
Math 123 Discussion Session
Week 2 Notes
April 11, 2017

This week we’ll discuss a couple of homework hints and, time permitting, discuss a pretty cool
application of one of the homework problems.

Problem 6

The first problem we’d like to discuss is problem 6, where we are given a circle centered at a point
C and another point P located outside this circle. We’re asked to construct a line that passes
through P and is tangent to the circle, and we’ll make use of the following important fact:

If the line ` is tangent to a circle centered at C and meets the circle at the point D,
then ` is perpendicular to the segment CD.

In the following figure, we’re trying to construct the line PD:

From the important fact given above, we know that ∠PDC is a right angle. In the figure, A is
the point where the line segment CP intersects our circle, and we draw the line ` passing through
A which is perpendicular to the segment CP . Because CD is not perpendicular to CP , CD will
intersect ` at some point, which we call B. By construction, ∠CAB = ∠CDP , since both are
right angles. We also see that ∠BCA = ∠DCP , meaning that 4BAC is similar to 4PDC. What
can we then conclude from the fact that DC = AC? How might this help us find D in the first place?

We should remind ourselves that in the above discussion we started out with the point D already
in hand. This was just to get some intuition for how we might find D. In your solution to this
problem you must start with only the points C and P and the circle centered at C and construct
D from there.
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Problem 2

Next let’s think about the problem which asks us to

Construct the line perpendicular to a segment AB and going through the midpoint of
AB. Argue carefully why your construction is correct.

For a solution, we’ll take our lead from Euclid’s proof of proposition 10. Given a segment AB, we
can construct an equilateral triangle 4ABC with AB as its base:

Euclid then chooses a bisector of the angle ∠ACB and lets D be the point where this bisector
intersects the segment AB. He then shows that D is the midpoint of AB, but he does not show
that CD is perpendicular to AB, so if you take this approach you need to verify that our bisector
is indeed a perpendicular bisector.

Here’s another approach. In the above figure1, C is the intersection of circles centered at A and
B, respectively, with radius AB which lies above the segment AB. By letting D be the intersection
of these circles that lies below AB we can obtain another equilateral triangle 4ABD, and we claim
that the segment CD is the perpendicular bisector of AB:

This claim can be verified by showing first that the triangles 4ACD and 4BCD are the same,
and then using Euclid’s proposition 4 (side-angle-side) to conclude that 4AMC = 4BMC.

1This second approach is using the equilateral triangle from the first figure, but the fact that this triangle is
equilateral isn’t actually used in the argument. All that really matters in this approach is that the triangles are
isosceles, with shared base AB.
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A cool application

Given any circle, we can use the perpendicular bisector constructed in problem 2 to find the circle’s
center. Consider an arbitrary circle and randomly choose points A,B, and C on the circle:

The perpendicular bisector of AB contains all points which are equidistant from A and B (though
we did not prove this). Since A and B are both on the circle, the center of the circle is equidistant
from A and B, and is thus on the perpendicular bisector. By the same reasoning, the center is also
on the perpendicular bisector of the segment BC, and is thus precisely the intersection of these
two perpendicular bisectors:
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