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I. Introduction

The condition number of a problem measures the sensitivity of the solution to small changes in the input [2].  When a problem has a low condition number, it is called well conditioned and problems with a high condition number are said to be ill conditioned.  The traditional way of finding the condition number for linear systems with the form A*x=b is k=||A-1||*||A||.  Normwise condition estimation consolidates all sensitivity information into a single number.  Thus, important information may be lost if individual solution components have widely disparate sensitivity.   Oftentimes, a problem considered ill conditioned will, in fact, be relatively insensitive to perturbations.  The standard method of calculating the condition number does not take into account structure of specific estimates.  The small-sample statistical condition estimation (SCE) is an approach to estimating the condition of general matrix functions.  SCE evaluates the matrix function with a small random perturbation of the input argument and assesses the condition based on the effect of the perturbation in the computed result [2]. 

In our research we focused on the condition of structure-specific linear equations [1] and wrote MATLAB codes to produce more accurate statistical estimates for the sensitivity of certain structures when they are perturbed (as normwise condition estimation often overestimates the sensitively of their solutions.)  We also applied the SCE method to the condition of eigenvalues and eigenvectors, conducting tests on algorithms to verify the accuracy of our methods [3].

The goal of our research was to create codes that would provide a more efficient way of determining the condition of linear systems and eigenvalue problems which could eventually be integrated into MATLAB. 

II. Linear Systems and Linear Least Squares

We tested the condition estimates of matrices using the structured condition estimator

sceaxbstruct.m.  

function kond = sceaxbstruct(fun,A,x,m,k)

% k-sample componentwise SCE for inv(A)*b  

% (Ax=b) with structured A

% fun: the function which defines the structured A*x

% m:   number of parameters

% k:   number of samples

n = size(A,1);

W = randn(m+n,k);

[W,R] = qr(W,0);

kond = zeros(n,1);

for i = 1:k

    bi = feval(fun,n,W(1:m,i),x);      % A*Wi

    bi = W(m+1:end,i)-bi;

    bi = feval(fun,n,W(1:m,i),bi,1);   % A\(Wb-A*x)

    kond = kond+bi.^2;

end

kond = sqrt(kond)*(wallis(k)/wallis(m+n));

We wrote functions that defined the structures of symmetric, upper bidiagonal, tridiagonal, circulant, Hessenberg, Toeplitz, and Hankel matrices. Using these structures saves a lot of memory and makes the matrix multiplication faster.  We tested the condition estimates of those matrices by fitting the functions into the structured condition estimator sceaxbstruct.m.  Here are two examples of the structures’ codes:

For symmetric matrices (dimension n(n+1)/2), the structure code is:

function bi = symmetric(n,Ai,x)

% Ai <-- Ai*x;
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bi = zeros(n,1);

for i = 2:n

    i1 = (i-1)*(i)/2+1;

    for j = 1:(i-1)

        bi(i)=bi(i)+Ai(i1)*x(j);

           i1 = i1+1;

    end

end

for i = 1:n

    i2 = i*(i+1)/2;

    for j = i:n

        bi(i) = bi(i)+Ai(i2)*x(j);

        i2 = i2+j;

    end

end

For Hankel matrices (dimension 2n-1), the structure code is
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function bi = hanstruct1(n,Ai,x)

% bi <-- Ai*x;

bi = zeros((n+1)/2,1);

Ai = reshape(Ai,[1,n]);

for i = 1:(n+1)/2  

bi(i) = [(Ai(i:(n+1)/2+i-1))]*x;

end

Once we had developed codes specific to each of the structured matrices, we compiled them in order to create one general database; in this way, one function would encompass many different inputs (structured matrices).  Structsolve allows a user to describe a test matrix using several Boolean statements that we provided in the description of our function. For example, it allows the user to identify a matrix as upper triangular or upper Hessenberg.   
Because not all of the structures we tested were linear, we had to incorporate different solvers into structsolve.  For linear structures we used the MATLAB solver linsolve in our functions, but for the nonlinear structures we had to develop our own solvers.  For bidiagonal and tridiagonal matrices we wrote a solver that uses LU decomposition instead of QR decomposition.  In short, structsolve will use the information provided by the user’s Boolean statements to find the correct solver for each input. 

III.   Eigenvalue and Eigenvector Problems

The idea of condition estimation by statistical methods is applicable to not only linear systems and least squares problems, but also to eigenvalue problems.  Here, the condition of the average eigenvalue and the condition of the invariant subspace spanned by the columns of a given matrix are of particular interest.  These two aspects of eigenvalue problems are examined through three different algorithms.  Algorithms 1 and 2 assume a given matrix is in block-Schur form and that there is a linear relationship between the perturbations and random samples.  Algorithm 1 calculates the condition of the average eigenvalue whereas Algorithm 2 concentrates on the eigenvectors [3].  

Algorithm 1:

function kond = sceeig(A,k)

% Given a matrix A in block-Schur form with size n, 

% This algorithm estimates the condition of the 

% average eigenvalue of A

n = size(A,1);

[U0,T0] = schur(A);
% orthonormal basis

D = eig(A);

j = 1;

nb = 0;

while j < n

    nb = nb+1;

    if abs(T0(j+1,j)) < 1e-15

        ib(1:2,nb) = [j; 0];

        j = j+1;

    else

        ib(1:2,nb) = [j; j+1];

        j = j+2;

    end

end

if j == n

    nb = nb+1;

    ib(1:2,nb) = [j; 0];

end

z = randn(n*n,k);

[z,t] = qr(z,0);

kond = zeros(n,1);

for i = 1:k

    AE = A.*reshape(z(:,i),[n,n]);

    for j = 1:nb

        U = U0; T = T0;

        for i1 = j-1:-1:1

            [U,T] = swapdiag(U,T,ib,i1);

        end

        if ib(2,j) == 0

            Y = T(1,2:n)/(T(1,1)*eye(n-1)-T(2:n,2:n));

            kond(ib(1,j)) = kond(j)+((U(:,1)'+Y*U(:,2:n)')*(AE)*U(:,1)/T(1,1))^2;

        else

            Y = sylv(T(1:2,1:2),-T(3:n,3:n),T(1:2,3:n));

            B = (U(:,1:2)'+Y*U(:,3:n)')*(AE)*U(:,1:2);

            e = eig(T(1:2,1:2));

            t1 = B(1,1)+B(2,2);

            t2 = T(1,1)*B(2,2)+B(1,1)*T(2,2)-T(1,2)*B(2,1)-B(1,2)*T(2,1);

            kond(ib(1,j)) = kond(ib(1,j))+(abs((t1*e(1)-t2)/(e(1)-e(2)))/abs(e(1)))^2;

            kond(ib(2,j)) = kond(ib(2,j))+(abs((t2-t1*e(2))/(e(1)-e(2)))/abs(e(2)))^2;

        end

    end

end

kond = wallis(k)/wallis(n)*sqrt(kond);

kond'

Algorithm 3:

Algorithm 3 also calculates the average eigenvalue; however, it does not assume that the given matrix is in block-Schur form.  As a result, the condition numbers of the average eigenvalue for Algorithm 1 and 3 should be identical [3].

function kond = sceeig3c(A,k)

% Given a matrix A not in block-Schur form with size n, 

% this algorithm estimates the condition of the 

% average eigenvalue of A

delta = 1e-8;

n = size(A,1);

z = randn(n*n,k);

[z,t] = qr(z,0);

for i = 1:k

    AE = A.*reshape(z(:,i),[n,n]);

    tildA = A+delta*AE;

end

eigA=eig(A);

eigtildA=eig(tildA);

[reigA,I] = sort(real(eig(A)));

[reigtildA,I] = sort(real(eig(tildA)));

eigs=eigA(I);

eigtilds=eigtildA(I);

ib=length(eig(A));

kond=0;

nb=0;

for i=1:ib

    if isreal(eigA(i))==1

        nb=nb+1;

    else

        nb=nb+.5;

    end

end

j=1;

for k=1:nb

    if isreal(eigs(j))==1

        mo = eigs(j);

        mi = eigtilds(j);

        kond(j) = (abs(mi-mo)/delta)^2;

        j=j+1;

    else

        mo = eigs(j)

        mi = complex(real(eigtilds(j)),imag(eigtilds(j))*sign(imag(eigs(j))))

        kond(j) = (abs(mi-mo)/delta)^2;

        j=j+2;

    end

end

kond = wallis(k)/wallis(n*n)*sqrt(kond);

kond=kond';

Upon translating the algorithms to MATLAB codes, the codes are then tested for their accuracy.  This approach is applicable to general nonsymmetrical matrices as well as matrices with special structure and is suitable for various perturbations.  We tested a collection of complex, ill-conditioned, symmetric, and real non-symmetric structures.  

First, we computed their eigenvalue and eigenvectors, and used these values to compute the condition numbers.  These estimates were then compared with the MATLAB estimator condeig.  

Since eigenvalues of symmetric matrices are well conditioned, both our algorithm and MATLAB showed the same results.  However, for ill-conditioned structures, there were discrepancies.  

In conclusion, algorithms 1, 2, and 3 form a statistical approach to estimating the sensitivity of eigenvalue and eigenvectors computations to perturbations in a matrix.  This requires a computational effort similar to that of standard condition, but shows a more accurate result.
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