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With our final discussion session we’ll try to (informally) reflect just a bit on what we’ve done
this quarter and why hyperbolic geometry matters.

Euclid’s Axioms

Recall that when this course began, we set out to construct Euclidean geometry from five axioms,
which were intended to be obviously true. These axioms were:

1. Given two points, we can always draw a (unique) straight line segment connecting these
points.

2. Given a straight line segment, we can (uniquely) extend the line segment indefinitely.

3. We can draw a (unique) circle with any desired center and radius.

4. All right angles are equal to one another.

5. The parallel postulate. If a straight line falling on two straight lines makes the interior angles
on the same side less than two right angles, the two straight lines, if produced indefinitely,
meet on that side on which are the angles less than the two right angles.

We noticed right away that the fifth axiom was far less obviously true than the first four, so we called
a system of geometry that satisfies the first four axioms a neutral geometry and whenever possible
(without creating too much of an inconvenience) we avoided using the fifth axiom. The idea was
that if ever we encountered a geometry which modeled the first four axioms but failed to model the
fifth, we wouldn’t have to re-prove any statements whose proofs only relied on the first four axioms.

Once we contented ourselves with having proven a large number of results in Euclidean geometry,
we returned to this question of how the fifth axiom might fit with the other four axioms. We
mentioned in Week 1 that several attempts were made throughout history to prove the fifth axiom
from the first four. This would allow us to dispense with the fifth axiom and rely on only those
which are indeed obvious. All such efforts, however, met the same unfortunate fate. Instead of
attempting to prove the parallel postulate in neutral geometry, we set out in a different direction:
we built a system of geometry which models the first four axioms (and is thus a neutral geometry),
but fails to model the fifth. This of course tells us that all attempts to derive the parallel postulate
in neutral geometry will fail. Indeed, we defined the Poincaré upper half plane to be the upper half
plane H = {z ∈ C| Im z > 0} equipped with the metric ds2 = y−2(dx2 +y2). The set of orientation-
and metric-preserving maps from H to itself (called the orientation-preserving isometries of H) is
given by

Iso+(H) =

{
az + b

cz + d

∣∣∣∣a, b, c, d ∈ R, ad− bc = 1

}
.

To verify axioms (1)-(4) we replace the phrase “line segment” with “geodesic segment”; recall that
a geodesic is a locally length-minimizing curve. It’s not difficult to check that the imaginary axis
iR+ is a geodesic in H, and we then verify that the set Iso+(H) of isometries maps iR+ to other
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lines perpendicular to the real axis, and to half-circles with their centers on the real axis. These
curves (such as those you see below) are then the geodesics in H.

Once we know what the geodesics in H are, axioms (1) and (2) are not difficult to verify. Axiom
(3) requires that we know how to draw circles in H. We won’t go into it now, but circles in H are
actually also Euclidean circles in C (see, for example, this MSE answer), so axiom (3) holds as well.
Since angle measurements are the same under the Poincaré metric as they are in the usual metric,
axiom (4) holds trivially. We can contradict the parallel postulate in a couple of ways. Directly,
consider the geodesics c1 and c2 in the following figure:

The geodesic c “falls on” c1 and c2 in a way that “makes the interior angles on the same [top] side
less than two right angles.” If the fifth axiom were true, the geodesics c1 and c2 would have to meet
(and in particular meet somewhere north of c). Since these geodesics are obviously parallel, the
fifth axiom fails and we have a non-Euclidean geometry.

Another way to break axiom (5) is to provide a counterexample to Playfair’s axiom, which we
have seen is equivalent to the parallel postulate. Indeed, let L be the vertical line in the following
figure, P the point not on L:

In neutral geometry we know that there is some line passing through P which is parallel to L;
Playfair’s axiom insists that this line be unique. But the many lines passing through P and not
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intersecting L in the above figure show that this is not the case, and again confirm that H is not
Euclidean.

While hyperbolic geometry may seem somewhat contrived and difficult to really care about,
remember that its discovery settled a millennia-old problem. Euclid’s Elements was published
around 300 BCE, while the first models of hyperbolic geometry were published in the early 19th
century. The question of “Do we really need to assume that?” went unanswered for over 2000 years!

Riemann Surfaces

It’s reasonable that at this point we would think of hyperbolic geometry as a carefully-constructed
counterexample and little else. Perhaps we think it’s a cute toy for mathematicians to play with,
but is far too strange to serve many other purposes. The 19th century, however, ushered in a
revolution in geometry. Riemann, prodded along by his advisor Gauss, opened up a whole new
world of geometries, and it turns out that almost all of the 2-dimensional geometries are in some
sense hyperbolic. We’ll try to discuss just the faintest hints of this now. Be warned, however, that
this discussion will make a lot of incredible statements and provide no reason for you to believe them.

The three geometries we’ve mentioned this quarter — Euclidean, hyperbolic, and spherical —
share a common feature: up close, they all look like the complex plane C. Only in the global sense
— when we push far enough away from our starting point — do we see the distortions in hyperbolic
and spherical geometry that tell us we’re no longer in the Euclidean setting. The next question to
ask is: what other geometries can we define which locally look like C? We’ll call any surface with
the local structure of C a Riemann surface1.

We can’t give a list of all possible Riemann surfaces, so let’s restrict our attention to closed
Riemann surfaces. That is, we’re only interested in Riemann surfaces which are bounded as subsets
of R3 and which don’t have any boundary. Examples include the sphere S2 or the torus T 2.
Examples of such surfaces are shown below, shamelessly stolen from Wikipedia.

It turns out that all closed Riemann surfaces are of the form seen above, and can be identified by
the number of “holes” in the surface. We call the number of holes the genus of the surface.

One of the topics you discussed (though perhaps just briefly) in lecture is the curvature of a
surface. The three geometries we considered this quarter all have constant curvature, meaning that
the curvature is the same at every point of the geometry. In general, though, the curvature of a
Riemann surface can vary from point to point. This gives us a function defined on the Riemann
surface, which we can then integrate. The incredible result about this integral in the closed case

1We’re being very informal here. Specifically, what do we mean by words like “surface” and “local structure”?
Unfortunately we won’t have time to go beyond this surface level understanding in discussion.
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is that it only depends on the genus of our surface! Specifically, if S is a closed genus-g Riemann
surface with any conformal (geometric) structure, then

ˆ
S
KdA = 4π(1− g),

where K is the Gaussian curvature of S. This amazing link between the worlds of geometry and
topology is known as the Gauss-Bonnet theorem.

Finally we return to our original claim that most 2-dimensional geometries are hyperbolic. One
way to interpret this is as follows. Say S is a closed genus-g Riemann surface with constant cur-
vature. According to the Gauss-Bonnet theorem, the total curvature of S is positive if g = 0, is
zero if g = 1, and is negative if g > 1. Since S has constant curvature, this constant value must
have the same sign as the total curvature. That is, the only compact Riemann surfaces to have
constant curvature that’s always non-negative are spheres (which have positive curvature) and tori
(which have zero curvature). All other closed Riemann surfaces (those with genus at least two)
have negative curvature. When we explained the trichotomy between spherical, Euclidean, and
hyperbolic geometries in terms of curvature, negative curvature seemed like the exception, because
hyperbolic geometry is so unfamiliar to us. In fact we see that most geometries we should expect
to encounter in the wild have negative curvature.

We still haven’t explained precisely how hyperbolic geometry dominates the world of Riemann
surfaces — only that negative curvature is king. To do this in a satisfactory way requires that we
discuss universal covers and the uniformization theorem, which we won’t have time to do. Hopefully
this brief glimpse at the ideas involved will spur some interest in these topics.
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