Math 149 S03 W.

Least Squares

1. Frustration

Suppose we want to solve the system of simultaneous equations

z+2y = 3
2r+y = 3
r—2y =1
2 —y = 2

The frustration is that there is no solution. The first two equations to-
gether, for example, have only the solution x = 1,y = 1, and the last two
together have only the solution z = 1,y = 0. The system has more equations
than variables. It is “overdetermined”. The best we can hope for is to make
the equations all approximately true, in some sense:

r+2y ~ 3
2r+y =~ 3
-2y ~ 1
20 —y =~ 2

2. The sum-of-squares combined error

To be more concrete, we should ask for z and y that make the equations
as nearly true as possible. In other words, we should try to find z and y that
minimize the errors

€6 = x+4+2y
€& = 2x+vy
€3 = x— 2y
€2 = 2x—vy

There is still a problem, though: It is not clear what it means to minimize
several errors simultaneously. We must choose some single combined measure
of the errors and then minimize that.

To combine the errors we should not use €; + €3 + €3 + €4, because negative
errors could cancel out positive ones. It is more reasonable, but still not
good, to use |e1]| + |e2| + |e3] + |e4]. The use of absolute values is undesirable
both because the absolute value function is not differentiable and because
there might be many (z,y) pairs giving the same minimum value (as it turns
out).

Instead, a nice measure of the combined error is the sum of squares of
the individual errors. Because the combined error depends on the choice of
x and y, let’s write



E(x,y) = € + €2 + €3 + €.

Just trying some different choices for x and y gives

E(1, )—5 (since 02 + 0% + 2% + 1% = 5),

E(1,0) =

E(0,1) = (Worse)' but the least-squares method will reveal
E(1.4,0.5) = 0.9 (fantastic, and the lowest possible error).

It is worth noting that the least squares method will allow several small
errors in preference to one large one; for example, 12 4+ 12 4+ 12 4 12 is smaller
than 4% + 0% + 0% + 02.

3. The matrix formulation

You know how to write a square system of linear equations with matrices;
an overdetermined system can be written the same way. In our example:

1 2 3

2 1 x|
1 -2 y |~
2 -1
form Ax ~ b.
Here A is m x n with m > n, x is an n-vector, and b is an m-vector. The

errors can also be expressed as a single vector € = (€1, ..., €,). If € is written
as a column vector, then ¢ = Ax — b.

. In general, an overdetermined system is of the

N — W

4. Solution using normal equations

The least-squares solution can be found by a simple method that almost
seems like magic before you know its derivation:

Method: To solve Ax ~ b in the least squares sense, instead solve the
square system of equations Nx = d, where N = A’A and d = A’b.

This system of equations is usually called the system of normal equations.
For short, they can be written as A*Ax = A'b, which you can think of as
the result of multiplying both sides of Ax &~ b on the left by A’ and putting
= for ~. The matrix N will always be symmetric, i.e., N* = N.

Ezample (continued from above).

12
12 1 272 1 10 0
— At A — —
N_AA_[21—2 —1] 1 -2 _[010}’
2 -1



21 -2 -1
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Thus the solution is z = 1.4,y = 0.5, as mentioned above. (As you see, this
example was specially chosen for easy arithmetic; in general N is symmetric
but not diagonal.)

d:Atb=[12 1 2] !

14 .
= { }, so the normal equations are

N — W W

Notice that N needs to be nonsingular. In practice this is very likely to be
the case. The reason why, as well as the derivation of the normal equations
will be explained below.

5. Applications.

Least-squares problems arise in a number of ways. The simplest one is
this:

Application 1. “Linear regression”. Find the best-fitting straight line
y = ¢y + c1z for data points (1, 3), (2, 3), (-2, -1),(-1,1),(2,2) (Figure 1).
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Figure 1: A linear fit

Solution. Here we need to find ¢y and c;, not z and y. If a data point
(2,5) (say) were to be on the line that would mean 5 = ¢y + ¢;2. But there
are too many data points to hope that they would all be on one line. Thus
we have to settle for finding ¢y and ¢; so that



Co + le; =~ 3
co+2¢c; ~ 3
cp—2c1 ~ —1
Cyp — le; =~ 1
Co+2c; ~ 2
1 1 3
1 2 c 3
or in other words, | 1 —2 [ 0 ] ~ | —1 |, so the normal equations are
1 -1 | Le 1
1 2 2
1 1 3
[ 11 1 11 ] 1 _g _ |: 11 1 11 _31 or
1 2 -2 —1 2 1 1 1 2 -2 -1 2 1
1 2 2
5 2 8 . .
o 1417114l A computer solution gives ¢y = 1.27273, ¢; = 0.81818,

to five decimal places. Thus the best-fitting straight line in the least-squares
sense is y = 1.27273 4+ 0.81818z.

In general, for data points (1, 1), ..., (T'm, Sm) you get the normal equa-
tions

| s la] =[]

It is all right to have some of the r; be the same. These normal equations
are guaranteed to be nonsingular as long as not all the r; are the same. (If
they were all the same, the data points would lie on a vertical line and there
would be no one best-fitting linear function.)

Application 2. Finding a best-fitting quadratic. Given data points (71, s1),
<+ (T Sm), find the parabola y = ¢y + ¢,z + coz? that fits them best (Figure
2). In other words, solve

co+er+er? o~ s
Co+eira+erl  m sy
Co+Cirm+crl = sy,

At first this might not look like a linear problem. Notice, though, that the
r; and s; are data numbers, and their powers are also just certain numbers.
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Figure 2: A quadratic fit

The unknowns are ¢y, c1, co, which appear linearly. In fact, a polynomial is
a linear combination—of powers. In matrix form, this problem is

1 r 7 51
1 7y 712 o s
2 2
2 e | = , or for short, Ac ~ s.
o
1 7y T2 Sm

Solving the normal equations gives us the best cg, c1, co.

Note. Although one can talk loosely of a “best-fitting parabola”, if ¢, hap-
pened to come out to be zero the curve would actually be a straight line.

Application 3. Finding a best-fitting linear combination of polynomials of
given degree d.

This is an obvious generalization of the quadratic case. For polynomials of
degree d, the only requirement to guarantee nonsingularity of the normal
equations is that rq,...,r,, should include at least d + 1 different numbers.

Application 4. Finding a best-fitting linear combination of functions.
Given data points and a specified finite family of functions, find the linear
combination of those functions that fits the data best.

In other words, suppose we are given functions fi,... f, and data points
(r1,81), -+ (Tm, Sm). We want to find coefficients ¢y, ..., ¢, so that

cifi(ry) +---+eafalr) =~ s
cifi(ra) +---+enfulrs) = 5o
lel(rm) + + Cnfn(rm) % Sm
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This is just a least-squares problem Ac ~ b, where A = [f;(r;)] and b = [s;].
We’ll discuss the particular case where the f; are Chebyshev polynomials.

Application 5. Finding a best-fitting polynomial parametric curve near
given data points.

Let’s consider a cubic curve in two dimensions. We have times tg,...,t,
and data points P, ..., P,, and we want a cubic curve P(t) so that P(t;) is
close to P; for each i. As a measure of closeness we can use the Euclidean
distance. In other words, we want to minimize the sum of squares of the
errors dist(P(t;), P;). This situation at first sounds different from the er-
rors previously discussed, which were vertical distances on graphs, but see
what happens: Write P(t) = [‘;Eg } P = [x } Then dist(P(t,), P,)
= /(z(t;) — ;)2 + (y(t;) — v:)?, and the sum-of-squares error is the sum of
squares of square roots: E = Y. (x(t;) — z;)® + (y(t:;) — yi)®. So if we write
z(t) = co+ 1t + cat? + c3t® and y(t) = do + dit + dat? + dst®, with coefficients
to be determined, the sum-of-squares error is exactly the same as for the
least-squares problem

1

Co + Cltl + Cgt% + Cg'lffls ~ I
Co + Cth + Cgt% + Cgt% ~ I9
co + city, + Cgti + Cgti ~ Iy
d() + dltl —+ th% + dgt? ~ Y1
do + dits + dots + d3td =~ yo
d() + dltn + dgti + dgti ~ Yn

Although squared errors from both z- and y-coordinates are added together,
the errors involve separate sets of variables, so this problem is really equiva-
lent to two separate least-squares problems Ac ~ x and Ad ~ y, where
1t 2t

1ty t5

A= ,
1 t, &2
Co do x1 W
|l a . dq . T2 _ Yo
¢= Co ’d_ d2 » X = Y =
C3 d3 T T

Since both problems share the same A, we can solve them together with
normal equations



co dy

ATAC = AP, where C = | @ 9 | and
Co dQ
c3 d3
1 N
P=| " ¥ | = the matrix of data points as row vectors.
Tn  Yn

Other applications. Large overdetermined arrays arise in many engineer-
ing design applications. The method of normal equations works well well
even if A is 1000 x 50. (On modern workstations it takes less than a second
to solve a 50 x 50 set of linear equations.)

6. A geometrical interpretation

Recall that the distance between two vectors is the length of their difference.
Therefore |¢| is the distance from Ax to b. Moreover, F(x) = €2+ -+ €2, =
le|?. For a nonnegative function, minimizing the square of the function is the
same as minimizing the function. Therefore

These statements are equivalent:

Ax =~ b has least-squares solution x;
Ax is as close as possible to b in R™.

Moreover, the vectors of the form Ax, for all possible column vectors x,
form a subspace W of R™. Therefore the problem is really one of finding
the point in a subspace that is closest to a given point; the error vector € is
the vector from the given point to the point in the subspace. In Figure 3,
the parallelogram represents part of the subspace W. The error vector “err”
goes from b to Ax.

To see why W is a subspace, notice that W is just the image of the linear
transformation given by T'(x) = Ax. Or, notice that Ax can be expanded as
Ax = Ayzy + --- + Az, where A; means the j-th column of A; therefore
W is the column space of A, i.e., the subspace spanned by the columns of A.
In Figure 3, the columns of A are the sides of the parallelogram that touch
the origin.

You might think that the way to get from b to the closest point of W is to
go along a normal to W-—i.e., a line perpendicular to W-—and that’s exactly
right, as indicated by the right angle in Figure 3. First let’s discuss the
computational method that produces the answer, and then then derivation
of the method.



Figure 3: Geometrical interpretation



7. Explanation of the method

One way to invent the method of normal equations is to use calculus.
The error is E(x1,...,x,). Take the partial derivative with respect to each
x; and set it equal to zero. You get n simultaneous equations in zy,...,Z,,
which turn out to be the same as the normal equations.

Here is a better way, based on the geometrical interpretation discussed
above. Recall that

(i) the set W of all vectors of the form Ax is a subspace, namely the column
space of A (the subspace of R" spanned by the columns of A);

(ii) we are looking for the particular x for which Ax is closest to b. To avoid
confusion, call this vector xg;

(iii) the error vector is € = Axy — b.
We need only two more facts:

(iv) The shortest distance from a vector b to a subspace is along a perpen-
dicular. (See Problems for a verification.)

(v) In a matrix product AB, the entries are dot products of rows of A with
columns of B.

Now, by (iv), € is perpendicular to all vectors in W. By (i), the columns of A
are in W so € is perpendicular to each column of A. Thus the dot product
of € with every column of A is zero. Write the dot products by putting A on
its side and writing the matrix product A'e = 0.

This says A'(Axg — b) =0, so A’Axy = A'b, the normal equations!

8. Some comments.

(a) When you first study linear algebra, you might think that R" is useful
only for n = 2 and n = 3. However, if you solve a 1000 x 50 least-squares
problem, you are really relying on geometrical properties involving the 50-
dimensional subspace W of the 1000-dimensional space R!%%!

(b) What about the nonsingularity of the normal equations in general? Here
are two facts that are closely related to each other:

Fact (I). The rank of A*A equals the rank of A.

For example, consider a 20 x 4 least-squares problem Ax = b. The normal
equations are 4 x 4. They are nonsingular if their rank is 4. By Fact I,
this happens if the rank of A is 4, i.e., if the four columns of A are linearly
independent. But this is extremely likely if there is any random quality to
the entries of A. In fact, since row rank = column rank, the rank of A will
be 4 if any four rows are linearly independent.
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Fact (IT). If A is m x n with m > n, the determinant of A*A equals the sum
of the squares of the determinants of all n x n submatrices of A.

Continuing the 20 x 4 example, if you take all the 4 x 4 submatrices of
A (almost 5000 of them), square their determinants, and add, you get the
determinant of A*A. As you can see, it’s quite likely to be nonzero.

9. Problems

Problem W-1. Find the best fitting straight line for data points (—1, —1),
(—1,0), (0,1), (1,2), (1,3). (See Figure 4.)

| .
21l

2 1 1 2
-2l

. . -S40

Figure 4: Data points

Problem W-2. Find the best-fitting parabola y = f(z) for data points
(_27 _4): (_17 _4)a (07 _1): (17 1)7 (27 5) (See Figure 5)

Problem W-3. For the case of finding the best-fitting quadratic ¢y + c;x +
cox? for data (r1,81), -, (Tm, Sm), express the normal equations Nc = d by
giving the entries of N and d as summations involving the data coordinates.

Problem W-4. In the explanation of the method of normal equations, we
used the fact that the subspace W of all vectors of the form Ax contains the
columns of A. Which particular x give the various columns of A?

Problem W-5. Carry out the derivation of the normal equations using
calculus, as suggested in Section 7, but just for the case n = 2 and arbitrary
m.
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Figure 5: Data points

Problem W-6. Show that if W is a subspace of R" and b is any vector in
R", then there is a vector wy of W so that wy — b is perpendicular to W.

(Method: Let k be the dimension of W and let wy, ..., wy be an orthonormal
basis of W. Write wg = rywy+- - - +7, Wy, with unknown coeflicients r;. See if
you can find a condition on the r; so that wy — b is perpendicular to wy. Do
the same for ws, ..., w;. This is really the same idea as for Gram-Schmidt
orthogonalization. Of course, in terms of the geometrical derivation of the
least-squares method, wy = Ax.)

Problem W-7. Show that in the preceding problem, of all vectors in W the
vector wy is the closest vector to b, by using both a geometrical explanation
and an algebraic proof.

Geometrical method: To the diagram in Section 6, add an arbitrary-looking
vector w in W. Consider the triangle formed by (the ends of) b, w, and w.
Three points always lie in a plane, so they form an ordinary planar triangle,
even if they are in a higher-dimensional space.

Algebraic method: Consider squares of lengths instead of lengths. Thus you
want to show that wq is the w in W for which (w — b) - (w — b) is least.
Write arbitrary w as w = wy + Aw and write ¢ = wy — b. Rewrite the
expression you are minimizing using this notation and expand it using simple
algebraic properties of the dot product. You should get something algebraic
that corresponds to the geometrical method.

Problem W-8. Consider the overdetermined system in one variable

1
0

xz
x

R
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(a) Find all values of x that minimize |¢;| + |e2|. Is there more than one such
value?

(b) Find the least-squares solution using calculus.

(c) Find the least-squares solution using the normal equations.

Problem W-9. Suppose you have a least-squares problem with m = n and
a nonsingular coefficient matrix A. Is the least-squares solution of Ax ~ b
the same as the ordinary solution of linear equations Ax = b? (Explain why
or why not.)

Problem W-10. (a) Suppose you wanted to find the point of the surface
P(t,u) = (3t —u — 5,u + 2t + 2,4t + 2u — 7) that is closest to the origin.
Show how to rephrase this as a least-squares problem. (You are not asked to
finish the solution. Notice that this particular P is linear, or more precisely,
affine.)

(b) Sometimes you need to invent a new method from ingredients that you
know. Suppose you were given a nonlinear parametric surface P(¢,u) and
were asked which point of it is closest to the origin. Invent a method to
solve such a problem. (Combine ideas of linear approximation, Newtonian
iteration, and least squares.)

Problem W-11. Find a parametric line P(t) so that P(0) is close to (2) ,

2

P(1) is close to [ L 1

], P(2) is close to [ 2 :|, and P(3) is close to [ 3 :|

(Method: Similar to the example of a cubic parametric curve in §5.)

Problem W-12. Show how to compute a parametric curve P(t) of degree

at most 2 so that P(0) is close to , P(1) is close to [ L } , P(2) is close

0
2 2

to [?},andP(?)) is close to [g}

Rather than compute the coefficients numerically, you may leave them as a
matrix expression involving matrices with explicit entries. (Matrix inverses
can be left uncomputed.)

(Method: Similar to the example of a cubic parametric curve in §5.)
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