Math 33B/1 S00 B. Examples

1. Infinite sequences (1) 1, 12, 13, 14, · · · → 0 (2) 1, 12, 14, 18, · · · → 0 (3) 1, r, r^2, r^3, · · · → ? or more generally (3^′) a, ar, ar^2, ar^3, · · · → ? (infinite geometric progression) (4) Let a_n = n^2 + 2n + 3 3n^2 + n − 1

. What happens as n → ∞?

(5) Let a_n = sin n. What happens as n → ∞? (6) Let a_n = 1n sin n. What happens as n → ∞? (7) If a_1 = 1 and a_{n+1} =^1_2 ( a_n + 5a_n ) , then a_n → √ 5. See values later on in this handout.

2. Infinite series of numbers There are some surprises.

(8) 1 + 12 + 14 + 18 + · · · = 2 (9) 1 − 12 + 14 − 18 + · · · = 23 (10) 1 + r + r^2 + r^3 + · · · = 11 − r if |r| < 1 or more generally (10^′) a + ar + ar^2 + ar^3 + · · · = a1 − r if |r| < 1 (geometric series) (11) 0.111 · · · = 19 (12) 1 + 12 + 13 + 14 + · · · = ∞ (harmonic series) (13) 1 − 12 + 13 − 14 + · · · = log 2 (alternating harmonic series) (14) 1 − 13 + 15 − 17 + · · · = π4 (15) 1 + 11! + 12! + 13! + · · · = e (16) 1 + 1

2^2 + 1 3^2 + 1 4^2

+ · · · = π^26

3. Infinite series of functions In these, for each number x you get an infinite series of numbers, which might converge or not. Some of these examples help to explain the surprising values of series of numbers above.

Power series (17) 11 − x = 1 + x + x^2 + x^3 + · · · (for |x| < 1) (18) 11 + x = 1 − x + x^2 − x^3 + · · · (for |x| < 1) (19) 1

1 + x^2

= 1 − x^2 + x^4 − x^6 + · · · (for |x| < 1) (20) e^x = 1 + x + x^22! + x^33! + · · · (for any x) (21) cos x = 1 − x^22! + x^44! − · · · (for any x) (22) sin x = x − x^33! + x^55! − · · · (for any x) (23) log(1 + x) = x − 12x^2 + 13x^3 − · · · (for −1 < x ≤ 1) (24) arctan x = x − 13x^3 + 15x^5 − · · · (for |x| ≤ 1)

Fourier series (Fourier = foo-ree-ay) (25)^1_2 x = sin x − 12 sin 2x + 13 sin 3x − · · · (for |x| < π) (26) 14x^2 = π^212 − cos x + 1 2^2 cos 2x − 1 3^2 cos 3x + · · · (for |x| ≤ π)

4. More on Example (7) The values to 50 decimal places are a_1 = 1 a_2 = 3 a_3 = 2.3333333333333333333333333333333333333333333333333 a_4 = 2.2380952380952380952380952380952380952380952380952 a_5 = 2.2360688956433637284701114488348530901722391084093 a_6 = 2.2360679774999781940945935585814501064816791373492 a_7 = 2.2360679774997896964091736766763337574354077823754 a_8 = 2.2360679774997896964091736687312762354406183596115 a_9 = 2.2360679774997896964091736687312762354406183596115 . . . . . .