MATH 210A: HOMEWORK 7

Problem 63. Find all ring endomorphisms of R, the real numbers. Which are invertible?
Problem 64.

(a) Prove that every two-sided ideal J C M, (R) of the matrix ring is of the form M, (1)
for a two-sided ideal I C R.

(b) Give an explicit example of a left ideal of M, (R) that is not of the form M, (I) for
I C R a left ideal.

Problem 65. Let R be a commutative ring and I, J C R two ideals. Prove that the set of
elements {ij : ¢ € I,j € J} is not necessarily ideal using the ring Z[X].

Problem 66. For an ideal I C R in a commutative ring, we let the radical of the ideal be
the set

VI :={reR:r" eI for some n € N}.
a) Prove that if I is an ideal, so is v/I.

(a)

(b) Prove that \/I nJ \/_ﬂ V.
(¢) Prove that v/v/T =vVIi+J

)

(d) Give necessary and sufﬁment condltlons for /I = R.
(e) Show that VI -J =+1NJ.

Problem 67. For a commutative ring R let N/(R) be the set of nilpotent elements of R,
that is all @ € R such that " = 0 for some n € N. This is called the nilradical.

(a) Prove that the nilradical is an ideal.

(b) Prove that /N (R) = N(R)
(c) Prove that for any ideal I C R, N/ (R/\/Y) =
(d) Prove that the set of nilpotent elements of Ms(Z) is not an ideal.

Problem 68.

(a) Formalise the statement ‘localisation commutes with radicals’ and prove it.
(b) Formalise the statement ‘localisation commutes with quotients’ and prove it.

Problem 69. Let R be a ring, and let > C R be a central multiplicative subset. Let
e: R — R[X7!] be the localisation functor.

(a) What is the kernel of 7

(b) Show that ¢ is an epimorphism in the category of rings.

(c) What necessary and sufficient conditions can you put on ¥ so that R[X7!] = 07?

(d) Show that the association J +— 71(J) defines an injective map ¢ from the set of one-
or two-sided ideals of R[X™!] to those of R.

(e) What is the image of this map? What is the inverse map from the image of ¢ to the
ideals of R[>X71]?

(f) Formalise the statement ‘the quotient rings are preserved under this bijection’ and

prove it.
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Problem 70.

(a) Describe the ideals of Z[1/a], defined as the localisation of Z at the multiplicative
subset {1, a,d?,...}.

(b) Let p € Z be a prime number, and let 3, = {a € Z : p { a}. Prove that ¥, is
multiplicative and describe the ideals of the localisation Z,) := Z[¥ 1.

Problem 71. Let k be a field, and let f € k[X,Y] be an irreducible polynomial. Let
V=19 € kX, Y] f1g}.
(a) Prove that X; is a multiplicative set.
(b) Prove that k[X, Y] := k[X,Y][E;"] is a subring of k(X,Y), the field of rational
functions of two variables.
(c) Let r € k(X,Y) be a rational function. Prove that the set

®, := {f € k[X,Y] monic irreducible : r ¢ k[X,Y] ;) C k(X,Y)}
is finite for each r.

Problem 72. Let R be a ring. An idempotent is e € R such that e? = e.

(a) Show that if e € R is a central idempotent, then R = Re x R(1 — e), the left ideals
generated by those elements.

(b) Show that if R = Ry X Ry, there is a central idempotent e € R such that Ry = Re
and Ry = R(1 — e). Show also that R; and R, are localisations of R.

(c) What are the idempotent elements of Z/nZ?

(d) How many idempotent elements are there in an integral domain?



