The Bulletin of Symbolic Logic Volume 3, Number 4, Dec. 1997

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT REAL ARITHMETIC

ABBAS EDALAT

Abstract. We present a survey of the recent applications of continuous domains for providing simple computational models for classical spaces in mathematics including the real line, countably based locally compact spaces, complete separable metric spaces, separable Banach spaces and spaces of probability distributions. It is shown how these models have a logical and effective presentation and how they are used to give a computational framework in several areas in mathematics and physics. These include fractal geometry, where new results on existence and uniqueness of attractors and invariant distributions have been obtained, measure and integration theory, where a generalization of the Riemann theory of integration has been developed, and real arithmetic, where a feasible setting for exact computer arithmetic has been formulated. We give a number of algorithms for computation in the theory of iterated function systems with applications in statistical physics and in period doubling route to chaos; we also show how efficient algorithms have been obtained for computing elementary functions in exact real arithmetic.

§1. Introduction. Domain theory was introduced by Scott [105] in 1970 as a mathematical theory of computation in the semantics of programming languages. Some earlier ideas of the subject had appeared in the work of Lacombe [85] in recursion theory. A number of fundamental contributions to the theory were also made independently by Ershov in the context of partial computable functionals of finite type [49].

A domain is a structure for modeling a computational process or a data type with incompletely specified elements. It is a partially ordered set with the partial order corresponding to some notion of information. In order to model computational processes as a sequence of finite steps, a domain is equipped with a notion of finite elements and a notion of limits provided by a least upper bound operation. A simple example is given by the set of finite and infinite sequences Σ^∞ = Σ^∗ ∪ Σ^� over a fixed alphabet Σ. The elements of Σ^∞ can represent partial or total output of a computation. They are partially ordered with pre-fix ordering ⊑, that is to say, for x, y ∈ Σ^∞ we have x ⊑ y if the sequence x is an initial segment of the sequence y, i.e., if x gives less information than y. Every increasing chain of sequences in Σ^∞ has a least upper bound, namely the least sequence with respect to the prefix ordering which has each sequence in the chain as an initial segment.

Received September 11, 1996; revised August 7, 1997.

© 1997, Association for Symbolic Logic 1079-8986/97/0304-0001/$6.20 401

402 ABBAS EDALAT

Furthermore, every sequence in Σ^∞ is the least upper bound of a chain of finite sequences which give finite approximations to that sequence.

The Scott model can be described as follows. Given a computation based on an algorithm, the set of input and the set of output each forms a domain. The program which carries out the computation is represented as a function between these two domains. Every new step in the computation results in an element in the domain of output which provides more information and a better approximation to the ultimate result. This final outcome may be attained in a finite number of steps or may only be captured by the limit of an infinite sequence of steps of computation. Scott’s thesis is that any computable function is continuous: It preserves the information order (so that more information as input gives more information as output) and the limits of infinite computations in the domain (so that the total information obtainable as output from an infinite sequence of input elements with refining information is the sum total of all the information obtained from each input element).

Programs with the same domains of input and output are in turn pointwise ordered to yield a domain of functions or a function space. Thereby, one is able to model higher order functions or higher order programs which can take a program as input. Any continuous function on a domain with a least element has a least fixed point as in Tarski’s theorem. This implies that a recursive program can be captured as the fixed point of a higher order function which is defined, by the corresponding recursion, on the domain of all programs of the given type.

There are a number of basic categories of domains according to various additional properties that they satisfy [79, 2]. Algebraic domains are characterized by a subset of so-called finite or compact elements representing computational results which can be obtained in a finite number of steps. The finite elements form a basis of the domain; every element of the domain is the limit of the basis elements approximating it. An algebraic domain with a countable basis, called an �-algebraic domain, can be effectively presented to make the theory constructive and to define the notion of computable element and computable function. Scott domains form a particularly simple class of �-algebraic domains in which every bounded subset has a least upper bound.

The basis elements can also be regarded as a set of logical propositions which characterize any element of the domain. This was first noted by Scott [108] for Scott domains and was later generalized for other classes of domains: An algebraic domain has a simple presentation in terms of an information system, a logical structure on the basis elements which gives a prescription how to construct the elements as the theories of the corresponding logic. The logic underlying an algebraic domain is that of the observable

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 403

properties of the computation process. This “logic of observation” is closely linked to the Scott topology of domains as noted by Smyth [112] and elaborated by Vickers [118]. A Scott open subset can be viewed as a proposition about, or a property of, a program. A comprehensive analysis of the underlying logic for the cartesian closed category of the so-called bi-finite domains was developed by Abramsky [1]. Various other categories of domains have also been studied in logical form [45, 119, 72].

Several cartesian closed categories of algebraic domains, including the socalled Scott domains, have been employed in the semantics of computation. They are used to obtain a non-trivial model of the untyped �-calculus [6] based on a domain isomorphic to its own function space [106, 107]. They have also provided a denotational semantics for PCF [95] (Programming Language for Computable Functions), essentially a typed �-calculus with ground types for natural numbers and Boolean values plus constants for basic operations on these types; PCF can be considered as the theoretical model for functional programming languages. Domain theory has developed extensively in the past three decades and is now a major paradigm in the semantics of programming languages. For a basic introduction to its theory and applications, see [59, 74, 96, 64, 2, 114].

Algebraic domains have also been used to represent classical spaces in mathematics in an effective framework. Weihrauch and Schreiber [124] constructed an embedding of a Polish space (a topologically complete separable metrizable space) into an algebraic domain. Stoltenberg-Hansen and Tucker have shown how to represent complete local rings [115] and topological algebras, in a general setting, including locally compact Hausdorff spaces and the real line, by algebraic domains [116]. Jens Blanck [19] has more recently shown how to embed a complete metric space into an algebraic domain.

In recent years, a new direction for application of domains in computation on classical spaces in mathematics has emerged. Continuous domains are generalizations of algebraic domains and share many of their basic properties; in fact every continuous domain is a retract of an algebraic domain, and one can move from a representation by an algebraic domain to one by a continuous domain and vice versa. However, continuous domains are the natural setting for continuous mathematics since the representations they provide are far more direct and straightforward than those by algebraic domains. In fact, Scott in [105] had suggested that the continuous domain of the compact intervals of the real line can be used as a data type for real numbers.

In [35], the author presented the notion of a domain-theoretic computational model for a countably based locally compact Hausdorff space: it was shown that the continuous domain obtained by taking the non-empty compact subsets of the space, ordered by reverse inclusion, provides a simple and

404 ABBAS EDALAT

effective model for computation on this classical space which is embedded onto the subspace of the maximal elements of the domain. This domain, called the upper space, is equipped with a countable basis of non-empty compact subsets which can be enumerated to give an effective structure for the domain. An element of the locally compact space identified as a singleton element can be obtained as the intersection of a shrinking nested sequence of the basis elements. A computable element of the domain, in particular a computable element of the locally compact space, is the intersection of an effective shrinking sequence of basis elements.

This led to a new framework for iterated function systems, measure theory and integration with applications in fractal geometry and statistical physics. More specifically, a generalization of the Riemann theory of integration has been developed which retains the computational and constructive features of the ordinary Riemann integral: it has provided a new technique for computation of integrals. Later, computational models for complete separable metric spaces were also constructed. Furthermore, similar computational models have provided a framework for exact real number computation leading to efficient algorithms in infinite precision computer arithmetic.

In this article we give an outline of the new applications of continuous domains in mathematics, physics and real number computation based on various computational models in these areas. The aim is to give a precise account of the results obtained which would also be self-contained. We will only point out some of the basic results in the subject; for proofs, other basic results and various generalisations the reader is referred to the relevant papers.

We start in Section 2 by defining the basic tools in domain theory which we will use to construct our computational models and present them in a logical form and in an effective framework. We then give, in Section 3, some basic examples of these models for real numbers, locally compact spaces and complete metric spaces. In Section 4, dynamical systems on domains are studied and the domain-theoretic models are used to obtain various new results in the theory of iterated function systems in fractal geometry. In Section 5, we construct a computational model for classical measure theory on locally compact second countable Hausdorff spaces. In Section 6, the new model for measures is used to give a computational generalisation of the Riemann theory of integration. Section 7 presents various new results in the theory of iterated function systems with probabilities. In Section 8, two applications in computing various quantities in statistical physics and chaos theory are presented. Finally, in Section 9, we outline the domain-theoretic approach in exact real number computation.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 405

§2. Directed complete and continuous posets. In this section, we present the basic notions of domain theory which we need in this exposition and explain how continuous domains can be presented in logical form and how they can be effectively presented. We use the following conventions in this paper. For any map f : D → E, any point x ∈ D, any subset A ⊆ D and any subset B ⊆ E, we denote, whenever more convenient, the image of x by fx instead of f(x), the forward image of A by fA instead of f(A) and the pre-image of B by f^{−1}B instead of f^{−1}(B). The set of all finite subsets of the set S is denoted by P_f (S) and the lattice of open sets of a topological space X by Ω(X ).

2.1. Basic definitions. A non-empty subset A ⊆ P of a poset (P, ⊑) is directed if for any pair of elements x, y ∈ A there is an upper bound z ∈ A with x, y ⊑ z. An increasing chain is the simplest example of a directed set. If we think of the poset P as the set of inputs or outputs, then a directed set A corresponds to a consistent set of inputs or outputs of a given program: for any two elements in A there exists an element which refines the information of both. We therefore require that in a domain of computation the total information in a directed subset should be represented by an element of the domain, in other words a domain should contain the least upper bounds of directed subsets. A directed complete partial order (dcpo) is a partial order in which every directed subset A has a least upper bound (lub), denoted by ⨆ A. An open set O ⊆ P of the Scott topology of P is a set which is upward closed (i.e., x ∈ O & x ⊑ y ⇒ y ∈ O) and is inaccessible by lubs of directed sets (i.e., if A is directed with a lub, then ⨆ A ∈ O ⇒ ∃x ∈ A. x ∈ O). Dually, a closed set C ⊆ P of the Scott topology of a poset P is a set which is downward-closed (i.e., x ∈ C & y ⊑ x ⇒ y ∈ C ) and is closed under the lubs of directed subsets (i.e., for any directed subset A ⊆ C with lub we have ⨆ A ∈ C ). The Scott topology of any poset is T_0. The Lawson topology is a refinement of the Scott topology in which subsets of the form ↑d = {x ∈ P|d ⊑ x} are also closed. Unless otherwise stated, the topology of a poset in these notes is always assumed to be the Scott topology.

The function space D → E of two dcpo’s D and E is the set of continuous functions f : D → E with the pointwise ordering: f ⊑ g if ∀x ∈ D. f(x) ⊑ g(x). Then D → E is a dcpo where the lub ⨆ i∈I f_i of a directed subset in D → E is given by ( ⨆ i∈I f_i )(x) = ⨆ i∈I (f_i (x)). It can be shown that a function f : D → E from a dcpo D to another one E is continuous with respect to the Scott topology iff it is monotone, i.e., x ⊑ y ⇒ f(x) ⊑ f(y), and preserves lubs of directed sets, i.e., ⨆ i∈I f(x_i ) = f( ⨆ i∈I x_i ), where {x_i | i ∈ I } is any directed subset of D. From this one obtains a Tarski-like fixed point theorem: a continuous function f : D → D on a dcpo D with least element (or bottom) ⊥ has a least fixed point given by ⨆ n≥0 f^n(⊥).

406 ABBAS EDALAT

Given two elements x, y in a poset P, we say x is way-below y, or y is wayabove x, or equivalently x approximates y, denoted by x ≪ y or y ≫ x, if whenever y ⊑ ⨆ A for a directed set A with lub, then there is a ∈ A with x ⊑ a. An element x ∈ P is compact if x ≪ x. We say that a subset B ⊆ P is a basis for P if for each d ∈ P the set A of elements of B way-below d is directed and d = ⨆ A. We say P is continuous if it has a basis; it is �-continuous if it has a countable basis. In any continuous poset, subsets of the form ↑b = {x|b ≪ x} where b belongs to a given basis give a basis of the Scott topology. An (�-)continuous poset is (�-)algebraic if it has a basis of compact elements. A dcpo is bounded complete if any bounded subset has a lub. By a domain in these notes we mean a dcpo. A dcpo is pointed if it has a least element. We can always add a bottom element to a domain to make it pointed.

2.2. Domains in logical form. An �-continuous domain can be presented by a logical structure. A continuous information system (cf. an R-structure [110] and an abstract basis [2]) is a pair (A, ⊢) where A is a non-empty countable set and ⊢⊆ A × A is a binary relation satisfying the following, (for a finite subset C ∈ P_f (A) we write a ⊢ C if ∀c ∈ C. a ⊢ c),

(i) ∀a, b, c ∈ A. a ⊢ b ⊢ c ⇒ a ⊢ c (transitivity), and (ii) ∀a ∈ A ∀C ∈ P_f (A) [a ⊢ C ⇒ (∃b ∈ A. a ⊢ b ⊢ C )] (interpolation).

For any �-continuous domain D with a countable basis B, the pair (B, ≫), where ≫ is the restriction of the way-above relation of D to B, is a continuous information system. We think of elements of a continuous information system as propositions or assertions which tell us how to construct the associated continuous domain. In fact, from a continuous information system (A, ⊢) one can construct its rounded ideal completion I(A) as follows. A point of (A, ⊢) is a subset x ⊆ A such that, (i) x is closed under entailment (∀a ∈ x∀b ∈ A. a ⊢ b ⇒ b ∈ x) and (ii) any finite set C ⊆ x of propositions in x is derivable from some proposition in x (∀C ∈ P_f (x)∃a ∈ x. a ⊢ C ). The continuous domain I(A) is the set of points of (A, ⊢) ordered by subset inclusion. If A has an element Δ with a ⊢ Δ for all a ∈ A, then the domain will have a least element {Δ}; hence the information system (A, ⊢, Δ) represents a pointed domain. If we think of information systems as a certain logic then the elements of the corresponding domain are in fact the theories of this logic.

Given information systems (A, ⊢_A) and (B, ⊢_B ) an approximable relation R : A → B is a binary relation R ⊆ A × B such that, (i) ∀a, a^′ ∈ A ∀b, b^′ ∈ B. a ⊢_A a^′Rb^′ ⊢_B b ⇒ aRb, (ii) ∀a ∈ A ∀C ∈ P_f (B). (∀c ∈ C. aRc) ⇒ (∃b ∈ B. aRb ⊢_B C ). Any continuous function f : D → E between continuous domains D and E with basis A and B, gives rise to an approximable relation R_f : A → B on the corresponding information systems defined by

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 407

aR_f b ⇐⇒ b ≪_E f(a). Conversely, any approximable relation between two continuous information systems induces a continuous function between the associated domains. In fact, the category of �-continuous domains and continuous functions is equivalent with the category of continuous information systems and approximable relations.

2.3. Effectively given domains. An �-continuous domain can be effectively presented with respect to an enumeration of a basis by requiring that the way-below relation restricted to the basis elements is recursively enumerable [123, 47]. This can be stated in terms of information systems. A continuous information system (A, ⊢, Δ) with an enumeration of its elements A = {a_0, a_1, a_2, · · · }, where a_0 = Δ, is effectively given with respect to this enumeration if the entailment relation a_m ⊢ a_n is r.e. in m and n, i.e., if the set {⟨m, n⟩|a_m ⊢ a_n} is r.e. where ⟨., .⟩ is the standard pairing function. We note that authors usually require the entailment relation to be recursive in order to obtain an effective structure on function spaces [110, 96]. An approximable relation R : A → B between effectively given information systems with enumerations A = {a_0, a_1, a_2, · · · } and B = {b_0, b_1, b_2, · · · } is computable if it is r.e. with respect to these enumerations, i.e., if the set {⟨m, n⟩|a_mRb_n} is an r.e. set. A pointed �-continuous domain D with an enumerated basis A = {a_0, a_1, a_2, · · · }, where a_0 = ⊥, is effectively given with respect to A if its associated information system (A, ≫, ⊥) is effectively given. In such a domain, an element x ∈ D is a computable element if the set {m|a_m ≪ x} is recursively enumerable. Equivalently, x is a computable element if it is the lub of a recursive chain of basis elements way-below it. For effectively given �-continuous domains D and E, a continuous function f : D → E is computable if the approximable relation R_f on the associated information systems is computable. The lub of an effective chain of computable elements is computable and so is the least fixed point of a computable function on an effectively given domain. As seen in the last subsection, this leads to a logical presentation and an effectively given computational model.

§3. Some basic computational models. In order to construct computational models for classical spaces, we seek to embed these spaces onto the set of maximal elements of continuous domains. We will see below how this is done for the Cantor space, the real line, locally compact second countable Hausdorff spaces and complete separable^1 metric spaces, in particular separable Banach spaces. In each case we present a suitable basis so that an element of the classical space can be represented as the lub of the basis elements way-below its image under the embedding.

3.1. The domain of streams. Let Σ be a finite set. Let Σ^∗ and Σ^� be the set of finite and infinite sequences over Σ respectively and let Σ^∞ = Σ^∗ ∪ Σ^� be

1A topological space is separable if it has a countable dense subset.

408 ABBAS EDALAT

the set of streams over Σ. Then Σ^∞ with the prefix ordering is an �-algebraic dcpo and Σ^∗ is the set of compact elements, which forms the canonical basis. Any infinite sequence a_0a_1a_2 · · · is the lub ⨆ n≥0 a_0a_1 · · · a_n of finite sequences.

A basic Scott open set is given by ↑a_0a_1 · · · a_n = {x ∈ Σ^∞|a_0a_1 · · · a_n ⊑ x}. The set Σ^� of the maximal elements with the subspace Scott topology is the Cantor space Σ^� with the product topology when Σ is given the discrete topology.

3.2. The domain of intervals. Let IR be the poset of bounded and closed, i.e., compact, subintervals of the real line ordered by reverse inclusion. This poset (with a top element representing the empty interval) was first proposed by Scott [105] as a data-type for real numbers. In fact, IR is an �-continuous bounded complete domain: The lub of any directed subset in this poset (i.e., any filtered set of compact intervals) is the intersection of the intervals. The way-below relation is given by a ≪ b iff b is in the interior of a. A countable basis is given by the set of all intervals with rational end points. A real number x is therefore approximated by an increasing chain, i.e., a shrinking sequence of rational nested intervals.

A basic Scott open set is given, for any open subset O ⊆ R, by the collection �O = {a ∈ IR|a ⊆ O}. The maximal elements of this domain are the singleton subsets {x} for x ∈ R. The mapping s : R → IR with s(x) = {x} is an embedding of the real line onto the set of maximal elements as s^{−1}(�O) = O for any open subset O ⊆ R; this implies that the Euclidean topology coincides with the relative Scott topology on the subspace of maximal elements. Any continuous function f : R → R extends canonically to a Scott continuous function If : IR → IR, defined on any compact interval a by (If)(a) = f(a). This is the maximal extension [40] of f on IR, in other words if the continuous function g : IR → IR satisfies g({x}) = {f(x)} for all x ∈ R then g ⊑ If. In practice, for convenience, we usually denote the maximal extension If simply by f.

The continuous domain IR can be equipped with a canonical effective structure by using the standard enumeration of rational intervals: A computable real number is then the lub of a shrinking sequence of rational intervals which is generated by a master program. This is also exactly how a computable number in the interval approach to computability on the real line is characterized as for example by Rogers [102, p. 371]. We can define a continuous function f : R → R to be computable if it has a computable extension g : IR → IR. It is shown directly in [47] that our definition of computable real number and computable real function coincide with the well-established notion by Pour-El and Richards [101] which is equivalent to that of Weihrauch [122] and is based on the classical work of Grzegorczyk [62, 63]. In fact, it was known from the work of Stoltenberg-Hansen and Tucker [116] that the computability theory induced on the real line by

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 409

its effective representation with an algebraic domain is equivalent to the classical computability theory of the real numbers and it can be shown, from results in [18], that effective presentations by algebraic and continuous domains are indeed equivalent.

We emphasize that our domain-theoretic notion of a computable real is weaker than that used in traditional constructive mathematics where a real number is given as a Cauchy sequence of rational numbers with an explicit modulus of convergence. For example, in Bishop’s work [17] a real number is the limit of a sequence of rational numbers ⟨x_n⟩_{n≥1} with |x_n − x_m| ≤^1_n +^1_m . The idea behind the domain-theoretic notion, however, is that if a real number is given as the intersection of a shrinking nested sequence of rational intervals then, examining the sequence term by term, we will eventually obtain an interval whose length is less than a given size. Of course, in practice it is very useful to know an estimate for the rate of convergence of the approximating intervals to a real number; this is in fact essential for complexity analysis. But such an estimate is almost always very conservative and to use it in order to compute a rational approximation to the real number up to a given accuracy may lead us to perform too many unnecessary steps in a computation and therefore greatly reduce the efficiency. In contrast, the domain-theoretic model provides an incremental framework for computation: To approximate the real number with a rational interval of length less than �, we find the first interval in the shrinking sequence whose length is less than �. If, subsequently, a more precise approximation is required, we will resume the search for such an interval in the sequence beginning with the earlier approximation. This is studied in detail in the context of exact real arithmetic in Section 9.

Finally we note that one can similarly construct the domain of I[x_1, x_2] of the compact subintervals of any real closed interval [x_1, x_2]. Figure 1 depicts the domain I[0, 1].

3.3. The upper space. For any Hausdorff space X , the upper space UX of X is the set of all non-empty compact subsets of X with the base of upper topology given by collections �O = {a ∈ UX | C ⊆ O} for any open subset O ∈ ΩX [113]. This topology is T_0 and its specialisation ordering(see [59, p. 123] or [74, p. 45]), denoted by ⊑, is reverse inclusion, i.e.,

a ⊑ b def⇐⇒ ∀O ∈ ΩX [a ⊆ O ⇒ b ⊆ O] ⇐⇒ a ⊇ b.

(UX, ⊇) is a dcpo, in which the lub of a directed set of compact subsets is their intersection.

Theorem 3.1. [35] When X is locally compact, (UX, ⊇) is a continuous bounded complete dcpo with A ≪ B iff B is in the interior of A, and the upper

410 ABBAS EDALAT

� � � � � � � � � �

� � � � � � � � � �

� 0 1 x {x} s

[0, 1]

Figure 1. I[0, 1].

topology coincides with the Scott topology. If X is also second countable (i.e., it has a countable basis) then UX is an �-continuous dcpo.

The upper space of a second countable locally compact Hausdorff space was presented originally by the author in [35] as a simple model for computation in mathematics; we will see several applications of this model in later sections. A countable basis of UX is obtained as follows. We start with a countable basis of X consisting of relatively compact open subsets^2. In fact, since a locally compact second countable space is metrizable, one can take as a basis of X the set of all finite unions of relatively compact open balls with rational radii centred at points of a countable dense subset of X . Then the collection of the finite unions of the closures of these basic open sets forms a countable basis for UX . The maximal elements of UX are the singleton subsets {x} for x ∈ X . The mapping s : X → UX with s(x) = {x} is an embedding of X onto the set of maximal elements of its upper space since s^{−1}(�O) = O. As in the case of the domain of intervals, the Hausdorff topology on X coincides with the induced relative Scott topology on the subspace of maximal elements of the upper space. Any continuous function f : X → X extends to a Scott continuous function Uf : UX → UX defined on any non-empty compact subset C by (Uf)(C ) = f(C ). In fact, U is a functor from the category of locally compact spaces and continuous functions to the category of continuous dcpo’s and continuous functions. See [35] for details. The map Uf is the maximal extension of f and, as in the case of the domain of intervals, for convenience, we denote it simply by f. The problem of extending the domain of a map from a subspace to the space as a whole was first studied by Scott in his work on the so-called injective spaces [106]. Bounded complete continuous domains, such as UX

2A set is relatively compact if its closure is compact.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 411

for a locally compact space X , are precisely the so-called densely injective spaces [59, p. 127]: In the category of T_0 topological spaces and continuous maps, Y is densely injective if, whenever A is a dense subspace of B, any continuous map f : A → Y extends to a map f̂ : B → Y . Escardó has recently made a new study of extension of maps for injective spaces [51].

3.4. The space of formal balls of a metric space. Topologically complete separable metrizable spaces, the so-called Polish spaces, form a fundamental class of spaces in mathematics which include separable Banach spaces and in particular separable Hilbert spaces. A Polish space is therefore the underlying topological space for a complete separable metric space. These spaces do not in general have enough compact subsets to provide a computational model as in the case of a locally compact space.

There are two constructions which embed a metric space into an algebraic dcpo [124, 19]; but these embeddings are quite involved. The question is how we can obtain a simple embedding onto the set of maximal elements of a domain. Kamimura and Tang [80] showed that the set of maximal elements of a bounded complete continuous dcpo equipped with its relative Scott topology is a Polish space (topologically complete separable metrizable space). Lawson more recently showed the following more general result.

Theorem 3.2. [88] If the relative Scott and Lawson topologies on the set of maximal elements of an �-continuous dcpo coincide then the set of maximal elements equipped with this topology is a Polish space.

He also provided an indirect and rather complicated construction via an embedding in the Hilbert cube to obtain an �-continuous dcpo whose set of maximal elements is a given complete separable metric space; the construction is not functorial.

The following alternative construction by formal balls given in [41] is simple, direct, functorial and useful in applications. A formal ball [124] of a metric space (X, d ) is a pair (x, r) with x ∈ X and r ∈ R^+. The space BX of formal balls of X is the set of all formal balls with the ordering (x, r) ⊑ (y, s) def⇐⇒ d (x, y) ≤ r −s. If we denote the closed ball with centre x and radius r by C (x, r), then (x, r) ⊑ (y, s) implies C (x, r) ⊇ C (y, s). The converse is not true in general but it holds for normed vector spaces. In other words, in any normed vector space, the poset of formal balls and the set of closed balls partially ordered by reverse inclusion are isomorphic. In particular, this holds for any Banach space and consequently for Hilbert spaces.

In any metric space X , we have (x, r) ≪ (y, s) ⇐⇒ d (x, y) < r − s. Furthermore, the poset BX is continuous and the subsets ↑(x, r) = {(y, s)|d (x, y) < r − s} form a basis of the Scott topology. A metric space X is separable iff BX has a countable basis (i.e., it is �-continuous). If

412 ABBAS EDALAT

X is separable, then the formal balls of the form (x, r) where x belongs to a countable dense subset of X and r is a positive rational number give a countable basis of BX .

There is also an interesting connection between completeness of a metric space and that of a poset: a metric space X is Cauchy complete iff BX is directed complete. The maximal points of BX are precisely the elements (x, 0) for x ∈ X . The mapping i : X → BX with i(x) = (x, 0) embeds X onto the maximal elements of the space of formal balls since i^{−1}(↑a(x, r)) = {y|d (x, y) < r}. We therefore have the following main result.

Theorem 3.3. [41] A metric space X is complete and separable iff BX is an �-continuous domain.

We can extend B to a functor. Let f : X → Y be a function between two metric spaces with a Lipschitz constant c ≥ 0, i.e., for all x, x^′ in X , d (fx, fx^′) ≤ cd (x, x^′). The collection of pairs (f, c) of a function and a Lipschitz constant forms a category with composition of morphisms given by (f, c) ∘ (g, d ) = (f ∘ g, cd ). The functor B is defined on this category by B(f, c)(x, r) = (fx, cr) for every (x, r) in BX .

This gives a simple computational model for complete metric spaces. Flagg and Kopperman [58] have developed a variant of the space of formal balls to obtain an �-algebraic domain as a computational model for ultrametric spaces.

For a complete separable metric space X , an effective structure on BX induces a computability theory for metric spaces which is similar to the corresponding theory induced from representing the metric space by an �- algebraic domain as in the work of Blanck [19]. In [46], it is shown that the vector space structure of a separable Banach space can also be extended to the domain of formal balls and be effectively presented. The computability theory induced on the separable Banach space is equivalent with the classical theory of Pour-El and Richards [101].

Interestingly, we can obtain a domain-theoretic, i.e., Tarski-like, proof of the Banach contracting mapping theorem which was first given for an embedding of a complete metric space into an algebraic domain in [19]: A contracting map on a complete metric space has a unique fixed point which is the limit of the orbit of any point in the space. In fact, if f : X → X is a contracting map with Lipschitz constant c < 1 on the complete metric space (X, d ), then the function g = B(f, c) : BX → BX is Scott continuous. For any x ∈ X , and r ≥ d (x, fx)/(1−c), we have d (x, fx) ≤ (1−c)r = r −cr, whence (x, r) ⊑ (fx, cr) = g(x, r). This implies that g maps the dcpo ↑(x, r) into itself. The least fixed point ⨆ n≥0(f^nx, c^n r) = (lim_{n→∞} f^nx, 0) of g on ↑(x, r) is a maximal element of BX and is easily seen to be the unique fixed point of g on BX . It follows that f has a unique fixed point given by lim_{n→∞} f^nx for any x ∈ X ; see [41] for details.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 413

Given a metric space (X, d ), one can first construct its completion (X , d ) and then the continuous domain BX which is isomorphic to the rounded ideal completion I(BX ) of BX . In [66], Heckmann has shown how the metric d on X can be extended to a partial metric on BX and by continuity on I(BX ) such that its restriction to the maximal elements of BX ∼= I(BX ) gives the completed metric d on X .

§4. Dynamical systems on computational domains. In this section we investigate the relationship between dynamical systems on classical spaces and their counterparts on domain-theoretic models and show that they share many common properties. In particular we will see that a map is chaotic on the real line iff it has a chaotic extension to the domain of intervals. We will then present a domain-theoretic model for iterated function systems which gives a unifying framework for studying their various properties and provides a set of new results in the theory and applications of these systems.

A discrete dynamical system is given by the action of a continuous map f : X → X on a topological space X . The orbit of a point x ∈ X is the sequence ⟨f^nx⟩_{n≥0}. In the theory of dynamical systems, one is interested in studying the long term behaviour of orbits. The point x is periodic if there exists n ≥ 1 with f^nx = x. The least such n is called the period of x. If n = 1 then x is a fixed point. We say f : X → X is chaotic if

(i) f is topologically transitive, i.e., for any pair of non-empty open sets a, b ⊆ X , there exists n > 0 such that f^n(a) ∩ b ≠ ∅, and (ii) the periodic points of f are dense in X .

If X is in fact a metric space, then it can be shown [5] that a chaotic map is sensitive to initial conditions i.e., there exists � > 0 such that, for any x ∈ X and any neighbourhood N of x, there exists y ∈ N and n ≥ 0 such that d (f^n(x), f^n(y)) > �. These three properties are precisely the definition of a chaotic map in [25] which is widely accepted. For example, it is proved in loc.cit. that the map x → 4x(1 − x) : [0, 1] → [0, 1] is chaotic.

In [35], it is shown that if f : X → X is chaotic on a metric space X then the maximal extension Uf : UX → UX is also chaotic; in fact any continuous extension of f will be chaotic as well. For dynamical systems on the real line, chaos is preserved and reflected on the domain of intervals:

Theorem 4.1. Let X be the real line or a compact interval [a, b] ⊂ R. A continuous map f : X → X is chaotic iff it has a continuous chaotic extension g : IX → IX .

Proof. The ‘only if part’ follows as in the case of the upper space. For the ‘if’ part, suppose g : IX → IX is a continuous chaotic extension of f. Then, the topological transitivity of f follows immediately from that of g. In order to show that the periodic points of f are dense, let O ⊆ X be open.

414 ABBAS EDALAT

We show that O contains a periodic point of f. Since �O ⊆ IX is open, there exists a periodic element [c, d ] ∈ �O of g. Therefore, there exists some n > 0 with f^n[c, d ] ⊆ g^n [c, d ] = [c, d ] ⊂ O. Hence, by Brouwer’s fixed point theorem [109], f^n has a fixed point in [c, d ]. ⊣

4.1. Iterated function systems. An iterated function system (IFS) on a topological space X is given by a countable set of continuous maps f_i : X → X with i ∈ I . The IFS is denoted by {X ; f_i |i ∈ I }. If I is finite with N elements we write it, for example, as I = Σ_N = {1, 2, . . . , N }. For an IFS, one examines the behaviour of the sequence f_{i1} f_{i2} · · · f_{in} x for any initial point x ∈ X and any code sequence i_1i_2 · · · ∈ I^� . In the past 15 years, IFS theory has been a very active area of research in fractal geometry [73, 8, 29, 83, 84, 48, 9] and has found applications in diverse areas such as mathematical finance, signal processing, computer graphics, image compression, learning automata, neural nets, statistical physics and real number computation [11, 12, 7, 10, 22, 83, 84, 15, 13, 44].

A simple example of an IFS can be constructed for the decimal representation of real numbers in [0, 1]. Let

f_i : x → x + i 10 : [0, 1] → [0, 1]

with i ∈ {0, 1, 2, . . . , 9}. Then the decimal representation of any real number in [0, 1] can be expressed by the IFS {[0, 1]; f_0, . . . , f_9}. In fact suppose 0.i_1i_2i_3 · · · is an infinite sequence of digits i_j ∈ {0, 1, 2, · · · , 9} representing x ∈ [0, 1]. Note that if x has a finite digit representation 0.i_1i_2 · · · i_n then it is represented by the infinite sequence 0.i_1i_2 · · · i_n000 · · · . It is now easy to see that {x} = ⋂ n≥1 f_{i1} f_{i2} · · · f_{in} [0, 1]. In fact, for each integer n ≥ 0, we have 0.i_1i_2 · · · i_n = f_{i1} f_{i2} · · · f_{in} (0) ∈ f_{i1} f_{i2} · · · f_{in} [0, 1]. Therefore, real numbers in the decimal representation can be expressed by the infinite composition of maps of the above IFS. Similarly, the binary signed representation of real numbers in [−1, 1] can be expressed by the IFS {[−1, 1]; f_{−1}, f_0, f_1} with f_i : [−1, 1] → [−1, 1] where f_i (x) = (x + i)/2. As we will see in the last section of this paper, iterated function systems can be used to represent other number systems and play a crucial role in one of the main approaches to exact real number computation.

4.2. Weakly hyperbolic IFS. If X is a complete metric space and the maps f_i are all contracting then the IFS is called hyperbolic. In the early 80’s, Hutchinson [73] used the Banach fixed point theorem to deduce the existence and uniqueness of an attractor for a hyperbolic IFS, i.e., a fixed point of the contracting map

F : HX → HX,

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 415

where HX is the set of non-empty compact subsets of X with the Hausdorff metric and F (A) = f_1(A) ∪ f_2(A) ∪ · · · ∪ f_N (A). Recall that the Hausdorff metric d_H on HX is defined by

d_H (A, B) = inf {� | B ⊆ A_� and A ⊆ B_� }

where, for a non-empty compact subset C ⊆ X and � ≥ 0, the set

C_� = {x ∈ X | ∃y ∈ C. d (x, y) ≤ �}

is the �-parallel body of C . The above result easily extends to an IFS which is eventually contracting [57], i.e., there is some k ≥ 1 such that the N^k maps g_{i1i2...ik} = f_{i1} f_{i2} . . . f_{ik} are contracting for all finite sequences i_1, i_2, . . . , i_k ∈ Σ^k_N of length k.

In practice, IFSs are defined on compact metric (or metrizable) spaces. Assume from now that we have an IFS {X ; f_1, . . . , f_N } on a compact metric space X . Consider the extension of the IFS {UX ; f_1, . . . , f_N } on the upper space. Recall that, for convenience, we write Uf simply as f. The map

F : UX → UX,

where F (A) = f_1(A) ∪ f_2(A) ∪ · · · ∪ f_N (A) is Scott continuous and, hence, has a least fixed point. This was first noted by Hayashi [65].

The iterates F^mX generate a finitary branching tree, called the IFS tree, depicted in Figure 2 for N = 2. Each node is a subset of its parent node. For any m, F^mX is in fact the union of the nodes on level m of this tree. The IFS tree, as we will see, plays a fundamental role in the domain-theoretic study of IFS.

Using the domain-theoretic model, we can generalize Hutchinson’s results and deduce the existence and uniqueness of the attractor for a larger class of IFSs containing maps which are not necessarily contracting. This class is motivated by a number of applications, for example in neural nets [69, 13, 33], where one encounters IFSs which are not hyperbolic. It can arise for example in a compact interval X ⊂ R if the IFS contains a smooth map f : X → X satisfying |f^′(x)| ≤ 1 but not |f^′(x)| < 1. We say an IFS is weakly hyperbolic [37] if for all infinite sequences i_1i_2 · · · ∈ Σ^�_N the set ⋂ n≥1 f_{i1} f_{i2} . . . f_{in} X

contains a single point, or, equivalently, if the diameter of f_{i1} f_{i2} . . . f_{in} X tends to zero as n → ∞. Clearly, a hyperbolic IFS is weakly hyperbolic and, hence, we have a generalization of Hutchinson’s framework on compact metric spaces. In this situation, the maps f_i are not necessarily contracting, and, hence, the map F above is not in general contracting. Furthermore, a weakly hyperbolic IFS need not be eventually contracting. Therefore, the Banach fixed point theorem can no longer be employed to prove the

416 ABBAS EDALAT X

� � � � � � � �

� � � � � � � �

� f_1X f_2X

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

f_1f_1X f_1f_2X f_2f_1X f_2f_2X

� � � � � � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

Figure 2. The IFS tree for N = 2.

uniqueness of the fixed point. This can however be proved using the Plotkin power domain which was originally constructed to capture the semantics of non-determinism [96].

The Plotkin power domain of an �-continuous dcpo can be defined using the notion of finitely generable sets [111, 114]. Suppose (D, ⊑) is any pointed �-continuous dcpo and B ⊆ D a countable basis for it. Consider any finitely branching tree such that each node is an element of B and each child y of any parent node x satisfies x ⊑ y. Repetitions of elements are allowed so that an element can appear in more than one node. The set of lubs of all branches of the tree is called a finitely generable subset of D. We denote the set of finitely generable subsets of D by F(D). It is easily seen that P_f (B) ⊆ P_f (D) ⊆ F(D). For A ∈ P_f (B) and C ∈ F(D), the pre-order ≪_{EM} is defined by A ≪_{EM} C iff

∀a ∈ A ∃ c ∈ C. a ≪ c & ∀c ∈ C ∃a ∈ A. a ≪ c.

This extends to a pre-order on F(D) by defining C_1 ⊑_{EM} C_2 iff for all A ∈ P_f (B) whenever A ≪_{EM} C_1 holds we have A ≪_{EM} C_2. The Plotkin power domain or the convex power domain CD of D is then defined to be the quotient (F(D)_{/∼=} , ⊑_{EM /∼=} ), where the equivalence relation ∼= on F(D) is given by C_1 ∼= C_2 iff C_1 ⊑_{EM} C_2 and C_2 ⊑_{EM} C_1.

Now let D be UX where X is, as before, a compact metric space and {X ; f_1, . . . , f_N } an IFS. The IFS tree generates an element of CUX . Let

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 417

F : UX → UX be as before and consider the Scott continuous map f : CUX → CUX which is defined on the basis P_f (UX ) by the monotone map

f : P_f (UX ) → CUX {A_j | 1 ≤ j ≤ M } → {f_i (A_j ) | 1 ≤ j ≤ M, 1 ≤ i ≤ N }.

The set of nodes at level n of the IFS tree is then represented by f^n{X }.

For A ∈ UX , let

S(A) = {s(x) | x ∈ A} = {{x} | x ∈ A} ⊆ UX.

Then, S(A) is a finitely generable subset of UX and the following result can be shown.

Theorem 4.2. [37] If the IFS {X ; f_1, . . . , f_N } is weakly hyperbolic, then the two maps F : UX → UX and f : CUX → CUX have unique fixed points A^∗ = ⋂ n≥0 F^nX and SA^∗ respectively.

Therefore, the existence and uniqueness of the fixed point is proved domain-theoretically without finding a suitable metric and applying the contracting mapping theorem.

4.3. IFS algorithms. The IFS tree can be used to deduce an algorithm to generate the attractor of a weakly hyperbolic IFS [37] which extends the corresponding algorithm for a hyperbolic IFS [71]. We will make the assumption that, given � > 0, we can determine a node for each branch of the IFS tree whose diameter is less than �. For a hyperbolic IFS we have

|f_{i1} f_{i2} . . . f_{in} X | ≤ s_{i1} s_{i2} . . . s_{in} |X |,

where s_i is the contractivity factor of f_i , and, therefore, we can clearly determine such a node. Another important case in which this can be done is when the IFS consists of monotone maps on R.

Let � > 0 be given and fix x_0 ∈ X . We construct a finite subtree of the IFS tree as follows. For any infinite sequence i_1i_2 · · · ∈ Σ^�_N , the sequence ⟨|f_{i1} f_{i2} . . . f_{in} X |⟩_{n≥0} is decreasing and tends to zero, and, therefore, there is a least integer m ≥ 0 such that |f_{i1} f_{i2} . . . f_{im} X | ≤ �. We truncate the infinite branch ⟨f_{i1} f_{i2} . . . f_{in} X ⟩_{n≥0} of the IFS tree at the node f_{i1} f_{i2} . . . f_{im} X which is then a leaf of the truncated tree as depicted in Figure 3, and which contains the distinguished point f_{i1} f_{i2} . . . f_{im} x_0 ∈ f_{i1} f_{i2} . . . f_{im} X .

By König’s lemma, the truncated tree has finite depth. Let L_� denote the set of all leaves of this finite tree and let A_� ⊆ X be the set of all distinguished points of the leaves. For each leaf l ∈ L_� , the attractor A^∗ satisfies l ⊇ l ∩ A^∗ ≠ ∅ and A^∗ = ⋃ l∈L_� l ∩ A

∗. On the other hand, for each leaf l ∈ L_� , we have l ∩ A_� ≠ ∅ and A_� = ⋃ l∈L_� l ∩ A� . It follows

that d_H (A_� , A^∗) ≤ �. The algorithm therefore traverses the IFS tree in some specific order to obtain the set of leaves L_� and hence the finite set A_� which is

418 ABBAS EDALAT � � � �. . . . . .

X f_{i1} X

f_{i1} f_{i2} X

f_{i1} f_{i2} · · · f_{im} X � Figure 3. A branch of the truncated IFS tree.

the required discrete approximation. For the hyperbolic case, the complexity of the algorithm is O(N^h ) where h is the height of the truncated tree and is given by h = ⌈log(�/|X |)/ log s⌉, where s is the largest contractivity factor of the maps f_i , |X | is the diameter of X and ⌈a⌉ is the least non-negative integer greater than or equal to a.

The domain-theoretic model has also inspired an algorithm to estimate the Hausdorff dimension of self-affine sets which has proved to be a hard problem in fractal geometry. A self-affine set is the attractor A of a hyperbolic IFS consisting of n affine maps f_1, f_2, · · · , f_n on R^k . Falconer [53, 55] constructs an upper bound d for the Hausdorff dimension [54] of a selfaffine set when the linear parts of the affine maps are non-singular and shows that for almost all choices of the translation part of these maps with respect to the Lebesgue measure on R^{nk} the Hausdorff dimension is actually equal to d . He also defines a number d_− which is a lower bound for the Hausdorff dimension of the self-affine set provided that the union A = f_1(A) ∪ f_2(A) ∪ · · · ∪ f_n (A) is disjoint. However, there are no techniques to compute the values of d and d_−. In [94, 36], an algorithm is presented to generate a shrinking nested sequence of intervals, i.e., an increasing chain in the domain of intervals, with intersection [d_−, d ]. The mth interval, which gives an approximation from below to d_− and an approximation from above to d , is obtained from the n^m compositions f_{i1} f_{i2} · · · f_{im} with i_j ∈ Σ_n, i.e., from the maps on the mth level of the IFS tree. In practice, this gives a reliable estimate for the dimension of a self-affine set.

§5. A computational measure theory. In the previous sections, we constructed computational models for classical spaces using continuous dcpo’s and showed some applications in IFS theory. In this section, we show how

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 419

to construct computational models for spaces of measures or probability distributions on classical spaces.

Recall that for a topological space X the class BX of Borel subsets of X is the smallest collection of subsets of X which contains the open subsets and is closed under taking complements and countable unions. A Borel measure is a mapping � : BX → [0, ∞] with �(∅) = 0 and �( ⋃ i≥0 B_i ) = ∑ i≥0 �(B_i ) for disjoint Borel subsets B_i (i ≥ 0). The set of Borel measures on X is denoted by MX ; the set of probability measures (or probability distributions), i.e., measures � with �(X ) = 1, is denoted by M^1X . Each bounded real valued continuous function g : X → R defines a functional F_g : M^1X → R with F_g (�) = ∫ g d�, the latter being the Lebesgue integral of g with respect to �. (See Section 6 for the definition of the Lebesgue integral.) The weak topology on M^1X is the coarsest topology which makes all these functionals continuous.

A continuous valuation [16, 104, 86, 75, 67] is like a finite measure but is defined on open subsets. More precisely, a continuous valuation on a topological space Y is a mapping � : ΩY → [0, 1] with

(i) �(U ) + �(V ) = �(U ∪ V ) + �(U ∩ V ). (ii) �(∅) = 0.

(iii) U ⊆ V ⇒ �(U ) ≤ �(V ).

(iv) For any directed subset A ⊆ Ω(Y ) (with respect to ⊆) of open sets of Y , � ( ⋃ O∈A O ) = sup_{O∈A}�(O).

The probabilistic power domain PY of Y is the set of continuous valuations on Y ordered pointwise, i.e., � ⊑ �^′ def⇐⇒ �(O) ≤ �^′(O) for all open subsets O ⊆ Y . For any x ∈ Y we have the point (or Dirac) valuation �_x with �_x (O) = 1 if x ∈ O and �_x (O) = 0 if x /∈ O. Any linear combination ∑_n

i=1 r_i �_{xi} with x_i ∈ Y and positive numbers r_i satisfying

∑_n i=1 r_n ≤ 1 gives rise to a continuous valuation; it is called a simple valuation as it takes only a finite number of values. In fact, any continuous valuation on a continuous domain which takes only a finite number of values is a simple valuation [81].

For any topological space Y , the poset PY is a dcpo in which lubs of directed subsets are computed pointwise. If Y is an �-continuous dcpo with a countable basis B, then PY is an �-continuous dcpo with a basis of simple valuations of the form

∑_n i=1 r_i �_{xi} with x_i ∈ B and rational r_i > 0 [76]. Furthermore, Saheb-Djahromi [104], Lawson [86] and Norberg [93] have independently shown that continuous valuations on different classes of domains have unique extensions to Borel measures. It has recently been shown that any continuous valuation (and more generally any continuous

420 ABBAS EDALAT

�-finite valuation) on a continuous domain has a unique extension to a measure [3].

We now let Y be the upper space UX of a second countable locally compact space X . The singleton map s : X → UX takes open or closed subsets of X into G_� subsets (i.e., countable intersection of open subsets) of UX and Borel subsets to Borel subsets. We have:

Theorem 5.1. [35] For a locally compact second countable Hausdorff space X , the mapping � → � ∘ s^{−1} : M^1X → PUX

is an embedding into the set of maximal elements of PUX ; the image of the embedding is precisely the set of valuations � ∈ PUX which are supported on the set max(UX ) of the maximal elements of UX , i.e., �((UX )\max(UX )) = 0. We often identify any probability distribution with its image under the above embedding. We then get:

Corollary 5.2. For any probability distribution � ∈ M^1X , there exists an increasing chain of simple valuations �_i ∈ PUX with � = ⨆ i≥0 �_i .

The above chain of simple valuations can be explicitly constructed if the measure is given on a countable basis of open sets closed under finite unions and intersections [39, 42]. In fact the result is true for locally finite measures, i.e., those which are finite on compact subsets; see [42]. We will illustrate this in the case of a compact metric space X . Assume � ∈ M^1X is a given probability measure on X . Let A = ⟨A_1, A_2, . . . , A_N ⟩ be any ordered open covering of the compact metric space X , i.e., A_i ⊆ X is open i = 1, . . . , N and X =

⋃_N

i=1 A_i . Denoting the closure of a set A by A, let

�_A = N∑ i=1 r_i �_{Ai} ,

where r_i = �(A_i \ ⋃ j<i A_j ). Then, we have �_A ∈ P^1UX with �_A ⊑ � ∘ s^{−1}. For two ordered open coverings A = ⟨A_1, A_2, . . . , A_N ⟩ and B = ⟨B_1, B_2, . . . , B_M ⟩, the refinement A∧B of A by B is the ordered open covering with subsets of the form C_{(i,j)} = A_i ∩B_j , 1 ≤ i ≤ N and 1 ≤ j ≤ M , ordered lexicographically, i.e., (i, j) < (i^′, j^′) iff either i < i^′ or i = i^′ and j < j^′. Then, �_A ⊑ �_{A∧B}. Assume B_n is an ordered covering of open subsets of X with diameters less than 1/n for n ≥ 1. Define A_n for n ≥ 1 inductively by A_1 = B_1 and A_{n+1} = A_n ∧ B_{n+1}. This gives an explicit construction of an increasing chain of simple valuations and we have:

Theorem 5.3. [39] � = ⨆ m≥1 �_{Am} .

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 421

So far, we have only considered second countable locally compact Hausdorff spaces; similar results in fact hold for the other computational models presented in this paper. More precisely, the embedding

� → � ∘ s^{−1} : M^1R → PIR

and, for any separable complete metric space X , the embedding

� → � ∘ s^{−1} : M^1X → PBX

are onto the set of maximal elements of the corresponding probabilistic power domains [41]. It was conjectured in [35] that the embedding in Theorem 5.1 is onto the set of maximal elements of PUX . This conjecture was later proved by Lawson in the following more general result.

Theorem 5.4. [87] If the relative Scott and Lawson topologies on the set of maximal elements of an �-continuous domain D coincide, then the maximal elements of PD are precisely those continuous valuations � on D which are supported on the set max(D) of maximal elements of D, i.e., �(D\max(D)) = 0; furthermore, the relative Scott and Lawson topologies on max(PD) coincide.

All the computational models treated in this paper satisfy the condition in Theorem 5.4. In particular, it follows that the embedding in Theorem 5.1 is also onto the set of maximal elements. We also have the following general theorem:

Theorem 5.5. [39] If a separable metric space is homeomorphic to a G_� subset of an �-continuous dcpo equipped with its Scott topology, then the space of probability measures of the metric space equipped with the weak topology is homeomorphic with a subset of the maximal elements of the probabilistic power domain of the �-continuous dcpo.

Therefore, in this general setting, the weak topology on the set of probability measures of a separable metric space coincides with the subspace Scott topology on a corresponding probabilistic power domain.

Example 5.6. Let � be the Lebesgue measure on the unit interval [0, 1] and let P : 0 = x_0 < x_1 < · · · < x_N = 1 be a partition of this interval with norm ‖P‖ = max_{1≤i≤N} (x_i − x_{i−1}). Then

�_P = N∑ i=1 (x_i − x_{i−1})�_{[xi−1,xi ]} ∈ PI[0, 1],

with �_P ⊑ �. If P is refined to a partition P^′ then �_P ⊑ �_P′ . Furthermore, if ⟨P_n⟩_{n≥0} is a refining sequence of partitions of [0, 1] with ‖P_n‖ → 0 as n → ∞, then ⨆ n≥0 �_{Pn} = �.

422 ABBAS EDALAT

§6. The generalised Riemann integral. We use the results of the previous section to develop a theory of integration which is indeed a generalisation of the Riemann theory. We confine ourselves to integration on a compact metric space X . Assume f : X → R is bounded and � ∈ M^1X is a probability measure. Let P^1UX be the subdcpo of the normalised valuations on UX . This is again an �-continuous dcpo with a basis of normalised simple valuations [32].

For any dcpo Y which has bottom, in particular for UX when X is compact, the information ordering on simple valuations in P^1Y has an interesting physical interpretation. For two simple valuations

�_1 = ∑ b∈B r_b �_b �_2 = ∑ c∈C s_c �_c

in P^1Y , where B, C are finite subsets of Y , we have by the splitting lemma [76, 32]: �_1 ⊑ �_2 iff, for all b ∈ B and all c ∈ C , there exists a non-negative number t_{b,c} such that

∀b ∈ B ( ∑ c∈C t_{b,c} = r_b ) ∀c ∈ C ( ∑ b∈B t_{b,c} = s_c )

and t_{b,c} ≠ 0 implies b ⊑ c. We can consider any b ∈ B as a source with mass r_b , any c ∈ C as a sink with mass s_c , and the number t_{bc} as the flow of mass from b to c. Then, the above property can be regarded as conservation of total mass.

For any simple valuation � = ∑ b∈B r_b �_b ∈ P^1UX , the lower sum of f with respect to � is defined as

S^ℓ (f, �) = ∑ b∈B r_b inf f[b].

Similarly, the upper sum of f with respect to � is defined as

S^u (f, �) = ∑ b∈B r_b sup f[b].

Furthermore, for a choice function � : B → X with �_b ∈ b for each b ∈ B, the sum S_� (f, �) = ∑ b∈B r_b f(�_b )

is said to be a generalised Riemann sum for f with respect to �. Note that we always have:

S^ℓ (f, �) ≤ S_� (f, �) ≤ S^u (f, �).

If � is replaced by a simple valuation �^′ with greater information, i.e., � ⊑ �^′ then the lower sum increases and the upper sum decreases. This is exactly the situation with the Darboux sums for ordinary Riemann theory

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 423

when a partition is refined. Furthermore, if �_1 ≪ � and �_2 ≪ � then there exists, by the property of the way-below relation, a simple valuation �_3 with �_1, �_2 ⊑ �_3 ≪ �. Therefore, we have S^ℓ (f, �_1) ≤ S^ℓ (f, �_3) ≤ S^u (f, �_3) ≤ S^u (f, �_2). In other words, as long as we work with simple valuations waybelow �, any lower sum is less than or equal to any upper sum. This is again similar to the ordinary Riemann theory.

We then proceed to define the generalised Riemann integral as follows. The lower R-integral of f with respect to � on X is

R ∫ fd� = sup_{�≪�} S^ℓ (f, �).

Similarly, the upper R-integral of f with respect to � on X is

R ∫ fd� = inf_{�≪�}S^u (f, �).

The lower integral is always less than or equal to the upper integral. We say f is R-integrable with respect to � if these two integrals are equal in which case this common value is defined to be the R-integral of f with respect to �. The main results are the following [32]:

Theorem 6.1. R-integration has all the basic properties, including linearity, of an integral.

Theorem 6.2. If X = [0, 1] ⊆ R, then f will be R-integrable with respect to the Lebesgue measure iff it is Riemann integrable and the two integrals, when they exist, are equal.

Theorem 6.3. A bounded real valued function f will be R-integrable with respect to a probability measure � on X iff the set of discontinuities of f has �-measure zero.

Theorem 6.4. If f is R-integrable, then it is Lebesgue integrable and the two integrals are equal.

The last three theorems generalise those of Lebesgue regarding Riemann integration early this century. R-integration has also been extended to locally finite measures (i.e., those which are finite on compact subsets) on countably based locally compact Hausdorff spaces [42].

6.1. Computation of integrals. The computational significance of the Rintegral is in the following property. If � = ⨆ i≥0 �_i and if f is continuous

424 ABBAS EDALAT

almost everywhere with respect to � then,

S^ℓ (f, �_i ) ↗ ∫ f d�, S^u (f, �_i ) ↘ ∫ f d�.

S_{�i} (f, �_i ) → ∫ f d�.

In other words, the intervals [S^ℓ (f, �_i ), S^u (f, �_i )], i ≥ 0, contain the Riemann sums and shrink to the value of the integral. Moreover, for any � = ∑ b∈B r_b �_b ∈ P^1UX , if the variation of f on all b ∈ B is less than �, i.e., ∀b ∈ B∀x, y ∈ b |fx − fy| ≤ �, then for any Riemann sum S_�(f, �) we have: | | ∫ f d� − S_� (f, �) | | ≤ �. (1) In order to use this property in computation, we need an effective approximation of a given measure by simple valuations. This is provided by the effective version of the following proposition.

Proposition 6.5. [39] Suppose A ⊆ P^1UX is a directed set of simple valuations. We have ⨆ A ∈ M^1X iff for all positive integers n and m, there exists ∑ c∈C r_c �_c ∈ A with ∑ |c|≥1/m rc < 1/n, where |c| is the diameter of c.

We now say that an increasing chain ⟨�_i ⟩_{i≥0} of simple valuations in P^1UX with lub � ∈ M^1X is an effective approximation of � if for all positive integers m and n there exists i ≥ 0, recursively given in terms of m and n, such that �_i = ∑ c∈C r_c �_c satisfies ∑ |c|≥1/m rc < 1/n. For example, for any

� ∈ M^1X , which is given by its values on a countable basis of X closed under finite unions and intersections, the increasing chain ⟨A_i ⟩_{i≥0} constructed in Theorem 5.3 is an effective approximation to �.

Suppose � ∈ M^1X is effectively given with an effective approximation by a chain of simple valuations ⟨�_i ⟩_{i≥0}. Assume that we have a Hölder continuous function f : X → R, i.e., there are constants k > 0 and h > 0 such that |f(x) − f(y)| ≤ k(d (x, y))^h for all x, y ∈ X . (If h = 1, the number k is a Lipschitz constant for f.) We can then compute the expected value of f with respect to � up to any given accuracy as follows. Let � > 0 be given. Choose the positive integers m and n with 1/m < (�/2k)^{1/h} and 1/n < �/(2k|X |^h), and let the integer i be such that �_i = ∑ c∈C r_c �_c satisfies ∑ |c|≥1/m rc < 1/n.

We have

S^ℓ (f, �_i ) ≤ ∫ f d� ≤ S^u (f, �_i ), S^ℓ (f, �_i ) ≤ S_� (f, �_i ) ≤ S^u (f, �_i )

where S_� (f, �_i ) is any generalised Riemann sum for �_i . For any c ∈ C we have sup f[c] − inf f[c] ≤ k|X |^h; whereas for c ∈ C with |c| < 1/m we

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 425

have sup f[c] − inf f[c] < �/2. Hence, | | ∫ f d� − S_� (f, �_A) | | ≤ S u (f, �_i ) − S ℓ (f, �_i ) = N∑ c∈C r_c (sup f[c] − inf f[c]) = ∑ |c|≥1/m

r_c (sup f[c] − inf f[c]) + ∑ |c|<1/m

r_c (sup f[c] − inf f[c])

≤ �/2 + �/2 = �.

Therefore, any Riemann sum for �_i gives the value of the integral up to � accuracy. Hence:

Theorem 6.6. The expected value of any Hölder continuous function with given Hölder constants on a compact metric space can be obtained up to any given accuracy with respect to any normalised measure which has an effective approximation by an increasing chain of normalised valuations on the upper space of the metric space.

6.2. The Lebesgue integral via the R-integral and Daniell theory. The theory of R-integration is, in a sense, dual to Lebesgue integration. In order to see this, recall the definition of the Lebesgue integral [103]. If X and Y are topological spaces then we say a map f : X → Y is measurable if the inverse image of any Borel subset of Y is a Borel subset of X . A simple function h : X → R on X is one which takes only a finite set of values, i.e., one which we can write h =

∑_n i=1 a_i �_{Ai} where a_i ∈ R, A_i ⊆ X and �_A : X → R is the characteristic function of A ⊆ X defined by �(x) = 1 if x ∈ A and �(x) = 0 otherwise. The Lebesgue integral of a simple measurable function h = ∑_n i=1 a_i �_{Ai} is defined by ∫ h d� =

∑_n

i=1 a_i �(A_i ), with the convention 0 · ∞ = 0. For a positive measurable function g : X → R, the Lebesgue integral is defined by ∫ g d� = sup {∫ h d� | h simple measurable, h ≤ g } . The Lebesgue integral of any measurable function g is defined as ∫ g d� = ∫ g^+ d� − ∫ g^−d�, whenever this difference exists as an extended real number, where g^+ and g^− are the positive and negative parts of g respectively.

Therefore in the Lebesgue theory the function which is integrated is approximated from below by simple functions, whereas in theory of R-integration the measure with respect to which integration is performed is approximated from below by simple measures.

426 ABBAS EDALAT

Clearly the Lebesgue integral is more general than the R-integral, since the latter only exists for functions which are continuous almost everywhere with respect to the measure and these functions are, in general, a proper subclass of Lebesgue integrable functions. The question, therefore, is whether by starting with the R-integral one can obtain the Lebesgue integral of all Lebesgue integrable functions. The answer is in fact positive. We can construct the Lebesgue integral from R-integration using Daniell theory [30] as follows. The idea is that we start with the R-integral of all continuous functions on a compact metric space and then extend the R-integral stage by stage to all Lebesgue integrable functions. Let C (X ) denote the set of all real-valued continuous functions on the compact metric space X . Any finite measure � on X gives rise to a continuous functional

F_� : C (X ) → R f → ∫ f d�.

One then extends F_� to the set of all lower semi-continuous functions f on X , with f(x) > −∞ for all x ∈ X , which with the pointwise ordering of functions is indeed an �-continuous dcpo. This is achieved by continuity as any such lower semi-continuous function f is the pointwise supremum of continuous functions below it; one therefore defines

F_�(f) = sup{F_�(g) | f ≥ g ∈ C (X )}.

Dually, F_� is extended to the �-continuous dcpo of all upper semi-continuous functions with f(x) < ∞ for all x ∈ X . As in the general theory of Daniell integration, in the second stage, F_� is extended to all Lebesgue integrable functions with finite integral and in the third and final stage to all Lebesgue integrable functions.

6.3. The Henstock integral. Apart from the R-integral which we have described above, there are two other notions of generalized Riemann integrals which have developed since the early sixties, namely, the McShane and the Henstock integrals [70, 60]. These are basically integrals for real valued functions on R. Their generalisations to R^n also exist but they are more involved. The basic McShane integral is equivalent to the Lebesgue integral with respect to to the Lebesgue measure in the sense that a real-valued function is Lebesgue integrable with respect to to the Lebesgue measure iff it is McShane integrable. The Henstock integral (sometimes called the Henstock-Kurzweil integral) is a generalization of the McShane integral (and hence of the Lebesgue integral) in the sense that any McShane integrable function is Henstock integrable but not conversely, i.e., there are functions which are Henstock integrable but not Lebesgue integrable. The Henstock integral has the property that every continuous, almost everywhere differentiable function can be recovered by integration from its derivative.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 427

This property, which does not hold for the Riemann or the Lebesgue integral, was historically the motivation behind the definition of this integral.

The reason the McShane and the Henstock integrals are called generalized Riemann integrals is that, similar to the ordinary Riemann integral and in contrast to the Lebesgue integral, they are defined by partitioning the domain [a, b] of the integrand function f. However, a more sophisticated notion of partitioning is used as follows. A (Perron) tagged subinterval of [a, b] is a pair (x, [c, d ]), with [c, d ] ⊆ [a, b] such that x ∈ [a, b] (x ∈ [c, d ]). A (Perron) tagged partition of [a, b] is a finite collection of (Perron) tagged subintervals (x_i , [c_i , d_i ]) (1 ≤ i ≤ n) of [a, b] such that [a, b] = ⋃ i [c_i , d_i ]. A tagged partition is subordinate to a positive function � : [a, b] → R^+ if [c_i , d_i ] ⊆ (x_i −�(x_i ), x_i +�(x_i )) for all 1 ≤ i ≤ n. Then one defines f to be (Henstock) McShane integrable with value k if for all � > 0 there exists a positive function � such that |k −

∑_n i=1(x_{i+1} − x_i )f(x_i )| < � for all (Perron) tagged partitions of [a, b] subordinate to �. The resulting integration theory however is, like the Lebesgue theory, non-constructive and non-computational.

In contrast, the domain-theoretic generalization of the Riemann integral works generally for integration of functions with respect to Borel measures on Polish spaces (topologically complete separable spaces) which include locally compact second countable spaces of which R^n is a special case. Here, one also deals with the domain of the function rather than its range. But now one goes beyond the notion of partitions and uses finite covers by open subsets to approximate the measure by simple valuations on an �-continuous domain as shown in the construction leading to Theorem 5.3. As we have seen in Section 6.1, this gives a notion of an effectively given measure with respect to which we can compute the integral of any Hölder continuous function up to any desired accuracy.

§7. IFS with probabilities. An IFS with probabilities is an IFS f_i : X → X (i ∈ Σ_N = {1, . . . , N }) such that each map f_i is associated with a probability weight p_i > 0 with

∑_N i=1 p_i = 1. The Markov operator

T : M^1X → M^1X (2) on the set M^1X of normalised Borel measures on X takes a Borel measure � ∈ M^1X to a Borel measure T (�) ∈ M^1X given by

T (�)(B) = N∑ i=1 p_i �(f^{−1}_i (B))

for any Borel subset B ⊆ X . Hutchinson [73] proved the existence and uniqueness of the fixed point of T for a hyperbolic IFS with probabilities on a complete metric space X . In fact, he used the Banach fixed point

428 ABBAS EDALAT

theorem again by showing that T is contracting with respect to the so-called Hutchinson metric r_H on M^1X defined by

r_H (�, �) = sup { ∫ X fd� − ∫ X fd� | f : X → R,

|f(x) − f(y)| ≤ d (x, y), ∀x, y ∈ X } . Using the domain-theoretic model we can deduce the existence and uniqueness of the invariant measure for weakly hyperbolic IFSs with probabilities where the Banach fixed point theorem can no longer be applied.

7.1. The invariant measure. For a weakly hyperbolic IFS with probabilities, we define the map

H : P^1UX → P^1UX � → H (�)

by H (�)(O) =

∑_N i=1 p_i �(f^{−1}_i (O)). Note that H is defined in the same way as the Markov operator T above. Then, H is Scott continuous and has, therefore, a least fixed point given by ⨆ m H^m �_X , where �_X is the bottom element of P^1UX and the mth iteration is given explicitly by

H^m �_X = N∑ i_1,i_2,...,i_m =1

p_{i1} p_{i2} . . . p_{im} �_{fi1 fi2 ...fim X} .

These iterates generate the IFS tree with probabilities, as in Figure 4 with N = 2. Each node of the tree is weighted by the product of the probabilities on the branch segments leading from the root X to that node. The mth level of the tree therefore corresponds to H^m �_X .

One can show that the least fixed point ⨆ m H^m�_X is a maximal element of P^1UX and is, therefore, the unique fixed point; it defines a probability measure on X .

Theorem 7.1. [37] The map H has a unique fixed point ⨆ m H^m�_X which is the unique invariant measure of the weakly hyperbolic IFS with probabilities. The support^3 of this invariant measure is precisely the attractor of the IFS.

We can also obtain an algorithm to compute the invariant measure of a weakly hyperbolic IFS with probabilities, extending the corresponding result for a hyperbolic IFS with probabilities in [71]. As in the deterministic case, described in Subsection 4.3 the algorithm finds all the leaves of the truncated IFS tree and, this time, computes the mass of each leaf. The set of all weighted leaves of the truncated IFS tree represents a simple valuation

3A point is in the support of a measure iff the measure of each open neighbourhood of the point is non-zero.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 429 X

� � � � � � � �

� � � � � � � �

� f_1X p_1 p_2

p_1 p_1 p_2 p_2 f_2X

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

f_1f_1X f_1f_2X f_2f_1X f_2f_2X

� � � � � � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

Figure 4. The IFS tree with probabilities for N=2.

which is a discrete approximation to the invariant measure. One can also extend the deterministic and the probabilistic algorithms to obtain their digitised versions, i.e., to plot the attractor and depict the invariant measure on a computer screen with a given resolution. See [37].

7.2. Expected values. Since the invariant measure � is obtained as the lub of simple valuations H^m�_X , one can use the generalised Riemann integral to compute the expected value of well-behaved functions; this extends the corresponding result for a hyperbolic IFS with probabilities [71]. Suppose g : X → R is continuous almost everywhere with respect to � and let x ∈ X be any given point. Then for the simple valuation H^m �_X we can define the choice function �_m for a generalized Riemann sum by �_m(f_{i1} . . . f_{im} X ) = f_{i1} . . . f_{im} x so that

S_{�m} (g, H^m �_X ) = N∑ i_1,...,i_m =1

p_{i1} . . . p_{im} g(f_{i1} . . . f_{im} x).

It follows that

S_{�m} (g, H^m �_X ) → ∫ g d�

as m → ∞. If the maps f_i are contracting with contractivity factor s_i and if g satisfies a Hölder condition, then we can obtain a algorithm to calculate

430 ABBAS EDALAT

the integral to any given accuracy as follows [37]. Suppose there exist h > 0 and k > 0 such that g satisfies

|g(x) − g(y)| ≤ k(d (x, y))^h

for all x, y ∈ X . Let � > 0 be given. Then | |S(g, H^m�_X ) − ∫ gd� | | ≤ � (3) for m = ⌈log((�/k)^{1/h} /|X |)/ log s⌉, where s = max_i s_i is the contractivity of the IFS.

In many applications, we can directly estimate the length N∑ i_1,··· ,i_m =1

p_{i1} · · · p_{im} (sup g(f_{i1} · · · f_{im} X ) − inf g(f_{i1} · · · f_{im} X ))

of the interval [S^ℓ (g, H^m �), S^u (g, H^m�)]

which contains the value of the integral and, therefore, obtain a much more efficient algorithm. We will see an example of this in the next section.

One can also obtain the natural generalisations of the above IFS results for the so-called recurrent IFS, i.e., an IFS which is equipped with a stochastic matrix rather than just a probability vector, and also for the so-called vector recurrent IFS [34] which is the basis of Barnsley’s software for fractal image compression using measures [10].

The domain-theoretic framework for IFS, as we have indicated in Section 4 and in this section, has the unifying feature that several aspects of the theory of IFS, namely (i) the proof of existence and uniqueness of the attractor of a weakly hyperbolic IFS and that of the invariant measure of a weakly hyperbolic IFS with probabilities or recurrent IFS, (ii) the algorithms to approximate the attractor and the invariant measures (iii) the complexity analysis of these algorithms, and (iv) the computation of the expected value of almost everywhere continuous functions, or Hölder continuous functions, with respect to these invariant measures, are all integrated uniformly within the model. In contrast, the classical theory uses very different, unrelated and often ad hoc techniques in order to obtain the corresponding results for the special class of hyperbolic IFSs.

§8. Applications in physics. There have been so far three areas of application of the domain-theoretic integration techniques in physics, namely in the one-dimensional random field Ising model (1dRFIM) [15, 31], in forgetful neural nets [13, 33, 43] and in periodic doubling route to chaos [56, 38, 39]. We will present the first and the third here.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 431

8.1. The random field Ising model. The Ising model was introduced by Ising as a model for ferromagnetism some seventy years ago; it also describes such systems as lattice gases, binary alloys and “melting” of DNA and has been recently studied intensively in the context of complex systems [23]. The model deals with the configuration of a system of interacting objects, say two-valued spins, situated at the sites of a d -dimensional lattice (grid) in thermal equilibrium with a reservoir. The basic assumption in the Ising model is that objects interact only with their nearest neighbours as well as possibly with an external field. � � � � � � � � � � � � s_1 s_2 s_3 s_N

Figure 5. The one-dimensional^1_2 spin Ising model.

Consider a one-dimensional chain of N Ising spins ⟨s_n⟩^N_{n=1} with s_n = ±1 for each 1 ≤ n ≤ N as in Figure 5. Each state of the system is determined by a given set of values of the spins s_n = ±1. Assume now that there is a random magnetic field h_n at each site n ≥ 1. For convenience, we assume the field takes only two values h_n = ±h with equal probabilities. Then, we can write the energy or the Hamiltonian of the system in any state ⟨s_n⟩^N_{n=1} as H_N = −

N −1∑

n=1 Js_ns_{n+1} − N∑ n=1 h_ns_n

where J > 0 is the coupling constant. This equation says that the only interactions which contribute to the energy of the system are between neighbouring spins on the one hand and between each spin and the magnetic field on the other hand. In statistical physics, the basic statistical information about a system is given by the canonical partition function which is defined by Z = ∑ i e^{−�i} ,

where �_i is the energy of the state i and the summation is over all the possible states i of the system. Here, � = (k_B T )^{−1}, where T is the temperature of the system and k_B is the universal Boltzmann constant. The probability of finding the system in state i is given by e^{−�i} /Z, and if K(i) is the value of the physical quantity K in the state i, then the average value of K is given by ⟨K⟩ = ∑ i K(i)e^{−�i} /Z.

432 ABBAS EDALAT

For our random Ising model, the partition function is

Z_N = ∑ s_1,...,s_N =±1

exp �

(_{N −1} ∑ n=1 Js_ns_{n+1} + N∑ n=1 h_ns_n ) . The summation over s_1, s_2, s_3, . . . , s_{N −1} can be carried out to obtain:

Z_N = ∑ s_N =±1

exp � ( �_N s_N +

N −1∑

n=1 B(�_n) ) , where the stochastic variable �_n is defined by

�_1 = h_1, �_n = h_n + A(�_{n−1}) (2 ≤ n ≤ N ),

and the real functions A, B : R → R are given by

A(x) = (2�)^{−1} log(cosh �(x + J )/ cosh �(x − J )),

B(x) = (2�)^{−1} log(4 cosh �(x + J ) cosh �(x − J )).

Therefore, the partition function is reduced to that of a single spin s_N . Behn et al [15] have studied this stochastic equation in the past decade.

The dynamics of �_n, we can say, is based on the IFS with probabilities f_+, f_− : R → R defined by f_+(x) = h +A(x) and f_−(x) = −h +A(x) with probabilities p_+ = p_− = 1/2. Each f_� , where � = ±, satisfies |f^′_� (x)| ≤ tanh �J < 1, and is hence contracting. Also each f_� has a unique fixed point x_� , with

x_+ = −x_− = h/2 + (2�)^{−1} arcsinh(e^{2�J} sinh �h) > 0.

Furthermore f_� [x_−, x_+] ⊆ [x_−, x_+] for � = ±. The graphs of f_+ and f_− in [x_−, x_+] are shown in Figure 6 on page 433.

Various physical quantities of the system can be expressed as expected values of certain continuous functions with respect to the invariant measure of the IFS. We illustrate this for the simplest case, i.e., the free energy density of the system as N → ∞. In statistical physics the free energy is given by F_N (�) = −^1_� log Z_N . Therefore, the free energy density for our system is

f(�) = lim_{N →∞}

F_N (�) N = − 1 � lim_{N →∞} log Z_N N = − lim_{N →∞} 1 N log(2 cosh �_N ) − lim_{N →∞} 1 N N −1∑

n=1 B(�_n)

= − lim_{N →∞} 1 N N −1∑

n=1 B(�_n).

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 433

Figure 6. The graphs of f_+ and f_− in the interval [x_−, x_+].

To evaluate the above limit we use the following theorem. Let

(f_1, . . . , f_N ; p_1, . . . , p_N )

be a hyperbolic IFS with probabilities on a metric space X with invariant measure �. Suppose i_1, i_2, . . . is a sequence of independent, identically distributed random variables on {1, 2, . . . , N } with probabilities

P(i_n = k) = p_k (1 ≤ k ≤ N )

for all n ≥ 1. Let x_0 ∈ X , and put x_{n+1} = f_{in} (x_n) for all n ≥ 0. Then Elton’s ergodic theorem states that the time average of any real-valued continuous function is the same as its phase average with respect to the invariant measure �: Theorem 8.1. [48] Let g : X → R be a continuous function and suppose x_0 ∈ X . Then, for almost all sequences i_1, i_2, . . . ,

lim_{k→∞} 1 N N −1∑

n=0 g(x_n) = ∫ g(x) d�(x).

Therefore, the free energy density is given by

f(�) = − lim_{N →∞} 1 N N −1∑

n=0 B(�_n) = − ∫ B d�.

434 ABBAS EDALAT

A simple calculation shows that B : [x_−, x_+] → [x_−, x_+] is contracting with contractivity factor c = B^′(x_+) =^1_2 (tanh �(x_++J )+tanh �(x_+−J )) < 1. One can therefore use Equation (3) to compute an integer n such that S_{�n} (B, H^n �_X ) gives us the value of the above integral up to any degree of accuracy �.

However, the integer n obtained in this way is in general quite conservative for the given accuracy �. A much better technique can be used here. Since f_−, f_+ : [x_−, x_+] → [x_−, x_+] are both monotone maps and B : [x_−, x_+] → [x_−, x_+] is piecewise monotone, one can directly compute the length N∑ i_1,··· ,i_m =1

p_{i1} · · · p_{im} (sup B([f_{i1} · · · f_{im} x_−, f_{i1} · · · f_{im} x_+])

− inf B([f_{i1} · · · f_{im} x_−, f_{i1} · · · f_{im} x_+])),

of the intervals [S^ℓ_{�m} (B, H^m �), S^u_{�m} (B, H^m �)]

for successive integers m ≥ 0. When for some m ≥ 0 the length of the interval is less than �, we have our required estimate of the integral.

Other physical quantities can be similarly computed. For example, the magnetisation density is obtained by

m(�) = ∫ ∫ tanh �(x + A(y)) d�(x)d�(y),

which can be computed using the double R-integral with the two dimensional version of the Elton’s ergodic theorem [31]. Numerical computation of magnetisation and entropy at finite temperatures in the model has been carried out in [14] based on the generalized Riemann integral.

8.2. Period doubling route to chaos. Feigenbaum’s discovery of the period doubling route to chaos is one of the great scientific achievements of the recent decades [56]. The period doubling route to chaos is a universal way a dynamical system can become chaotic; it arises in various fields of science and engineering. The prototype of a dynamical system following this route to chaos is provided by the Logistic family,

f_c : [0, 1] → [0, 1]

x → cx(1 − x)

where c is a real number which increases from 1 to 4.

For 1 < c < 3, the orbit ⟨f^n_c (x)⟩_{n≥0} of any x ∈ (0, 1) converges to the unique attracting fixed point^{c−1}_c of f_c . At c = c_1 = 3, a period doubling bifurcation takes place: The attracting fixed point loses its stability and becomes repelling; at the same time an attracting periodic orbit of period

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 435

two is born nearby. For c_1 < c < c_2, where c_2 ≈ 3.499, the �-limit set^4 of the orbit of any point

x ∈ (0, 1) \ { c − 1 c }

is the period-two orbit. At c = c_2, the family goes under another period doubling bifurcation. The period-two orbit becomes repelling and at the same time an attracting period-four orbit is created nearby.

This period doubling scenario is repeated at infinitum at

c_1 < c_2 < c_3 < · · · < c_n < · · · ,

such that at c_n (n ≥ 1) the attracting orbit of period 2^{n−1} becomes repelling, but in its neighbourhood an attracting orbit of period 2^n is created. We have

c_∞ = lim_{n→∞} c_n ≈ 3.569.

For c > c_∞, the system can exhibit chaotic behaviour. This means that the �-limit set of the orbit of a typical point is a strange attractor: the orbit wanders around an attracting infinite set and the orbits of two close points will eventually diverge from each other. Figure 7 depicts the attractor of the system as c increases from 1 to c_∞.

At c = c_∞ the map f_{c∞} is at the edge of chaos and is an example of a Feigenbaum map, the prototype of an infinitely renormalizable map [24, p. 113]. We will now study the dynamics of this map. For convenience, we put f = f_{c∞} . The dynamics of f is determined by the orbit x_n = f^nx_0

Figure 7. The period doubling of the attractor of the Logistic family.

(n ≥ 0) of the critical point x_0 = .5 where the derivative of f vanishes. See Figure 8.

4The �-limit set of a sequence is the set of limits of all its convergent subsequences.

436 ABBAS EDALAT

Figure 8. The orbit of the critical point 0.5 in the Feigenbaum map.

For each n ≥ 0, the 2^{n+1} points ⟨x_i ⟩^{2n+1}_{i=1} of the orbit of the critical point induce 2^n disjoint closed intervals I^n_j , with end points

x_j = f^j (.5) and x_{j+2}n = f^{j+2n} (.5) (1 ≤ j ≤ 2^n ) such that fI^n_j = I^n_{j+1} (j ≥ 1, mod 2^n).

The intervals I^{n+1}_j (1 ≤ j ≤ 2^{n+1}) are nested in the intervals I^n_j (1 ≤ j ≤ 2^n ) for each n ≥ 0, as in Figure 9. This is similar to the way the Cantor set is constructed.

Figure 9. The sequence of nested intervals produced by the orbit of the critical point.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 437

The orbit of any x ∈ (0, 1) is eventually trapped in I^n = ⋃ 1≤j≤2^n I n j for each n ≥ 0. The length of the longest interval among I^n_j (j = 1, . . . , 2^n ) tends to zero as n → ∞. The intersection A = ⋂ n≥0 I^n is a Cantor set which is the strange attractor of the system.

It is known [24, Theorem 1.6] that there exists a unique probability measure � ∈ M^1[0, 1] which is invariant with respect to f, i.e., it is a fixed point of the map M^1f : M^1[0, 1] → M^1[0, 1]

� → � ∘ f^{−1}.

The support of � is the strange attractor A and � is the unique Bowen-Ruelle- Sinai measure for f, i.e., it satisfies,

lim_{n→∞} 1 n n∑ i=1 ϕ(f^i x) = ∫ ϕ d�,

for any continuous function ϕ : [0, 1] → R and almost all x ∈ [0, 1].

Using our domain-theoretic model, we obtain this invariant measure � as the lub of a chain of simple valuations on I[0, 1] and present an algorithm to compute ∫ ϕ d� for a Hölder continuous function ϕ up to a given threshold of accuracy � >0. For n ≥ 1, put

�_n = 1 2^n

2^n∑

j=1 �_I n_j .

Then, �_n ⊑ �_{n+1} and each �_n is a fixed point of

P^1If : P^1I[0, 1] → P^1I[0, 1] � → � ∘ f^{−1}.

It follows that � = ⨆ n≥1 �_n is also a fixed point of the above map. Since lim_{n→∞} max_j |I^n_j | = 0, it can be shown, by Proposition 6.5, that � gives a probability measure on [0, 1]. Using the uniqueness of the invariant measure, one then deduces:

Theorem 8.2. [39] The unique invariant measure of the Feigenbaum map f is given by � = ⨆ n≥1 �_n.

Assume that ϕ : [0, 1] → R is a Hölder continuous function satisfying

|ϕ(x) − ϕ(y)| ≤ k(|x − y|)^h

for all x, y ∈ [0, 1] for some k > 0 and h > 0. Let � > 0. To compute ∫ ϕ d� up to � accuracy, we obtain the least n ≥ 0, say n_� , such that the length of the longest interval among

I^n_j (1 ≤ j ≤ 2^n )

438 ABBAS EDALAT

is less than (�/k)^{1/h} , i.e.,

|f^j (.5) − f^{j+2n} (.5)| ≤ (�/k)^{1/h}

for all j = 1, 2, . . . , 2^n . By the Lipschitz condition, it follows that the variation of f on the intervals I^{n�}_j (1 ≤ j ≤ 2^n) is less than �. A Riemann sum for �_{n�} is given by

S_� = 1 2^{n�}

2^{n�}∑

j=1 ϕ(f^j (.5)).

It follows as in Equation (1) that |S_� − ∫ ϕ d�| ≤ �. Therefore S_� is the required approximation. The results of this section can be generalized to a broad class of Feigenbaum maps and can be extended to some other classes of one-dimensional maps; see [39].

§9. Exact real number computation. Nearly every computer programming language provides floating-point numbers for real number computation. However, as it is well-known, they can give rise to serious problems such as round-off errors and input-error propagation, which for complex applications could indeed become critical.

There have been two main alternatives to limited precision arithmetic which have been extensively studied in the past. Interval analysis [91], by using intervals with floating endpoints, provides explicit bounds of error for all computations but it does not support exact computation. Rational arithmetic [82] performs exact computation over rational numbers by allowing unbounded integers to represent the numerator and the denominator but it cannot handle basic operations such as the square root or exponential function.

In the late 1980’s two frameworks for exact real number computation were proposed. In the approach of Boehm and Cartwright [21, 20], developed and implemented recently by Valerie Menissier-Morain [90], a computable real number is approximated by B-adic numbers of the form k/B^n where B is the base, n is a natural number and k is an integer. For any basic function in analysis, a feasible algorithm has been presented in order to produce an approximation to the value of the function at a given computable real number up to any threshold of accuracy. This technique is based on the standard � − � analysis of elementary functions. However, the computation is not incremental in the sense that to obtain any more accurate approximation one has to compute from scratch. Furthermore, the algorithms are constructed using various different techniques and therefore, except for the simplest arithmetic operations, it is difficult to verify their correctness. Vuillemin [120], proposed a representation of computable real numbers by redundant continued fractions and, using the earlier work of Gosper [61],

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 439

presented various incremental algorithms for basic arithmetic operations and some transcendental functions. This has been implemented by Lester [89]. However, this representation is rather complicated and the resulting algorithms are relatively inefficient. Nielsen and Kornerup [92] have developed a general framework for representing a real number as an infinite product of matrices or as an infinite composition of linear fractional transformations (lft).

Following Scott’s idea of the domain of intervals as a representation of real numbers [105], a number of authors have worked on the notion of a real number data type. The programming language PCF (Programming Language for Computable Functions [95]) is a suitable setting to define such a data type. In his Ph.D. work [26, 27], Di Gianantonio presented an extension of PCF with a real number data type interpreted as an algebraic domain whose compact elements are isomorphic with the set of dyadic intervals ordered by reverse inclusion. A real number is then represented by a shrinking sequence of dyadic intervals, which can be regarded as approximate reals. The domain contains a representation of each real number but there are three representations for each dyadic rational. New constants are included in the language for addition and subtraction of reals by one, multiplication and division by 2, a predicate for comparison of reals with zero and a parallel conditional. The binary signed digit representation of real numbers can be embedded in this framework. He showed that any computable real function can be defined in this language, and later proved that the operational and denotational semantics are equivalent and that the language, equipped with the existential quantifier, is universal in the sense that every computable functional can be defined in it [28]. Escardó [50] developed an extension of PCF with a real number data type interpreted as the continuous domain of intervals IR. New constants are included representing contracting affine maps with rational coefficients and their left inverses as well as the predicate for comparison of intervals with zero and the parallel conditional. This language again enjoys the equivalence of its operational and denotational semantics and, equipped with the existential quantifier, is also universal [52]. Moreover, in [40], it is shown that Riemann integration can be introduced in the language. The above two approaches address the issue of formal computability rather than efficient computation. A fundamental question is whether a feasible setting for exact computation can be developed so that basic numerical calculations can be performed without round-off errors.

A practical framework for exact computation using lft’s and based on domain theory has been introduced in [99, 100, 44]. It unifies the three fundamental approaches to exact computation, namely redundant digits, the B-adic numbers and the continued fractions. This approach has been effectively implemented in programming languages Caml and C++; moreover,

440 ABBAS EDALAT

� R

� � � � � � � x

S^1 s(x) s(∞)

s(0)

O 1 −1

Figure 10. The stereographic projection.

an extension of PCF for this framework has also been developed [97]. A set of efficient and strict algorithms for elementary functions in this framework has now been developed by Potts [98]. We will explain this approach below.

9.1. The new representation of real numbers. We consider a real number as the intersection of a shrinking nested sequence of rational intervals; then the real number is computable if there is a master program which generates all these rational intervals. It is well-known that the usual predicates such as =, ≤ and < on computable real numbers are not decidable. Consequently, since there is no test for zero, we have to deal with the problem of dividing say 1 by 0. Of course, test for zero is semi-decidable and one can always check before any division that the denominator is non-zero. However, this scheme is not practical as it greatly reduces the efficiency of algorithms. Therefore, any suitable framework for exact real arithmetic must allow ∞ to be the output of a program. Although the most proper framework to handle ∞ is the two-point compactification of the real line, in this article we will work with the simpler model of the extended real line R^∗ regarded as the one-point compactification of R. A simple representation for R^∗ is the unit circle S^1 in the plane with its centre at the origin equipped with the subspace Euclidean topology of the plane. Given any point x ∈ R lying on the horizontal axis, the line joining the top point of S^1 and x intersects S^1 at a unique point s(x) as in Figure 10. We define s(∞) to be the top point of S^1. Then the map s : R^∗ → S^1 is a homeomorphism and is called the stereographic projection.

The usual ordering of the real numbers induces the anti-clockwise orientation on S^1. The interval [a, b] ⊂ S^1 is defined to be the closed arc going anti-clockwise from a to b. A suitable metric on S^1 is defined as follows. For extended reals x and y which are both non-negative or both non-positive,

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 441

we put

�(x, y) = | | | |x| − 1 |x| + 1 − |y| − 1 |y| + 1 | | | . Otherwise, if x and y have different signs, then

�(x, y) = min(�(x, 0) + �(0, y), �(x, ∞) + �(∞, y)).

Similar to terms like 1/0, we also cannot avoid expressions such as ∞−∞, 0/0 and 0^0 which must all be denoted by ⊥ = R^∗. This leads us naturally to the domain IR^∗ = {[a, b] ⊂ R^∗} ∪ {R^∗} of the intervals of R^∗ ordered by reverse inclusion. Any continuous function f : R^∗ → R^∗ has a canonical extension f̂ : IR^∗ → IR^∗, given by f̂(A) = f(A) = {f(x)|x ∈ A}. For convenience, we always write f̂ simply as f and often denote f(A) simply by fA.

We will use the class of lft’s or Möbius transformations with real coefficients to encode any sequence of shrinking nested intervals and, hence, any real number. The choice of lft’s for this purpose is crucial to develop efficient and elegant algorithms via continued fractions for all elementary functions in this framework. In fact, mathematicians have, in the past two centuries, worked out continued fraction expansions for various functions using Padé approximants, i.e., approximation by rational functions, and studied their convergence properties [121, 4, 78].

Any continued fraction expansion of a real number can be expressed as an infinite composition of lft’s of the form

f : x → ax + c bx + d

: R^∗ → R^∗, (4) where R^∗ is the real line extended with the point at infinity and a, b, c, d ∈ Z. In fact, a continued fraction expansion

r = a_0 + b_0

a_1 + b^1 a_2 + b^2 a_3+ ... of a real number r can be expressed as r = ϕ_0(r_0) with

r_0 = a_1 + b_1

a_2 + b^2 a_3+ ...

442 ABBAS EDALAT

and ϕ_0(x) = a_0+^{b0}_x . Iterating the above scheme, we obtain r = ϕ_0ϕ_1 · · · ϕ_n(r_n) with

r_n = a_{n+1} + b_{n+1}

a_{n+2} + b^{n+2} a_{n+3}+ ... and ϕ_i (x) = a_i +^{bi}_x for 0 ≤ i ≤ n. One can therefore identify the original continued fraction for r with the infinite composition ϕ_0ϕ_1ϕ_2 · · · . Such a representation of real numbers was already present in [120].

The set of all real lft’s, denoted by M, consists of maps f given in Equation (4) with a, b, c, d ∈ R and ad − bc ≠ 0. An lft is a homeomorphism of R^∗; it is orientation preserving if ad − bc > 0 and orientation reversing if ad − bc < 0.

We will study the IFS (S^1, M). First recall some elementary properties of M which are similar to those of complex lft’s given for example in [77, Chapter 2]. Under composition of maps, M is a group of homeomorphisms of R^∗. If GL(2, R) denotes the general linear group of 2 × 2 non-singular matrices with real coefficients, then the mapping Θ : GL(2, R) → M which maps the matrix (^{a c}_{b d} ) to the lft ϕ with ϕ(x) =^{ax+c}_{bx+d} is a group-homomorphism. The kernel K of Θ consists of all matrices of the form �I where � ≠ 0 and I is the identity matrix. Therefore, M ∼= GL(2, R)/K. All this means that we can identify any lft up to scaling with a 2 × 2 matrix. Furthermore, R^∗ can be identified with the projective real line, i.e., the set of one dimensional subspaces of R^2. In fact, any such subspace V is spanned by a vector v = (_k l ) ∈ V with k, l ∈ R not both zero. The ratio k/l ∈ R^∗ is independent of the choice of v ∈ V . Hence, one can identify V with k/l. The vector

(_k l ) is said to represent x = k/l ∈ R^∗ in homogeneous coordinates. The action of an lft in these coordinates is reduced to matrix multiplication. Indeed, for the lft ϕ above, we have ϕ(^k_l ) =^{ak+cl}_{bk+dl} , which in homogeneous coordinates can be simply written as multiplication by a representative matrix: ( k l ) → ( ak + cl bk + dl ) = ( a c b d ) ( k l ) . (5) Thus, we can freely move, on the one hand, between k/l ∈ R^∗ and its homogeneous representation

(_k l ) and on the other, between the lft x →^{ax+c}_{bx+d} and its matrix representation (^{a c}_{b d} ) which represents a linear map from R^2 to R^2. In both cases the representation is unique up to scaling.

A basic property of the group M is that for any pair of distinct triples (x_1, x_2, x_3) and (y_1, y_2, y_3) with x_i , y_i ∈ R^∗ (i = 1, 2, 3) there exists a unique lft ϕ ∈ M with y_i = ϕ(x_i ) for i = 1, 2, 3. We then have:

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 443

Proposition 9.1. [44] Given two non-trivial intervals [p, q] and [r, s] with p ≠ q and r ≠ s, there exists an lft ϕ ∈ M with ϕ([p, q]) = [r, s].

It follows that if we fix a base interval, then we can express, or encode, all other non-trivial intervals as the image of this base interval under an lft. The most efficient base interval is [0, ∞] as no computation is needed to determine the lft in the proposition. If [r, s] is a rational interval [^a_b ,^c_d ], then the maps x →^{ax+c}_{bx+d} and x →^{cx+a}_{dx+b} have integer coefficients and map [0, ∞] onto [^a_b ,^c_d ] respectively reversing and preserving the orientation. Next, we would like to express shrinking sequences of nested rational intervals in terms of lft’s. An lft ϕ ∈ M is said to refine an interval [p, q] ⊂ R^∗ if ϕ[p, q] ⊆ [p, q]. Consider the interval [0, ∞]. Let M^+ ⊆ M be the set of lft’s whose coefficients are all non-negative or, equivalently, all non-positive.

Proposition 9.2. [44] M^+ is the set of refining lft’s of [0, ∞].

Now consider [0, ∞] as the base interval; we characterize the refinement of intervals when they are expressed as images of [0, ∞] under lft’s.

Proposition 9.3. [44] For lft’s ϕ and � we have ϕ[0, ∞] ⊇ �[0, ∞] iff � = ϕ� with � ∈ M^+.

It follows that for any shrinking sequence of nested intervals [p_0, q_0] ⊇ [p_1, q_1] ⊇ [p_2, q_2] ⊇ · · · we have [p_n, q_n ] = ϕ_0ϕ_1 · · · ϕ_n[0, ∞] where ϕ_0 ∈ M and ϕ_i ∈ M^+ for 1 ≤ i ≤ n. Therefore, the sequence can be expressed as an infinite composition of lft’s, or equivalently infinite product of matrices, ϕ_0ϕ_1ϕ_2 · · · . We have therefore shown that any real number can be represented as the intersection ⋂ n≥0 ϕ_0ϕ_1ϕ_2 · · · ϕ_n[0, ∞] with ϕ_0 ∈ M and ϕ_i ∈ M^+ (i ≥ 1) such that ϕ_n has integer coefficients for all n ≥ 0. If ϕ_n : x →^{an x+cn}_{bn x+dn} , then in matrix notation, the real number can be expressed as the infinite product ( a_0 c_0 b_0 d_0 ) ( a_1 c_1 b_1 d_1 ) ( a_2 c_2 b_2 d_2 ) ( a_3 c_3 b_3 d_3 ) · · · .

We call this a normal product. It gives a simple representation of the computable reals: finite segments of the above matrix product give incremental interval approximations to the real number represented by the matrix product. More specifically the first matrix tells us that the result is contained in the interval [^{a0}_{b0} ,^{c0}_{d0} ] or [^{c0}_{d0} ,^{a0}_{b0} ] according to the sign of the determinant of the matrix. The other matrices will successively refine this interval to give better and better approximations to the real number. The first matrix is called a sign matrix whereas the other matrices are digit matrices. The information contained in an lft ϕ : x →^{ax+c}_{bx+d} : R^∗ → R^∗ is defined by info(ϕ) = ϕ[0, ∞].

9.2. Exact floating point. So far our representation allows arbitrary normal products of integer matrices M_0M_1M_2 · · · with M_0 ∈ M and M_i ∈ M^+

444 ABBAS EDALAT

for i ≥ 1. This, in practice, results in some major problems. Firstly, intervals will be refined at an arbitrary rate, making any analysis of complexity of algorithms practically impossible. Secondly, matrix multiplication can quickly produce huge integers in a matrix quite disproportionate to the information contained in it.

In analogy with floating point formats, where number representations in a given base are generated by two sign symbols and a finite number of digits, we restrict the sign and digit matrices to a finite set of specific matrices. Sign matrices are rotations of S^1 whereas digit matrices are contracting maps with respect to the metric � on R^∗.

We start with sign matrices. The information in sign matrices must overlap and cover S^1. If we further assume that they have the same length with respect to � and are evenly placed on S^1, then they will be generated by rotations of S^1. The lft ϕ_{exp i�} : x →^{x cos �2 +sin �2}_{−x sin �2 +cos �2} rotates S^1 by �. Moreover, ϕ_{exp i�} generates a finite cyclic group iff � is a rational multiple of 2�. Our choice will be further restricted if the lft is required to have integer coefficients.

Proposition 9.4. [44] Suppose � is a non-integral rational multiple of 2�. Then the lft ϕ_{exp i�} will have integer coefficients iff � =^�_2 or � = �.

For � = �, we get the cyclic group of order 2 consisting of ϕ_{exp i�} : x → −^1_x and the identity lft Id : x → x. This gives the two intervals info(ϕ_{exp i�}) = [∞, 0] and info(Id) = [0, ∞] which are not overlapping. For � = �/2 we get the cyclic group of order 4 with elements

ϕ_{exp} i�_2 : x → x + 1 −x + 1

, ϕ_{exp i�} : x → − 1 x , ϕ_{exp} 3�i_2 : x → x − 1 x + 1

, Id : x → x,

with information [1, −1], [∞, 0], [−1, 1] and [0, ∞] respectively. The simplest matrices representing these lft’s are, respectively:

S_∞ = ( 1 1 −1 1 ) S_− = ( 0 1 −1 0 )

S_0 = ( 1 −1 1 1 ) S_+ = ( 1 0 0 1 ) . We therefore take these as our sign matrices.

We now select an appropriate set of digit matrices from M^+. Since compositions of digit matrices are required to represent shrinking sequences of intervals, we will look for matrices which contract distances in [0, ∞] with respect to the metric �. Digit matrices must overlap and cover [0, ∞].

Note that S_0 is a homeomorphism from [0, ∞] to its image S_0[0, ∞] = [−1, 1]. Let ϕ ∈ M^+ and consider the restriction ϕ : [0, ∞] → [0, ∞]. Then

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 445

S_0ϕS^{−1}_0 is a homeomorphism from [−1, 1] onto itself. For x, y ∈ [0, ∞] we have �(x, y) = |S_0(x) − S_0(y)| and we get:

Proposition 9.5. [44] The map ϕ : [0, ∞] → [0, ∞] is contracting with respect to the �-metric iff S_0ϕS^{−1}_0 : [−1, 1] → [−1, 1] is contracting with respect to the Euclidean metric.

It follows that for any base b > 1, the signed digit representation on [−1, 1] in base b induces via the homeomorphism S_0 a suitable set of digit matrices in M^+.

The signed digit system in base b > 1 in [−1, 1] is generated by an IFS on [−1, 1] with contracting maps

f_k : [−1, 1] → [−1, 1] x → x + k b with k ∈ Dig(b) = {−b + n, b − n|n ∈ N, 1 ≤ n ≤ ⌊b⌋}, where ⌊b⌋ is the integral part of b. Here, b can be allowed to be a rational or an irrational number. The case b = 3/2 was considered by Brouwer and the case b =^{1+√5}_2 , the golden ratio, has been studied by Di Gianantonio [26]. We now define the digit matrices in base b as the IFS on [0, ∞] with �-contracting maps:

D_k = S^{−1}_0 f_k S_0 = ( 1 + b + k −1 + b + k −1 + b − k 1 + b − k ) . For example, for base 2, we have the four sign matrices S_+, S_∞, S_{−1} and S_0 together with the three digit matrices which had already appeared in the work of Nilsen and Kornerup [92]

D_{−1} = ( 1 0 1 2 ) D_0 = ( 3 1 1 3 ) D_1 = ( 2 1 0 1 ) . Exact floating point in base b is defined as the representation of real numbers by infinite composition of lft’s, or, equivalently, infinite product of matrices, such that the first matrix is one of the sign matrices above and the subsequent matrices are digit matrices. For each finite composition D_{k1} D_{k2} · · · D_{kn} of digit matrices we have:

S_0D_{k1} D_{k2} · · · D_{kn} [0, ∞] = f_{k1} f_{k2} · · · f_{kn} [−1, 1].

Therefore, for every infinite composition of digit matrices, we obtain ⋂ n≥0 S_0D_{k1} D_{k2} · · · D_{kn} [0, ∞] = ⋂ n≥0 f_{k1} f_{k2} · · · f_{kn} [−1, 1].

This gives us:

446 ABBAS EDALAT

Proposition 9.6. [44] A real number with signed digit expansion .k_1k_2k_3 · · · (with k_j ∈ Dig(b) for j ≥ 1) is represented in exact floating point by the infinite product

S_0D_{k1} D_{k2} D_{k3} · · · .

9.3. Computation of elementary functions. Algorithms for computing elementary functions in this framework were first developed in [99, 100] using lft’s with two arguments as proposed initially by Gosper [61]. Consider a map f : S^1 × S^1 → S^1 where

f(x, y) = axy + cx + ey + g bxy + dx + fy + h . In the same way that in homogeneous coordinates an lft is represented by a linear map from R^2 to R^2 as in Equation (5), an lft with two arguments is represented in homogenous coordinates by a bi-linear map from R^2 × R^2 to R^2, which we call a tensor [117]: [( x x^′ ) , ( y y^′ )] → ( axy + cxy^′ + ex^′y + gx^′y^′ bxy + dxy^′ + fx^′y + hx^′y^′ )

= ( a c e g b d f h ) [( x x^′ ) , ( y y^′ )] . The information in f is the interval info(f) = f([0, ∞], [0, ∞]). By choosing the coefficients of the above appropriately, we can obtain all basic arithmetic operations in terms of a tensor; for example, addition corresponds to choosing c = e = h = 1 and a = b = d = f = g = 0. The value of f(x, y), for x = D_{i1} D_{i2} · · · and y = D_{j1} D_{j2} · · · , is represented by T (D_{i1} D_{i2} · · · , D_{j1} D_{j2} · · · ). This is a simple example of an expression tree where T is the root and there are two possibly infinite branches corresponding to x and y. To evaluate the expression tree one absorbs information from the two input arguments, i.e., the two branches of the tree, into the tensor and emits a sign matrix followed by digit matrices from the tensor as output. The absorption and emission rules reflect the composition of lft’s with two, one or zero arguments corresponding, respectively, to tensors, matrices and vectors. Since at each step one can absorb information either from the left or from the right argument of a tensor, a fair strategy is employed which gives a sequential algorithm for evaluating the expression tree; see [100]. The evaluation of the expression tree is performed in a lazy way, i.e., new information from the input is extracted only if it is needed to evaluate the expression tree up to a given accuracy.

One can construct continued fraction expansions with integer coefficients for all algebraic and transcendental functions [121, 4, 78]. For example, the

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 447

function arctan has the following expansion

arctan x = x 1 + x^2 3 1 + 4x^2 15 1+ ...

,

which can be transformed into

arctan x = ∞∏ n=1 ( 0 x n^2x 2n − 1 ) . This is an infinite composition of lft’s with non-negative coefficients but now each lft has x as a parameter, i.e., it is a function of two arguments. In fact in homogeneous coordinates we have: ( 0 x n^2x 2n − 1 ) ( y 1 ) = ( 0 1 0 0 n^2 0 0 2n − 1 ) [( x 1 ) , ( y 1 )] . To compute such functions, we will therefore need lft’s of two arguments.

The above expansion of arctan x, for x ∈ [0, ∞], is reduced to the following expression tree:

arctan x = ( 0 1 0 0 1 0 0 1 ) [ x, ( 0 1 0 0 4 0 0 3 ) [ x, ( 0 1 0 0 9 0 0 5 ) [x, · · · ] ]] . See [98] for a set of algorithms for elementary functions in this framework. These algorithms are efficient in time but their space complexity in general grows exponentially. More specifically, Heckmann [68] has shown that the size of integers in a tensor after a total number of n absorptions or emissions grows as O(2^n).

Acknowledgements. I would like to thank Philipp Sünderhauf for reading the final version of the paper. This work has been funded by EPSRC.

REFERENCES

[1] S. Abramsky, Domain theory in logical form, Annals of Pure and Applied Logic (1991). [2] S. Abramsky and A. Jung, Domain theory, Handbook of logic in computer science (S. Abramsky, D. M. Gabbay, and T. S. E. Maibaum, editors), vol. 3, Clarendon Press, 1994.

[3] M. Alvarez, A. Edalat, and N. Saheb-Djahromi, An extension result for continuous valuations, 1997.

[4] George A. Baker, Jr., Essentials of Padé approximants, Academic Press, 1975. [5] J. Banks, J. Brooks, G. Cairns, G. Davis, and P. Stacey, On Devaney’s definition of chaos, American Mathematical Monthly, vol. 99 (1992), no. 4, pp. 332–334.

448 ABBAS EDALAT

[6] H. P. Barendregt, The lambda calculus: Its syntax and semantics, revised ed., North- Holland, 1984.

[7] M. F. Barnsley, Fractals everywhere, second ed., Academic Press, 1993. [8] M. F. Barnsley and S. Demko, Iterated function systems and the global construction of fractals, Proceedings of the Royal Society of London, vol. A399 (1985), pp. 243–275.

[9] M. F. Barnsley, V. Ervin, D. Hardin, and J. Lancaster, Solution of an inverse problem for fractals and other sets, Proceedings of the National Academy of Science, vol. 83 (1985), pp. 1975–1977.

[10] M. F. Barnsley and L. P. Hurd, Fractal image compression, AK Peters, Ltd, 1993. [11] M. F. Barnsley, A. Jacquin, L. Reuter, and A. D. Sloan, Harnessing chaos for image synthesis, Computer graphics, 1988, SIGGRAPH proceedings.

[12] M. F. Barnsley and A. D. Sloan, A better way to compress images, Byte Magazine (1988), pp. 215–223.

[13] U. Behn, J. L. van Hemmen, R. Kühn, A. Lange, and V. A. Zagrebnov, Multifractality in forgetful memories, Physica D, vol. 68 (1993), pp. 401–415.

[14] U. Behn, H. Patzlaff, and A. Lange, Generalized integrals with respect to multifractals densities and discrete stochastic mappings, draft, University of Leipzig, 1996.

[15] U. Behn and V. Zagrebnov, One dimensional Markovian-field Ising model: Physical properties and characteristics of the discrete stochastic mapping, Journal of Physics. B. Mathematical and General, vol. 21 (1988), pp. 2151–2165.

[16] G. Birkhoff, Lattice theory, American Mathematical Society, 1967. [17] E. Bishop and D. Bridges, Constructive analysis, Springer-Verlag, 1985. [18] J. Blanck, Computability on topological spaces by effective domain representations, Ph.D. thesis, Uppsala University, 1997, Uppsala Dissertations in Mathematics 7.

[19] , Domain representability of metric spaces, Annals of Pure and Applied Logic, vol. 83 (1997), pp. 225–247.

[20] H. J. Boehm and R. Cartwright, Exact real arithmetic: Formulating real numbers as functions, Research topics in functional programming (D. Turner, editor), Addison-Wesley, 1990, pp. 43–64.

[21] H. J. Boehm, R. Cartwright, M. Riggle, and M. J. O’Donnell, Exact real arithmetic: A case study in higher order programming, ACM symposium on lisp and functional programming, 1986.

[22] P. C. Bressloff and J. Stark, Neural networks, learning automata and iterated function systems, Fractals and chaos (A. J. Crilly, R. A. Earnshaw, and H. Jones, editors), Springer- Verlag, 1991, pp. 145–164.

[23] P. Davies, The new physics, Cambridge University Press, 1989. [24] W. de Mello and S. van Strien, One-dimensional dynamics, Springer-Verlag, 1993. [25] R. Devaney, An introduction to chaotic dynamical systems, second ed., Addison- Wesley, 1989.

[26] P. Di Gianantonio, A functional approach to real number computation, Ph.D. thesis, University of Pisa, 1993.

[27] , Real number computability and domain theory, Information and Computation, vol. 127 (1996), no. 1, pp. 11–25.

[28] , An abstract data type for real numbers, Proceedings of 24th international colloquium on automata, languages, and programming (ICALP’97), 1997.

[29] P. M. Diaconis and M. Shahshahani, Products of random matrices and computer image generation, Contemporary Mathematics, vol. 50 (1986), pp. 173–182.

[30] R. M. Dudley, Real analysis and probability, Wadsworth & Brooks/Cole, 1989. [31] A. Edalat, Domain of computation of a random field in statistical physics, Theory and formal methods 1994: Proceedings of the second Imperial College workshop, IC Press, 1995.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 449

[32] , Domain theory and integration, Theoretical Computer Science, vol. 151 (1995), pp. 163–193.

[33] , Domain theory in learning processes, Proceedings of MFPS (S. Brookes, M. Main, A. Melton, and M. Mislove, editors), Electronic Notes in Theoretical Computer Science, vol. 1, Elsevier, 1995.

[34] , Domain theory in stochastic processes, Tenth annual IEEE symposium on logic in computer science (LICS), IEEE, 1995.

[35] , Dynamical systems, measures and fractals via domain theory, Information and Computation, vol. 120 (1995), no. 1, pp. 32–48.

[36] , An algorithm to estimate the Hausdorff dimension of self-affine sets, Imperial College, 1996, draft.

[37] , Power domains and iterated function systems, Information and Computation, vol. 124 (1996), pp. 182–197.

[38] , The Scott topology induces the weak topology, Eleventh annual IEEE symposium on logic in computer science (LICS), IEEE, 1996.

[39] , When Scott is weak on the top, Mathematical Structures in Computer Science, vol. 7 (1997), pp. 401–417.

[40] A. Edalat and M. Escardó, Integration in real PCF, Eleventh annual IEEE symposium on logic in computer science (LICS), IEEE, 1996.

[41] A. Edalat and R. Heckmann, A computational model for metric spaces, Theoretical Computer Science (1996), to appear.

[42] A. Edalat and S. Negri, Generalised Riemann integral on locally compact spaces, Advances in theory and formal methods of computing: Proceedings of the third Imperial College workshop (A. Edalat, S. Jourdan, and G. McCusker, editors), April 1996, full paper to appear in Topology and its applications, pp. 73–84.

[43] A. Edalat and P. Potts, The storage capacity of forgetful neural nets, Physica D (1996), submitted.

[44] A. Edalat and P. J. Potts, A new representation for exact real numbers, Proceedings of mathematical foundations of programming semantics 13, Electronic Notes in Theoretical Computer Science, vol. 6, Elsevier Science B. V., 1997.

[45] A. Edalat and M. B. Smyth, Information categories, Applied Categorical Structures, vol. 1 (1993), pp. 197–232.

[46] A. Edalat and P. Sünderhauf, Computable Banach spaces via domain theory, manuscript in preparation.

[47] , A domain theoretic approach to computability on the real line, Theoretical Computer Science (1997), to appear.

[48] J. Elton, An ergodic theorem for iterated maps, Journal of Ergodic Theory and Dynamical Systems, vol. 7 (1987), pp. 481–487.

[49] Y. L. Ershov, Computable functionals of finite types, Algebra and Logic, vol. 11 (1972), no. 4, pp. 367–437.

[50] M. H. Escardó, PCF extended with real numbers, Theoretical Computer Science, vol. 162 (1996), no. 1, pp. 79–115.

[51] , Properly injective spaces and function spaces, Topology and Its Applications (1997), to appear in a special issue on domain theory, guest editor Jimmie Lawson.

[52] M. H. Escardó and T. Streicher, Induction and recursion on the partial real line via biquotients of bifree algebras, Twelfth annual IEEE symposium on logic in computer science, IEEE, 1997.

[53] K. Falconer, The Hausdorff dimension of self-affine fractals, Mathematical Proceedings of the Cambridge Philosophical Society, vol. 103 (1988), pp. 339–350.

[54] , Fractal geometry, John Wiley & Sons, 1989.

450 ABBAS EDALAT

[55] , Dimension of self-affine fractals II, Mathematical Proceedings of the Cambridge Philosophical Society, vol. 111 (1992), pp. 169–179.

[56] M. J. Feigenbaum, The universal metric properties of nonlinear transformations, Journal of Statistical Physics, vol. 21 (1979), pp. 669–709.

[57] Y. Fisher, Fractal image compression, Springer-Verlag, 1994.

[58] R. C. Flagg and R. Kopperman, Computational models for ultrametric spaces, Proceedings of mathematical foundations of programming semantics 13, Electronic Notes in Theoretical Computer Science, Elsevier Science B. V., 1997.

[59] G. Gierz, K. H. Hofmann, K. Keimel, J. D. Lawson, M. Mislove, and D. S. Scott, A compendium of continuous lattices, Springer-Verlag, Berlin, 1980.

[60] R. A. Gordon, The integrals of Lebesgue, Denjoy, Perron, and Henstock, Graduate Studies in Mathematics, vol. 4, American Mathematical Society, Providence, 1994.

[61] W. Gosper, Continued fraction arithmetic, HAKMEM Item 101B, MIT Artificial Intelligence Memo 239, Massachusetts Institute of Technology, 1972.

[62] A. Grzegorczyk, Computable functionals, Fundamenta Mathematicae, vol. 42 (1955), pp. 168–202.

[63] , On the definition of computable real continuous functions, Fundamenta Mathematicae, vol. 44 (1957), pp. 61–71.

[64] C. A. Gunter, Semantics of programming languages, MIT Press, 1992. [65] S. Hayashi, Self-similar sets as Tarski’s fixed points, Publications of the Research Institute for Mathematical Sciences, vol. 21 (1985), no. 5, pp. 1059–1066.

[66] R. Heckmann, Approximation of metric spaces by partial metric spaces, Informatik- Berichte 96-04, Technische Universität Braunschweig, 1996, Workshop Domains II.

[67] , Spaces of valuations, Papers on general topology and its applications, Annals of the New York Academy of Science, vol. 806, December 1996, pp. 174–200.

[68] , The appearance of big integers in exact real arithmetic based on linear fractional transformations, submitted to ETAPS’98, 1997.

[69] J. L. van Hemmen, G. Keller, and R. Kühn, Forgetful memories, Europhysics Letters, vol. 5 (1988), no. 7, pp. 663–668.

[70] R. Henstock, The general theory of integration, Oxford Mathematical Monographs, Clarendon Press, 1991.

[71] D. Hepting, P. Prusinkiewicz, and D. Saupe, Rendering methods for iterated function systems, Proceedings IFIP fractals 90, 1991.

[72] R. Hoofman, Continuous information systems, Information and Computation, vol. 105 (1993), pp. 42–71.

[73] J. E. Hutchinson, Fractals and self-similarity, Indiana University Mathematics Journal, vol. 30 (1981), pp. 713–747.

[74] P. T. Johnstone, Stone spaces, Cambridge Studies in Advanced Mathematics, vol. 3, Cambridge University Press, Cambridge, 1982.

[75] C. Jones, Probabilistic non-determinism, Ph.D. thesis, University of Edinburgh, 1989. [76] C. Jones and G. Plotkin, A probabilistic powerdomain of evaluations, Logic in computer science, IEEE Computer Society Press, 1989, pp. 186–195.

[77] G. Jones and D. Singerman, Complex functions, Cambridge University Press, 1987. [78] W. B. Jones and W. J. Thron, Continued fractions: Analytic theory and applications, Addison-Wesley, 1980.

[79] A. Jung, Cartesian closed categories of domains, CWI Tract, vol. 66, Centrum voor Wiskunde en Informatica, Amsterdam, 1989.

[80] T. Kamimura and A. Tang, Total objects of domains, Theoretical Computer Science, vol. 34 (1984), pp. 275–288.

DOMAINS FOR COMPUTATION IN MATHEMATICS, PHYSICS AND EXACT . . . 451

[81] O. Kirch, Bereiche und Bewertungen, Master’s thesis, Technische Hochschule Darmstadt, 1993.

[82] D. Knuth, The art of computer programming, Seminumerical Algorithms, vol. 2, Addison-Wesley, 1969.

[83] S. Kusuoka, A diffusion process on a fractal, Probabilistic methods in mathematical physics, kinokuniya (K. Ito and N. Ikeda, editors), 1987, Proceedings of the Taniguchi International Symposium (Katata and Kyoto, 1985).

[84] , Dirichlet forms on fractals and products of random matrices, Research Institute for Mathematical Sciences. Publications, vol. 25 (1989), pp. 251–274.

[85] D. Lacombe, Extension de la notion de fonction récursive aux fonctions d’une ou plusieurs variables réelles I, Comptes Rendus, vol. 240 (1955), pp. 2478–80.

[86] J. Lawson, Valuations on continuous lattices, Continuous lattices and related topics (Rudolf-Eberhard Hoffmann, editor), Mathematik Arbeitspapiere, vol. 27, Universität Bremen, 1982.

[87] , Computation on metric spaces via domain theory, Topology and its applications (1996), to appear.

[88] , Spaces of maximal points, Mathematical Structures in Computer Science, vol. 7 (1997), pp. 543–556.

[89] D. R. Lester, Vuillemin’s exact real arithmetic, Functional programming, Glasgow 1991: Proceedings of the 1991 workshop, Portree, UK (R. Heldal, C. K. Holst, and P. L. Wadler, editors), Springer-Verlag, Berlin, 1992, pp. 225–238.

[90] V. Menissier-Morain, Arbitrary precision real arithmetic: design and algorithms, submitted to Journal of Symbolic Computation, 1996.

[91] R. E. Moore, Interval analysis, Prentice-Hall, Englewood Cliffs, 1966. [92] A. Nielsen and P. Kornerup, Msb-first digit serial arithmetic, J. of Univ. Comp.

Scien., vol. 1 (1995), no. 7.

[93] T. Norberg, Existence theorems for measures on continuous posets, with applications to random set theory, Mathematica Scandinavica, vol. 64 (1989), pp. 15–51.

[94] J. Parry, A new algorithm for computing fractal dimension, Master’s thesis, Department of Computing, Imperial College, 1996.

[95] G. D. Plotkin, LCF considered as a programming language, Theoretical Computer Science, vol. 5 (1977), pp. 223–255.

[96] , Post-graduate lecture notes in advanced domain theory (incorporating the “Pisa Notes”), Department of Computer Science, University of Edinburgh, 1981.

[97] P. Potts, A. Edalat, and M. Escardó, Semantics of exact real arithmetic, Twelfth annual IEEE symposium on logic in computer science, IEEE, 1997.

[98] P. J. Potts, Efficient and strict algorithms for exact real arithmetic, draft, Imperial College, 1997.

[99] P. J. Potts and A. Edalat, Exact real arithmetic based on linear fractional transformations, draft, Imperial College, December 1996.

[100] , Exact real computer arithmetic, draft, Imperial College, March 1997. [101] M. B. Pour-El and J. I. Richards, Computability in analysis and physics, Springer- Verlag, 1988.

[102] H. Rogers, Jr., Theory of recursive functions and effective computability, McGraw- Hill, 1967.

[103] W. Rudin, Real and complex analysis, McGraw-Hill, 1966.

[104] N. Saheb-Djahromi, Cpo’s of measures for non-determinism, Theoretical Computer Science, vol. 12 (1980), no. 1, pp. 19–37.

[105] D. S. Scott, Outline of a mathematical theory of computation, 4th annual Princeton conference on information sciences and systems, 1970, pp. 169–176.

452 ABBAS EDALAT

[106] , Continuous lattices, Toposes, algebraic geometry and logic (F. W. Lawvere, editor), Lecture Notes in Mathematics, vol. 274, Springer-Verlag, Berlin, 1972, pp. 97–136.

[107] , Models for various type-free calculi, Logic, methodology and philosophy of science IV, North-Holland, 1973, pp. 157–187.

[108] , Domains for denotational semantics, Automata, languages and programming: Proceedings 1982 (M. Nielson and E. M. Schmidt, editors), Lecture Notes in Computer Science, vol. 140, Springer-Verlag, Berlin, 1982.

[109] D. R. Smart, Fixed point theorems, Cambridge University Press, 1974. [110] M. B. Smyth, Effectively given domains, Theoretical Computer Science, vol. 5 (1977), pp. 257–274.

[111] , Power domains, Journal of Computer and System Sciences, vol. 16 (1978), no. 1, pp. 23–36.

[112] , Power domains and predicate transformers: a topological view, Automata, languages and programming (J. Diaz, editor), Lecture Notes in Computer Science, vol. 154, Springer-Verlag, Berlin, 1983.

[113] , Topology, Handbook of logic in computer science, Chapter 5 (S. Abramsky, D. Gabbay, and T. S. E. Maibaum, editors), Oxford University Press, 1992.

[114] V. Stoltenberg-Hansen, I. Lindström, and E. R. Griffor, Mathematical theory of domains, Cambridge Tracts in Theoretical Computer Science, vol. 22, Cambridge University Press, 1994.

[115] V. Stoltenberg-Hansen and J. V. Tucker, Complete local rings as domains, Journal of Symbolic Logic, vol. 53 (1988), pp. 603–624.

[116] , Effective algebras, Handbook of logic in computer science (D. Gabbay S. Abramsky and T.S.E. Maibaum, editors), vol. 4, Oxford University Press, 1995, pp. 357– 526.

[117] P. Sünderhauf, A note on tensors in the lft approach to exact real arithmetic, manuscript, 1997.

[118] S. J. Vickers, Topology via logic, Cambridge Tracts in Theoretical Computer Science, Cambridge University Press, 1988.

[119] , Information systems for continuous posets, Theoretical Computer Science, vol. 114 (1993), pp. 201–229.

[120] J. E. Vuillemin, Exact real computer arithmetic with continued fractions, IEEE Transactions on Computers, vol. 39 (1990), no. 8, pp. 1087–1105.

[121] H. S. Wall, Analytic theory of continued fractions, Chelsea Publishing, 1973. [122] K. Weihrauch, A foundation for computable analysis, Combinatorics, complexity, and logic, discrete mathematics and theoretical computer science (D. S. Bridges, C.S. Calude, J. Gibbons, S. Reeves, and I. H. Witten, editors), Proceedings of DMTCS’96, Springer- Verlag, Singapore, 1997, pp. 66–89.

[123] K. Weihrauch and T. Deil, Berechenbarkeit auf cpo’s, Technical Report 63, Rheinisch-Westfälische Technische Hochschule Aachen, 1980.

[124] K. Weihrauch and U. Schreiber, Embedding metric spaces into cpo’s, Theoretical Computer Science, vol. 16 (1981), pp. 5–24.

DEPARTMENT OF COMPUTING IMPERIAL COLLEGE OF SCIENCE, TECHNOLOGY AND MEDICINE 180 QUEEN’S GATE LONDON SW7 2BZ, UK

E-mail: ae@doc.ic.ac.uk