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1. Introduction

The purpose of this note is to visualize some simple contact structures via their characteristic foliations.
The emphasis is not on computation of the characteristic foliations, but on producing figures from which we
might get a qualitative picture of the contact structure in question. We will first need some definitions.

Definition. A contact structure on a (2n + 1)-dimensional smooth manifold M is a smooth, maximally
nonintegrable hyperplane field ξ ⊂ TM . We call the pair (M, ξ) a contact manifold.

The maximal nonintegrability of ξ means that for any p ∈ M and any open neighborhood U ⊂ M of p,
there are no hypersurfaces S ⊂M containing p with TqS = ξq for all q ∈ S ∩ U . That is, there are no open
subsets of M on which ξ admits an integral submanifold. This is equivalent to the statement that we may
locally write ξ as the kernel of a 1-form α satisfying the contact condition α ∧ (dα)n 6= 0. If ξ = kerα on
some neighborhood, we say that α is a contact 1-form locally defining ξ, though we sometimes refer to α as
the contact structure itself. Notice that if we scale α by a nowhere zero function, the resulting form will still
satisfy the contact condition, and its kernel will still be ξ. In particular, the contact 1-form for ξ is not unique.

In this note we restrict our attention to oriented 3-dimensional contact manifolds, and we assume that ξ
is oriented. This means that ξ, a plane field on M , may be given as the kernel of a global 1-form α.

Example. The standard contact structure on R3 is given as the kernel of the global 1-form α = dz + xdy.
(The standard we use here is that of [3]; some authors prefer dz− ydx.) At (x, y, z) ∈ R3, ξ(x,y,z) is spanned
by the vectors ∂x and ∂y − x∂z. The planes of ξ are invariant under translations in the y- and z-directions,
and twist about lines parallel to the x-axis. This structure can be seen in Figure 1.

The approach to visualizing contact structures that we will take in this note is to look at the characteristic
foliations they induce on embedded surfaces. Suppose Σ ⊂ M is an embedded surface in M . Because ξ
is maximally nonintegrable, there are no open subsets U ⊂ Σ on which we have TpΣ = ξp for all p ∈ U .
This observation means that singular points — points p ∈ Σ with TpΣ = ξp — are isolated. Away from
such points, TpΣ and ξp must intersect transversally in TpM , thus producing a 1-dimensional intersection
`p = TpΣ ∩ ξp. This 1-dimensional distribution then lends itself to a foliation of Σ away from the singular
points, which we complete to a singular foliation of Σ by including the singular points. We call this the
characteristic foliation of Σ with respect to ξ and denote it Σξ.

The characteristic foliations of a contact manifold (M, ξ) can tell us a lot about the contact structure.
For example, one can show (cf. [3]) that if we have contact manifolds (Mi, ξi) with embedded surfaces Σi for
i = 0, 1 and f : Σ0 → Σ1 is a diffeomorphism preserving the characteristic foliation, then f can be extended
to a diffeomorphism on some neighborhood of Σ0 which preserves the contact structure. The power of char-
acteristic foliations is covered in introductions to contact geometry such as [3] and [5]; here we focus not on
establishing this power, but on expanding and enhancing the collection of examples that can be found in
these introductions.
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Figure 1. The standard contact structure dz + xdy on R3.

Thanks to the work of Giroux [4], the use of characteristic foliations to study contact structures seems to
have been supplanted by the study of convex surfaces (at least in the 3-dimensional case). In spite of this,
the figures in this note might still prove helpful in visualizing basic contact structures.

(a) The xy-plane. (b) The plane z = εx.

Figure 2. Characteristic foliations of planes in (R3, dz + xdy).

2. Generating Characteristic Foliations

All of the surfaces considered in this note are given as parametrized surfaces in R3, though in some
cases they are meant to be viewed as surfaces in some 3-manifold which is a quotient of R3. Having a
parametrization for our surface will make finding the characteristic foliation quite easy. Suppose f : R→ R3

parametrizes Σ, where R ⊂ R2 is a region in the uv-plane. We want a vector field X ∈ X(Σ) with α(X)
everywhere zero, where α is our chosen contact 1-form on R3. Because X is tangent to Σ we may write

Xf(u,v) = g(u, v)fu(u, v) + h(u, v)fv(u, v)

for some functions g, h : R → R. We guarantee α(X) ≡ 0 by setting g(u, v) = α(fv(u, v)) and h(u, v) =
−α(fu(u, v)). Then X is the vector field on Σ that will direct our characteristic foliation. Notice that if
f(u, v) is a singular point, then g(u, v) = h(u, v) = 0, since α will vanish on both fu and fv.

Once we have X ∈ XΣ we may produce the leaves of our characteristic foliation. Given p ∈ Σ, we want
to solve the initial value problem

γ̇(t) = X ◦ γ(t), γ(0) = p

for some curve γ in Σ. Writing p = f(u0, v0), we can instead solve

(1) u̇(t) = α(fv(u(t), v(t))), v̇(t) = −α(fu(u(t), v(t)))
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(a) A tilted, twisted xy-plane. (b) The projection of Σξ onto the xy-plane.

Figure 3. The characteristic foliation of a tilted, twisted plane in (R3, dz + xdy).

subject to the initial values u(0) = u0 and v(0) = v0 in the parameter domain R. The curve γ is then
given by γ(t) = f(u(t), v(t)). This is how all of the foliations in this note were created. Given a chosen
parametrization f and contact structure α, Mathematica was asked to numerically solve (1) subject to a
collection of initial values chosen from R, and to plot the resulting curves.

3. The Standard Structure

The standard structure dz+xdy on R3 readily admits some very boring characteristic foliations. Consider,
for instance, any plane {z = c} parallel to the xy-plane. The vector field ∂x is tangent to the plane and
satisfies α(∂x) = 0, so this surface is foliated by lines parallel to the x-axis, as can be seen in Figure 2a.
A more interesting characteristic foliation can be obtained by tilting the xy-plane just a bit, as pictured
in Figure 2b. The surface shown there is the plane z = xε, so the foliation is directed by the vector field
x∂x − ε∂y + εx∂z. The resulting foliation will consists of a single line x = 0 (directed by −ε∂y), along with
curves which become approximately parallel to the x-axis when |x| � 0 and which asymptotically approach
the line x = 0 when |x| � ε.

Notice that the foliation in Figure 2b, while more interesting than that in Figure 2a, remains nonsingular.
That is, there are no points p ∈ Σ where the tangent plane TpΣ agrees with the contact structure ξp. We
can change this by adding a “twist” to the plane z = εx (as suggested by Exercise 4.8 of [3]). Let h : R→ R
be a bump function with the property that h ≡ −1 on a small neighborhood [−a, a] of 0, and h ≡ 1 outside
a slightly larger neighborhood [−b, b]. We then consider the function f(x, y) = εxh(y) and let Σ be the
graph of this function. The result is the plane z = εx considered before, but now with a twist near y = 0.
We see the result of this twist in Figure 3. Notice that the twist has introduced a pair of singularities, one
hyperbolic and the other elliptic. In [2], Eliashberg and Fraser show that this is a good general strategy
for introducing singularities: given a nonsingular characteristic foliation, we can choose a leaf γ and twist a
neighborhood of our surface Σ about γ in a manner determined by α to produce a pair of singularities along
γ, one of which is hyperbolic and the other of which is elliptic.

The last surface we will consider in the standard structure is S2. This is the height-1 level set of the
function f(x, y, z) = x2 + y2 + z2, and thus its tangent planes are given as the kernel of the one form
xdx+ ydy + zdz. At the points (0, 0,±1), this kernel agrees with the kernel of dz + xdy, and we thus have
singularities at these points. These are the only singularities of Σξ, and the rest of the foliation is seen in
Figure 4a. The unit sphere is of course parametrized by

(2) f(u, v) = (cosu cos v, sinu sin v, cos v), 0 ≤ u ≤ 2π, 0 ≤ v ≤ π,
and Figure 4b shows the preimages under f of the leaves that make up our characteristic foliation.

4. A Rotationally Symmetric Structure

The next contact form on R3 to consider is dz+r2dθ, where (r, θ, z) provide cylindrical coordinates on R3.
As we see in Figure 5, this structure behaves similarly to the standard contact structure, in that the planes
of the structure make one full rotation as r grows without bound, just as they did when x grew without
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(a) The sphere S2 in (R3, dz + xdy). (b) The curves of S2
ξ in the parameter domain.

Figure 4. The characteristic foliation of the unit sphere in (R3, dz + xdy).

bound in the previous structure. A key difference is that this structure is rotationally symmetric, unlike the
standard structure. Indeed, since

dz + r2dθ = dz + xdy − ydx,
we can think of this structure as a sort of averaging of the two competing standard structures (the other
being dz − ydx), which can be obtained from one another by a 90◦ twist about the z-axis.

We immediately see that the xy-plane admits a different foliation in our new structure, this time with
lines of the form θ = const instead of y = const. The yz-plane, on the other hand, remains rather boring.
Both of these planes can be seen in Figure 6.

One surface whose characteristic foliation benefits greatly from the rotational symmetry of this contact
structure is the torus which has the z-axis passing perpendicularly through its center. Specifically, Figure 7
shows a pair of characteristic foliations of the torus parametrized by

f(u, v) = ((R+ r cos v) cosu, (R+ r cos v) sinu), r sin v),

where 0 ≤ u, v ≤ 2π. Figure 7a shows the characteristic foliation of this surface in the standard structure
dz + xdy, and Figure 7b shows the foliation induced by dz + r2dθ; the latter is certainly more visually
appealing than the former.

The characteristic foliation of the unit sphere S2 in this new structure is not all that different from the
foliation in the standard structure, except of course that it is rotationally symmetric. Figure 8 shows the unit

Figure 5. The contact structure dz + r2dθ on R3.
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(a) The xy-plane. (b) The yz-plane.

Figure 6. Characteristic foliations of planes in (R3, dz + r2dθ).

sphere alongside a sphere of larger radius. From this figure we can see the only qualitative difference in the
foliations of the two spheres is that the leaves on the sphere with larger radius seem to do less twisting around
the sphere, and take a more direct path from one singularity to the next. Indeed, scaling the parametrization
(2) by R, we see that

fu = (−R sin v sinu,R sin v cosu, 0) and fv = (R cos v cosu,R cos v sinu,−R sin v),

so

α(fu) = R2 sin2 v and α(fv) = −R sin v.

This means that the characteristic foliation of the sphere of radius R is directed by the vector field

X = −α(fv)fu + α(fu)fv = R2 sin2 v(R cos v cosu− sinu,R cos v sinu+ cosu,−R sin v).

Because v varies from 0 to π, we see that X has a nontrivial z-component away from the singularities;
moreover, as R grows without bound, X is approximated by the vector field

R3 sin2 v(cos v cosu, cos v sinu,− sin v).

The z-component of this vector field dominates the x- and y-components, and we see the behavior depicted
in Figure 8b.

5. An Overtwisted Structure

As with the previous 1-form, the next contact 1-form we would like to consider is given in cylindrical
coordinates. It is given by

(3) α = cos rdz + r sin rdθ.

Also as with the previous structure, this 1-form is rotationally symmetric, with the contact planes twisting
about rays emanating from the z-axis parallel to the xy-plane. Notice that if p lies on a cylinder of the form
r = nπ, then

ξp = ξ(r,θ,z) = span{∂r, ∂θ} = ξ(0,θ,z).

(a) A torus in the standard structure. (b) A torus in the structure dz + r2dθ.

Figure 7. Characteristic foliations of a torus.
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(a) The unit sphere. (b) The radius 2π sphere.

Figure 8. Characteristic foliations of spheres in (R3, dz + r2dθ).

Indeed, as we travel along a ray with θ and z constant, the contact structure twists around our ray infinitely
many times.

We say that the contact structure (3) is overtwisted because it admits an overtwisted disk : Let D =
{(r, θ, 0)|r ≤ π}. Then for each point p ∈ ∂D, TpD ⊂ ξp, and we say that D is an overtwisted disk. It is not
immediately clear that this feature distinguishes α from the two previously considered structures — namely,
we have not ruled out the existence of overtwisted disks for these structures — but it can be shown (see [1])
that the two structures considered above are tight, meaning that they admit no overtwisted disks.

As can be seen in Figure 9, the characteristic foliation of the unit sphere in this overtwisted structure
is not wildly different from the characteristic foliations in the previously considered structures. We start
to notice a difference, however, when we allow the radius of our sphere to approach π. In Figures 10a and
10c we see a pair of spheres whose radii are nearly π, and their characteristic foliations are behaving quite
differently from that of the unit sphere. Figures 10b and 10d show these two foliations in their parameter
domains, where we can clearly see that the foliations are nearly horizontal at z = 0.

When the radius of our sphere reaches π we intersect the overtwisted disk previously mentioned. The
result is that along the equator z = 0 our characteristic foliation is directed by the vector field ∂θ, giving
us a closed orbit. We continue to have elliptic singularities at the north and south poles, with the char-
acteristic foliation winding ever closer to the equator from both above and below. The sphere of radius π
is seen in Figure 10e. Indeed, a sphere of radius nπ, with n ≥ 1, will feature 2n − 1 closed orbits — one
at the equator and n − 1 in each of the upper and lower hemispheres — and a pair of overtwisted disks,
with one around each pole. Spheres with radius between nπ and (n + 1)π will have 2n closed orbits and

Figure 9. The unit sphere in (R3, cos rdz + r sin rdθ).
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(a) Sphere of radius π − ε. (b) Sphere of radius π − ε.

(c) Sphere of radius π − ε/2. (d) Sphere of radius π − ε/2.

(e) Sphere of radius π. (f) Sphere of radius π.

(g) Sphere of radius 2π. (h) Sphere of radius 2π.

(i) Sphere of radius 2.5π. (j) Sphere of radius 2.5π.

Figure 10. Characteristic foliations for spheres of various radii in (R3, cos rdz + r sin rdθ).
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Figure 11. A torus in (R3, cos rdz + r sin rdθ).

the same pair of overtwisted disks. Spheres of these two forms can be seen in Figures 10g and 10i, respectively.

The last surface we will see in this overtwisted structure is a torus. This torus doesn’t have any over-
twisted disks, but does include a pair of closed orbits which bound overtwisted disks in their respective
planes (outside the torus). This torus is shown in Figure 11.

6. A Family of Structures on T 3

By defining a 1-form on R3 that is invariant under integer translation in each of the rectangular coordi-
nates, we may obtain a 1-form on T 3 = R3/Z3. In this way we may put a family of contact structures on
T 3, by defining

αn = sin(2πnz)dx+ cos(2πnz)dy

for n ≥ 1. Indeed,

dαn = 2πn sin(2πnz)dy ∧ dz − 2πn cos(2πnz)dx ∧ dz,
so

αn ∧ dαn = 2πndx ∧ dy ∧ dz > 0.

There are a number of ways to produce surfaces in T 3 from surfaces in R3; we present two. First we have
the very boring torus {(0, y, z)|y, z ∈ R} ⊂ R3, whose characterstic foliation is directed by ∂z (for any n ≥ 1)
and thus consists of closed orbits parallel to the z-axis. In R3 this characteristic foliation will look like that
in Figure 6b rotated 90◦, being directed by ∂z instead of ∂y. (This foliation also matches the foliation seen
in Figure 13a.)

The other torus we will see in T 3 is that obtained from the plane y = z in R3. The characteristic foliation
of this torus is directed by

cos(2πnz)∂x − sin(2πnz)(∂y + ∂z),

(a) The torus. (b) The parameter domain for the torus.

Figure 12. The torus {z = y} in (T 3, αn).
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(a) The plane x = 0. (b) The plane x = 1/2.

Figure 13. A pair of tori in R× T 2, with the standard contact structure.

for all n ≥ 1. This foliation will have 2n closed orbits, given by the circles z = k/2n for k = 0, 1, . . . , 2n− 1,
and Reeb components between the orbits assuming their extrema along the circles z = (2k + 1)/4n. The
n = 3 case can be seen in Figure 12.

7. A Structure on R× T 2

The last contact structure we’ll consider is on the 3-manifold R× T 2. Notice that the standard structure
α = dz+ xdy on R3 is invariant under the translations y 7→ y+ 1 and z 7→ z+ 1. For this reason α descends
to give us a contact structure on

R× T 2 = R× (R/Z)× (R/Z).

Of course any plane of the form {c} × [0, 1] × [0, 1] produces a torus in R × T 2. When c = 0 this produces
the characteristic foliation seen in Figure 13a. For nonzero c we get more interesting (but still standard)
foliations, such as the one seen in Figure 13b for c = 1/2.

We can also cut a torus out of R× T 2 as the graph of a function f : T 2 → R. For example, we can let Σ
be the graph of f(y, z) = ε sin(2πnz) for some n ∈ Z. The characteristic foliation of this torus is directed by

X = ∂y − ε sin(2πnz)(2πnε cos(2πnz)∂x + ∂z),

and thus will have 2n closed orbits, corresponding to z = k/2n, k = 0, 1, . . . , 2n−1, and will have no singular
points; the case n = 4 can be seen in Figure 14, with ε = 1/2.

(a) The torus x = 1
2

sin(8πz). (b) The parameter domain for x = 1
2

sin(8πz).

Figure 14. A nonsingular Morse-Smale foliation of T 2.
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