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ABSTRACT. This article investigates stability for monster metric spaces introduced in
[ShUs837] without the additional assumtion of the language L being countable. We
prove that any monster metric space which is categorical in any cardinality bigger than
|L]is 0T -stable in | L| and unidimensional. In particular, the result holds for uncountable
continuous theories.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. In [ShUs837] Shelah and the author prove the analogue of Morley’s
categoricity theorem for the context of compact monster metric spaces. A natural ques-
tion is: can the proof be generalized to uncountable languages? It seems that the answer
is no: the last section of [ShUs837] relies heavily on countability of L, and a new, more
general approach is needed if this assumption is dropped. But most results can still
be extended using similar techniques, by applying a more delicate analysis. This is the
purpose of this article.

Although all the main theorems here do not require compactness assumptions and
hold in any homogenous monster equipped with a metric (“monster metric space” in the
terminology of [ShUs837]), we work (for the sake of simplicity and clarity) in the context
of metric cats introduced by Itai Ben-Yaacov in [Ben05], equivalently, compact monster
metric spaces. This context is still very distinct from continuous first order model theory
developed in [BU] and [BBHU]. Continuous theories are closely connected to metric cats
whose space of types is a Hausdorff topological space (as shown in [BU]); but without
this assumption many of classical model theoretic tools fail. This is why techniques we
use are mostly borrowed from homogenous model theory.

In subsection 1.2 we recall basic definitions and facts on metric cats and monster metric
spaces. The reader is referred to [ShUs837] for the proofs.

In section 2 we discuss “local” stability in cats (i.e. stability for a given formula or
a given contradictory pair of forumale). As the language is not necessarily countable,
working “locally” will sometimes make our life simpler. We show several equivalent
versions of local stability and extend results from [Ben03a]. Then we use local stability in
order to connect topological stability (0"-stability) to nonsplitting and classical stability
in homogenous model theory.
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In section 3 we introduce average types of indiscernible sequences and show that they
are well-behaved.

Section 4 is devoted to generalizing some results from [ShUs837] to uncountable lan-
guages. We show that if the class of almost elementary complete submodels of a metric
cat is categorical in some power bigger than |L|, or even weakly categorical (see Defini-
tion 4.1), then it is 0*-stable in |L|, and therefore classically stable. Then we prove that
a weakly categorical metric cat is unidimensional. In particular, we obtain the following
weak form of a categoricity transfer theorem: if € is a metric cat which is categori-
cal in some power bigger than |L| (or even weakly categorical), then it has exactly one
|L|"-saturated model of each density bigger than |L|.

In order to extend the categority theorem to the class of all almost elementary sub-
models, one needs to show that categoricity implies non-existence of non-|L|*-saturated
models in high cardinalities. This is done in [UsOx]| for elmentary continuous classes,
but the proof uses classical model theoretic tools and would not go through in the more
general context of arbitrary metric cats.

1.2. Preliminaries. We begin with the definition of a metric cat, see [Ben05] for more
details.
Fix a “big enough” cardinal A* = (\*)™.

Definition 1.1. A metric cat is a metric structure of cardinality A* which is compact
for positive existential formulae.

Remark 1.2. (i) See e.g. [ShUs837|, Definitions 2.4(1), 2.13, 2.15(2) for notions
mentioned in the definition above.

(i) If € is a metric cat then it is a monster metric space as defined in [ShUs837],
Definition 2.17; moreover, it is compact (Definition 2.21 there) for A(€) = pos-
itive existential formulae. See also [ShUs837], Example 2.24(5). So all results
proven in [ShUs837] apply to metric cats.

(iii) Note that by Observation 2.23 in [ShUs837], “positive existential” in Definition
1.1(2) above means precisely what one would expect: the closure of the atomic
formulae under conjunction, disjunction and existential quantification.

From now on, € will denote a metric cat (unless stated otherwise). All elements,
tuples, sets, will be taken inside €. The finite diagram of € will be denoted by D. By
“types” we will always mean D-types, which for metric cats is just the collection of all
positive existential types. By “formula”, we always mean a positive existential formula.

Let K be the class of all almost elementary submodels of the monster €, K¢ the class
of complete such (as defined in [ShUs837], Definition 2.19). We will call elements of K
premodels and elements of K¢ models.

See e.g. section 1 of [ShUs837] on definitions of basic concepts of finite diagrams,
(D, M)-homogeneity of models, etc. Note that for metric cats (D, \)-homogeneity is
equivalent to A-saturation for positive existential types (by the choice of D and Remark
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1.2 in [ShUs837]), and that (D, N;) homogeneity implies completeness (by Observation
3.10 in [ShUs837]), so any (D, A)-homogeneous premodel (for A > Rg) is a model.

We recall the definition of approxomations of formulae and types (see more in
[ShUs837], section 3):

Definition 1.3. (i) For a formula ¢(Z) possibly with parameters, we define
P(z) = 37 (p(@) Ad(Z,7) < e). So pEl(z,a) = (32)[d(z,7) < e A (@, a)].
(ii) For a type p, define pl&l = {(A,_,, v0)F : n <w and ¢y, ..., ¢u_1 € p}.
Recall that a pair of formulae (maybe with parameters) (¢(Z),1(Z)) is called contra-

dictory if *NY® = @. A pair (¢(z),v(7)) is called € — contradictory (where € > 0 as
usual) if d(p% %) > e.

Fact 1.4. A pair (p(z),¥(Z)) is contradictory if and only if it is e-contradictory for some
e>0.

Proof. See [ShUs837|, Claim 3.7. QED 4
Fact 1.5. Let p be a type over a set A, € > 0. Then

pll ={a: 3@ (d(a,a) < e and @ =p)}
Proof. See [ShUs837], Claim 3.8. QED; 5

Fact 1.6. Let M be a model (i.e. M € K€, so it is complete) which is not (D, \)-
homogeneous. Then for some A C M of cardinality less than A\, p € S1(A) and e > 0, M
omits plel.

Proof. See [ShUs837|, Corollary 3.14. QED; 4

2. STABILITY

We recall the definitions from [ShUs837], [Ben05]. We use the notations from [ShUs837]
in order not to get the reader confused between the two notions of A-stability (the topo-
logical one and the classical one used in homogeneous model theory).

Definition 2.1. (i) A homogeneous metric monster (€, d) is called 07 — A-stable if
for all A C € of cardinality A there exists B C € of cardinality A\ such that each

p € Sp(A) is realized in mcl(B) = B (i.e., the topological closure of B).
(ii) We call a homogeneous metric monster classically A-stable if it is A-stable in the
sense of [Sh3], i.e. for every A C € of cardinality A, the cardinality of Sp(A) is

at most .

Fact 2.2. For a metric cat € the following are equivalent.
(i) € is 07 — A-stable
(ii) For each A C € |A| < A, there exists B,|B| < A such that for each € > 0 and
p € Sp(A),pl is realized in B (B almost realizes all types over A).
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(i) There are no A,|Al < \{p; : i < A") a sequence of members of Sp(A), i.e.,
complete D-types over A and e > 0 such that pEE] ﬂpf] = foralli,j < AT,

Proof. See Claim 4.3 in [ShUs837]. QEDg 5
Let us recall several basic definitions which are relevant for local stability:

Definition 2.3. (i) Let (¢(z,9),%(Z,y)) be a contradictory pair. We say that it
has the order property if there exist indicernible sequences (a; : ¢ < w) and
(b; : i < w) such that ¢(a;, b;) for i < j and ¥(a;, b;) for i > j.

(ii) We say that a formula ¢(Z,y) has the order property if for some ¢ (Z,y) contra-
dictory to ¢, the pair (p,1) has it.

(iii) For a contradictory pair (¢(Z,9),v(Z, 7)), a complete (p,1)-type over a set A is
a restriction of a complete type over A to formulae of the form o(z,a), (z,b)
for a,b € A.

(iv) For a formula ¢(Z, ), a complete ¢-type over a set A is a restriction of a com-
plete type over A to formulae of the form ¢(z,a), ¥(z,b) for a,b € A and
contradictory to ¢.

(v) We say that a contradictory pair (¢(Z, ), ¥ (Z, 7)) is classically stable in a power
A if for every set A of cardinality A there are only A-many (p(Z,7), ¥ (Z,7))-
types. Similarly for a formula ¢ being classically stable in A.

(vi) We say that a type p € S(B) splits over A C B if there is a contradictory
pair (o(z,9),v(z,7)), a,b € B which have the same type over A such that
©(Z,a),1(z,b) € p. In this case we also say that p (¢(Z,%),¥(Z,¥))-splits over
A.

Proposition 2.4. Assume ¢ does not have the order property. Then every p-type over
a (D, 2|L|+)—h0m0geneous model does not split over a set of cardinality 2.

Proof. Assume a certain ¢-type p over M splits over every subset of M of cardinality
< 218 Let ¢ € € realize p.
We define sequences (a;, b;, ¢;: i < 2|L|+> in M by induction on ¢ as follows:

By the assumtion, p splits over {djl_)jéj: j < i} witnessed by, say, the pair
((p(judi)awi(i” bl)) _

So the pair (i, 1);) is contradictory, and we have ¢(¢, a;) and (¢, b;), while for j < 4,
either p(¢;,a;) A ©(¢;,b;) or ¥, j(¢;,a;) N ; ;(¢;,b;) for some 1); ; which is contradictory
to .

Now choose ¢; = pl{a;b;¢;: j <i}U{aib;}. So ¢(¢;,a;) and ¢,(¢;,b;) for all j <.

By Erdos-Rado Theorem, without loss of generality we have ¢, = v;; = v for all
i < |L[*, j <i (for those j for which v ; is defined).

Now either (¢;a;: i < |L|T) or (G;b;: i < |L|T) exemplifies ¢-order property in M.
QEDg 4
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Observation 2.5. If ¢ does not have the order property, then there exists a cardinal A
such that ¢ is A-classically stable, i.e. over every set A of cardinality A, there are only
A-many D-types over A.

Proof. Choose e.g. A = Ta(]L|T), so every set A of cardinality A is contained in a
(D, Q‘L‘+)—homogeneous model M of cardinality A. Now every type over M does not split
over a subset of M of cardinality 2/*/. For a given such subset B there are at most
(] L|)-many types over B, and therefore Jo(|L|)-many ¢-types over M which do not

olL|

split over B; there are A*~ = A such B’s, so A-many types over M altogether. QEDs 5

So we've shown that a formula which does not have the order property is classicaly
stable. The other direction is pretty clear; we will still present it for completeness.

Observation 2.6. Suppose the pair (p, 1) exemplifies the order property. Then for
every infinite A there is a set of cardinality A and A" types over A which are pairwise
(i, 1)-contradictory.

Proof. By compactness, we can find sequences witnessing the (p,)-order property of
any order type. In particular, we can find such a witness of order type I where [ is a
linear order of cardinality A with > A" Dedikind cuts (e.g. choose i to be the minimal
cardinal such that 2 > X and consider I = #>2 with the natural order).

The rest should be clear. QEDy ¢

Now by [Ben03a], Proposition 2.2, we can conclude:

Corollary 2.7. The following are equivalent for a formula p:

(i) ¢ does not have the order property
(ii) For some A, ¢ 1is classically \-stable
(iii) ¢ is classically A-stable for all X = \*I

As in [Ben03a], we call such a formula stable. We call a contradictory pair (¢, ) stable
if it is classically A-stable for some infinite A, i.e. there are no A™-many pairwise (¢, 1)-
contradictory types over a set of cardinality A. Clearly, this definition is equivalent to
the one in [Ben03a], and a formula ¢ is stable if for every ¢ the pair (¢, ) is.

The following is clear now:

Corollary 2.8. The following are equivalent:

(i) € s classically stable (classically \-stable for some \).
(ii) Every formula ¢ is stable.
(iii) Every contradictory pair (v,) is stable.
(iv) € is classically \-stable for all A = .
(v) € is 0F — A-stable for some .

Definition 2.9. We call € stable if one (all) of the above are satisfied for €.

In order to deal with uncountable languages, we will need a better “local” understand-
ing, i.e. a better understanding of a single stable pair.
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Remark 2.10. A pair (p, 1)) is stable if and only if it is classically A-stable for all infinite
A

Proof. Standard, e.g. by compactness and the fact that for every infinite A\, denoting
w=min{p: 2 > A}, we get 2<# < A; so there is a binary tree of cardinality < A with
more than A branches. QED; 1

Proposition 2.11. Let (¢,%) be a stable pair. Then for any B C € p € Sp(B), p does
not (@, )-split over a finite subset of B.

Proof. Suppose p (i, 1)-splits over every finite subset of its domain. We construct finite
sets A, for n < w and elementary maps F, for n € “~2 as follows:

(i) Ap=92

(ii) A,y = A, U{ay, by}, where o(z,a,),¥(z, b,) exemplify p (i, 1)-splits over A,

i.e. Gp =4, b, 0n(Z,8n), Vn(Z,b,) € p and ¢(€,a,) NY(C,b,) = @

(iii) for n € "2, F, : A, — € is an elementary mapping

(iV) for n € "2, Fnﬂ <0>((_1n) = Fnr\ <1>(bn) and Fnﬂ (0) 5 Fnﬂ (1) extend FW‘
The construction is straightforward. Now denote for n € “2, I, = U, _, Fym, P, = F5(p),
A = U{Rang(F;) : n € “>2}; so A is countable. Choose p,, p; C p, € Sp(A). Obviously,
for n # v € “2, p, and p, are (¢, )-disjoint types, contradicting stability of the pair
(p,1) (see Remark 2.10). QEDs 1;

Corollary 2.12. Let € be stable. Then every type p € Sp(A) does not split over a subset
of A of cardinality |L|. So (in terms of [Sh54]) k(D) < |L|.

Proof. The type p does not split over a union of |L|-many (one for each contradictory
pair) finite sets. QED3 12

3. AVERAGES OF INDISCERNIBLE SETS

Definition 3.1. (i) Let I be an indisernible set in € of length |L|*, A aset and A a
set of formulas. We define the A-average type of I over A, Ava(I, A) as follows:
for a A-formula ¢(z,a) over A, ¢(z,a) € Ava(I, A) iff for all but |L|-many ¢ € I,
©(¢,a) holds.
(ii) If A = L, we omit it. If A = UI, we omit it.

Observation 3.2. Assume € is stable and (p(7,%),v(7,7)) is a contradictory pair of
formulas. Then there is no infinite indiscernible sequence I in € and b € € such that

both {¢ € I: (¢,b)} and {¢ € 1: 1(¢,b)} are infinite.
Proof. Standard. QEDj3

Lemma 3.3. (i) Av(I, A) defined as above is a complete D-type over A.
(ii) For a formula ¢(Z,a) over A, ¢(Z,a) € Av(I, A) iff for infinitely many ¢ € 1,
(¢, a) holds.
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Proof. (i) Clearly, Av(I, A) is consistent. Given a formula ¢(Z,a), for every ¥ (z, y)
such that (¢(z,9),v(Z,y)) is a contradictory pair, there are only finitely “ex-
ceptions”, that is, either (¢, a) or ¥ (¢, a) holds for cofinitely many ¢ € I (by
Observation 3.2 above). So if for no such ¥(z, y) does ¥(z, a) belong to Av(I, A),
then necessarily ¢(Z,a) does (as there are |L|-many exceptions), which implies
completeness of Av(I, A).

(ii) If ¢(Z,a) does not belong to Av(I, A), then by completeness necessarily 1(z, a)
does for some v (z,y) such that (p,1) is a contradictory pair. But then by
Observation 3.2 there are only finitely many ¢ € I satisfying ¢(¢, a), as required.

QED3. 3

Proposition 3.4. Assume (€,d) is stable. If M is (D, |L|")-homogeneous, p € S,,(M),
then for some indicernible I C ™M of length |L|*, we have p = Av(I, M).

Proof. Without loss of generality m = 1.

Let B C M be of cardinality | L| over which p does not split (see Corollary 2.12). Choose
aq € M realizing pIB U {as : § < a} by induciton on a < |L|t. Now I = (a, : o < wy)
is indiscernible over B by [Sh:c] Lemma 2.5.

If ¢ = Av(I, M) # p still ¢ € Sp(M) and we can find ¢(z,b) € ¢,¢(z,b) € p and
they are contradictory. So u = {a < w; : € | @lag, b]} is infinite, and let v C u be
of cardinality No. Let v C a(x) < |L|" and choose aj; € M(8 € [a(*),|L|) realizing
pl(BU{a;:i<a(x)}Ubu {a’w cy € (a(x),0)}.

Easy contradiction: for a given contradictory pair (¢, ) all but finitely many elements
of I have to “make a choice”, see Observation 3.2. QED3 4

Remark 3.5. (i) Let T = (a; : i < ), where (G; : i < «) is indiscernible. Then

Ao = Av(I, UI).

(ii) Let I be indiscernible, I = (a; : i < a) and let a,, = Av(I,UI). Then (a; : i < «)
is indiscernible.

(iii) It follows from (i) + (ii) that I = (@; : ¢ < o) € M is a maximal indiscernible
sequence (set) in M iff Av(I,UI) is omitted in M.

(iv) o(z, @, ..., a;,) € Av(I,UI) for I = (a; : ¢ < §) (d-limit ordinal) iff a; =
o(x, ay,, - .., a;,) for some/every j & {iy,... i,}.

4. |L|-STABILITY AND UNIDEMENSIONALITY

This section is devoted to metric cats which are categorical in a power bigger than
the cardinality of the language. We show that possible categoricity (and even weak
categoricity) implies 07-|L|-stability and unidimensionality.

The results in this section do not require compactness, and, although we will state
them for metric cats, hold for monster metric spaces (see [ShUs837]) with no additional
assumptions, with exactly the same proofs. Although in the proof of Theorem 4.6 below
we rely on the results and techniques proven and developed in the previous sections, where
we worked with metric cats for the sake of simplifying the picture (e.g. 0T-stability is
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equivalent to classical stability), the same arguments, applied more carefully to monster
metric spaces will lead to the desired conclusions without use of compactness (as is done
for countable language in e.g. [ShUs837], Claim 4.10).

First we recall the different definitions of categoricity, although the reader easily can
proceed reading this section with having only the classical notions in mind. We refer
to section 6 of [ShUs837] for the definition of e-embedding, *-isomorphism, etc. Note
that categoricity is defined only for complete models in K and with respect to density
character (and not cardinality) of the model.

Definition 4.1. (i) € is called categorical in a power A if every two models in K¢

of density character A are isomorphic.

(i) € is called O"-categorical in a power A if every two models in K¢ of density
character A\ are 0*-isomorphic.

(iii) € is called possibly categorical if it is categorical in some A > |L].

(iv) € is called possibly 07 -categorical if it is 0" -categorical in some A > |L|.

(v) € is called weakly categorical if for every € > 0 there exists A > |L| such that
every two models of density character A are e*-isomophic.

The proofs in this section use the technique of Ehrenfeucht-Mostowski models gener-
alized to our context in section 5 of [ShUs837]. The proof of the following theorem is
pretty standard:

Theorem 4.2. Let € be a metric cat (or even a monster metric space) categorical in
some X\ > |L|, or even weakly categorical. Then € s stable in |L].

Proof. First assume that € is categorical in A > |L|.

If the conclusion fails, let A be a set of cardinality |L|, € > 0 such that there are |L|*
e-disjoint types (p; : i < |L|*) over A. Let M; be a model of density A containing A and
(a; : i < |L|*) realizations of (p; : i < |L|7). Let My = EM(\, ®) where ® is any blueprint
of an indiscernible sequence in € (see e.g. section 5 of [ShUs837| for an explanation of
how to construct EM(A, ®)). So by the categoricity assumption, there exists a subset B
of My and (b; : i < |L|™) in M realizing e-disjoint types over B.

Without loss of generality, B is a subset of the skeleton I of M,. The type of an
element of EM(A, ®) over B is determined by a term o(z1,...,2,,) and and m-type in
the language of order over B, so there are |L|-many different types over B realized in
EM(A, ®). Therefore for no € > 0 can there be more than |L|-many e-disjoint types
realized in My, a contradiction.

The proof for the weakly categorical case is similar (given |L|*-many e-disjoint types,
we choose A appropriately using the definition of weak categorcity, and proceed as
before). QED, 5

The following notion was explored in [Sh3] but not defined there:

Definition 4.3. A (good) finite diagram D is unidimensional if for some regular A there
is no (D, \)-homogeneous model in K which is not AT-homogeneous of cardinality > A\T.
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In [Sh3] it is essentially proven (seed [Sh3], section 6) that:

Theorem 4.4. Assume D is stable. Then the following are equivalent:

(i) D is not unidimensional
(ii) There is some reqular X such that there are mazimally (D, \)-homogeneous mod-
els of arbitrary large cardinalities
(iii) For all large enough regular X < p, there is a (D, \)-homogeneous model M
and (a; : 1 < w),(b; : i < Ay mutually indiscernible sequences in M such that
(b : i < Ay is a mazximal indiscernible sequence in M, i.e., can not be extended

m M.

Remark 4.5. We will call € unidimensional if its finite diagram D is.

Theorem 4.6. (i) Let (€,d) be a metric cat (or, more generally, a monster met-
ric space) with vocabulary 7(€), € categorical in A, X\ > Ny + |1¢|. Then € is
unidimensional.

(ii) The same is true if € is 0T -categorical in some X\ as above and even weakly
categorical.

Proof. (i) Note that D is stable by Theorem 4.2 and Corollary 2.8, so we can use
Theorem 4.4.

Assume the conclusion fails. Choose 0 < #; << 65 and let M be a model,
M € K, |M| = 65,M is (D, 6;)-homogeneous, (a; : i < 02),(b; : i < 6;) mutually
indiscernible, (a; : i < ;) cannot be extended in M, so (denoting I = (a; : i <
0y), J = (b : i < 61)) Av(J,UJ) is omitted in M (see Remark 3.5).

We now expand the language by a predicate P for J and skolem functions,
call the new vocabulary 7’. Let 7" = Th,(M') (where M’ is M in the expanded
language).

Note that

®9 7" = “P is a 7-indiscernible set” i.e., for every 7-formula, 7" implies that
any two tuples from P behave the same.

The type p = Av.(J,UJ) is omitted in M, therefore, for some ¢, pl¥! is omitted.
If we choose 61,0, carefully enough (62 >> 6;) in the beginning, then by the
Erdés-Redo theorem (as in the proof of [Sh:c|[VIIL5.3], or using [Ben03a] Lemma
1.2) we can choose a diagram of indiscernibles (EM-blueprint) ® in vocabulary
7’ such that for any p, denoting the skeleton of EM(u, ®) by I' = (a} : i < p),
we have

®; I' is a 7'-indiscernible sequence (set), moreover, it is 7/-indiscernible over
PMs

For each n < w, for some 41,...,4, < 02, a,...,a,,_; has the same 7'-type as
iy - vy Aiyy -

Denote M) = EM,(u, ®). Now:
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®9 M/} < € (as 7’ has skolem functions), so mcl(M}) € K.
@3 My = T" (skolem functions, so My = M’)
®, PMo is a 7-indiscernible set (by ®3 and ®, above)

Note: [PMo| = |L|. Indeed, each b € PMo is of the form o(dl, ,...,a] ) for
some 7'-term o. But as I’ is 7/-indiscernible over PMs, each such b depends only
on o, and there are |L|-many 7'-terms.

Denote J' = PMo, a r-indiscernible set. Denote p' = Av,(J/,UJ’). Then

®5 [p']1¥ is omitted in Mj:
Pick o(aj,,...,a; ) € My. Let ji, ..., jn, besuch thataj ,...,a;

[ A—
i) Zn:ajl,...,ajn.
o(aj,...,a;,) € M' does not realize pll| so for some ¢(z) € p,M'
d(o(a;),p) > e.

Note: p(z) = ¢(x,¢), ¢ € PM'. Recall that ¢(x,¢) € p & M’ | ¢(d,¢) for
some/all d € PM' dné = & (as PM = J is an indiscernible set, and see Remark
3.5). So M’ |= “Jé € P such that

Vd € P\¢,¢(d,c¢)] and [d(o(a;), ¢(z,¢)) > €]

Therefore, M| satisfies the same formula with o(a;), which obviously means
that o(a;) does not satisfy [p]l¥), as required.

We have finished now: let p = A, so in My = EM,(\, ®) we have an in-
discernible set of cardinality |L| whose average is omitted (as (p')l¥ is omitted
in My), so My is a non-(D, |L|*)-homogeneous model in K¢ of density A\. But
as there is (D, |L|T)-homogenous model in density A, categoricity in A fails,
moreover, 0" -categoricity fails, as My is at least £-distant from any (D,|L|")-
homogeneous model.

Repeat the proof of (i), and at the end choose A in which, say, (5)-categoricity
holds, and get the same contradiction.

QEDy ¢
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