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Bounded Room

The Model

Assumption

There is a goal or set of goals that people want to reach

Assumption

There are regions of discomfort defined by a function g(x), s.t. if g(x)>g(x’)
then a person would rather move through x’ than x

Assumption

The speed of any given person is dependent on the density of where they expect
to be. People in low density move fast, people in high density move slowely
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Bounded Room

Cost Field

The cost field has a base cost of β

The cost field includes the discomfort field

C(x) = β + γg(x)

For the purposes of our simulations β and γ are 1
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Bounded Room

Finding the shortest path

The solution to the Eikonal Equation can be used to find the shortest path
given this cost field.

‖∇u‖ = C

u = 0 in the goal set

Shortest path follows the gradient of u
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Bounded Room

Basic Model

xi =xi + dt ∗ ρmax − ρi
ρmax

∗ vi

v′i =vi + dt ∗ (∇φ(xi)− vi)

where ρi is caluclated as follows

xtempi = xi + 5 ∗ dt ∗ vi

ρi =
∑
j

.25e

(
−‖

xtempi−xj‖2
.04

)
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Bounded Room

Collision Avoidance

If ‖xi − xj‖ < 0.25 then apply a repulsion factor of 1
‖xi−xj‖ . However if

‖xi − xj‖ < dt then we only apply a repulstion factor of 1√
dt
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Bounded Room WhyEikonal Eqn

Showing Eikonal Equation solves shortest path

min
P

∫
P

C(x)ds

Let us parameterize P = f(t), t ∈ [0, 1]

min
f

∫ 1

0

C(f(t))‖ḟ(t)‖dt =

∫ 1

0

I(f, ḟ)
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Bounded Room WhyEikonal Eqn

Euler-Lagrange Equation

E-L =
∂I

∂f
− d

dt
(
∂I

∂ḟ
)

∇C(f)‖ḟ‖ − d

dt

(
C(f)

ḟ

‖ḟ‖

)

∇C(f)‖ḟ‖ −

(∇C(f) · ḟ)
ḟ

‖ḟ‖
+ C(f)

‖ḟ‖f̈ −
(

ḟ

‖ḟ‖ · f̈
)
ḟ

‖ḟ‖2


(E-L)·V = 0

(E-L)·V ⊥ = 0
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‖ḟ‖f̈ −
(

ḟ
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Bounded Room WhyEikonal Eqn

V = (ḟ)

∇C(f)‖ḟ‖ḟ −

(∇C(f) · ḟ)
ḟ

‖ḟ‖
ḟ + C(f)

‖ḟ‖f̈ −
(

ḟ

‖ḟ‖ · f̈
)
ḟ

‖ḟ‖2
ḟ


= ∇C(f)‖ḟ‖ḟ −

∇C(f)‖ḟ‖ḟ + C(f)
‖ḟ‖f̈ ḟ −

(
ḟ

‖ḟ‖ · f̈
)
‖ḟ‖2

‖ḟ‖2


= 0
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ḟ
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ḟ
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‖ḟ‖f̈ ḟ −
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Bounded Room WhyEikonal Eqn

V = (ḟ)⊥

∇C(f)‖ḟ‖ · ḟ⊥ −

(∇C(f) · ḟ)
ḟ

‖ḟ‖
ḟ⊥ + C(f)

‖ḟ‖f̈ −
(

ḟ

‖ḟ‖ · f̈
)
ḟ

‖ḟ‖2
ḟ⊥


=ḟ⊥ · ∇C(f)‖ḟ‖ −

[
0 + C(f)

‖ḟ‖f̈ · ḟ⊥ − 0

‖ḟ‖2

]

=ḟ⊥ · ∇C(f)‖ḟ‖ − C(f)
f̈ · ḟ⊥

‖ḟ‖
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=ḟ⊥ · ∇C(f)‖ḟ‖ − C(f)
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[
0 + C(f)
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‖ḟ‖2

]
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Bounded Room WhyEikonal Eqn

(ḟ⊥ · ∇C(f))‖ḟ‖2 = (∇u⊥ · ∇C)C2

= ({−uy, ux} · ∇‖∇u‖) (C2)

=
(
{−uy, ux} · ∇

√
u2
x + u2

y

)
(C2)

=

(
{−uy, ux} ·

{uxuxx + uyuxy, uxuxy + uyuyy}
C

)
(C2)

= ({uxuxx + uyuxy, uxuyx + uyuyy} · {−uy, ux}) (C)

(f̈ · ḟ⊥)C = (∇̇u · ∇u⊥)C

=

(
d

dt
{ux(f(t)), uy(f(t))} · {−uy, ux}

)
C

=
(
{∇ux · ḟ ,∇uy · ḟ} · {−uy, ux}

)
C

= ({[uxx, uxy] · [ux, uy], [uyx, uyy] · [ux, uy]} · {−uy, ux})C
= ({uxuxx + uyuxy, uxuyx + uyuyy} · {−uy, ux}) (C)
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Bounded Room WhyEikonal Eqn
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(f̈ · ḟ⊥)C = (∇̇u · ∇u⊥)C

=

(
d

dt
{ux(f(t)), uy(f(t))} · {−uy, ux}

)
C

=
(
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Bounded Room WhyEikonal Eqn

What have we shown

(ḟ⊥ · ∇C(f))‖ḟ‖2 = (f̈ · ḟ⊥)C

=⇒ E-L = 0

When ḟ = ∇u
=⇒ f is a minimizer of

∫ 1

0
I(f)dt
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Bounded Room Results

Exiting The Room

(Loading Video...) (Loading Video...)
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FearSourceNearDoor30_66_0_2.wmv
Media File (video/x-ms-wmv)


FearSourceCenter33_19_0_0.wmv
Media File (video/x-ms-wmv)



Bounded Room Results

How to exit the room

Pred = [0,2] Pred = [0,0] Pred = [0,-2]
Toggle Regular Toggle Regular Toggle Regular
80.4667 80.9000 81.1667 78.6333 87.6333 81.7000
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Bounded Room Results

Predator in the room

(Loading Video...) (Loading Video...)
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Predator Prey w/ Fear Model

Outline

1 Contagion Modeling of Crowd Survival

2 Bounded Room
WhyEikonal Eqn
Results

3 Predator Prey w/ Fear Model

4 Predator-prey Model
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Predator Prey w/ Fear Model

Intro

Our goal was to develop a predator prey model with contagion while achieving
certain objectives.

Objectives:

Predator to go after nearest prey

Prey to run away from nearest Predator

Speed of Prey depends on level of fear

Prey exhibit flocking behavior

Prey gain fear when close to Predator

Fear can spread among the Prey
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Predator Prey w/ Fear Model

Model-Predator

dxi
dt

= vxi

dvxi
dt

= −vxi +A
yj − xi
|yj − xi|

s.t. |yj − xi| = min{|ys − xi| : s = 1..n}
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Predator Prey w/ Fear Model

Model-Prey

dyi
dt

= (1 + 2qyi)vyi

dvyi
dt

= −vyi + χ{r≤1}(|yi − xj |)
yi − xj

|yi − xj |1+2qyi
+ χ{r>1}(|yi − xj |)

yi − xj
|yi − xj |2

+
1

n

∑
j 6=i

F (|yj − yi|)
yi − yj
|yi − yj |

s.t. |yi − xj | = min{|yi − xs| : s = 1..m}

dqyi
dt

=
B

n

∑
j 6=i

qyj − qyi
ε+ |yi − yj |2

+
1

D

∑
|xj−yi|≤C

1
2 − qyj
|xj − yi|

+
1

E

∑
|xj−yi|>C

(−qyi)

F (r) =
1

r
− r
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Predator Prey w/ Fear Model

Video of 2D Model(1 Predator)

(Loading Video...)
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Predator Prey w/ Fear Model

Why add Fear?

(Loading Video...) (Loading Video...)
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finalmovie2.mpeg
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finalmovie3.mpeg
Media File (video/mpeg)



Predator Prey w/ Fear Model

Video of 3D Model(1 Predator)

(Loading Video...) (Loading Video...)
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Predator Prey w/ Fear Model

Video of 3D Model(2 Predators)

(Loading Video...) (Loading Video...) (Loading Video...)
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Predator-prey Model

Outline

1 Contagion Modeling of Crowd Survival

2 Bounded Room
WhyEikonal Eqn
Results

3 Predator Prey w/ Fear Model

4 Predator-prey Model
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Predator-prey Model

N preys v.s. 1 predator

N preys, eg. sardines

dvj
dt

= −vj +
1

N

N−1∑
k=0,k 6=j

F (‖xj − xk‖)
xj − xk
‖xj − xk‖

+H(‖xj − z‖)(x− z),

(1)

dxj
dt

= vj j = 1...N, (2)

where xj ’s and vj denote the position and velocity of each prey particle j,
respectively.
Predator, eg. shark

du

dt
= −u+

c

N

N∑
j=1

I(‖xj − z‖)(xj − z), (3)

dz

dt
= u j = 1...N, (4)

where z and u denote the position and velocity of the predator,
respectively, and c is a parameter.
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Predator-prey Model

Videos

When F (r) = ra − r2, for |a| < 1, at the steady state, the preys form an
equally-spaced ring.

1 Take a = 0.5, H(r) = 1
r2 , c = 50, I(r) = r0.05χ{r̄>2} + 1

r5+1χ{r̄<2}

2 Take F (r) = r0.5 − r2, H(r) = 1
r2 , c = 50, I(r) = 1

r5+1

1 2
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Predator-prey Model

Videos

• When F (r) = 1
r − r, H(r) = 1

r2 , c = 50, I(r) = 1
r2+1
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Predator-prey Model

Background

In previous papers, the stability of ring pattern at steady state has been
studied5 .

The evolution of uniform density in certain domains with Newtonian
potential has been analyzed6, we use the similar method to analyze our
problems;

In our model, the difference is that we add interaction with predator into
the system.

5
T.K., H.S., D.U., and A. B.. Stability of ring patterns arising from two-dimensional particle interactions.

Phys. Rev. E, 84:015203, Jul 2011
6
T.K., Y.H., and M.P.. Singular patterns for an aggregation model with a confining potential. to appear
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Predator-prey Model

Steady State

We consider the prey particles locate at an equally spaced ring and the
predator locates at the center of the ring at the steady state. For j = 1...N ,

taking xj = Re
2πij
N , z = 0.

0 =
1

N

N−1∑
k=1

F

(
2R sin

(
πk

N

))
1− exp( 2πik

N )

2R sin(πkN )
+RH(R) (5)
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Predator-prey Model

Perturbation of the predator with fixed prey

Take F (r) = r0.5 − r2, H(r) = 1
r2 , I(r) = 1

rq+1 and add small perturbation to

the predator, z = 0 +Beλt.

Result

λ2 + λ+
N

Rq + 1
− NqRq

2(Rq + 1)2
= 0.

Solving the quadratic equation, we get

λ1,2 =
−1±

√
1 + 2N(qRq−2Rq−2)

(Rq+1)2

2
.
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Predator-prey Model

Perturbation of both the ring with N prey particles and
one predator

For simplicity, we study the first order model.

dxj
dt

=
1

N

N−1∑
k=0,k 6=j

F (‖xj − xk‖)
xj − xk
‖xj − xk‖

+H(‖xj − z‖)(x− z), (6)

where xj ’s are the positions of the preys and z is the position of predator.

Taking xj = Re
2πij
N (1 + φje

λt), z = Beλt, with 0 < ‖φj‖, ‖B‖ � 1

Taking φj = b+e
2mπij
N + b−e

−2mπij
N +Be

2πij
N + B̄e

−2πij
N
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Predator-prey Model

Result

The problem is reduced to an eigenvalue problem:

λ


b+
b−
B
B̄

 =


I1(m) I2(m) 0 0
I2(m) I1(−m) 0 0

0 0 K1 K2

0 0 J1 J2



b+
b−
B
B̄

 (7)

where

I1(m) =
1

N

N∑
l=1

G+

(
πl

N

)(
1− e

2(m+1)ilπ
N

)
+
H ′(R)R

2
+H(R),

I2(m) =
1

N

N∑
l=1

G−

(
πl

N

)(
e

2milπ
N − e 2πil

N

)
+
H ′(R)R

2
,
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Predator-prey Model

Result(continued)

K1 =
4

N

N/2∑
l=1

G+

(
πl

N

)
sin2

(
2πl

N

)
+RH ′(R) +H(R),

K2 =− H ′(R)

2
,

J1 =− H ′(R)

2
− H(R)

R
,

J2 =RH ′(R) +H(R),

G±(θ) =
1

2

[
F ′(2R| sin(θ)|)± F (2R| sin(θ)|)

2R| sin(θ)|

]
.
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Predator-prey Model

Constant density within the annulus at the steady state
of first order model in 2D

Numerical result: taking 1500 particles

Analytic result: Let D ⊂ R2 be the annulus whose inner radius and
outer radius are r and R, respectively. The system has a steady state for
which ρ(x) is constant inside D and is 0 outside D under the condition
that either the interaction of predator-prey H(r) = 1

r2 or H(r) is constant.
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Predator-prey Model

For simplicity, we take f(r) = F (r)/r, where F (r) = 1
r − r. The continuum

form of the system is:

ρt(x, t) +5x · (v(x)ρ(x, t)) = 0 (8)

v(x) =

∫
R2

f(‖x− y‖)(x− y)ρ(y)dy +H(‖x− z‖)(x− z)

=

∫
R2

[5xln‖x− y‖ − Id2(x− y)]ρ(y)dy +H(‖x− z‖)(x− z), (9)

where Id2 denotes the 2× 2 identity matrix and ρ(x, t) denotes the density of
the prey particles.
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Predator-prey Model

Sketch of the proof

Use method of characteristics:

dx

dt
= v;

dρ

dt
= −(5 · v)ρ.

Thus, −dρdt = −(2πρ− 2M +5x · [H(‖x− z‖)(x− z)])ρ, where
M =

∫
R2 ρ(y)dy is the conserved mass.

To make ρ independent of the position inside the domain,
5x · [H(‖x− z‖)(x− z)] has to be constant, hence H(r) = 1

r2 or constant.

v(x) = πρ(t)x(1− r2

‖x‖2 )− x|D(t)|ρ(t) +H(‖x− z‖)(x− z)
At the boundary of the annulus, both v(x) and 5 · v are 0. Using this
fact, we get

R2 − r2 = 1;

πρ(t)

(
1− r2

‖x‖2

)
− |D(t)|ρ(t) +H(‖x‖) = 0.

When x is on the inner boundary, ‖x‖ = r, solving the above system gives
r = 1, R =

√
2
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Predator-prey Model

Future Work

Fine tuning the collision modeling of the bounded room model;

Further reasearch into the effects of obstacles on peoples exit speed;

Evolution study of the prey swarming interacted with the predator;

Understand the optimal path for predators to appraoch the prey.
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Predator-prey Model

(Loading Video...)
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Thanks for your attention!
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