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Question 1. Let G be a finite group and H < G a proper subgroup. Show that U,cqgHg ! # G. Bonus
question: What happens when G is infinite?
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on 2. Show that for a finite group GG and proper subgroup H, there exists a conjugacy class of G
that does not intersect H
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Question 3. (Useful results for counting) Let G be a group and X a G-set. For =,y € GG, show that

(a) if  and y are conjugate then | X*| = | X¥|.

(b) if z and y generate the same subgroup then | X*| = | XV|.
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Question 4. Use Burnside’s lemma to answer the following counting problem. Let n be an even number

and and suppose we have n indistinguishable balls and put them into 3 indistinguishable jars. How many
ways can we do this?
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Question 5.

(a) Let X be a finite G-set with |G| = p" for some prime p and p does not divide |X|. Show there exists an
element x € X such that gr = z for all g € G.

(b) Let V' be a d-dimensional vector space over Z, and let G C GL4(Z,) be a group such that |G| = p".
Show that there exists a nonzero vector v € V such that g-v = v for all g € G.

Note, you don’t need burnside to do these questions.
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Question 6. Prove the Frattini argument: Let G be a finite group and H < G. Suppose P is a Sylow
p-subgroup of H. Then G = HN¢g(P).
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