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Abstract

We introduce the notion of natural proof. We argue that
the known proofs of lower bounds on the complexity
of explicit Boolean functions in non-monotone models
fall within our definition of natural. We show based on
a hardness assumption that natural proofs can’t prove
superpolynomial lower bounds for general circuits. We
show that the weaker class of AC®-natural proofs which
is sufficient to prove the parity lower bounds of Furst,
Saxe, and Sipser; Yao; and Hastad is inherently inca-
pable of proving the bounds of Razborov and Smolen-
sky. We give some formal evidence that natural proofs
are indeed natural by showing that every formal com-
plexity measure which can prove super-polynomial lower
bounds for a single function, can do so for almost all
functions, which is one of the key requirements to a
natural proof in our sense.

1. Introduction

It is natural to ask what makes lower bound questions

such as P = PSPACE and P = NC so difficult to
solve. A non-technical reason for thinking they are dif-
ficult might be that some very bright people have tried
and failed — but this is hardly satisfactory. A technical
reason along the same lines would be provided by a re-
duction to these questions from another problem known
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to be really hard such as the Riemann Hypothesis. Per-

haps the ultimate demonstration that P Z NPisahard
problem would be to show it to be independent of set
theory (ZFC).

Another way to answer this question is to demon-
strate that known methods are inherently too weak to

solve problems such as P Z NP. This approach was
taken in Baker, Gill, and Solovay [4] who used oracle
separation results for many major complexity classes to
argue that relativizing proof techniques could not solve
these problems. Since relativizing proof techniques in-
volving diagonalization and simulation were the only
available tools at the time of their work progress along
known lines was ruled out.

Instead, people started to look at these problems in
terms of non-uniform (= Boolean) complexity. Along
these lines, many (non-relativizing) proof techniques
have been discovered and used to prove lower bounds
(see e.g. [7, 1, 27, 10, 31, 32, 28, 2, 25, 29, 33, 24, 5, 30,
18, 19, 11, 9, 13, 20, 3]). These techniques are highly
combinatorial; they exist in a much larger variety than
their recursion-theoretic predecessors.

In this paper we introduce the notion of a natural
proof. We argue that all lower bound proofs for non-
monotone models known 1o us in non-uniform Boolean
complezity either are natural or can be represented as
natural. We show that if a cryptographic hardness as-
sumption is true, then no natural proof can prove super-
polynomaial lower bounds for general circuits.

Natural proofs form a natural hierarchy depending on
the degree to which the combinatorial property involved
in the proof is constructive. We show without using
any cryptographic assumption that AC%-natural proofs
which are sufficient to prove the parity lower bounds
of [7, 27, 10] are inherently incapable of proving the
bounds for AC°[g]-circuits of [33, 24, 5]. We also give a
technical argument suggesting one reason that natural
proofs are indeed natural: we show that every formal



complexity measure which can prove super-polynotnial
lower bounds for a single function, can do so for almost
all functions. This is one of the key requirements for a
natural proof in our sense.

One application of natural proofs has been recently
given in [23]. It was shown that in certain fragments of
Bounded arithmetic any proof of superpolynornial lower
bounds for general circuits would naturalize, i.e., could
be recast as a natural proof. Combined with the mate-
rial contained in Section 4 of this paper, this leads to the
independence of such lower bounds from these theories
(assuming our cryptographic hardness assumption).

1.1. Notation and definitions

We denote by F;, the set of all Boolean functions in n
variables. Most of the time, it will be convenient to
think of f, € F, just as of a binary string of length 2"
called the truth-table of f,.

The notation AC*, NC* is used in the standard
sense for denoting non-uniform classes. AC°[m], T'C°
and P/poly are the classes of functions computable
by bounded-depth circuits allowing MOD — m gates,
bounded-depth circuits allowing threshold gates and
unbounded-depth circuits over an unrestricted basis, re-
spectively.

2. Natural proofs

We start by defining what we mean by a “natural com-
binatorial property”; natural proofs will be those that
use a natural combinatorial property.

Formally, by a combinatorial property of Boolean
functions we will mean a set of Boolean functions
{Cn C F, | n € w}. Thus, some Boolean functions will
possess property C, and some will not. The combina-~
torial property Cy, is natural if it contains a subset C};
with the following two conditions:

Constructivity: The predicate f, € C% isin P. Thus,
C} is computable in time which is polynomial in the
truth table of f,,

Largeness: [C*| > 279" . |F,|.

A combinatorial property C,, is useful egainst P/poly
if 1t satisfies:

Usefulness: The circuit size of any sequence of func-
tions fi, fa,..., fn,..., where f, € C,, is super-
polynomial, i.e., {fn} & P/poly.

A proof that some function does not have polynomial-
sized circuits is natural against P/poly if the proof con-
tains, more or less explicitly, the definition of a natu-
ral combinatorial property C, which is useful against

P/poly.
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Note that the notion of a natural proof, unlike that
of a natural combinatorial property, is not quite pre-
cise. This is because while the notion of a property
being explicitly defined in a journal paper is perfectly
clear to the working mathematician, it is a bit slippery
to formalize. When we make general statements about
natural proofs (see Section 4), it will appear only in the
context “there exists a natural proof...” and should be
understood as equivalent to “there exists a natural com-
binatorial property Cy,...”

The definitions of natural property and natural proof
can be explained much less formally. A proof that some
explicit! function {g,} does not have polynomial-sized
circuits must work by stating some combinatorial prop-
erty of Boolean functions, Cy,, and proving that for any
fn € Cp, the circuit size of f,, is superpolynomial in n
(i.e., {fa} & P/poly)?. In other words, C, is a combina-
torial property of Boolean functions which implies that
any function with that property is hard to compute; Cy,
is useful in the sense defined above. The proof would
then continue by proving that g,, has property C,; hence
{gn} & P/poly. If the function {g,} was provably in
N P, then the proof could also conclude that P # N P.

For this proof to be natural against P/poly the prop-
erty Cp, used by the proof must be itself natural, i.e.,
C, must contain a subset C); satisfying the construc-
tivity and largeness conditions above (it will often turn
out that C} = C,). The largeness condition says that
C» must be true of at least a polynomial (in 27) frac-
tion of the entire universe F,, of Boolean functions in
n variables. The constructivity condition requires that
fn € Cr can be decided by a Turing machine with run-
ning time polynomial in the truth table for the function
fn, i.e, polynomial-time in 27,

As it turns out, all combinatorial lower bounds for re-
stricted non-monotone models work in exactly this way.
In monotone models, the lower bounds use construc-
tive combinatorial properties, but there is apparently
no formal analogue of the largeness condition3. In Sec-
tion 5, we give formal evidence that the largeness con-
dition would apply to any useful C, from a large class
of combinatorial properties by showing that any formal
complexity measure must have it. We have no formal
evidence for constructivity, but a plausibility argument
would be that we don’t understand the mathematics
of highly non-constructive C,, well enough to use them
effectively in a proof. As will become clear in the ex-
amples, computing predicates in time polynomialin the
length of truth tables of Boolean functions is not a strong
restriction. It is also worth observing that for any C,

1The reader can think of an explicit function as a function in
NP.

2 Any lower bound proof can be seen in this way, at least in the
trivial sense that Cr, = {gn}.

3In particular, a useful definition of random monotone function
is not evident.



satisfying the largeness property, to be unnatural means
not to contain any large, constructive subset. This is
very similar to the notion of immune set.

The best example of a (supposedly) unnatural argu-
ment is a traditional counting argument. The combi-
natorial property C,, would just be something asserting
that {f,} is not in P/poly (e.g., Cn(fa) = 1 exactly
when the complexity of f, is greater than n!°8™), The
proof that C,, is large does not give us a least hint as to
how to construct a large constructive subset C;;, C C,,.
Moreover, a consequence of Theorem 4.1 is that if a
hardness assumption is true then such C}; can not ex-
ist at alll Thus, a counting argument is presumably
not a natural argument. This poses no problem for us
since counting arguments (closely associated with diag-
onalization arguments) have yet not proved any lower
bounds for explicit functions.

All the lower bounds we study in this paper plainly
state a natural property in their proofs. Thus, all these
examples are natural proofs by our definition. In some
cases, the fact that the stated property is natural is also
evident from the original proof. In the less straightfor-
ward cases, the proof needs to be modified so that the
new proof makes clear that the original proof was in fact
natural. We will refer to modifying a proof so as to make
clear that its associated property is natural as natural-
izing the proof. This sometimes does require work (see
e.g. Section 3.2.1 below). Given Cj,, one must exhibit
C}, and prove that it has both the constructivity and
largeness conditions. The key to doing this seems to lie
in carefully analyzing the lower bound proof that used
Cr. In the case where a researcher intends to build a
lower bound proof around some property C,, evaluating
C,, for naturalness might be non-trivial. In light of our
framework, such an evaluation could be very useful.

For an insightful classification of the lower bound ar-
guments obtained so far for restricted models we need to
generalize the notions of natural property and natural
proof.

Let T' and A be complexity classes. Call a combinato-
rial property C, I'-natural if it contains C; C C, with
the following two conditions:

”
Constructivity: The predicate f, € C}, is computable

in T (recall, C}, is a set of truth-tables with 2" bits),
Largeness: [C}| > 2-9() . |F,|.

A combinatorial property C,, is useful against A if it
satisfies:

Usefulness: For any sequence of functions f, € Cj,

{fn} €A

A lower bound proof that some explicit function is not
in A is called [-naturel against A if it states a [-natural
property Cy, which is useful against A.

Of interest to us will be proofs that are AC®-natural,
TC®natural, NC*-natural, P-natural, and P/poly-
natural. P-natural proofs will simply be called natural.

3. Examples of naturalizing ar-
guments

3.1. AC° lower bounds for parity: AC°-
natural

One of the first combinatorial arguments to give peo-
ple hope and direction in lower bound research was
[7] where it was shown that PARITY ¢ AC® (inde-
pendently this result, using somewhat different machin-
ery, was discovered in [1]). Substantial technical im-
provements to their bounds were subsequently given by
[27, 10]. All these proofs are AC-natural.

The C, used by these arguments simply says that
there does not exist a restriction of the variables with
the appropriate number of unassigned variables which
forces f, to a constant function. The “appropriate”
number of unassigned variables is different in (7, 27, 10]
and determines the bounds obtained.

All three papers argue explicitly that C,.(f,) = 1 im-
plies that {f,} &€ AC?, in other words, that C,, is useful
against AC®. C,, is a natural property. In fact, we can
choose C}, = C,.

A simple counting argument shows that C}, is true of
a random function (Cj}, has the largeness condition).

C} is in AC®! (C} has constructivity). Indeed, sup-
pose k is the “appropriate” number of unassigned vari-
ables. Given the truth table for f,, as input, we compute
Cy(fn) as follows. List all (})27~* = 20(") restrictions
of n—k variables. For each one there is a circuit of depth
2 and size 2°(") which outputs a 1 iff that restriction
does not leave f,, a constant function. Qutput the AND
of all these circuits. The resulting circuit has depth 3
and is polynomial-sized in 2".

3.2. AC"4q] lower bounds: NC?-natural

In this subsection we look at the proofs from [33, 24, 5]
of lower bounds on the size of AC%[g]-circuits, ¢ being a
power of a prime. The naturalness of these proofs is es-
pecially transparent in the framework of [33]. Namely,
we have a GF[2]-linear mapping M from F, to a ma-
trix space, and we simply take C}; to be the set of all
fn € F, for which tk(M(f,)) is large. After reading the
argument in Section 3.2.1 below, it will be an exercise
to show that C(f,) = 1 for at least 1/2 fraction of all
fn € F,. Since computing the rank is in NC?, we see
that the proof is NC2-natural. Smolensky’s proof [24]
is analyzed below.

We will show in Section 4 that there is no AC®-natural
proof against AC°[2]. Along with the previous subsec-
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tion, this gives the insight that [33, 24, 5] had to require
arguments from a stronger class than those of [7, 27, 10].

3.2.1. Smolensky’s proof: a non-trivial example
of naturalization

The argument given in Smolensky [24] is a perfect ex-
ample of a natural circuit lower bound proof, but this
is not immediately obvious. We will outline a special
case of his argument: a proof that parity does not have
small AC°[3] circuits.

First, we recall the notion of polynomial approxima-
tion of a Boolean function. Think of the Boolean value
TRUE as corresponding to the field element —1 and
the Boolean value FALSE as corresponding to the field
element 1. Let f be a Boolean function and p be a poly-
nomial over Zs where f and p have an identical set of
variable names. Any assignment A to f can be viewed as
an assignment to p; in the case p(A) and f(A) evaluate
to corresponding values we consider them equal on this
assignment. Otherwise, we consider them to differ. The
better p approzimates f, the fewer assignments on which
they differ. Since we will only be interested in the values
polynomials take on {~1,1} (Boolean) assignments, we
will consider polynomials to be multi-linear by default
(no variable gets raised to a power greater than one).

Proof outline: Smolensky’s proof has two main
pieces. (1) Any function computed by a “small” AC?[3]
circuit can be “reasonably” approximated by a “low”
degree polynomial over Zs. (2) The parity function in
n variables can’t be “reasonably” approximated by a
“low” degree polynomial over Zz. The proof of (1) is
not important here and is omitted. (2) is proved by
contradiction. Suppose there were a “low” degree (de-
gree d) polynomial p which agrees with the polynomial
T1Zo&3 - - - T, (the parity function) on all but a “small”
number of Boolean assignments. Let W be the set of
Boolean assignments on which they differ. Let N = 2.
Let w be the size of the set W. We will assume that n
is odd and use !y and I, to denote polynomials of degree
less than n/2. Every multi-linear polynomial q can be
written in the form z; ---2z,l; + l3. This means that,
ignoring the inputs in W, every Zs-valued function on
{-1,1}*\ W (and there are 3V =% of them) can be rep-
resented in the form ply 4+ l3. This representation has
degree (n—1)/2+d which by a counting argument can’t
represent as many as 3™ ~% functions. Contradiction.

This proof might seem to be exploiting a very par-
ticular fact about how the parity function is expressed
as a polynomial; it is not obvious how this same proof
would apply to a large fraction of functions. However,
the proof technique is by its nature applicable to a large
fraction of functions.

There is one choice of C), clear from the proof:
Cn(fn) = 1if f, can’t be reasonably approximated by a
low degree polynomial over Z3 (for the appropriate def-
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initions of reasonable and low). Part (1) of Smolensky’s
argument proves that C,, is useful against AC°[3]. Why
is C,, natural? To see it we have to make a choice of
Cr.

The simple choice is C}; = C,,. It is fairly obvious that
C}, satisfies the largeness condition. But what about
constructivity? It is not clear at all.

Thus we sink deeper into the proof and try to put

Cr(fa) = 1 if every polynomial ¢ can be 1)
written in the form fnly + la,

where f,, is the unique multi-linear polynomial repre-
senting f,. Then we have constructivity.

In order to see this, denote by L the vector space of
all polynomials of degree less than n/2, and by 7' the
complementary vector space of all (multi-linear) poly-
nomials without monomials of degree less than n/2.
The whole polynomial space is then represented as the
direct sum L @ T and also, since n is odd, we have
dim(L) = dim(T) = N/2. Now, Ci(f.) = 1 iff the
linear mapping wy, : L — T taking [ € L to the pro-
jection of ful € L & T onto T is one-to-one (the reader
can check his understanding at this point by verifying
that the parity function has this property). Thus check-
ing that C(fn) = 1 amounts to checking that a matrix
easily computable from f,, is non-singular which can be
done in NC?.

For so chosen C}; the largeness condition also looks
plausible. But we have no easy proof of it.

We turn around this difficulty by trying to extend the
definition of (1) as much as we can (so that we’ll have
more functions satisfying it) while preserving its spirit
(so that constructivity will also be preserved) and keep-
ing the lower bound provided by it. A short examination
shows that the definition

Ci(fa) = 1iff dim(foL +L) > N(1/2+¢) (2)

which for € = 1/2 is the same as (1), is actually as good
as (1) itself for arbitrary fixed ¢ > 0. Indeed, (2) implies
that at least 3V(1/2+9)~* functions on {~1,1}"\ W can
be represented by a degree (n — 1)/2 + d polynomial,
and the same counting argument still works.

But if we define C}; as in (2) with € = 1/4, we also
have largeness! This immediately follows from the fact
that for every f, € F,, either C}(f,) = 1 or C(z1 &
D zy ® fn) = 1 (cf. the proof of Theorem 5.2 a)
below).

To show this fact, note that if dim (f, L + L) > 3N/4
then C*(f,) = 1. Otherwise we have

dim ((:1:1 e znfal + L)/L) =
dim ((:cl coezn L4 fnL)/fnL) >



dim ((z1 - 2aL + faL + L)/(faL + L)) =
dim ((T + L)/(faL + L)) > N/4

(the first equality here comes from the observation that
(f»)? = 1 and thus multiplying by f,, defines an auto-
morphism of L @ T'). This givesus Cpi(21 D ... Dz, ®
fa)=1.

So, C, is an NC?-natural property.

Smolensky’s proof is the most difficult example of nat-
uralization we have encountered in our analysis. On the
other hand, it perfectly illustrates the general empirical
idea of “adjusting” C, in both directions in order to
come up with required Cj;.

3.3. Perceptron lower bounds for parity:

P-natural

In [3], it is shown that a small constant-depth circuit
(over {A,V,}) which is allowed a single majority gate
can’t approximate the parity function. They did this
by first showing tight lower bound on the degree of a
perceptron required to approximate parity to within a
given €. Their argument is natural.

Some definitions from [3]. A real polynomial p
strongly represents a Boolean function*f just in case
sgn(p(z)) = f(z) for all input vectors z; such a poly-
nomial is also called a perceptron to compute f. Let
p weakly represent f just in case p is not the constant
zero function on {—1,1}", and sgn(p(z)) = f(z) for all
z where p(z) is nonzero. The weak degree, dy(f), is
defined as the least & for which there exists a non-zero
degree k polynomial which weakly represents f.

A natural C, stated in the paper is that f, can’t be
well approximated by the sign of a low degree polyno-
mial. It is explicitly shown that any f, with property
C, can’t be approximated by a small, constant-depth
circuit with one majority gate, i.e., C, has usefulness.
To see that C), is natural one must exhibit a proper
subset Ci;.

Let Ci(fn) = 1 if dy(fn) is greater than the appro-
priate threshold. [3] explicitly showed that Cp(fy) =1
implies that a polynomial must have appropriately high
degree to approximate f, with its sign, i.e., Ci(fa) =
1 implies that C,(f,) = 1. d, is computable in
polynomial-time using linear programming. This shows
that C; has constructivity. Since the linear program-
ming seems essential it is doubtful that anything sub-
stantially more constructive than C} could be found in
the above argument, e.g., an NC-natural property for
example.

4in this section we, similarly to 3.2.1, represent Boolean func-
tions as mappings from {~1,1}" to {~1,1}, and fg stands for
the point-wise product which is the same as f ® g in the {0,1}-
notation
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To argue that C;; has the largeness property, we can
show the following improvement of an §2(n/logn) lower
bound from [3]:

Theorem 3.1. For almost all f, € F,, dy(fa) >
n/20.

Proof. We use the following well-known facts:

Proposition 3.2. Let ay,...,any € R. Then there ez-
ist ay,...,a)y € Z such that |a}| < exp(O(NlogN))
(1 < i< N), and for every z; € {—1,1}V,

N N

an (§5 ) o ($5)

i=1 i=1

Proposition 3.3. FEvery inte-
ger polynomial p(z1,...,2,) of degree d which is not
an identical zero on {—1,1}", differs from zero on at
least 2"~ points from {—1,1}".

The proof of Proposition 3.2 can be found e.g. in [16];
Proposition 3.3 is folklore.

Now, if f, is weakly represented by a polynomial p
of degree at most n/20, we firstly apply Proposition 3.2
to the vector of coeflicients of p. The length N of this

/20 (1) o gn(H(1/20)+9(1)) where H(e)

vector is ) ;1o
is the entropy function. We find that p can be replaced
by a polynomial p’ with integer coefficients whose bit
size is at most O (N2log N) < 2n(2H(1/20)+e(1)),

fn can be uniquely retrieved from the pair (¢/, f3),
where f; is the list of values of f, on zeros of p’ (ar-
ranged, say, in the lexicographic order). From Propo-
sition 3.3 we know that the bit size of f; is at most
2" — 219/20n thus the bit size of the pair (¢, f.) is at
most 2" — 219/20n 4 9n(2H(1/20)+0(1)) Since 2H(1/20) <
;—g, the proof is completed by the standard counting ar-
gument.m

Lower bounds on formula size:

AC°-natural

Andreev [30] gives a promising lower bound for the for-
mula size of an explicit function. His bound was subse-
quently improved in [18, 19]. Finally, Hastad [11] gave a
nearly optimal lower bound (almost n3) of the formula
size for Andreev’s function.

Andreev’s function is a Boolean function As, on 2n
bits: aj,as,...,an; by,ba,...,b,. The a’s are parti-
tioned into logn groups of size n/logn each. Let h;
be the parity of the bits in the jth group. The bits
hi,he,..., hogsn index a number i from 1 to n. The
value of the function As, is the bit b;.

All these proofs work by using a shrinkage factor T
which is successively improved in the last three papers

3.4.



until T = Q(n?). (Qis the “soft Omega” notation which
is like Q but ignores multiplicative factors of (log n)* for
constant k.)

The meaning of T is that when a formula is hit by
a random restriction it is almost certain to shrink by a
factor of T. Thus, to prove a formula lower bound just
show that a formula must have size s after being hit
by a random restriction and it follows that the original
formula had size around sn?.

The natural property Cy, is that there is a restriction
of b’s such that any of its extensions leaving at least one
unrestricted variable in each group of a’s induces a for-
mula of complexity Q(n/logn). This property is useful
since a random restriction leaving (logn)? unrestricted
variables leaves at least one such variable in each group:
for any fixing of b’s, a random restriction to the a’s will
shrink the circuit to Q(n/logn). Obviously, Az, has
Co, (simply restrict b’s so that they will encode the
most complex function in logn variables) which implies
that it must have formula complexity at least Q(n?).

We can choose (3, = C3,. The fact that C3, has
largeness is easy to prove. Constructivity is also easy
if we observe that there are only 2°(") formulas of size
less than n/logn.

3.5. Lower bound against 2-levels of
threshold functions: 7'C°natural

Hajnal et al. [9] show that the MOD-2 inner-product
function requires depth-2 threshold circuits of exponen-
tial size. Any Boolean function can be viewed as a
Boolean matrix by dividing the inputs into two equal
sets with the left half indexing the rows and the right
half indexing the columns. Seen in this way the inner-
product function is a Hadamard matrix. Their proof
shows that any matrix with low discrepancy can’t be
computed by small depth-2 threshold circuits. Choose
C, to be true of all functions whose matrices have
low discrepancy. Their main lemma shows that any
Hadamard matrix has low discrepancy. The same argu-
ment shows that any matrix which is almost Hadamard
in the sense that the dot product of any two rows or
any two columns is small also has the low discrepancy
property. Thus, the C; suggested by their proof is to
check that the function viewed as a matrix is almost
Hadamard, for the appropriate definition of almost. It
is possible to define “almost” so as to guarantee that
C? has largeness and preserves usefulness. Constructiv-
ity: For each of the 29(") dot products, feed the pairs
of AND’s into a threshold gate; feed the outputs of the
threshold gates into a large fan-in AND. This is in 7C°.
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3.6. Lower bounds against switching-
and-rectifier networks: AC%natural

It was shown in [34] that any switching-and-rectifier
network (in particular, any nondeterministic branch-
ing program) for a large variety of symmetric functions
must have size Q(na(n)), where a(n) is a function which
slowly grows to infinity. A similar result was proven in
[14] for @-branching programs.

The proofs are based upon a purely combinatorial
characterization of the network size in terms of partic-
ular instances of the MINIMUM COVER problem. Let
C,, be the set of those functions f,, for which the size
7(fa) of the minimal solution to the corresponding in-
stance is Q(na(n)).

The key lemma in these proofs says that if f,, outputs
a 1 on any input with s(n) ones, and outputs a 0 on any
input with s(n) — d(n) ones, then 7(f,) > Q(na(n))
(s(n) and d(n) are functions which slowly grow to infin-
ity.)

Denote this property by A,. It obviously violates the
largeness condition. We circumvent this by letting Cj
be the set of those functions for which any restriction p
assigning n/2 variables to zero can be extended to an-
other restriction p’ by assigning to zero (n/2 —loglogn)
additional variables in such a way that the induced func-
tion has Ajoglogn -

To see C} C C,, recall from [34, 14] that every cov-
ering set 6; .(A) has its associated variable z; such that
restricting this variable to 0 kills é; ((A). Now, for any
collection of o(na(n)) covering sets we simply assign n/2
most frequently represented z;’s to 0, and this leaves us
with a collection in which every variable corresponds to
at most o(a(n)) sets. Hence, for every extension p’ of
this restriction, the size of the resulting collection will
be o(loglogn - a(n)). Thus, by the above lemma, this
collection (and hence the original one) does not cover
all the points from the universe (a(n) and a(loglogn)
differ by at most 1).

Cp isin AC® (cf. Section 3.1).

To see the largeness condition, note that for every p
we can choose n%? extensions pf, ..., ¢/, so that the
sets of variables unassigned by every two different pf, p;-
from this list have at most one variable in common.
Hence, the events “f;, restricted by p} has Ajogiogn” are
independent (here f, is a random function from Fy),
and we can apply the standard counting argument.

4. Inherent limitations of natu-
ral proofs

In this section, we argue that natural proofs for lower
bounds are almost self-defeating. The 1dea is that a nat-
ural proof that SAT ¢ P/poly has an associated algo-
rithm. But just as the proof must distinguish SAT from



a pseudo-random function (one being hard the other
not), the associated algorithm must be able to tell the
difference between the two. Thus, the algorithm can be
used to break a pseudo-random generator. This is self-
defeating in the sense that a natural proof that hardness
exists would have as an automatic by-product an algo-
rithm to solve a “hard” problem.

For a pseudo-random generator G, : {0,1}* —
{0,1}?" define its hardness H(G,) as the minimal S

for which there exists a circuit C of size < S such that
1
[PIC(Gn(=)) =1] - P[C(y) = 1] 2 &

(cf. [6]). Here, as usual, = is taken at random from
{0,1}", and y is taken at random from {0, 1}?".

Theorem 4.1. Assume that there exists a lower bound
proof which is P/poly-natural against P/poly. Then
for every polynomial time computable G : {0,1}* —

{0,132, H(Gy) < 2°.

Equivalently, if 2*°-hard functions exist then there is
no P/poly-natural proof (against P/poly).

Proof. Let C, be the P/poly-natural combinatorial
property associated with the proof, and C;; C C,, satisfy
the constructivity and largeness conditions. W.l.o.g. we
may assume from the very beginning that C;, = C,,.

We use a slightly modified construction from [8]. Let
Gr : {0,1}* — {0,1}?* be a polynomial time com-
putable pseudo-random generator, and ¢ > 0 be an ar-
bitrary constant. Set n = [k¢]. We use G : {0,1}¥ —
{0, 1}?* for constructing a pseudo-random function gen-
erator f : {0,1}* — F, in the same way as in [8].
Namely, let Go, Gy : {0,1}¥ — {0,1}* be the first
and the last k bits of G, respectively. For a string
y € {0,1}" we define G, : {0,1}} — {0,1}* by
Gy = Gy, 0Gy,_, 0--0Gy,, and for ¢ € {0,1}* let
f(z)(y) be the first bit of Gy(z).

Note that f(z)(y) is polynomially time computable,
hence for any fixed z € {0, 1}*, the function f(z) € F, is
computable by polynomialsize circuits. Hence, from the
definition of a proof natural against P/poly, f(z) &€ C,
(if & is sufficiently large). This implies that C, is a
statistical test for f(x) computable by circuits of size
29(") and such that

IP[Ca(f) = 1] - P[Ca(f(=)) = 1] 2 27°¢). (3

Here f is a random function from Fj,.

Constructing from this a statistical test for strings in
our case is even simpler than in [8]. Namely, we arrange
all internal nodes of the binary tree T of height n:

U1, V2,...,P2n-1)

in such a way that if v; is a son of v; then ¢ < j. Let
T; be the union of subtrees of T' made by {v1,...,v;}
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along with all leaves. For a leaf y of T let v;(y) be the
root of the subtree in T; containing y. Let G; y = Gy, o
=20 Gy, s+ Where h(4,y) is the distance between
v;(y) and y. Finally, define the random collection f; by
letting f;(y) be the first bit of Gi,y (mv_(y)), where z,
are taken from {0, 1}* uniformly and independently for
all roots v of trees from Tj;.

Since fo is f, and fon_; is f(x), we have from (3)

that for some 1,
[P[Ca(f;) = 1] = P[Cu(Fi4r) = 1] > 2790

Fixing all #, but @,,,, while preserving the bias, we see
that H(Gy) < 200" < 205) As ¢ was arbitrary, the
result follows.m

Based upon lower bounds for the parity function,
Nisan [17] constructed a very strong generator secure
against AC®-attack. In fact, an easy analysis of his
generator from the point of computability gives the fol-
lowing:

Theorem 4.2. For any integer d, there ezists a family
Gn,s C F,, where s is a seed of size polynomial in n such
that Gn s € AC°[2] and Gy, s looks random for 20(n).
size depth-d circuits, i.e., for any polynomial-size (in
2™) depth d circuit family C,, : F,, — {0, 1},

(4)

Here f is a random function from F,, and 8 is a random
seed of the appropriate size.

IP[Ca(f) = 1] = P[Ca(Gn,) = 1]] < 274,

Theorem 4.3. There is no lower bound proof which is
AC®-natural against AC°[2).

Proof. Assume, on the contrary, that such a proof ex-
ists, and let C,, has the same meaning as in the proof of
Theorem 4.1. Let d be the depth of a size 2°(") circuit to
compute Cyp,. Let Gy, , be the generator which is pseudo-
random against depth-d 20(")-sized circuits from Theo-
rem 4.2. From the definition of a proof natural against
AC®[2], for sufficiently large n, Cn(Gp,s) = 0. Now, (4)
immediately contradicts the largeness condition.m

In fact, it is clear from the above proof that whenever

a complexity class A contains pseudo-random function
generators that are sufficiently sccure against I'-attack,
then there is no I'-natural proof against A.

5. One property of formal com-

plexity measures

A formal complexity measure (see e.g. [26, Section
8.8], [21]) is an integer-valued function g on F, such
that u(f) < 1for f € {-zy,.. ., 25} and

o T, L1 -



p(f *g) < u(f) + p(g) for all f,g € F, and x € {A,V}.
The meaning of this definition is that for every formal
complexity measure p, p(f) provides a lower bound on
the formula size of f, and actually many known lower
bounds, both for monotone and non-monotone formu-
lae, can be viewed from this perspective. See the above-
cited sources for examples. Also, for any approxima-
tion model M (see [22] for the most general definition),
we have p(f * ¢,9M) < p(f, M) + p(g, M) + 1, hence

p(f, M) + 1 is a formal complexity measure.

In this section we show that any formal complexity
measure p which takes a large value at a single func-
tion, must take large values almost everywhere. In par-
ticular, every combinatorial property based on such a
measure automatically satisfies the largeness condition
in the definition of natural property.

More specifically, we have the following:

Theorem 5.1. Let u be a formal complezity measure
on F,,, and p(f) =t for some f € F,,. Then:

a) for at least 1/4 fraction of all functions g € F,,
p(g) > t/4;

b) for any € = ¢(n) we have that for at least (1 — ¢€)
fraction of g € F,,

t
““”"(W)‘"

In fact, the main argument used in the proof of this
theorem is valid for arbitrary Boolean algebras, and we
formulate it as a separate result since this might be of
independent interest.

Theorem 5.2. Let B be a finite Boolean algebra with
N atoms and S C B.

a) if |S| > 3|B| then every element of B can be rep-
resented in the form

(5)

(81/\32)V(S3/\S4); s$; €S (ISZS‘I),

b) assume additionally that S contains all atoms and

coatoms of B. Then every element of B can be
represented in the form

L ¢
VA siss
i=1j=1

where s;; €S and £ < O (log 1—\%?-[)

(6)

Let

—_
—

Proof of Theorem 5.1 from Theorem 5.2.
S {g|pn(g) <t/4} for part a), and S

gl#(g)Sé'(_t—)*r

n+log %

pan—y
=

, where 6 is a sufficiently
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small constant, for part b). Note that in part b) we

may assume that § - (—‘1—)-; > n + 1 since otherwise

n4log
there is nothing to prove. Since p (A, p:) < n and
p(Vieypi) < n, where p; is either z; or —z;, this im-
plies that S contains all atoms and coaloms of F},, the
latter being viewed as a Boolean algebra.

Now, if |S| > 2|B| in part a) or |S| > €|B| in part
b), then we would apply Theorem 5.2 and represent f
in the form (5), (6) respectively. This representation
in both cases would imply the bound u(f) < f, the
contradiction.m

Now we prove Theorem 5.2. Denote by b a randomly
chosen element of B.

Proof of Theorem 5.2 a). Fix by € B and consider
the representation

b(] = (b A (_1b 5] bo)) \ (—'b A (b ) bg)) .

As all four random variables b, (—=b®be), —~b, (bDbo) are
uniformly distributed on B and |S| > 2|B|, for at least
one particular choice b of b we have b, (—b& bg), b, (b &
bo) ESm

For proving part b) of Theorem 5.2 we need the fol-
lowing

Lemma 5.3. Let B be a finite Boolean algebra with N
atoms and S C B. Then there exisis a subset S C S
of cardinality O(log N) such that ASy contains at most

0 (log ],%l) atoms.

Proof of Lemma 5.3. Let us call an atom a good if
Pla < 8] € 2/3 and bad otherwise. Here s is picked at
random from S.

Now, the standard entropy-counting argument gives
us that there are at most O (log %) bad atoms. An

equally standard argument implies that if we take a ran-
dom subset Sy C S of cardinality C'log N, the constant
C being sufficiently large, then for any good atom a,
Pla < ASy] < N~!1. Hence, for at least one particular
choice Sy of Sy, ASy contains only bad atoms, and the
lemma follows.m

Proof of Theorem 5.2 b). Denote %} by e.
Once again, fix b € B. Let us call ¢ < by good if
P(be S|bAby =c] > 5 and bad otherwise. Note that
b A by is uniformly distributed on the Boolean algebra

By = {CIC S bo}. Hence
. €
P[c is good] > 2 )

where ¢ is chosen from By at random.

Now, fix a good ¢ € By. The set B(c) =
{b€ B|bAbg=c} is a Boolean algebra. Applying to



this algebra and to S := S N B(¢) Lemma 5.3, we
come up with Sy C S of cardinality O(log N) such that
¢ < ASp and (ASo\¢) has at most O (log 1) atoms. We
extend Sy by including to it the corresponding coatoms
and find that every good ¢ € By can be represented in
the form /\ﬁ=1 s;, 5; €S, £ 0 (log ).

Next we apply the dual version of Lemma 5.3 to the
Boolean algebra By and S := {¢ € By |cis good}. In
view of (7), the same argument as above yields that
by = Vf=1 ¢i, where ¢; are either good or atoms. The
statement follows.m

6. Conclusion

We do not conclude that researchers should give up on
proving serious lower bounds. Quite the contrary, by
classifying a large number of techniques that are unable
to do the job we hope to focus research in a more fruitful
direction. Pessimism will only be warranted if a long
period of time passes without the discovery of a non-
naturalizing lower bound proof.

As long as we use natural proofs we have to cope with
a duality: any lower bound proof must implicitly ar-
gue a proportionately strong upper bound. In particular,
we have shown that a natural proof against complexity
class A implicitly shows that A does not contain strong
pseudo-random function generators. In fact, the proof
gives an algorithm to break any such generator. Seen
this way, even a natural proof against NC' (or TC?) be-
comes difficult or impossible. In [12] it is argued based
on the hardness of subset sum that a pseudo-random
function exists in TC° C NC!. Consider the plausible
conjecture that there exists a (pseudo-random) func-
tion f € NC! (or TC®) such that G, s(z) = f(s#z) is
a pseudo-random function generator. A natural proof
that P # NC! or P # TC® would give an algorithm
to break it. Thus, we see that working on lower bounds
using natural methods is like breaking a secret code de-
termined by the class we are working against!

With this duality in mind, it is no coincidence that
the technical lemmas of [10, 24, 33] yield much of the
machinery for the learning result of [15].
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