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Then
n{p:—l#-e:ﬂ, a{p=—-ﬁ-=:l]. and a{p=lﬂ}ﬂ,
mﬂnlyﬂwﬁ:stmwnsﬁainmmusadintmnﬁulm:
&=min{{d:-rf—b‘}f{-afp]:}rp {ﬂ}
=min{ (5— 3}/, (3 —2)/6] = 1/6.
Notice that the point  +&p = (3. })7 is on the boundary of the second constraint.

EXERCISES

1. Find the sets of all feasible dircctions at points x, = 0.0.2)7, x5 = (3,0, 1)7, and
£, = (1,1, )7 for Example 3.1.
2. Consider the set defined by the constraints x; + x; = 1, x; 2 0 and 1 > 0. At each

of the following points determine the set of feasible directions: (a) (0, N7 ) (1,07
(e} (0.5, 0.5)T.

3, Consider the system of inequality constraints Ax = b with

g 4 1 9 -7 —15
A=|6 -7 8 —4 —6 and b=|-=30].
1 63 =7 6 =20

For the given values of x and p, perform a ratio test 1o determine the maximum step
Iength & such that x +&p remains feasible.

(a) x =(8,4,~3.4, ) and p= (1, 1,1, 1L 1)T

) x=(7.~4,-3,-3.3Tand p=(3,2,0,1,-2)T

() x = (5.0,—6, —8, =% and p = (5,0,5.1,3)"

d) x=@1,-1,6,37 and p=(-4,-2,4,-2,2"7

4. What are the potential consequences of miscalculating & in the ratio test?

§ Let § ={x: Ax < b). Derive the conditions that must be satisfied by a feasible
direction at a point I € 5.

6 Dﬂnmmpulcr,lbcmi5admgerlhﬂmwuﬂﬂwmu¢cwdm1ngﬁnmﬁwmﬂﬂ, ina
particular ratio, the numerator is large and the denominator is small. How ean the ratio
test be implemented so that this danger is removed?

3.2 NULL AND RANGE SPACES

Let Abeanmxn matrix with m < n. We denote the null space of A by
H[A}n[pem':ﬂp-ﬂl.
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CHAFTER 4: Geomelry of Lincar Programming

EXERCISES

1. Solve the following lincar programs graphically

(a)

(k)

(c)

{d)

(e)

)

&)

minimize

subject to

i
subject to

subject to

minimize
subject to

minimize

subject to

subject to

subject to

z=3..t]+ Xy
n— xp=1
3x|+112£|2
2xy+ 35,
"'21]'1‘3..!:
.1'11.1'12&

VA

1=1x; + 2x;
I|+ Xy = 5
—n+in =3
ﬁ.:t.— ."2312
X, % =0

T=x —2x
I - ?_Iz =4
I|+ Xz "_:3
£y %z = 0.

2= =% — X3
X — IIEI
xp % =0

] |
Jl.'l —11 22
4z =1
x.x =0

1=4r; =1y
n+ xm=6
H-mz3
Il.IEEﬂ.

z=fx —3n
20y + 52, > 10
35 + 2Zry < 40
&k =145,
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CHAFTER 4: Geomelry of Linear Programming 75
EXERCISES

1. Convert the following linear program 1o standard form
maximize 7 =3z + 513 — 45,
Fﬂhjﬂm o ?x. —21'2 x* 3'.1'3 = 4
'—2.t| +41‘2 =+ E.I! = -3
Jx) —3x—2xy = 9
= 1, IEE?. I3 =0

2. Convert the following lincar program to standard form
minimize z=1rx; —5x1; — Txy
subject o Sxy — 255 +6xy = §

31| +4I2 —gI], =:3
Tay+ 323+ 55329
Xy sl =2, X3, X3 free.

3, Conven the following lincar program to standard form
maximize z=6x) — 3z,
subjectto 2x; + 5xp > 10
3x) +2ry <4
.0 = 15.

4. Consider the lincar program in Example 4.2. Convert it 1o standard form, except do
not make the substimtion x3 = x; — x3. Show that the problem can be replaced by
an equivalent problem with one less vanable and one less constraint by climinating Xy
using the equality constraints. (This is a general technique for handling frec variables.)
Why cannot this technique be used 1o eliminate variables with nonnegativity constraints?

5. Consider the linear program
minimize r=c'x
subjectto Ax < &
ely =1
Lpyivay Xy =0, x, free

where e = (I,..., 1)7, b and ¢ are arbitrary vectors of length n, and A is the matrix
withentries a; ; =&; , = | fori = 1....,n and all other entries zero, Use the constraint
e = 1 to eliminate the free variable x, from the livear program (as in the previous
problem). Is this 2 good approach when n is large?

6. Prove that cach of the transformation rules used 1o convert a linear program to standard
form produces an equivalent linear programming problem. Hint: For each of the rules,
prove that a solution to the original problem can be used to obtain a solution (o the
transformed problem, and vice versa.

7. Consider the lincar program

minimize z=c'x

Subjecctio Ax =6

=0
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it is possible to select two linearly independent directions of unboundedness, such as
dy = (1,07 and d; = (1, 1)7. it is not difficult to show that any feasible point can

be wrillen as a convex combination of the extreme points Xy, Xy, a0d x_, plus some
multiple of ejther of these dircctions of unboundedness, '

Let x be a feasible point for the linear program in standard form (Ax = b,
x = 0) and let 4 be a direction of unboundedness. Then both x and T+ yd must
be feasible for all ¥ > 0, so that

Az =b, z20,
Alx +yd)=b, z+yd=0,
Together these conditions show that a direction of unboundedness must satisfy
Ad =0
d=0.

In addition, any nonzero vector d satisfying these two conditions will be a direction
of unboundedness; see the Problems.

EXERCISES

1. Consider the system of linear constraints
25 +x; < 100
Xy +x; = B0
X = 40
a= Q.

{a) Write this system of constraints in standard form, and delermine all the basic
solutions (feasible and infeasible).

(&) Delermine the extreme points of the feasible region (corresponding to both the
standard form of the constraints, as well as the original version).

2. Consider the following system of inegualitics:
o+ & =3

X1 +2r; =6
I, x =0

(a) Find the extremc points of the region defined by thesc inequalities.
(&) Does this set have any directions of unboundedness? Either prove that none exists,
or give an cxample of a direction of unboundedness,

3. Consider the feasible region in Figure 4.5.
(e} Show that d; = (1,0)7 and d; = (1, 1)T are directions of unboundedness, Deter-
mine the corresponding directions of unboundedness for the problem writien in
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standard form, and verify that the conditions Ad =0 and d > 0 are satisfied for
both directions.

(&) Prove that 4 is a direction of unboundedness if and only if d is a nonnegative
combination ﬂf-ﬁ'i m%'
4. Consider the linear program

minimize z = =51 —7x;
subjectto  —3x; + 2x, < 30
'-2.]-" + Iz = |2
#l o X3 = 0.
(a) Draw a graph of the feasible region.
(&) Determine the extreme points of the feasible region.
(c) Determine two lincarly independent directions of unboundedness.
(d) Convert the Jinear program to standard form and determine the basic feasible so-
lutions and two linearly-independent directions of unboundedness for this version

of the problem. Verify that the directions of unboundedness satisfy Ad = 0 and
d=0

5. Consider a linear program with the constraints in standard form
Az=8 and x=1.
Prove that if 4 # 0 satisfies

Ad=90 and dz=0
then d is a direetion of unboundedness,

6. Consider the system of constraints
25 +x3 =3
Ixp+x =4
4x; + 53 =5
Sry+az=6

X)X =0

{a) Determine the extreme points for the feasible FEElon.

(k) Conven the problem 1o standard form, and determine the basic feasible solutions.

(€) Which basic feasible solution corresponds to the extreme point (1, 1)7? How many
different bases can be used 10 generate this basic feasible solution? Which of these
bases are adjacent?

7. Consider the feasible region in Figure 4.4, Determine formulas for the points on the
edges of the feasible region. What are the corresponding formulas for the problem in
standard form? The formulas you determine shoald be of the form

(extreme point) + e(direction), for0<a=<a,_, .

8. Repeat the previous problem for the feasible region in Figure 4.5. Note that in some
cases there will be no upper bound on o
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9. Consider the system of constrzints Ax = 5, x > 0 with

1 4 7 1 00 12
A=(2 i 8010 and &=[15].
36 %001 18

Isx=(1,1,1,0,0,0)7 a basic feasible solution? Explain your answer.

10. Suppose that a linear program includes a free variable x;. In converting this problem
to standard form, x; is replaced by a pair of non-negative variables:

Xn=x;—x, x.& =0
Prove that no basic feasible solution can include both :: and xlf" as basic variables,

11. Let the m » n mairix A be the coefficient matrix for a linear program in standard form.

The upper boond
ny -t a!
m/]  mi{n—m)

on the number of basic feasible solulions can sometimes be precise, but it can also be

2 considerable overestimate.

{a) Construct an example with # = 4 and m = 2 where the number of basic feasible
solutions is equal to l&:}

{b) Constroct examples of arbitrary size where the number of basic feacible solutions
is equal to zero.

12. Prove that the set S =[x : Ax < b] does not contain any extreme poinis.

13. Let § = {x:x7x <1]. Prove that the extreme points of § are the points on its
boundary,

14. Comsider the set S ={x:x; 2332 --- 22, 20}
{a) Prove that if x € S then 50 s ax € § for all o = 0. A sct with this propeny s
called & cone.
{b) Prove that the origin is the only extreme point of §.
{¢) Find n lincary independent directions of unboundzdness for this set.

44 REPRESENTATION OF SOLUTIONS; OPTIMALITY

The first goal of this section i3 (o prove that any feasible point can be represented
as a convex combination of extreme points plus, possibly, a direction of unbound-
edness. Then this result will be used to prove that any linear program with a fimite
optimal solution has an optimal basic feasible solution.

The idea behind the representation theorem is straightforward and will first be
illustrated using two examples of feasible sets, one bounded and one unbounded.
The examples will be in two dimensions so that they can be graphed, but the
techniques used in the examples are the same as those used in the proof.
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