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Abstract

We intro duce a family of one-dimensional geometric growth models, constructed iterativ ely by locally
optimizing the tradeo s betweentwo competing metrics, and show that this family is equivalent to a
family of preferertial attachment random graph models with upper cutos. This is the rst explanation
of how preferential attachment can arise from a more basic underlying mechanism of local competition.
We rigorously determine the degreedistribution for the family of random graph models, showing that it
obeys a power law up to a nite threshold and decays exponertially above this threshold.

We also rigorously analyze a generalized version of our graph process,with two natural parameters,
one corresponding to the cuto and the other a \fertilit y" parameter. We prove that the general model
has a power-law degreedistribution up to a cuto, and establish monotonicity of the power as a function
of the two parameters. Limiting casesof the general model include the standard preferertial attachment
model without cuto and the uniform attachment model.
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1 Intro duction

1.1 Network growth models

This paper is dedicated, with great a ection and admiration, to Bela Bollobas on the occasionof his 60th
birthday. Two of us (C.B. and J.T.C.) are privileged to count Belaamongour dearestfriends. And all of us
have beeninspired by his pioneeringwork on graph processesn general,and scale-freegraphsin particular.
We usethe opportunit y of this birthday volumeto provide complete proofs of results on a new graph model,
rst announcedin [6].

There is currently tremendous interest in understanding the mathematical structure of networks { es-
pecially as we discover the pervasivenessof network structures in natural and engineeredsystems. Much
recen theoretical work has been motivated by measuremets of real-world networks, indicating they have
certain \scale-free" properties, such as a power-law distribution of degreesequencesFor the Internet graph,
in particular, both the graph of routers and the graph of autonomoussystems(AS) seemto obey power laws
[15, 16]. Howewer, these obsened power laws hold only for a limited range of degrees,presumably due to
physical constraints and the nite size of the Internet.

Many random network growth models have been proposedwhich give rise to power-law degreedistribu-
tions. Most of these models rely on a small number of basic mecanisms, mainly preferertial attachment?
[20, 4] or copying [18], extending ideasknown for many years[13, 21, 23, 22] to a network cortext. Variants
of the basic preferertial attachment medanism have also beenproposed,and someof theselead to changes
in the values of the exponerts in the resulting power laws. For extensive reviews of work in this area, see
Albert and Barabasi [2], Dorogovtsev and Mendes [12], and Newman [19]; for a survey of the relatively
limited amount of mathematical work see[8]. Most of this work concernsnetwork models without reference
to an underlying geometric space. Nor do most of these models allow for heterogeneiy of nodes, or address
physical constraints on the capacity of the nodes. Thus, while such models may be quite appropriate for
geometry-freenetworks, such asthe web graph, they do not seemto be ideally suited to the description of
other obsened networks, e.g., the Internet graph.

In this paper, instead of assumingpreferertial attachment, we show that it can arise from a more basic
underlying process,namely competition betweenopposing forces. The idea that power laws can arise from
competing e ects, modeled as the solution of optimization problemswith complex objectives,was proposed
originally by Carlson and Doyle [10]. Their \highly optimized tolerance" (HOT) framework has reliable
designas a primary objective. Fabrikant, Koutsoupias and Papadimitriou (FKP) [14] introduce an elegan
network growth model with such a mecdhanism, which they called \heuristically optimized trade-o s". As
in many growth models, the FKP network is grown one node at a time, with ead new node choosing a
previous node to which it connects. However, in contrast to the standard preferertial attachmert types of
models, a key feature of the FKP model is the underlying geometry. The nodesare points chosenuniformly
at random from someregion, for example a unit squarein the plane. The trade-o is betweenthe geometric
consideration that it is desirableto connectto a nearby point, and a networking consideration, that it is

1As Aldous [3] points out, proportional attachment may be a more appropriate name, stressing the linear dependence of the
attractiv enesson the degree.



desirableto connectto a node that is \central" in the network asa graph. Centralit y is measuredby using,
for example, the graph distance to the initial node. The model has a tunable, but xed, parameter, which
determinesthe relative weights givento the geometric distance and the graph distance.

The suggestionthat competition betweentwo metrics could be an alternativ e to preferertial attachment
for generating power-law degreedistributions represens an important paradigm shift. Though FKP intro-
ducedthis paradigm for network growth, and FKP networks have many interesting properties, the resulting
distribution is not a power law in the standard sensg5]. Instead the overwhelming majorit y of the nodesare
leaves (degreeone), and a secondsubstartial fraction, heavily connected\stars" (hubs), producing a node
degreedistribution which has clear bimodal features?

Here, instead of directly producing power laws asa consequencef competition betweenmetrics, we show
that such competition can giveriseto a preferertial attachment medanism, which in turn givesrise to power
laws. Moreover, the power laws we generatehave an upper cuto, which is more realistic in the context of
many applications.

1.2 Overview of comp etition-induced preferen tial attac hment

time accordingto somestochastic process. For example, we typically take to be a compact subsetof RY,
Xo to be a given point, say the origin, and x1;:::;X; to bei.i.d. uniform on . The network at time t will

attachesto one or seweral nodesin the existing network. For simplicity, here we assumethat ead new node
connectsto a single node, resulting in G(t) being a tree.

Given G(t 1), the new node, labeledt, attachesto that nodej in the existing network that minimizes
a certain cost function represering the trade-o of two competing e ects, namely connection or startup

G = m].in[gtj )+ h(t 1 1)

where is a constart which determinesthe relative weighting between connection and routing costs. We
think of the function h; (t 1) asmeasuringthe certralit y of the node j ; for simplicity, we take it to be the
hop distance along the graph G(t 1) from j to the root 0.

To simplify the analysisof the random graph processwe will assumethat nodesalways chooseto connect
to a point which is closerto the root, i.e., they minimize the cost function

& = [gq () + h(t DI )

min
jikxj k< kxik

2|n simulations of the FKP model, this can be clearly discerned by examining the probabilit y distribution function (pdf);
for the system sizesamenable to simulations, it is lessprominent in the cumulativ e distribution function (cdf).



wherek Kk is an appropriate norm.

In the original FKP model, is a compact subset of R?, say the unit square, and the points x; are
independertly uniformly distributed on . The costfunction is of the form (1), with g; = dj , the Euclidean
metric (modeling the cost of building the physical transmission line), and h; (t) is the hop distance along
the existing network G(t) from j to the root. A rigorous analysis of the degreedistribution of this two-
dimensional model was given in [5], and the analogousone-dimensionalproblem wastreated in [17].

Our model is de ned as follows.

Denition 1 (Border Toll Optimization Pro cess). Let xo = 0, and let x3;X2;::: bei.i.d., uniformly
at random in the unit interval = [0; 1], and let G(t) be the following process: At t = 0, G(t) consists of a
single vertex 0, the root. Let h; (t) be the hop distance to 0 along G(t), and let g; (t) = n;; (t) be the number
of existing nodesbetween x; and x; at time t, which we refer to as the jump cost of i connecting to j. Given
G(t 1) attimet 1, anew vertex, labelal t, attachesto the node j which minimizes the cost function
(2). Furthermore, if there are severl nodesj that minimize this cost function and satisfy the constraint, we
choosethe one whoseposition x; is nearestto x;. The processso de ned is called the border toll optimization
process(BTOP) .

As in the FKP model, the routing cost is just the hop distance to the root along the existing network.
However, in our model the connection cost metric measuresthe number of \b orders" between two nodes:
hencethe nameBTOP. Note the correspondenceto the Internet, wherethe principal connectioncostis related
to the number of AS domainscrossed{ represeting, e.g. the overheadassaiated with BGP, monetary costs
of peering agreemetts, etc. In order to facilitate a rigorous analysis of our model, we took the simpler cost
function (2), sothat the new node always attachesto a node to its left.

It is interesting to note that the ratio of the BTOP connectioncost metric to that of the one-dimensional

FKP model is just the local density of nodes: nj =d; = . Thus the transformation betweenthe two
models is equivalent to replacing the constart parameter in the FKP model with a variable parameter
i = i which changesas the network ewlvesin time. That j is proportional to the local density of

nodesin the network re ects a model with an increasein cost for local resourcesthat are scarceor in high
demand. Alternativ ely, it can be thought of asre ecting the economicadvantagesof being rst to market.

Somewhatsurprisingly, the BTOP is equivalent to a special caseof the following process,which closely
parallels the preferertial attachment model and makesno referenceto any underlying geometry.

De nition 2 (Generalized Preferen tial Attac hment with Fertilit y and Aging). Let Ai; A, betwo
positive integer-valual parameters. Let G(t) be the following Markov process, whosestates are nite rooted
treesin which each node is lakeled either fertile or infertile. At time t = 0, G(t) consists of a single fertile
vertex. Given the graph at time t, the new graphis formed in two steps: rst, a new vertex, labkeled t+ 1 and
initialize d as infertile, connects to an old vertex with probability zer if j is infertile, and with prokability

minf d; (t); A2g

Prit+ 1! j)= W)

(3)

P
if j is fertile. Here, d; (t) is equal to 1 plus the out-degree of j, and W (t) = jominfdj (t); A2g with the sum
running over fertile verticesonly. We refer to vertext + 1 asa child of j. If after the rst step,j hasmore



than A; 1 infertile children, one of them, chosenuniformly at random, becomesfertile. The process so
de ned is called a generalizedpreferertial attachment processwith fertilit y threshold A; and aging threshold
As.

The special case A; = A, is called the competition-induced preferertial attachment processwith param-
eter A;.

The last de nition is motivated by the following theorem, to be proved in Section 2. To state the
theorem, we de ne a graph processas a random sequenceof graphs G(0); G(1); G(2);::: on the vertex sets
f0g;f0; 1g;f0; 1; 2g; :: :; respectively.

Theorem 1. As a graph process, the border toll optimization process has the same distribution as the
1

competition-induced preferential attachment processwith parameter A = d -e.
Certain other limiting casesof the generalizedpreferertial attachment processareworth noting. If A; = 1
and A, = 1, we recover the standard model of preferertial attachment as consideredin [20, 4]. If A1 = 1

and A, is nite, the model is equivalert to the standard model of preferertial attachment with a cuto. On
the other hand, if A; = A, = 1, we get a uniform attachment model.

The degreedistribution of our random treesis characterized by the following theorem, which assertsthat
almost surely (a.s.) the fraction of vertices having degreek convergesto a speci ed limit g, and moreover
that this limit obeysa power law for k < A,, and decays exponertially above A,.

Theorem 2. Let Aj, A, be positive integers. Consider the genealized preferential attachment processwith
fertility parameter A; and aging parameter A,. Let Ng(t) be the number of infertile vertices at time t, and
let Nk (t) be the number of fertile verticeswith k 1 children at time t, k 1. Then:

1. There are numbers ¢« 2 [0; 1] suchthat, for all k 0

Nk (t) |
t+1°

Gk as.,ast! 1: (4)

2. There existsa number w = w(A1; Az) 2 [0; 2] suchthat the ¢k are determined by the following equations:
!

Yok o1 . .
g = W if 1 i Ay (5)
k=2
~ A, A L
9 T aw G, if i>A; (6)
R R
1= G; and o = g minfi  1,A; 1g:
i=0 i=1

3. There are positive constants ¢; and C1, independent of A; and A», suchthat
ak ) < g=q < Cik (WD (7)

forl1 k Ao,



4. If AL = Ay, the parameter w is equal to 1, and for geneal A; and A,, w decreaseswith increasing A1,
and increaseswith increasing A».

Equation (7) clearly de nes a power-law degreedistribution with exponent = w+ 1for k A,. Note
that for measuremets of the Internet the value of the exponert for the power law is 2. In our border
toll optimization model, where A; = A,, werecover = 2.

The corvergenceclaim of Theorem 2 is proved using a novel method which we believe is one of the
main technical cortributions of this work. For preferertial attachment models which have been analyzed
in the past [1, 7, 9, 11], the cornvergencewas establishedusing the Azuma-Hoe ding martingale inequality.
To establish the bounded-di erences hypothesisrequired by that inequality, those proofs employed a clever
coupling of the random decisionsmade by the various edges,such that the decisionsmade by an edgee
only in uence the decisionsof subsequeh edgeswhich chooseto imitate €'s choices. A consequencef this
coupling is that if e made a di erent decision,it would alter the degreesof only nitely many vertices. This
in turn allows the required bounded-di erences hypothesisto be established. No such approad is available
for our models, becausethe coupling fails. The random decisionsmade by an edgee may in uence the time
at which somenode v crosseghe fertilit y or aging threshold, which thereby exerts a subtle in uence on the
decisionsof every future edge,not only those which chooseto imitate e.

Instead we introduce a new approac basedon the second-momeh method. The argumert establish-
ing the requisite second-momeh upper bound is quite subtle; it dependson a computation involving the
eigervalues of a matrix describing the ewvolution of the degreesequencen a cortinuous-time version of the
model.

2 Equiv alence of the Two Mo dels

2.1 Basic prop erties of the border toll optimization pro cess

In this section we will turn to the BTOP de ned in the introduction, establishing some basic properties
which will enableusto provethat it is equivalent to the competition-induced preferertial attachment model.
In order to avoid complications we exclude the casethat someof the x;'s are identical, an event that has
probability zero. We say that j 2 f0;1:::;tg liesto the right of i 2 f0;1:::;tgif x; < X;, and we say that

with \left" in place of \righ t".

Denition 3. A vertexi is called fertile at time t if a hypothetical new point arriving at time t + 1 and
landing directly to the right of x; would attach itself to the nodei. Otherwisei is called infertile at time t.

This de nition is illustrated in Fig. 1.

Lemma 3. LetO< <1 ,letA=d e andletO<t< 1. Then
i) The node O is fertile at time t.
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Figure 1: A sampleinstance of BTOP for = 1=3;A = 3, shawing the processon the unit interval (on
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the left), and the resulting tree (on the right). Fertile vertices are shaded,infertile onesare not. Note that
vertex 1 becamefertile at t = 3.

i) Leti befertile at time t. If i is the rightmost fertile vertex at time t (casel), let * be the number of
infertile verticesto the right of i. Otherwise (case?2), letj be the next fertile vertexto the right of i, and let
“=n;(t). ThenO0 °~ A 1, andthe” infertile verticeslocated directly to the right of i are children of i.
In case?2, if h; > h;, thenj is a fertile child of i and " = A 1. As a consequene, the hop count between
two consecutive fertile vertices never increasesby more than 1 as we move to the right, and if it increases
by 1, there are A 1 infertile vertices between the two fertile ones.

iii) Assumethat the new vertex at time t + 1 lands between two consecutive fertile verticesi and j, and
let * = nj (t). Then t+ 1 becomesa child of i. If *+ 1< A, the new vertex s infertile at time t + 1, and
the fertility of all old verticesis unchange. If * + 1= A and the new vertex lies directly to the left of j, the
new vertex is fertile at time t + 1 and the fertility of the old verticesis unchangel. If ~ + 1= A and the new
vertex does not lie directly to the left of j, the new vertex is infertile at time t + 1, the vertex directly to the
left of j becomesfertile, and the fertility of all other verticesis unchangel.

iv) If t+ 1 landsto the right of the rightmost fertile vertex at time t, the statementsin iii) hold with |
replaed by the right endmint of the interval [0; 1], and nj (t) replaed by the number of verticesto the right
of i.

v) If i is fertile at time t, it is still fertile at time t + 1.



vi) If i hask children at time t, the " = minfA  1; kg leftmost of them are infertile at time t, and any
others are fertile.

Proof. The proofis straighforward but lengthy. Weinclude the details of the argument herefor completeness.

Statemert i) is trivial, statement v) follows immediately from iii) and iv), and vi) follows immediately
from ii). Sowe are left with ii) | iv). We proceedby induction on t. If ii) holds at time t, and iii) and iv)
hold for a new vertex arriving at time t + 1, ii) clearly also holds at time t + 1. We therefore only have to
prove that ii) at time t implies iii) and iv) for a new vertex arriving at time t + 1.

Assumethus that ii) holds at time t. At time t + 1, a new vertex arrives,and falls directly to the right
of somevertex k. Let i be the nearestvertex to the left of k that wasfertile at time t (if k is fertile at time
t, weseti = k) and let j be the nearestvertex to the right of i that wasfertile at time t (we assumefor the
momert that i is not the rightmost fertile vertex at time t), let * be the number of vertices betweeni and |
at time t.

Let us rst prove that the vertex t + 1 connectsto i. If i = Kk, this is obvious, sincei is fertile at time
t. We may therefore assumethat k 6 i. For the new vertex t + 1, the cost of connectingto the vertex i is
then equalto (ni (t) + 1). Let us rst comparethis costto the cost of connectingto a fertile vertex i°to

left to right. If h;, , < h;,, we usethe inductive assumptionii) to concludethat the number of infertile
vertices betweeni, 1 andin isequalto A 1,and h;, , = h;, 1. A decreaseof g in the hop costis
therefore accompaniedby an increasein the jump costof at least AQ  g. As a consequenceit never pays
to connectto a fertile vertex i°to the left of i. The cost of connectingto an infertile vertex to the left of i
is even higher, sincethe hop count of an infertile vertex is at best equal to the hop count of the next fertile
vertex to the right. We therefore only have to considerthe connection costto someof the infertile children
of i. But again, the hop court is worseby 1 when comparedto the hop count of i, and the jump costis at
bestreducedby (A 1) < 1, proving that the cost of connectingto i is minimal.

To discussthe fertilit y of the verticesin the graph G(t + 1), we needto considerthe arrival of a second
vertex, labeledt + 2. If t + 2 falls to the left of t + 1, it will facean optimization problem that hasnot been
changed by the arrival of the vertex t + 1, implying that the fertilit y of the verticesto the left of t + 1 is
unchanged. If t + 2 falls to the right of j, the cost of connectingto j or one of the verticesto the right of
j is the sameas before, and the cost of connectingto a vertex to the left of j is at best equal (the cost of
connectingto any vertex to the left of t + 1 is in fact higher, due to the additional cost of jumping over the
vertex t + 1). Therefore, the vertex t + 2 will still prefer to connectto either j or one of the verticesto the
right of j, implying that the fertilit y of the verticesto the right of j hasnot changedat all. We therefore are
left with analyzing the casewheret + 2 falls betweent + 1 and j. Again, the vertex t + 2 will preferi over
any vertex to the left of i (the cost analysisis the sameasthe one usedfor t + 1 above), sowe just have to
comparethe costsof connectingto the di erent verticesbetweeni andj. If “+ 1< A, this will againimply
that t+ 2 connectto i; but if *+ 1= A, the vertex t + 2 will only connectto i if it doesnot fall to the right
of the rightmost of the now ~ + 1 vertices betweeni and j. If it falls to the right of this vertex, it will be
as expensiwe to connectto the rightmost of the now ~ + 1 vertices betweeni and j asit is to connectto i.
Recalling out convention of connectingto the nearestvertex to the left if there is a tie in costs, this proves



that now t + 2 connectsto the rightmost vertex betweeni and j, implying that this vertex is fertile.

The above considerationsprove the fertilit y statemerts in iii), and thus completesthe proof of iii). The
casewhere i is the rightmost fertile vertex at time t is similar (in fact, it is slightly easiersinceit involves
fewer cases),and leadsto the proof of iv). This completesthe proof of Lemma 3. O

2.2 Pro of of Theorem 1

In the BTOP, note that our cost function

min; [n 4 () + hy(t  1)]; (®)
and hencethe graph G(t), only depends on the order of the vertices xp;:::;X, and not on their actual
positionsin the interval [0; 1]. Let ~(t) be the permutation of f 0; 1;:::; tg which ordersthe verticesxg;:::; X;
from left to right, sothat
X0 =X g1y < X ) < <X - (9)
(Recall that the verticesxg; X1;:::; X; are pairwise distinct with probability one.) Note that ~(t) and ~(t+ 1)
are related as follows: there existsig 2 f1;2;:::;t + 1g suc that
8
E i(t) if 1<ig
i(t+1)= _t+1 if i=1ig (10)
i 1(t) if i>ip:

Informally, the permutation ~(t + 1) is obtained by inserting the new elemen t + 1 into the permutation
~(t) in a random position io, wherex , (1) is the left endpoint of the subinterval of (0;1) into which X+,

are i.i.d., we know that, for all t, the permutation ~(t) is uniformly distributed among permutations of
f0;1;:::;tg which x the element 0. This meansthat, conditioned on a given such permutation ~(t), the
permutation ~(t + 1) is uniformly distributed amongall permutations related to ~(t) by the transformation
(20). In other words, i is uniformly distributed in the setf1;2;:::;t+ 1g.

With the help of Lemma 3, we now easily derive a description of the graph G(t) which doesnot involve
any optimization problem. To this end, let us considera vertex i with ~ infertile children at time t. If a
new vertex falls into the interval directly to the right of i, or into one of the intervals directly to the right
of an infertile child of i, it will connectto the vertex i. Sincethere is a total of t + 1 intervals at time t, the
probability that a vertex i with ~ infertile children grows an o spring is (" + 1)=(t + 1). By Lemma 3 (vi),
this number is equal to minf A; kig=(t + 1), wherek; 1 is the number of children of i. Note that fertile
children do not contribute to this probability, sincevertices falling into an interval directly to the right of a
fertile child will connectto the child, not the parert.

Assumenow that i did get a new o spring, and that it had A 1 infertile children at time t. Then the
new vertex is either born fertile, or makesone of its infertile siblings fertile. Using the principle of deferred
decisions,we may assumethat with probability 1=A the new vertex becomesfertile, and with probability
(A 1)=A an old one, chosenuniformly at random amongthe A 1 candidates, becomesfertile.



We thus have shawn that the solution G(t) of the optimization problem (8) can alternativ ely be described
by the competition-induced preferertial attachment model with parameter A.

3 Convergence of the Degree Distribution

3.1 Overview

To characterizethe behavior of the degreedistribution, we will derive a recursionwhich governsthe evolution
of the vector N (t), whosecomponerts are the number of vertices of eat degree,at the time when there are
t nodesin the network. The conditional expectation of N (t + 1) is given by an ewolution equation of the
form

E N(t+1) N@)jN(@{) = ME)N();

where M (t) dependson t through the random variable W (t) introduced in De nition 2. Due to the ran-
domnessof the coe cien t matrix M (t), the analysis of this ewolution equation is not straightforward. We
avoid this problem by introducing a contin uous-time process,with time parameter , which is equivalent to
the original discrete-time processup to a (random) reparametrization of the time coordinate. The ewvolution
equation for the conditional expectations in the continuous-time processinvolves a coe cien t matrix M
that is not random and does not depend on . We will rst prove that the expected degreedistribution
in the continuous-time model cornvergesto a scalar multiple of the eigervector p of M assaiated with the
largest eigervalue w. This is followed by the much more di cult proof that the empirical degreedistribution
cornvergesa.s. to the samelimit. Finally, we translate this contin uous-time result into a rigorous corvergence
result for the original discrete-time system.

3.2 Notation

Let A be any integer greater than or equalto max(A1;Az). Let No(t) be the number of infertile vertices at
(discrete) time t, and, for k 1, let Nk (t) be the number of fertile verticeswith k 1 children at time t. Let
Ma(t) = N a(t) = A Ni(t), and My (t) = Ni(t) if k < A. The combined attractiv enessof all vertices
is denoted by W (t) = ., minfk; A2gi(t). Let n(t) = A-Ni(t) and me(t) = 2N (t). Finally, the
vectors (M (t))¢=; and (rk(t))f-; are denoted by M (t) and r(t) respectively. Note that the index k runs

from 1to A, not Oto A.

3.3 Evolution of the expected value

From the de nition of the generalizedpreferertial attachment model, it is easyto derive the probabilities
for the various alternativ eswhich may happen upon the arrival of the (t + 1)-st node:

With probability A,Ma (t)=W(t), it attachesto a node of degree A. This incremerts K1, and leaves
N and all N; with 1< j < A unchanged.

10



With probability min(A; k)M (t)=W(t), it attachesto a node of degreek, wherel k < A. This
incremerts N1, decremens Ny, incremerts g or ¥, depending on whetherk < A; ork Ag, and
leavesall other l; with j < A unchanged.

It follows that the discrete-time process(M(t))¢-, at time t is equivalert to the state of the following
cortin uous-time stochastic process(l‘@k( ))k=o at the random stopping time =  of the t-th evert.

With rate Agl‘@A( ), I‘@l increasesby 1.
For every 0< k < A, with rate I*Pk( ) min(k; A>), the following happens:

! M 15 Mg ! N + 15 Ny ! Ny + 1
where g(k) = 0 for k < A; and g(k) = 1 otherwise.

Note that the above rules needto be modied if A; = 1. Here the birth of a child of a degree-onevertex
doesnot changethe net number of fertile degree-onevertices, Nj.
Let M be the following A A matrix:

8
1 ifi=)=1<A;
% min(j; Ay) if 2 i=j A 1
Mi; = min(j; A2) if 2 i=j+1 A (11)
% min(j; Az) if i=2landj max(A1;2)
-0 otherwise

Then, for every > | the conditional expectation of the vector I‘@( ) = (I{Pk( )=, is given by
ERC)jNC) =€ M) (12)

It is easyto seethat the matrix eM hasall positive ertries, and therefore (by the Perron-Frobenius Theorem)
M hasa unique eigernvector p of “;1-norm 1 having all positive ertries. Let w be the eigenvalue corresponding
to p. Then w is real, it has multiplicit y 1, and it exceedshe real part of every other eigervalue. Therefore,
for every non-zerovector y with non-negative ertries,

lim e We My = ha:yip

where 4 is the eigervector of M T corresponding to w, normalized so that ha;pi = 1. Note that ha;yi > 0
becausey is non-zeroand non-negative, and 4 is positive, again by Perron-Frobenius. Therefore, the vector
E e WI‘tl‘( ) corvergesto a positive scalar multiple of p, sy p,as ! 1.

In order to prove concerration for the contin uous-time model, wewill provethat the di erence I‘*«Pk( )=Ck
I‘@,— ( )=g hasan exponertial growth rate which is at most the real part of the secondeigervalue of M, which
is strictly lessthan w, the growth rate of the individual terms I‘bk( )= and l@j( )=q . From this, we will
concludethat the ratio I‘*«Pk( )=I@j( ) convergesalmost surely to g<=q , for all k and j, which in turn implies
the corvergenceof the normalized degreesequenceo the vector (g)i, .

In order to prove bounds on the growth rate of the di erences I@k( )=Ck I@j( )=q, we will needsome
auxiliary bounds involving the well-known standard birth process,to be de ned below.
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3.4 Standard birth pro cess

We start with the de nition of the standard birth processwith rate

Denition 4. Let > Oandletfo,g}-, beindependentexpnential randomvariablessothat E(oy) = 1n 1.
For 2[0;1),letX = minfn 1: 'k‘:l 0k > g. Then X is called the standard birth pro cess with

rate .3

The standard birth processis connectedto our discussionthrough the following easyclaim:

P
Claim 1. LetkN( )k=" |, ®( ). LetT 0, letx, y, andletX be a standagl birth processwith rate
2. ThenffX g )Xt = xg stochastically dominates fk ( )kg: 1 kN(T)k=y .

P
Proof. Let us start with the obsenation that .., o is the rst time for which X = n+ 1. Let

frngﬁzo be i.i.d. exponertial random variables with mean 1. Then 'k‘:l o« has the samedistribution as

" o rk=(2k + 2). The time , at which the node n is born hasthe samedistribution as P N rk=W(k),
where W (k) denotesthe combined attractiv enessof all nodesat the random time . The claim follows now
from the obsenation that W(k) 2k+ 1 2k+ 2. O

The main purposeof this sectionis the proof of the following claims.

Claim 2. Let X be a standad birth processwith rate . Then X is almost surely nite for every
Furthermore, there exists a constant Cs = C¢( ) suchthat for every ,> 1;x 1,andk 1,

C
> ( 2 1) = < S :
P X ,> kxe X, =X Xk 12 (13)
If, in addition, > 1 < 1, then
(2 1) - Cs .
P X, X,>kx[le'?z ¥ 11X ,=x < : (14)

x(2 )k 1)

P
To seethe niteness of X , we needto show that rlﬁl 0n = 1 a.s. This follows from the following
simple argumert: For every M,

\Y
P on <M P 8manon <M = exp( M=n)=0:

n=1 n=1

To see(13) and (14), we usethe following Lemma.
Lemma 4. For every > 0 and every positive integer k, E(X ) < 1 : Furthermore,
E(X )= exp( ); (15)

and
var(X )=exp(2 ) exp( ): (16)

3The name \standard birth process"is due to the fact that X is equivalent to the following process: Start with one cell at
time 0. At each time, every cell divides into two cells with rate . Then X is the number of cells at time

12



In particular,
var(X ) = O(exp(2 )); 17)

and for < 1 there exists a constant C, = C,( ) sothat
var(X ) C, : (18)

Proof. An equivalent description of the standard birth processis the following: Let be an exponertial
variable with expectedvalue , and let f G;g be a Poissonpoint processwith rate e '. Then X =1+ G
hasthe samedistribution asthe standard birth process.To seethis, all we needis to show that for every

and n, the rate of the processf G;g at time conditionedon X = nis n. Indeed,

R . _
Olpe P(X =nj)ie = d

rate( [ X =n) = .;)1 PX =nj)le - d
e e @)D _ep( ) 1" T(n by te = d
R e ey " T by ite - d
= n
Here the secondequality follows from the fact that X 1 is a Poissonvariable with rate —(e 1), and

last equality follows by integration by parts.
From this we get that the distribution of X is geometric with expected value exp( ). To seethis, we
again usethe fact that X 1is a Poissonvariable with rate —(e 1) where is an exponertial variable

with expectation . Therefore, for every n,
1
o1
P(X l1=nj)-e -~ d
z 1

P(X =n+1)

0

= ! e YV e 1 Ze*d=1¢e PX =n)
0
where, again, the last step follows from integration by parts.
The relations (15) and (16) follow immediately, and (17) and (18) follow from (16). O

Proof of (13) and (14) in Claim 2. Equations (13) and (14) will follow from Chebyshev's inequality if we
show that

E(X X )=X etz ¥ (19)
and
var(X ,jXx )=X ,0 & (z v (20)
for > 4, and
Var(x + 1Jx 1) = O( ) X 1 (21)
for < 1.
Equations (19), (20) and (21) follow from (respectively) (15), (17) and (18) and the fact that conditioned
on X ,, the processX . , isthe sumof X ;| independert copiesof X . O

Remark: From now onwe will alwaysassumethat = 2. In particular, whenewer we usethe term "standard
birth process",it should be understood as "standard birth processwith rate 2".
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3.5 Concentration of the contin uous-time pro cess

In order to show concerration of the degreedistribution for the contin uous-time process,we will prove rst
the following lemma. To state it, we obsene for any bwith b™p= 0,

kb'e™ Mk, Kbk &7 )V (22)
for somev®< w. Without lossof generality, we may assumethat v®> w=2. Also, for a generalvector b,
kb e(T M, Kbk, T W (23)

Lemma 5. Let bbe a vector in R with kbk; 1. Then there exists a constant C < 1 , suchthat for all
T > 0,
var b"(T) < Cexp(2uT) (24)

whereu= wif b'p6 0, andu = V0if b'p= 0.
Proof. We usea martingale to bound the variance. Fix T, and let

L =E b'N(T) N()

Clearly, L is a (continuous-time) martingale. By (12), we know that L = b'e(T MN( ). Let0< <
exp( 10T) be such that K = T= is an integer number. Then, fUx = L g, is a martingale and

IX 1
var b'N(T) = var(Ugs1  Ug):
k=0

We want to estimate the variance of Ugz1 U Let vi = N((k+ 1) ) MN(k ). For two vectors N; and N9,
Bre™ (D) Mg, preT (k+d) M, 2 Ko, M,Kk2eu(T (k) ).

wherethe norm k k refersto the L1{norm here and throughout this section, unlessotherwise noted. Choose
I‘@(k ) accordingto its distribution, and let N, and N, be chosenindependertly, accordingto the distribution
of N((k + 1) ) conditioned on N(k ). Then

1 2 1
Var(Uk+1 Uk) - EE bTe(T (k+1) )M r@l bTe(T (k+1) )M r@z EE(kr@l MZKZ)GZU(T (k+1) ):

On the other hand, using the fact that for every vector x in RY,
|
xa 7 x
i=1 i=1
we get

1
var(ve(j)) —E(kN; N,k
i k oA 1 2
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where vk (j) is the j-th componert of vi. Therefore,

X
var(Ug.1  Uk) A exp[2u(T  (k+ 1) )]var(vk(j)): (25)
j=1

By Claim 1, (19), and (21), for every j = 1;2;:::; A,

h i
var () N(k) E (w()® Mk) C k(K )k;

E w(j) N(k) (€  DkNK )k 4 kl(k )k
and h i
E (k(k )k)? < e*:

Therefore,

var(we(j)) = E var w(j) N(k) +var E w(j) N(k)
C, exp(wk ) + 16 2 exp(4k )
< Cp exp(wk)

for Co = Cy + 1, by the choiceof . Therefore,

IX 1
var b'N(T) < A2%C exp(wk +2u(T (k+ 1))

k=0
Zy

A2Cye?MT e 29 d < C,exp(2uT)
0

for zZ,
Cy = A%Co ) eW 20 d <1
o
In addition, note that by (22) and (23),
E b'N(T) e’
and therefore there exists C so that i
E (0'N(T)2 ce?: (26)
We are now ready to state and prove the two main lemmasusedto prove conceriration:
Lemma 6. For everyw?< w andeveryl k A, a.s. for every large enough,
() > e’ (27)

and
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Lemma 7. There existsv < w s.t. for everyl k< | A a.s. for every largeenough,

PNC) () <€ ;

The following corollary is an immediate consequencef Claim 2, Claim 1 and Lemma 6.
Corollary 8. w 2

Proof of Lemma 7. Choosesomev strictly betweenv®andw in away that w v < 0:25min(0:1;v v%w=10)
andlet = min(0:1;v v%w=10). The vector

8
E Pi ifi=k
b = 3 pk ifi=]
0 otherwise

satis es b'p = 0, and therefore, using (26) and Chebyshev's inequality,

1
P pM(T) pM(T)=b"N(T)> §)evT 9Ce 2 T: (28)
Let fTigi=z1.2.. besud that € T = {2, By Borel-Cantelli, almost surely there exists iy suc that for all
i> o, L
p (T P (Th) < EeVTii (29)
Note that oai
Ti = E
and therefore
Tia Ti= (Y (30)

We want to shaw that almost surely for all T large enough,
P (T) Pty (T) < &7 (31)

Section3.3tells usthat E(kI@(Ti)k) = O(exp(wT;)), and Lemmab tells usthat var(kl‘@(Ti)k) = O(exp(2wTy)).
Therefore
P(klb(T|)k> e(W+O:6 )Ti) < C|e 12T — C|| 1:2

for someconstart C;, sothat, if m(i) is the number of vertices arriving betweenT; and T;+1 , then
1
i'> —evTi
P m() 2e
P kM(Ti)k > @W+0:6)Ti 4 p m(i) > %evTi kM(Ti)k e(W+0:6 )T
P kM(Ti)k > gWw+0:6)Ti 4 p m(i) > %evTi kM(Ti)k = (W+0:6)Ti

Ci 12+ Cee MWOEIT(T,, T) 4 (32)
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where the last inequality uses(14) in Claim 2 and the fact that
26T > 20T expa(Tiy T) 1)

for i large enough.
Clearly, the rst part of the right side of (32) is a convergert sum. We needto show that sois the second
part. Remenber the choice w=10. Then, using (30),

C.e (W+0:6 )T; (e T0) 1 _ i e (W+0:6)T;
- eTi e (Ww+0:6 )T; - e (w 0:4)T;
=0e®" = 0O °:
Using Borel-Cantelli, we concludethat almost surely,
1,7
N(T)  M(Ti) < e (33)
k=1
for all k and all i large enoughand all T betweenT; and T;+; . Equation (31) follows from (33). O

Proof of Lemma6. By Lemma 5, var(l@l( )) < C1€2¥ , while E(l@l( )) > C,e" by Section 3.3. Therefore
there exists > 0 such that
P Ny()>e" > (34)

Fix somelarge T, and let ; = iT. For ead vertex v which is a fertile leaf at time ; 1, let °y denote the
number of descendais of v (including v itself) at time ; which are fertile leaves. The random variablesf " g
are independert, their sumis I‘@l( i), and the distribution of ead of them is the sameasthe unconditional
distribution of N’l(T). Using this fact and (34), we get

PNy )> ;e“”r@l(i D M) 1 e B0 (35)

via Cherno 's bound. From (35), we get that almost surely there exists a constart C3 > 0 suc that, for all
i large enough,
2
N ()> Csexp i wT + log 5

From Lemma 7, we may concludethat the sameholds for N’A( i), i.e. for any constart C4 < Cs,

2
NA(i)> Csexp i WT + log -

I‘@A( ) is monotone increasing, and therefore there exists Cs > 0 such that
2

Na()>Csexp w+ %Iog - (36)

for all large enough. Using Lemma 7 again, we concludethat there exists C¢ > 0 such that
2

1
N()> Csexp w+ ?Iog )
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for all k and large enough . We get (27) by taking T solarge that

w+ Zio -’ > wo
T°9 3 '
O
Prop osition 9. For everyk and j, almost surely
lim () _ P 37)
() P
Proof. This follows immediately from Lemma 6 and Lemma 7. O

3.6 Back to discrete time

Prop osition 10. For the discrete-time process,and A > maxf A1; A,g there exists a vector ¢ suchthat, for

k A, wehave
() _ .

til t+ 1

(38)
Proof. The number of infertile verticesincreasesat stept with probability

P
e ()
(their number cannot decrease).Howewer, by (37), this expressiontends to a limit, and therefore, using the
law of large numbers,

PA 1
NO(t) k:11 Pk
== P (39)
il t+ 1 ﬁ=1 P
Using (37) oncemore, the proposition now follows for k 1 with g« = (1  qo)p«k- O

Note that the above proposition implies that ok and hencepy is independert of A if A > k, sincethe left
hand side of (38) doesnot depend on A if A > k. So,in particular, p; doesnot depend on A.

4 Power Law With a Cuto

In the previous section, we saw that for every A > maxfA;;A,g, the limiting proportions upto A 1 are
P where p is the eigenvector corresponding to the highest eigervalue w of the A-by-A matrix M de ned in
Eqgn. 11. Therefore, the componerts py; p2;:::;pa of the vector P satisfy the equation:

wpi = min(i; A2)pi + min(i - LAz)pi 1 0 2 (40)

P
where the normalization is determined by iAzl pi = 1. From (40) we get that fori A,

P1 (41)



and for i > A, _
A2 I Az
Ay, + W

pi = PA, (42)

Clearly, (42) is exponertially decaying. There are many ways to seethat (41) behaveslike a power law with
degreel+ w. Indeed,

Y X
P Ik(+ L exp 9 5 (43)
P k=2 W| k=2 w | |
x L ! y ! !
= exp T o) = exp (1 w (k+w) 1 +0(1)
k=2 | | k=2 ! !
X ' ' Xi k+1 .
=exp (1 w) k1 +01) = exp (1 w log —— + O(1)

k

k=2 k=2
= exp(( 1 w)log(i=2)+ O(1)) o@)i ' w:

Note that the constarts implicit in the O() symbols do not depend on A, A, or i, due the fact that
O0< w 2. Equation (43) can be stated in the following way:

Prop osition 11. Thereexist0< ¢c< C < 1 suchthat for every A, A andi Ay, if w= w(A1;A) is
asin (40), then

citw Pogitw (44)
P1

and (7) in Theorem 2 (and the commert immediately following it) are consequencesf equations (41), (42),
and (44) derived above. It remainsto prove the normalization conditions

g=1 and o = gmin(i 1LA; 1)

stated in Theorem 2. Thesefollow from the equations

X X
Ni(t)=t+ 1 and No(t) = Ni(t) min(i  1;A; 1)
i=0 i=1
The rst of thesesimply saysthat there aret+ 1 verticesat time t; the secondequation is proved by courting
the number of infertile children of ead fertile node.

5 Monotonicit y Prop erties of w

In this section we will prove that the exponert 1+ w of the power law in Proposition 11 is monotonically
decreasingin A; and monotonically increasingin A,. For this purpose,it will be usefulto de ne a family of
matrices, parametrized by two vectorsy;z 2 R", which generalizesthe matrix M appearingin (11), whose
top eigervalue is w.
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(ij )-th entry is: 8

z7 yp ifl=i=]j
% Yi if 2 i=j n
Mij (Y;2) = _ if 2 i=j+1 n
% z if i=21andj 2
0 otherwise

Thus, for instance, the matrix M de ned in (11) is M (y; z), wheren = A and

min(j; Az) if1 j <A
i =

0 ifj = A
(
- 0 if 1 J < A;
: min(; Az) ifAL | A

For the remainder of this section, we will assume:

yi>0forl i<n; (45)
zi Oforl i<n; (46)
Yn = 0; 2, > O (47)

All of thesecriteria will be satis ed by the matrices M (y; z) which arisein proving the desiredmonotonicity
claim. It followsfrom (45),(46), and (47) that if we add a suitably large scalarmultiple of the identit y matrix
to M (y;z), we obtain an irreducible matrix M (y;z) + Bl with non-negative ertries. The Perron-Frobenius
Theorem guaranteesthat M (y;z) + Bl has a positive real eigervalue R of multiplicit y 1, such that all
other complex eigervalues have modulus  R; consequetly M (y;z) has a real eigervaluew = R B, of
multiplicit y 1, such that the real part of every other eigervalue is strictly lessthan w.

Wewill study how w variesunder perturbations of the parametersy;z. Let P(; y;z) bethe characteristic
polynomial of M (y; z), i.e.

P(;y;z) = det(l  M(y;2):

This is a polynomial of degreen in  (with coe cien ts depending smoothly ony;z), whoselargest real root
w(y;z) exists and has multiplicit y 1, provided (y;z) belongsto the regionV ~ R" R" determined by
(45),(46), and (47). It follows from the implicit function theorem that w(y;z) is a smooth function of (y;z)
in V, satisfying:

e ae L, ©@,@ @ o @)
@i @i @ (w3y;z) @i @i @ (wiy;z)
If x isany vectorin R" R", and @ is the corresponding directional derivativ e operator, we have from (48):
@P(w;y;2)
@w(y;z) = ———— 49
ViD= @@y “9

We know that (@=@)j(w:y:z) > 0becauseP is a polynomial with positive leading coe cien t, w is its largest
real root, and w has multiplicit y 1. Thus we have established:

20



Claim 3. For anyvector x 2 R" R",andany (y;z) 2 V, putw = w(y;z). Then the directional derivatives
@w(y;z) and @P(w;y;z) have opposite signs.

This allows monotonicity properties of w to be deducedfrom calculationsinvolving directional derivatives
of P. Giventhe de nition of M (y;z), it is straightforward to compute that

X0
P(;y;2) = det(l  M(y;2) = Pi(; ¥:2) Pi(;Yy:2); (50)
j=2
where
N4
Pi(;y;2) = ( +y1 z1) ( +VYi) (51)
_ 0'"2 1
jy 1 \4
P(;y;2) = yi @ (+y)A: (52)
i=1 i=j+1

As an easyconsequencef this formula, w is strictly positive.
Lemma 12. w is strictly positive.

Proof. From (50){(52) and the fact that y, = 0, we have P(0;y;z) = Pn(0;y;2) = Qin:11yi Zn, and
this is strictly negative by (45) and (47). For sucien tly large positive , we know that P(; y;z) > 0
becauseP is a polynomial whoseleading coe cient in is positive. By the intermediate value theorem,
P(; y;z) hasa strictly positive real root. O

The following three lemmas encapsulatethe requisite directional derivative estimatesfor P.
Lemma 13. (@=@)jw:y;z < Ofor (y;z) 2 V.
Proof. For k > 1, I I
1o ¥ '
@P=@« = @=@ = Yi (W+yi) <O

i=1 i=k+1
Fork =1,

v
=@ = @1=@1 = (w+yj) <O
i=2
Corollary 14. w is monotonically decreasingin A;.

Proof. IncreasingA; from k to k+1 hasno e ect ony, andits only e ect on z isto decreasezx from min(k; Az)
to 0. Aswe movein the z direction, the directional derivative of P is positive, sothe directional derivative
of w is negative by Claim 3. Thus w decreasess we increaseA; from k to k + 1. O

Lemma 15. For 1< k< n, (@P=Q«)jw:y:z) < 0if (y;2) 2V and z = 0.
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Proof.

® _ & e
@« @« ., O
1 1 X! 1 X
= 1 - P
W+ Yk W Yi o, : Y|y :
1 1 Xt 1 X
< + ! + ! + Py
W Yk W+ Yk o, WH Yk oy
_ Pwy:2)
- W+ Yk
= 0
o
Lemma 16. For k> 1, (@P=@Q« + @=@x«)jw:y:z) < 0if (y;z) 2V and yx = z.
Proof.
@, @ _ @ *@& &
@ @« @« ., G @«
X1 X
= +1 j- PJ i P] ipk
W Yk W Yo, Yk 2k Zk
K1 X
) +1 j- Py j- Pi +1
W Yk WF Yk WH Yk oy W+ Yk
. Pwy:?)
- W+ Yy
= 0
O

Corollary 17. w is monotonically increasingin A,.
Proof. If we changeA, from k to k + 1, this changesy into a new vector y° satisfying

o . . 1 ifk<j<n
i 0 otherwise.

It changesz into a new vector z° satisfying

1 if max(Aj;k+1) j n
0 otherwise.

0 -
Zj Zj -
Letting ej(y) denote a unit vector in the +y; direction, and ej(z) a unit vector in the +z direction, the

direction of changeis expressedby the vector
2 3 2 3

0 X (v) X ) (2) (2)
x= (%) (y;2=4 eg’’5+4 (g + )5 + el?;
k+l j<A max (k+1;A1) j<n
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and @P is negative, by the precedingthree lemmas. By Claim 3, this meansw increasesmonotonically as
we move along this path. O
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