A

+ ‘%‘wufvmm).

We bound the first term [V(4)|., < (C1|Vplo + ||| VA C7). Therefore, the
above inequality can be bounded by:

Z Ia SJ ”Jevp”m(cl‘vp'oo + |p|oo|VA|ooC%)|A|m

la|<m
mP P c
10l (1IF AL [P 2|+ 5] 1V Al) (a2
The term || D™ 4[|, can be bounded by simpler terms using part (1) of Lemma 2.2. In
particular,
D 2| < cflpl|| D2 +cilDml (A.3)
A 0 = 00 A 0 1 0/ .

Here we make use of Lemma A.1 by substituting (A.1) into (A.3). From (A.2) after
applying a Cauchy inequality of the form 2ab < éa? —&—%bz we get the desired
result. O

A.3. Computations for L?-Cauchy sequence

: 1
R < <‘AE' |D(Vp- JVA), + vae|m|vJEAg|mHD<Ae)

y

1
S || At + 102 A%
2

| VoVl v AT,

<ol |2
c e

.

1 2

oA

) 1Al (Nl lls + 1Allsllocls)

oo

similarly,

RQSC(

1 1
1 IDr a4 + lpras | 0(4)

)

(o113 + A1)

o0

A€

<c
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Computations for Lemma 4.5.

1d
Sd vide = /v[Av—2V~ <A1 VA, — A, VAQ) —Aips +A2p2} dx

CL 2
< H VA, — VA2 —/A2v2dm—/p1uvdx
0
1 g 1 2
< VA1 VAQ +5lolsollullo +5lerlollollo.

Unfortunately, the advection term leaves a term which still has to be dealt with:

P1 o [|Aspr — A1ps ’
< L Lt —"
H VA, — VA Sram ||Vu||o—|—|VA2| 1 A2 .
_.f§ IVl + 1V Aa12 | - <mnwwmo+pa 2 llB):

Making use of the fact that |1/A|, < C) gives the final result.

A.4. FExtended Sobolev inequalities
For the proof of the following theorem see Ref. 17.

Theorem A.l. (Extended sobolev inequalities in bounded domains) Let Q) be a
bounded domain with 9 in C™, and let u be any function in W™ (Q) N LP(Q), 1 < r,
q < oo. For any integer j, 0 <j<m, and for any number a in the interval

j/m<a<1, set
1 ] 1 m 1
L) )
p n r o n q

If m — j—n/r is a non-negative integer, then

] a lfa
1Dl < Olfuall e |ful] (A4)

If m — j — n/r is a non-negative integer, then (A.4) holds for a = j/m. The constant
C depends only on Q,7,q,m, ja.

Deriving Inequality (5.8). Applying (A.4) for p = 2 gives:
lulZ: = Clulwra|ulL:

c
e(llullz: + IVullz2) +— llulZ:-
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