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This week we want to spend some time thinking about the following problem: given a point p
on the unit sphere S2 = {(x, y, z)|x2 + y2 + z2 = 1}, what path from this point to the north pole
N = (1, 0, 0) will have shortest (Euclidean) distance? We’ll address this problem by introducing
polar coordinates on S2 and then rewriting the Euclidean metric in these coordinates. This may
seem to be a silly exercise to do while the course is focused on hyperbolic geometry, but the idea is
that solving this shortest-path problem on the sphere will guide us when solving the same problem
in hyperbolic space.

Polar Coordinates and Length on the Unit Sphere

At some point in your calculus career you studied a spherical coordinate system for R3. This
coordinate system features a radius ρ, a polar angle θ, and an azimuthal angle φ, and has the
following dictionary:

x = ρ sinφ cos θ ρ2 = x2 + y2 + z2

y = ρ sinφ sin θ θ = arctan(y/x)

z = ρ cosφ φ = arccos(z/ρ)

This coordinate system will be helpful to us in introducing polar coordinates on the sphere. Specif-
ically, the unit sphere can be written as S2 = {(ρ, θ, φ)|ρ = 1}, so that θ and φ give us a coordinate
system on S2. For reasons that will become clear later, we will change the name of the azimuth
from φ to r. This gives us the change of coordinates

x = sin r cos θ, y = sin r sin θ, and z = cos r.

We want to use this change of coordinates to express the Euclidean metric ds in our new coordinate
system (r, θ). First, we differentiate:

dx = cos r cos θdr − sin r sin θdθ

dy = cos r sin θdr + sin r cos θdθ

dz = − sin rdr.

Then we have

ds2 = dx2 + dy2 + dz2 = cos2 rdr2 + sin2 rdθ2 + sin2 rdr2 = dr2 + sin2 rdθ2.

This means that for any parametrized curve γ(t) = (r(t), θ(t)) expressed in polar coordinates on
S2 (so that 0 ≤ r(t) ≤ π and 0 ≤ θ(t) ≤ 2π) and parametrized on a ≤ t ≤ b, the (Euclidean) length
of γ is given by

`(γ) =

ˆ b

a

√
(ṙ(t))2 + sin2(r(t))(θ̇(t))2dt. (1)

Example. Consider the curve γ(t) = (t, θ0), 0 ≤ t ≤ r0, where θ0 ∈ [0, 2π] is a fixed angle and
r0 ∈ [0, π] is a fixed radius. For this curve, r(t) = t and θ(t) = θ0, so

`(γ) =

ˆ r0

0

√
(1)2 + sin2 t(0)2dt =

ˆ r0

0
1dt = r0.
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(a) A ray on S2. (b) A circle on S2.

Figure 1: Curves on S2.

So a ray whose r-coordinate varies from 0 to r0 has length r0 — a good reason to think of r as the
radius in our coordinate system. An example of such a ray emanating from the north pole can be
seen in Figure 1a.

Example. Since (r, θ) represents polar coordinates on S2, a curve of the form γ(t) = (r0, t), with
r0 ∈ [0, π] constant and with 0 ≤ t ≤ 2π, should represent a circle centered at the origin (the north
pole). Indeed, Figure 1b depicts such a circle. We find the length of this circle to be

`(γ) =

ˆ 2π

0

√
(0)2 + sin2 r0(1)2dt =

ˆ 2π

0
| sin r0|dt = 2π sin r0.

So the circumference of a circle of radius r0 in our spherical geometry is 2π sin r0, meaning that the
ratio of circumference to radius is

2π sin r0
r0

.

In particular, this value is not independent of the radius, unlike in Euclidean geometry.

Let’s return now to the problem of finding the shortest path between p = (r0, θ0) and the north
pole. We want a curve γ(t) = (r(t), θ(t)), parametrized on a ≤ t ≤ b, with γ(a) at the north pole
and with γ(b) = (r0, θ0), and we want this curve to be of minimal length. Inspecting (1) we see
that we might try to independently minimize the expressions (ṙ(t))2 and sin2(r(t))(θ̇(t))2. To this
end, we make the important observation that the center of a polar coordinate system — in our
case, the north pole — can be written as (0, θ1) for any θ1; the important fact is that the center
has radius 0. This means that in our curve γ(t) we may set θ(t) = θ0. As long as r(a) = 0, we
will have γ(a) = N . This is helpful because it means that θ̇(t) = 0, thus minimizing the term
sin2(r(t))(θ̇(t))2. With this simplification we have

`(γ) =

ˆ b

a

√
(ṙ(t))2dt =

ˆ b

a
|ṙ(t)|dt.

We’re hoping to minimize this length, and we’ll start by estimating it from below. If we can show
that `(γ) is at least some particular value and also show that this value is attained by a particular
curve, then that value will be the desired minimum (and the curve our desired curve). To make
our approximation, notice that |x| ≥ x for all x ∈ R, so

`(γ) =

ˆ b

a
|ṙ(t)|dt ≥

ˆ b

a
ṙ(t)dt = r(b)− r(a) = r0.
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So the length of γ must be at least r0. But we know from our first example how to write down a
curve with this length: we simply set r(t) = r0(t− a)/(b− a). That is, the curve

γ(t) =

(
r0(t− a)

b− a
, θ0

)
,

parametrized on a ≤ t ≤ b, connects γ(a) = N to γ(b) = (r0, θ0) with length

`(γ) =

ˆ b

a

r0
b− a

dt = r0,

and this is the shortest possible length for a curve connecting N to (r0, θ0).
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