ORTHOGONALITY AND DOMINATION IN UNSTABLE THEORIES

ALF ONSHUUS AND ALEXANDER USVYATSOV

ABSTRACT. In the first part of the paper we study orthogonality, domination, weight, regular
and minimal types in the contexts of rosy and super-rosy theories. Then we try to develop
analogous theory for arbitrary dependent theories.

1. INTRODUCTION AND PRELIMINARIES

There are several questions that motivated this research. First, it is natural to extend the
concepts of domination, regularity and weight to rosy theories (as it has already been done in the
simple unstable context). One reason for doing this is “coordinatization” theorems: one would
like to analyze an arbitrary type in terms of types that can be studied and classified more easily:
regular (admit a pregeometry), minimal, etc. We prove several results of this kind in section 3.
These provide a complementary picture to the recent work of Assaf Hasson and the first author
[3] where minimal types in super-rosy theories are investigated. For example, the two articles
combined throw some light on types in theories interpretable in o-minimal structures.

Another motivation came from our desire to understand and develop the concept of strong
dependence ([10]). It has recently become clear that this notion is strongly connected to weight.
In [11] the second author shows that every strongly dependent type has rudimentary finite
generically stable weight. Hence a stable theory is strongly dependent precisely when every
type has finite weight. The latter conclusion has also been observed by Adler in [1], as he
studied the notion of “burden”, which generalizes weight and makes sense in any theory. A
related concept (within the context of dependent theories) is investigated by the authors in [§].
A natural question that arises is: given a dependent theory with a good enough independence
relation, does strong dependence always imply finite “weight” 7 More precisely, we analyze the
following two questions in this article. Is thorn-weight finite in a strongly dependent rosy theory?
Is there a natural notion of forking weight in an arbitrary dependent theory, and what is the
connection to strong dependence? We give a positive answer to the first question in section 2,
and address the second one in section 4.

Several directions pursued in this paper require a delicate analysis of existence of mutually
indiscernible (sometimes Morley) sequences. Claims of this form are proved in section 2 (in
rosy context) and section 4 (for dependent theories). We find these results of interest on their
own and believe that they might have further applications. One interesting consequence of our
analysis which has several applications beyond the study of weight is that in a dependent theory
dividing (say, over an extension base) can be always witnessed by a Morley sequence.

The paper is organized as follows:
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We start by defining notions related to forking and b-forking, quoting some of the relevant
results and proving others that will be needed throughout the paper.

Most of the paper is devoted to understand p-orthogonality and the role of p-regular and min-
imal types in rosy, super-rosy, and finite UP-rank structures. We show many results analogous
to those in stable (and simple) theories, and conclude with a strong decomposition theorem for
types of finite rank in rosy theories. As we have already mentioned, this result suggests that
analysis of minimal types (as is done e.g. in [3]) leads to understanding of all types in a rosy
theory of finite rank (e.g., a theory interpretable in an o-minimal structure).

Section 2 gives proofs of certain basic results on thorn-weight, thorn-domination and regular-
ity. Many of these proofs follow the lines of classical ones, but we still go through them carefully,
and where the proofs diverge, we give alternative proofs for the p-forking context or explain how
to bridge the gaps. In this section we also connect thorn-weight to strong dependence and show
that every type in a strongly dependent rosy theory has finite thorn-weight.

We have recently learnt that Hans Adler has also written (in an unpublished note) a proof
of the fact that in a rosy theory, rudimentarily finite b-weight implies finite p-weight (Theorem
2.21). Both his and our proofs of this particular fact are mostly based on Wagner’s argument
[14] for simple theories, which is itself a generalization of Hyttinen’s results [4] in the stable
context.

In contrast, the analysis of finite-rank theories in Section 3 is not close to the existing proofs
for stable and simple theories. Several useful technical tools applicable in this and related
contexts are developed, the main one being Proposition 3.6. We believe that these tools should
have many applications.

Finally, in Section 4 we finish the paper by investigating sufficient conditions for existence
of mutually indiscernible sequences in dependent theories and draw certain conclusions about
the meaning of strong dependence, the behavior of forking and concepts related to weight. In
particular it is shown that dividing in a dependent theory can normally be witnessed by a Morley
sequence.

1.1. Notations and Assumptions. Given a theory T, we will work inside its monster model
denoted by €. By “monster” we mean that all cardinals we mention are “small” (i.e. smaller
than saturation of @), all sets are small subsets of €, all models are small elementary submodels
of €, and truth values of all formulae and all types are calculated in €. We denote tuples (finite
unless said otherwise) by lower case letters a, b, ¢ etc, sets by A, B, C etc, models by M, N etc.

By a =4 b we mean tp(a/A) = tp(b/A). Recall that this is equivalent to having o € Aut(€/A)
satisfying o(a) = b.

Given an order type O, a sequence I = (a; : i € O) and j € O, we often denote the set
{ai: i < j} by ac;. Similarly for a<j,a~; etc. We also often identify the sequence I with the
set UI; that is, when no confusion should arise we write tp(a/I) etc.

We will write a |, B for “tp(a/AB) does not fork over A” even if T' is not simple. Although
non-forking is generally not an independence relation, we still find this notation convenient.

For simplicity we assume T = T? for all theories T" mentioned in this paper.

1.2. p-forking. Since a big part of the paper deals with p-forking and its properties, we will
now define the basic concepts related to this notion. The following definitions and facts can be
found in [7].
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Definition 1.1. Let ¢(z,y) be a formula, b be a tuple and C be any set. Then we define the
following.

e o(x,b) strongly divides over D if b is not algebraic over D and the set

{2, )}y mtp(s/ D)
15 k-inconsistent for some k € N.
e ©(Z,b) b-divides over C' if there is some D D C such that o(x,b) strongly divides over
D.
e ¢(x,b) b-forks over C if there are finitely many formulas ¥1(x,b1),. .., ¥n(x,by) such
that p(x,b) F \V/, ¥i(z, b;) and i(z,b;) p-divides over C for 1 <i <mn.

We will define a theory to be rosy if it does not admit infinite p-forking chains.

Naturally, we say that a (partial) type b-divides/forks over a set A if it contains a formula
which p-divides/forks over A.

It is convenient to make definition of strong dividing for types slightly more tricky, since by
making sure that the strongly dividing type uses “all” the parameters we are able to use algebraic
closure much more efficiently. We begin with the following definition in the particular case of a
type over a finite set.

Definition 1.2. Let p(x,b) be a (partial) type over a finite tuple b. We say that p(x,b) strongly
divides over a set D if there is a formula p(x,b) € p(x,b) which strongly divides over D.

Remark 1.1. Notice that the definition of strong dividing (for formulas) implies the following.

(i) If o(x,a) strongly divides over A, then for every b &= ¢(z,a) we have tp(a/Ad) is
algebraic (whereas tp(a/A) is nonalgebraic).
(ii) ¢(z,a) strongly divides over A if and only if
e a & acl(A)
e For every infinite nonconstant indiscernible sequence (a; : i < w) in tp(a/A), we
have {¢(x,a;): i <w} is inconsistent.
(iii) Let a,b, A be such that a € acl(A). Then tp(b/Aa) strongly divides over A if and only
if for any b’ = tp(b/Aa) we have a € acl(Ab').
(iv) If ¢(z,a) strongly divides over A and B D A is such that a ¢ acl(B) then ¢(z,a)
strongly divides over B.

Proof. (i) Suppose ¢(x,a) strongly divides over A (so in particular a ¢ acl(A)), and let
b = ¢(x,a). By the definition, there are only finitely many ay,...,ax_1 (say, a1 = a)
in tp(a/A) such that (b, a;). In particular, there are only finitely many realizations of
tp(a/Ab), as required.

(ii) The “only if” direction is clear. For the “if” direction, suppose that ¢(z,a) does not
strongly divide over A, but a ¢ acl(A). Then for every k < w there is a subset
{a1,...,ar} of tp(a/A) such that Iz /\f:1 ©(z,a;). By compactness, for any cardinal
there is a sequence (a, : @ < p) of realizations of tp(a/A) such that Jz /\f:1 o(x, aq;)
for every ay < ... < ap < p. By Fact 1.13 there is such an infinite (nonconstant)
indiscernible sequence.
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(iii) The “only if” direction follows from (i).

On the other hand, assume that a ¢ acl(A4), tp(b/Aa) does not strongly divide
over A, but for any V' = tp(b/Aa) we have a € acl(Ab'). By (ii), for every formula
o(z,a) € tp(b/Aa) there is an indiscernible sequence (a; : ¢ < w) in tp(a/A) such
that {¢(x,a;): i < w} is consistent. Let p(z,a) = tp(b/Aa). By compactness, there
is an indiscernible sequence (a; : ¢ < w) in tp(a/A) such that q(z) = U, p(z,a;) is
consistent (and, moreover, ag = a). Let v/ |= g(z). Clearly a = ag ¢ acl(Ab), since
a; =y ag for all . This contradicts the assumptions.

(iv) follows easily from (ii).
([l

In view of (iii) above, we define in general

Definition 1.3. A type tp(b/B) strongly divides over A if B is nonalgebraic over A, but is
algebraic over Ab' for every b’ = tp(b/A).

It may be good to point out that the definition of p(z,a) strong dividing over A is not
equivalent to having a strong dividing formula. The main point is that strong dividing is quite
sensitive to the parameters we name, which is not very common in model theory (it is not closed
under elementary equivalence) but which is quite useful when working with b-forking.

Recall that a formula ¢(z,y) is called stable if it does not have the order property (see [13]).

Fact 1.2. If a stable formula o(x,y) witnesses that a type p(x,a) forks over A, then there is a
p-formula witnessing that p(x,a) p-forks over A.
In particular, in any stable theory the concepts of p-forking and forking coincide.

Proof. This is Lemma 5.1.1 in [7]. O

As with stable theories, for many of our results we will need the existence of a global rank
based on the independence notion, which in this case corresponds to p-forking.

Definition 1.4. Let M be a model. We will define the UP-rank to be the foundation rank of
the order given by the p-forking relation on types consistent with M. A theory T will be called
super-rosy whenever the UP-rank of any type in any model of T is ordinal valued.

Fact 1.3. Let T be a super-rosy theory and let a,b, A be subsets of a model M of T.
Then

U (tp (b/aA)) + UP (tp (a/A)) < UP (tp (ab/A)) < UP (tp (b/ad)) & UP (tp (a/A)).
Proof. Theorem 4.1.10 in [7]. O

We will need the following easy but important Observation. It will allow us to understand
how far we need to extend the types to get p-dividing from p-forking and strong dividing from
b-dividing; it will be key for the proof of the decomposition theorem for a type of finite p-rank
in Section 3. The proof is quite close to the proof of Lemmas 3.1, 3.2 and 3.4 in [2]. However,
we prove (and need) a slightly different result, so we include a proof.

Observation 1.4. Let M be a model of a rosy theory T, and let a,b, A be tuples (and
sets) in M. Then the following hold.
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(i) Let p(x,a) be a type over Aa which p-forks over A. Then there is a non-p-forking
extension p(z,a,a’) of p(x,a) such that p(x,a’) p-divides over A.
(ii) Let a,b be elements and A be a set such that tp(b/Aa) p-divides over A. Then there is
some e such that b Liae and such that tp(b/Aea) strongly divides over Ae.
In particular, if tp(b/Aa) is a type of ordinal valued UP-rank, then UP(tp(b/Aae)) <
UP(tp(b/Ae)).

Proof. (i) Let p(z,a) be as in statement (i) of the Observation and let b = p(z, a).
By definition, there are finitely many formulas ¢;(z, a;) such that

n
p(z,a) - \/ wi(z,a;)
i=1
and ¢(x,a;) b-divides over A. By extension of b-independence we know that there are
ay,...,al, =tp(ai...a,/Aa) such that b J/E&a ay...al,.
So tp(b/Aad ...al) F pm(z,al,) for some m; defining o’ := al,, and p(x,a,a’) := tp(b/Aad’),
we get by construction that p(z,a,a’) satisfies the statement of the Observation.

(ii) Let a,b and A be as in statement (ii) of the Observation. By definition of b-dividing there
is some €’ and some @(z,a) € tp(b/Aa) such that p(z,a) strongly divides over Ae’. Note that
in particular a ¢ acl(Ae’).

Let e |= tp(€e’/Aa) be such that b J/E‘a e. Since e |= tp(e’/Aa), strong dividing is preserved.
Moreover, a ¢ acl(Ae), hence by the definition (alternatively, by Remark 1.1(v)), tp(b/Aae)

strongly divides over Ae.
O

Finally, we will prove the following well known fact.

Fact 1.5. Let a J/iB. Then there is a p-Morley sequence I over B based on A starting with
a.

Proof. First, construct a non-p-forking sequence I’ = (a; : i < ) in tp(a/B) based on A starting
with A by the standard construction, that is, af = a, a; =p a, d} LgBa’Q. Moreover, make
u large enough so that using Erdés-Rado (more precisely, Fact 1.13, see also Remark 1.14) one
can find I which is an w-sequence, B-indiscernible and every n-type of I over B “appears” in
I'. Clearly I is a pb-Morley sequence over B based on A. Moreover, since every element of I’
satisfies tp(a/B), so does every element of I, so by applying an automorphism over B we may
assume that I starts with a. O

1.3. Dependent theories and generically stable types. Recall that a theory T is called
dependent if there does not exist a formula which exemplifies the independence property. We
are mostly going to use the following equivalent definition:

Fact 1.6. T is dependent if and only if there do not exist an indiscernible sequence I = (a; :
i < A), a formula ¢(x,y) and b such that both

{i: = plaib)}
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and
{i: = —p(ai, b)}

are unbounded in \.

In section 4, we will work with the classical Shelah’s notions of dividing, forking and splitting
from [13]. Definitions and a quick summary of properties can be found in section 2 of [11]. In

particular, we will use the following easy (but important) consequence of dependence (due to
Shelah, [9]).

Fact 1.7. (T dependent) Strong splitting implies dividing (and therefore forking).
We will now define and give the basic properties of generically stable types.

Definition 1.5. We call a type p € S(A) generically stable if every Morley sequence in it is an
indiscernible set.

The following key properties of generically stable types can be found in [11]:

Fact 1.8. (T dependent)

(i) p € S(A) is generically stable if and only if some Morley sequence in p is an indiscernible
set.

(ii) Let p be a generically stable type. If p € S(A), then it is definable over acl(A). If p is
definable over A (e.g. A = acl(A)), then p is stationary (in the sense that it has unique
non-forking extensions).

(iii) Let p be generically stable. Non-forking defines on the set of realizations of p a stable in-
dependence relation (that is, a relation satisfying all the azioms of a stable independence
relation,).

Note that generic stability is not necessarily closed under extensions.

1.4. Strong dependence and dp-minimality. The following definitions were motivated by
the notions of strong dependence of Shelah (see e.g. [10]) and appear in [11] and [8]|. In the
definitions below we denote tuples by Z,a (in order to stress the difference between singletons
and finite tuples of arbitrary length).

Definition 1.6.
(i) A randomness pattern of depth k for a (partial) type p over a set A is an array (bS: o <
Kyi < w) and formulae ¢, (Z,7a) for a < k such that
(a) The sequences I* = (b%: i < w) are mutually indiscernible over A, that is, I® is
indiscernible over AI7®.
(b) len(57) = len(7a)
(c) for every n € "w, the set
Iy = {gaa(a’:,l;?](a): a < kYU {=0a(Z,0Y): a < Kk,i <w,i#n(a)}
18 consistent with p.
(i1) A (partial) type p over a set A is called strongly dependent if there do not exist formulae

©0a(Z, o) for a < w and sequences (b¢: i < w) for a < w mutually indiscernible over A
such that for every n € “w, the set

r,= {gpa(i,gz‘(a): a < wU{=0a(Z,b8): a < w,i#n(a)}
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15 consistent with p.
In other words, p is called strongly dependent if there does not exist a randomness
pattern for p of depth Kk = w.
(iii) Dependence rank (dp-rk) of a (partial) type p over a set A is the supremum of all K
such that there exists a randomness pattern for p of depth k.
(iv) A (partial) type over a set A is called dp-minimal if dp-rank of p is 1.
In other words, p is dp-minimal if there does not exist a randomness pattern for p of
depth 2.
(v) A theory is called strongly dependent/dp-minimal if the partial type x = x is (here x is
a singleton).
(vi) Let T be dependent. A type p is called strongly stable if it is strongly dependent and
generically stable.

Remark 1.9. Note that Shelah basically shows in [10] Observation 1.7 that if there exists a
type p(Z) which is not strongly dependent, then there exists such a type p/(x) with x being
a singleton. Therefore if there exists an non-strongly dependent type, then T is not strongly
dependent and the definitions above make sense.

Note that if in the definition of a randomness pattern all formulae are the same, we get the
independence property:

Observation 1.10. A theory T is dependent if and only if it does not admit a randomness
pattern of some/any infinite depth with ©o(Z,y) = @(Z,y) for all o if and only if T does not
admit a randomness pattern of depth |T|T.

Proof. By compactness. O

A related notion, which will be convenient for us to consider, was investigated by Adler in
[1]. We are going to use a slightly different terminology (some of it comes from [8]).

Definition 1.7.

(i) A dividing pattern of depth r for a (partial) type p over a set A is an array (b$: a <
K, <w) and formulae ©o(T,Ya) for a < k such that
(a) The sequences I = (b¢: i < w) are mutually indiscernible over A, that is, I is
indiscernible over AI7®.
(b) len(5¢) = len(ge,)
(¢c) for every n € "w, the set

{@a(Z, by (a): a < K}

18 consistent with p.
(d) for every a < k there exists ko < w such that the set

{a(z,b]): i < w}
18 kq-inconsistent with p.
(ii) A (partial) type p over a set A is called strong if there does not exist a dividing pattern

for p of depth Kk = w.
(iii) A theory is called strong if every finitary type is strong.
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Remark 1.11. Note that by mutual indiscernibility in clause (c) of the definition of a dividing
pattern it is enough to demand that the set

{#a(,05): a < K}
is consistent with p.

The reader is encouraged to have a look in [1] for the discussion of strong theories. A theory
is strong and dependent if and only is it is strongly dependent (as suggested by the name), and
this is mostly the case we are interested in in this article; but there are also strong theories
which are simple unstable, and even SO Ps.

The following easy Lemma was proven by the authors in [8] in order to establish the connection
between randomness and dividing patterns. It is also implicit in some proofs in [1|. We include
the proof for completeness.

Lemma 1.12. (i) Let p(z) be a type over a set A, let I = (bi)ico be a sequence indis-
cernible over A, and let p(x,y) be a formula such that p(x) U o(x,b;) is consistent for
some (all) i and {p(x,b;)}ico is k-inconsistent for some k € N. Then

p(@) U (e, br) } U {=p(, bi) biz

1s consistent for all .

(i) Let p(x) be a type over a set A, n < w and let (b$: a < n,i <w), {pa(®,ya): @ < n}
be a dividing pattern for p over A of depth n. Then there exists a randomness pattern
for p over A of depth n; in fact, the randomness pattern is given by the same array and
collection of formulae.

(iii) Clause (ii) holds also when the depth n < w is replaced with any cardinal k.

Proof. (i) Without loss of generality let us assume that O = Q and [ = 0. Assume also
that k is minimal such that the set A = {p(x,b;): i € Q} is k-inconsistent. By the
assumptions k > 1.

By indiscernibility it is enough to show that the set

{gD(.T,bo)} U {_'(10($abi): i €L, 7& 0}

is consistent. Since A is (k — 1)-consistent, the set
{e(z,b9)} U {go(x,bi%l): 1<i<k}
is consistent, realized by some d. But A is k-inconsistent, so clearly
d = {p(@,bo)} Ulp(z, b1 ): 1 <i <k} U{=p(z,bi): i € 2,0 # 0}

and we are done.
(ii) A very similar proof (working with A ¢a (2, bf) instead of ¢(z, b)) is left to the reader.
(iii) By clause (ii) and compactness.
([l
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1.5. Morley-Erdés-Rado. We will make use of the following classical result (originally due to
Morley, although often is referred to as “Erdés-Rado argument”, since it is an easy consequence
of Erdos-Rado theorem and compactness):

Fact 1.13. Let A be a cardinal. Then there exists u > X\ such that for every set A of cardinality
A and a sequence of tuples {a; : i < p) there exists an w-type q(xo,x1,---) of an A-indiscernible
sequence such that for every n < w there exist i1 < i2 < ... < i, < p such that the restriction
of q to the first n variables equals tp(a;, .. .a;, [A).

We will sometimes denote pu as above by ().

Remark 1.14. Let A be a set, A C B, I an A-indiscernible sequence. Then there exists I’,
I' =4 I, I’ indiscernible over B.

Proof. First extend I to be long enough so that Fact 1.13 can be applied to it with A = |B|+|T|.
Then there exists I’ indiscernible over B such that every n-type of I’ over B “appears” in I. In
particular I’ has the same type over A as I (since I was A-indiscernible and A C B). ]

2. P-ORTHOGONALITY AND P-REGULARITY IN ROSY STRUCTURES.

The first part of this section is devoted to develop the analogue notions of domination, or-
thogonality, weight and regularity in the p-forking context and the properties such notions have
under different hypothesis. In the mean time we will show the relation with strong dependence.

Throughout the section we will assume that T is rosy.

Definition 2.1. We define the following.

o Two types p(x) and q(x) are weakly b-orthogonal if they are defined over a common
domain B and for every tuple a |= p’ and b = ¢’ we have a \L% b. This is denoted by

pLhq.

e Two types p and q are p-orthogonal if every non-p-forking extensions p’ and ¢’ of p and
q respectively to a common domain are weakly p-orthogonal. This is denoted by p 1P q.

o Let A be a set, a,b tuples. We say that a p-dominates b over A if for every ¢ we have
b j/ic implies a j/ﬁ c. In this case we write b <1£‘ a.

e We say that a,b are th-domination equivalent over A if they dominate each other over
A. Clearly, this is an equivalence relation. In this case we write a Dqﬁ b.

e Let p(x) and q(x) be types over A and B respectively. We will say that p(x) b-dominates

q(x) if there are a,b realizations of p and q respectively such that a \Li B,b L% A and

b QIAUB a. If A= B, we say that p p-dominates q over A.

e We say that types p and q are b-equidominant if there are non-forking extensions p',q
of p,q respectively to a common domain C and realizations a' = p', b’ = ¢ which are
domination equivalent over C. In this case we write p xP q.

Remark 2.1. Note that equidominance is not (in general) an equivalence relation on types. Note
also that if two types dominate each other, they are not necessarily equidominant (even if the
domination is over the same set of parameters A), not even in stable theories. The problem is
that whereas dominance on elements (over a set A) is transitive, dominance on types is generally
not. See section 5.2 of [14] for further discussion of this matter and examples.
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Now we define p-pre-weight and b-weight of a type p. We will denote them by pwtP(p) and
wtP(p). Note that Fact 1.2 implies that in stable theories b-weight coincides with the usual
notion of weight.

Definition 2.2.

e Let p(x) be any type over some set A. We will say that a, (b;)"_, witnesses pwt?(p(x)) >
n (b-pre-weight of p is at least n) if a = p(zx), (b;)}_, is A-p-independent and a j/i b;
for all i,j. If n is mazimal such that such a witness exists, we will say that a, (b))},
witnesses pwt? (p(z)) = n and that p has b-pre-weight n.

o We say that a type p has finite p-pre-weight if pwt?(p) < w. We say that a type p has
rudimentary finite p-pre-weight if one can not find an infinite witness {b;: i < w} as in
(i) above.

o Let p(z) be any type over some set A. We will say that a,B, (b))l witnesses
wt?(p(x)) > n (b-weight of p is at least n) if a = p(x), a\Li B, (b))}, is B-p-
imdependent and a j/p b; for alli,j. If n is mazimal such that such a witness exists, we
will say that a, B, (b;)i—1n witnesses wt?(p(x)) = n and that p has p-weight n.

o We say that a type p has finite p-weight if wtP(p) < w. We say that a type p has
rudimentary finite p-weight if every non-p-forking extension of p has rudimentary finite
pre-weight.

It follows from the definition that wtP(p) > n if and only if there exists a non-b-forking
extension of p with b-pre-weight at least n.

Notice also that one could define infinite p-pre-weight and weight as usual, but we will be
concerned only with finite b-weights in this paper.

2.1. Finite b-weight and strong dependence. Let us first make the obvious connections
between b-weight and the notion of cc-p-forking studied in [8].
We recall the definitions. Note that the variable x is a singleton.

Definition 2.3.

(i) We say that a tuple {(p;(z,a"))i<n and a set A witness mn-crisscrossed strong-
dividing (n-cc-strong-dividing) if = 3z \; pi(x,a"), pi(z,a") strong divides over A and
at Li<dj>j7éi for all i. '

(ii) We say that a tuple (pi(z,a"))icn and a set A witness n-crisscrossed b-dividing (m-
gc—‘b—dividmg) if = 3z )\, pi(x, @), pi(x,a’) p-divides over A and @' Li<6j>#i for all
i

(iii) We say that a tuple {p;(z,a"))i<n and a set A witness n-crisscrossed b-forking (n-cc-p-
forking) if &= 3z \; i(x, @), pi(z,a’) p-forks over A and @’ \Li(dﬂj# for all i.

(iv) We say that T' admits n-cc-p-forking (or p-dividing or strong dividing) if there exists a
tuple (pi(z,a"))i<n witnessing n-cc-p-forking (or p-dividing or strong forking) over A.

(v) Let p be a I-type over a set A. We say that a tuple (pi(r,a"))i<n witnesses n — cc b-
forking (or p-dividing or strong dividing) in p if (pi(x,@"))icn, A witness n-cc-p-forking
(or p-dividing or strong dividing) and the formula )\, pi(x,a") is consistent with p.
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(vi) We say that a type p € S1(A) admits n-cc-p-forking (or p-dividing or strong dividing)
if there exists a tuple (p;(z,a"))i<n witnessing n-cc-p-forking (or p-dividing or strong
dividing) in p.

Remark 2.2. The following follow straight from the definitions.
(i) T admits n-ce-p-forking if and only if there exists a set A and a type p € S(A) which
admits n-cc-p-forking.

(ii) Let T be rosy Then a type p € S1(A) does not admit n-ce-p-forking if and only if it
has pre-p-weight less than n.

(iii) So a rosy T does not admit n-cc-p-forking if and only if every 1-type has pre-b-weight
less than n if and only if every 1-type has b-weight less than n.

The following is shown in [8]. For completeness we include the proof in the appendix, see
Al.
Fact 2.3. The following are equivalent for any p € S1(A).
(i) p admits n-cc-p-forking.
(ii) p admits n-cc-p-dividing.
(iii) There is an extension p(x, B) of p(z) such that p(x, B) admits n-cc-strong dividing.
The main goal of this subsection is to characterize, in rosy theories, strong dependence in
terms of the p-pre-weight. In order to do this, we will need to prove existence of mutually
b-Morley sequences. The procedures will also bring some light as to what is needed in order

to characterize strong dependence within dependent theories (or Adler’s “strongness” within
arbitrary theories) in terms of weight with respect to some independence notion.

Observation 2.4. Let {I': i < n} be sequences such that Iz is a p-Morley sequence over AT
based on A. Then I' is a non-p-forking sequence over AI7* based on A.

Proof. We need to prove that (_zi Lb Eziqﬁéi where we define I* = (_i D7 < ).

By the assumptions, az JJ A <]I <i for all 7,j. Hence by tran81t1v1ty and finite character of
p-forking, we have I~ Lb I=% for all i, in particular 1>* J/b a I<Z for all 4, 7. By transitivity
again, combining a@; J/b a<jI<’ and I~! Lb a’; I<", we have a’; Lb I

Therefore, since aZ 1Pa b A%, we get a 1Pa S <]I 71 as required. O

Lemma 2.5. Let {a': i < n} be a set of tuples and let {I': i < n} be sequences such that

e For each i <n the sequence It is AI<'a>*-indiscernible.
o [' starts with a'.

Then there exist sequences {J': i < n} such that
e For each i <n the sequence J"'is AJ#i—indispernible.
o ['=,, J" Soin particular, J* starts with a'.

Moreover, if I' are p-Morley sequences over AI<'a™" based on A, then we can make J* Morley
over AI7* based on A.

Proof. Exactly the same construction is used to prove both parts of the Lemma. To avoid being
repetitive, we will prove the “moreover” part. The proof of the first part is the same, except
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that without the extra assumptions we cannot get the stronger conclusion. So assume the I*’s
is a p-Morley sequence over AI<'a>* based on A.

We need to make sure that I* can be made indiscernible over AI7* and not only over AI<*¢>".
So assume that len(I*) = u; = u(>_ p<i + |A| + |T|) as in Fact 1.13. We will make our way
“backwards”, that is, by downward induction on ¢, starting with ¢ = n.

Assume that for £ > i we have I* are p-Morley w-sequences over AI7¢ based on A, whereas
for ¢ < i we still have I of length p, which are b-Morley sequences over AI<¢a>* based on A,
non-p-forking over AI#* (we have the last assumption by Observation 2.4).

By Fact 1.13 we can find J* which is an indiscernible w-sequence over AI#* such that every
n-type of J* over AI7" “appears” in I*. So in particular J¢ has the same type over AI<'a>" as
I*. Moreover, since p-forking has finite character, J* is non-p-forking over AT

Notice that given a finite tuple b in J* the question of whether for some @ = a; < ... < o < w

and 3= 01 < ... < (B < w we have a4 =prA4Li d% amounts to the same question over some b’ in

I*. Since these were indiscernible, we get that for any ¢ > i the sequence I ¢ is still indiscernible
over AI#%1Ji. Using a similar argument one can also make sure that for £ # i we still have that
I is a non-p-forking sequence over AI#4%J%,

So the J* satisfies all the requirements, except for the fact that we need the first element of
it to be a’. Note, though, that the first element of J? has the same type over I<'a>* as a’. So
applying an automorphism over 1<!@>*, we obtain a new J’ that starts with @’ and new I¢ for
£ > i which satisfy all the required properties, completing the proof of the inductive step.

O

Lemma 2.6. Let {di: i < n} be a set of tuples which is p-independent over a set A. Then there
exist sequences {I': i < n} such that
e For each i < n the sequence I' is a p-Morley sequence over AI7* based on A. So I' is
AI# - indiscernible and I° \Li 17
o I’ starts with a'.
Proof. We construct sequences I° such that I is a b-Morley sequence over AI<!a> based on

A. By Lemma 2.5, this is enough in order to obtain the desired conclusion. The construction is
by induction on i < n.

The case ¢ = 0 follows from Fact 1.5.
So let i > 0, and assume that I<* already exist. Note that I° \Li(ﬁo, It LZIOC_L>1 hence
o7t J/ia>1. Continuing like this we see that I<? Lgdz". By symmetry and transitivity

a J/Z I<'@>%, and we can apply Fact 1.5 again.
[l

We are now able to prove that strong dependence implies boundedness (by w) of cc-strong
dividing patterns and of p-weight.

Proposition 2.7. If a type p admits a n-cc-strong-dividing witness then dp — rk(p) > n.

Proof. Let (¢;(x,a@"))i<;, and a set A witness n-cc-strong dividing, that is, A;;(z,a’) is con-
sistent with p, ;(x, a’) strongly divides over A and @ Li(dj>#i for all i.
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By the definition of strong dividing dé ¢ acl(A). Since {a’: i < n} is p-independent, we can
build as in Lemma 2.6 sequences I* = (@} : j < w) such that:
e I’ is a b-Morley sequence over AI7* based on A.
e G\ =a'.
For Qach i < nand k < w denote YF(z) = YF(z,a’,) = Nj<k wi(az,dé). Note that since
Yi(w, @) strongly divides over A, for some k < w the formula ¥¥(x) is inconsistent.
So we clearly have a b-dividing pattern (see Definition 1.7) for p of depth n; applying Lemma

1.12(ii), we are done.
U

Theorem 2.8. If T is strongly dependent (and rosy) then every (finitary) type has rudimentarily
finite p-weight. If T is dp-minimal then every 1-type has p-weight 1.
Moreover, the conclusion is true if we just assume that T is strong and rosy.

Proof. This now follows easily from Remark 2.2, Fact 2.3 and Proposition 2.7.
For the “moreover” part note that Lemma 2.6 only assumes rosiness, and in Proposition 2.7
we show, in fact, existence of a dividing pattern. O

The rest of the section will be devoted to show the equivalence between “rudimentarily finite”
b-weight and “finite p-weight”.

2.2. Basic properties. Here we list the basic properties of p-weight. Some of the results and
the proofs in this subsection are very similar, and sometimes completely analogous to the results
in simple theories (see section 5.2 of [14]).
Lemma 2.9. The following hold.

(i) Ifa | % b then wt(a/A) = wtb(a/AD).

(ii) wtP(ab/A) < wtP(a/A) + wtP(b/A). Equality holds whenever a J/i b.

Proof. The proofs are the same as proofs of Lemmas 5.2.3 and 5.2.4 in [14], replacing instances
of forking for p-forking. 0

The following is very easy:

Observation 2.10. Suppose that a is p-dominated by b over a set A, and A" D A is such that
a \J/i ALb J/i A’. Then a is p-dominated by b over A’.

Observation 2.11. Suppose a <l{f1 b. Then wt?(a/A) < wtP(b/A).

Proof. Assume that wtP(a/A) > n. Then there are A’,{c; : i < n} witnessing this; that is,
a J/ZA’, {¢; : i < n} is an A’-p-independent set, and a J’/Zci for all 4. Let b’ =4, b be such
that o \Lga A’ So ab/ LE‘ A’ hence by the previous Observation a is dominated by b’ over A’.
So b | P ¢ for all i. In particular, wtP(b/A) > wtP(b'/A") > n, as required. O
Observation 2.12.

o Ifp,q € S(A) are not p-weakly orthogonal and pwt?(q) = 1, then p dominates q over A.
e The relation p L 4 q is an equivalence relation on types over A of p-pre-weight 1.
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Proof. Easy (see 5.2.11 and 5.2.12 in [14]). O
The following two lemmas are easy but very useful.

Lemma 2.13. Assume b QQ a. Then there erists B containing A such that a | , B (hence
b L, B) such that ab Q% a.
Proof. We try to choose by induction on a < |T|* an increasing and continuous sequence of
sets A, such that Ag = A and for all o we have:
e ab X/ia Apt1
°a J/Za Aq+1 (hence b \Lga Aat1)
By local character of b-independence, there is o < |T'|" such that it is impossible to choose

Aqt1. Denote B = A,. It is easy to see that the all the requirements are satisfied. O
Lemma 2.14. Assume that ab <1{'i1 a, a j/i c, b J/ﬁ c and wt?(tp(c/A)) = 1. Then bc <1];1 a.

Proof. Assume a | P, d. Since ab <12 a, we have ab J/Z d, hence a J/ib d. Let A" = Ab. Then
c \Li A’ and ¢ /P a (otherwise, by transitivity ¢ J/g ab). Since wtP(¢c/A) =1, clearly ¢ | P d
(otherwise, remembering that a \Lb, d, we would get that a,d witness pwtP(c/A’) > 2). Hence
be Lz d, as required. O

Observation 2.15. Let p € S(B) and a, B, b1, . .., b, witness pwtl(p) =n Then a <11jB bi...by.

Proof. Assume ¢ j/% a and ¢ Ll; by ...b,. Then the set {c,b1,...,b,} is B-p-independent, and
it witnesses pwtP(a/B) > n + 1, a contradiction. O

2.3. From rudimentarily finite to finite. We will now prove that if a type has rudimentarily
finite pb-weight, it has finite p-weight. As with stable theories, in order to show this we found
it necessary to prove the very interesting fact that a type of (rudimentarily) finite p-weight is
b-equidominant with a finite free product of p-weight 1 types.

A good start would be showing that every type of rudimentarily finite weight is “related”
(in terms of non-p-orthogonality) to b-weight-1 types. The following two lemmas generalize
Hyttinen’s results from [4] on types in a stable theory, and we adapt his technique to the rosy
context.

Lemma 2.16. Let p € S(A), and assume that
(i) a, A’ {b1,...,b,} witness wtb(p) > n. That is, a J/i A’ {by,...,by} are p-independent

over A" and a /.2, b; for all i.
(ii) There is no C extending A’ such that the following three conditions hold:
(a) a L4, C
b
(b) biba...by—1 L7, Cby
(c) by L2, C.
Then
b b b
(1) Whenever a | ©, ¢ and a J/A/bn ¢, we have by, \LA, c.
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(2) If, furthermore, wtP(tp(b,/A’)) > 1, then there are B and bl,,bl, ., such that
a,B,{b1,...,bn_1,0},,0) 1} witness wt?(p) > n + 1.

Proof.
(1) Assume b, j/i,c but a | P ¢ and aj/i,bn c.
cj/g,bna bi...b,_1, hence C\Li'bn by...bp_1. Let C = A’c. Tt is easy to see that
(a),(b),(c) above hold for C (e.g. (b) holds by symmetry and transitivity), contradict-

ing assumption (ii) of the Lemma.
(2) Assume wtP(tp(b,/A’)) > 1. This means that there are B D A’ and ¢, d such that
- J/b B
n A’

-c J/% d

~ by Jcand b, 1 d
Without loss of generality ab; ...b,_1 J—/El’b Becd. 1t is easy to see that the assumptions
of the Lemma still hold after replacing A’ with B. So part (1) holds as well. In
particular, since b, j/% c and by, J’/% d, whereas a i%bn cand a \L%bn d, soa J’/% ¢ and

a j/% d. Choosing b, = ¢, b, ., = d, we are done.

Without loss of generality

O

Lemma 2.17. Let p € S(A) be a type of rudimentarily finite p-weight. Then p is non-p-
orthogonal to a type of p-weight 1.
Moreover, suppose that a |=p, B = {b;: i < m},d are such that a, A, {b;: i < m}U{d} witness
wt?(p) > m + 1. Then there exist D DO A and d' such that
o wtb(d'/A) =1
e a,D,{bi:i<m}U{d} witness wtb(p) > m + 1.

Proof. By considering a non-p-forking extension it is clear that the Lemma follows from the
“moreover” part.

We will prove that if the conclusion fails we can witness that p has rudimentary infinite
b-weight, thus contradicting the hypothesis of the Lemma.

Assume towards a contradiction that the conclusion fails and construct by induction on n > m
sets A, , B, and tuples d,, such that
B, ={bi:i<n},so|By|=n
An=A, B,=B,d,=d
The sequences (A4, : n < w) and (B, : n < w) are increasing
a, Ap, By, = {b;: i <n} U {d,} witness wtP(p) > n + 1.

The case n = m is given, so suppose we have A,, B, and d, as above.

By local character of p-independence, we can replace A by A’ satisfying the assumptions of
Lemma 2.16 with b, there replaced by our d: if given some A’ there exists a C as in (ii) of
Lemma 2.16 above, it satisfies all the requirements of A" in (i), so we can replace A" with C' and
continue; local character of p-forking and the fact that d j/b, C guaranties that the process will
eventually stop. So by Lemma 2.16 (and the assumption towards contradiction), we can “split” d
into two elements b,, and d,, 11, that is, find 4,11, by, dp11 such that a, A, 1, {b;: i < n}U{dp41}
witness wtP(p) > n + 1, as required.
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Let A, = Upco Any Bo = U<, Bn. Clearly, B, is an infinite witness for wtP(p) > Ry,
contradicting p having rudimentarily finite weight.

Since this construction contradicts our hypothesis, we know that for some n we have
wtP(d, /A,) = 1. But then D = A,,d = d, satisfy the conditions required in the conclu-
sion of the Lemma. O

We are finally ready to prove that a type of rudimentarily finite p-weight has finite p-weight.
The proof will be based on Observation 2.18, but first we make the following (temporary)
definition.

Definition 2.4. Let p = tp(a/A) be any type.

We will say that a witness a, A, {b; : i < m} is a nice witness of wtP(p) > m ifabg...bnm_1<4a
and wt?(b;/A) = 1 for all i.

We will say that a witness a, A, {b; : i < m} of wt?(p) > m to wt?(p) > m is contained in a
witness a, A, {b; : i < n} of wtP(p) > n if AC A" and m < n. We say that the first witness if
properly contained in the second one if m < n.

We will say that a (nice) witness is maximal if it is not properly contained in any other (nice)
witness.

Observation 2.18. Let p = tp(a/A) be a type of rudimentarily finite weight.

Then every witness a, A, {b; : i < m} of wt?(p) > m is contained in a maximal witness
a, A", {b; : i <n}.

Even more, every nice witness a, A, {b; : i < m} of wt?(p) > m is contained in a witness
a, A", {b; : i <n} to wtP(p) > n which is mazimal among all nice witnesses.

Proof. The proof is precisely the same as the proof of Lemma 2.17 above:
If there is no maximal witness, then we can construct by induction on n < w increasing
witnesses A, B, = {B; : i < n}; taking the unions of these sets, get a contradiction. O

Notice that, a priori, this does not mean, that every such maximal witness has the same
size, or that there are no different such witnesses of finite unbounded cardinalities so that the
b-weight of p could still be infinite.

The proof of the following lemma shows that the size of any nice maximal witness (in particular
with wtP(b;) = 1) is the same finite number n, which must a posteriori be equal to wtP(p); that
every type of rudimentary finite weight has finite weight follows as an easy corollary.

Lemma 2.19. Let p be a type of rudimentarily finite p-weight. Then any mazimal nice witness
a, A", {b; : i <m} of wtP(p) > m satisfies a Nﬁ, bo...bp—1.

Proof. Let a, A’ and by...b,_1 be as in the statement of the lemma. It is clearly enough to
make sure that a <lg, bo...bn_1.

So suppose a J.2, ¢ but by... by \Li, c. Then by definition a, A’, BU {c} witness wtP(p) >
n + 1. By Lemma 2.17 there are D,c such that a,D, B U {¢'} witness wtP(p) > n + 1
and wtP(¢/D) = 1. By Lemma 2.14, by...b, 1 <lg, a. By Lemma 2.13 we may assume
abgy . ..by_1c <lg, a. So a, A’ by...b,_1c is a nice witness of wtP(p) > n + 1, contradicting the
maximality of a, A’,by...b,_1. O
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The following easy observation shows that nice witnesses exist.

Observation 2.20. Let p = tp(a/A) a nonalgebraic type of rudimentarily finite weight. Then
there exists a nice witness of wtf(p) > 1.

Proof. By Lemma 2.17 we can find b, wtP(b/A’) = 1 where A’ is the domain over which a J P b.
Since wtP(b/A’) =1 and a X/b, b, Observation 2.12 implies that b <1E1 a. Finally, we can assume
ab <1€1, a by Lemma 2.13, which finishes the proof. O

We have finally reached our goal.

Theorem 2.21. Let p € S(A) be a nonalgebraic type of rudimentarily finite p-weight. Then
wt?(p) < Rg and p is p-equidominant with a finite free product of p-weight-1 types.
More precisely, there exist a, A, {b; : i < n} such that
o a, A’ {b; :i < n} witness that wt?(p) > n
o wt?(b;/A") =1 for all i
° ami, bo...bn_l.

Proof. Let a, A’, B ={b; : i < n} be such that
(i) a, A’,{b; : i < n} witness that wtP(p) > n
(ii) Wtb(b JA") =1 for all ¢
(i) aB QA, a
(iv) {b; : i < n} is maximal satisfying (i),(ii) and (iii). In other words, if there are A” D A’,
B" D B satisfying (i), (ii) and (iii), then B"” = B.

In other words, a, A’, B is a maximal nice witness for wtP(p) > n. It is easy to see that such
A’, B exist: Observation 2.20 gives us a nonempty By satisfying (i),(ii) and (iii). Since p has
rudimentary finite weight, by Observation 2.18 we know that By is contained in a maximal B,
as required in (i) — (iv) above.

By Lemma 2.19, a Dqg, by...bp—1. By Lemma 2.9 and Observation 2.11 it follows that p has
finite weight n. 0

Reading carefully the proof of the Theorem, we obtain the following more precise statement.

Corollary 2.22. Let p be a type of rudimentarily finite p-weight. Then wtP(p) = n for some
n < w, and any mazimal nice witness a, A',{b; : i < m} of wtP(p) > m satisfies m = n and
a l><1€‘, b() R bnfl.

Corollary 2.23. In a strongly dependent (and even strong) rosy theory, every type has finite
p-weight.

Proof. By Theorem 2.8 and Theorem 2.21. O

2.4. p-regular types. We will finish this section by understanding some implications of the
above results to p-regular types. The definition is the analogue of the definition of regular types
in the stable and simple context.

Definition 2.5. A type r(x) over A is b-regular if for any B D A then given any p-forking
extension q(x) of r(x) and a non-p-forking extension p(x) of r(x) if r,q are over B then q(x) is
weakly p-orthogonal to r(z).
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The following desired property of pb-regular types follows as an easy corollary of the definition
of p-regularity and the results we have so far in this section.

Corollary 2.24. A p-regular type of finite p-weight has p-weight 1.

Proof. Suppose not, and let p € S(A) be a b-regular type of b-weight at least 2. Without loss of
generality (since a non-p-forking extension of a pb-regular type is b-regular), there exists a witness
a, {b1, by} for pwtP(p) > 2. Moreover, by Lemma 2.17 we may assume that wtP(tp(b;/A)) =
wtP(tp(ba/A)) = 1.
Let a’ be such that tp(a’/Aby) = tp(a/Aby), \Libl by. Then clearly o J/Z by (as by, by are
independent over A).
Now notice:
e a \LEHD a’: The type p is b-regular, so tp(a/Abz) and tp(a’/Aby) are weakly b-
orthogonal.
® b J/Eum a: We know by J/Zbg and by J’/Za.

o b J//ng a’: This follows from a’ =44, a (so d’ j/i b1), and by J/i ba.

So we have a witness for wtP(tp(by/Abs) > 2, but this type is a non-p-forking extension of
tp(b1/A), a contradiction. O

We will conclude by pointing out the following unsurprising but important property of a
regular type:

Observation 2.25. Let p € S(A) be a p-regular type. Define (as usual) for a tuple ¢ of
realizations of p

b
(@) = {apia f 3
A

Then (p%,cly) is a pregeometry.

Proof. The proof is quite easy and it is the same as the standard proof of the analogue result
for (forking) regular types. O

Remark 2.26. We should mention that the converse of Observation 2.25 is true assuming stability
of p(z) (see [6] for a definition). In the general —rosy— context, however, we have been unable
to either prove it or show a counterexample.

3. SUPER-ROSY THEORIES AND TYPES OF FINITE UP-RANK

3.1. Exchange and decomposition in types of finite weight. The goal of this section is
proving that under reasonable assumptions, any type can be “decomposed” into a finite product
of “geometric” types. Recall that in Theorem 2.21 we in particular proved the following.

Theorem 3.1. Let p € S(A) be such that wt?(p) = n. Then there exists a set B, A C B, and
bi,..., by p-independent over B such that p x tp(by ...b,/B) and wt?(b;/B) = 1.

We will improve this statement by replacing p-weight-1 types in the conclusion by regular (in
the super-rosy context) and p-minimal (in the finite rank context) types.
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Lemma 3.2 (Exchange Lemma). Let a,b, ..., b, be a p-weight 1 witness of wt?(tp(a/A)) = n.
Let q be a type with dom(q) D A such that q is not p-orthogonal to tp(b,/A) and wtP(q) = 1.
Then there is some b = q and some B such that a,B,(bi,...,by_1,b) witness tp(a/A) has
b-weight n.

Moreover, if a Ni b1...by, then we can find B such that both a l><1]])3 bi...bp—1b, and a l><1]])3
by...bp_1b.

Proof. Let b’ = q, B’ be such that b, LZB’, b \LZB’ and v/ \,J//%, b, (such b’ and B’ exist as
tp(b,/A) and q are not b-orthogonal).

Without loss of generality Bb Libn aby ... b,_1. In particular, ab;...b, \LZB and
b1...bn_1 \L% bpb, and so the set {b,b1,...,b,_1} is independent over B.

Now if a L% b, then a,b witness wtP(tp(b,/B)) > 2 which contradicts our assumptions (via
Lemma 2.9). So a j/%b and by the definition a, B, (b1,...,b,_1,b) witnesses tp(a/A) has b-
weight n.

For the “moreover” part, assume that a 'X]El b1 ...b,. Recall that by Observations 2.13 and
2.10 we may assume aby . ..b, <Ig a (that is, first replace A with some A’ such that a LE‘A’,
bi...by \LE‘A’, and aby...b, QZ/ a, and then find B), hence (by 2.10 again) ab; ...by, <11fB a.
By Lemma 2.14, by ...b,_1b <11fB a. Finally by Observation 2.15 we have by ...b,_1b, Dd% a and
bi...by—1b Dd% a, as required. O
3.2. p-regularity and decomposition in the super-rosy case. As in the super-stable case,
we first prove the existence of “many” b-regular types in a super-rosy theory, which makes the
theory of p-regular types relevant. We will also point out that all super-rosy types in a rosy

theory have finite b-weight (hence the results of the previous section apply in the super-rosy
context).

Proposition 3.3. Let T be super-rosy. Then every type p with domain A is non-p-orthogonal
to a p-regular type q with domain B D A.

Proof. The proof is a variation of the proof of Proposition 5.1.11 in [14].

Let P be the set of types r such that dom(r) = B D A and r is not weakly b-orthogonal to
p and let ¢ be a type in P of minimal UP-rank. Let o, b be realizations of p, ¢ respectively such
that o J/gB and o j}]’gb.

Suppose ¢ is not p-regular so there is some ¢/, ¥, C’ such that ¢,V = ¢, V/ J/l; c’, d X/% C’
and b’ X/g/ .

Since tp(b'/B) = tp(b/B) = q there is an automorphism fixing B and sending ¢/,¥’,C’ to
elements ¢,b,C and let a |= p realize a non-p-forking extension of tp(a’/bB) to bBC. So
a J/bbB C and, since b J/% C, we have by transitivity that ab \L% C which implies that a J/% C;
it follows that a | P C' (recall that o’ | ” B and tp(a/B) = tp(d'/B)).

Notice also that a X/I(); b (as a j/% b and a L% Q).

So we have a LZC, a jf(’}b, b J/%C’, c X/% C and b j/gc In particular
UP(tp(c/C)) < UP(tp(c/B)) = UP(tp(b/B))
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and
UP(tp(b/Ce)) < UP(tp(b/C)) = UP(tp(b/B));
by minimality of UP(tp(b/B)) (among all types in P) we have that tp(c/C) and tp(b/Cc) are not

in P; so in particular a Lg cand a J/léc b. By transitivity a J/g bc and a J/lé b a contradiction.
O

Proposition 3.4. Let p(x) be a type such that
k
D) = 3w,
i=1

Then p has p-weight at most Zle n;.

Proof. This is word by word the same proof as Theorem 5.2.5 in [14] using the pb-forking version
of Lascar’s inequalities (Fact 1.3). O

As an easy corollary we obtain the following theorem which strengthens Theorem 3.1 in the
super-rosy context.

Theorem 3.5. The following hold.

o Any super-rosy type has finite p-weight.

o Let T be super-rosy, p € S(A). Then wt?(p) = n for some n < w and there exists a
set B, A C B, and by,...,b, p-independent over B such that p x tp(by ...b,/B) and
tp(bi/B) are p-regular.

Proof. The first item follows immediately from Proposition 3.4.

To prove the second item, notice first that wtP(p) is finite by Proposition 3.4. Now apply
Theorem 3.1 combined with existence of b-regular types (Proposition 3.3) and the Exchange
Lemma (Lemma 3.2), recalling that by Corollary 2.24 b-regular types have b-weight 1. U

3.3. Types of finite UP-rank. The following proposition is a remarkably interesting result
with many consequences in theories of finite UP-rank.

Proposition 3.6. The following hold.

o Let p(x) = tp(b/A) be any type such that UP(p) = a + 1. Then there are tuples a,e
such that UP(tp(b/Aa)) = a, b Li e, b Lia e, tp(b/Aa) strongly divides over Ae and
UP(tp(a/Ae)) = 1.

o If p(x) = tp(b/A) is any type of p-rank o + 1 then there is a non-p-forking extension
tp(b/Ae) of p and a tuple a € acl(Abe) such that tp(a/Ae) is minimal.

Proof. The second item follows immediately from the first one. To prove the first item, notice
that we can choose a so that p(x,a) is a b-dividing extension of p(z) and UP(tp(b/Aa)) = o
By Observation 1.4(ii) there is some e such that b Lia e and tp(b/Aae) strongly divides over
Ae so a € acl(Abe). Note that

o= Ub(tp(b/Aa)) = Ub(tp(b/Aae)) < Ub(tp(b/Ae)) < Ub(tp(b/A)) =a+1
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hence UP(tp(b/Ae)) = UP(tp(b/A)) = o + 1; in particular, b J/g e. By Lascar’s inequalities we
know that

UP(tp(ba/Ae)) = UP(tp(b/Ae)) + UP(tp(a/Abe)) =a+1+0=a+1

and
UP(b/Aae) + UP(tp(a/Ae)) < UP(tp(ba/Ae)) < UP(b/Aae) ® UP(tp(a/Ae)).
So
o+ UP(tp(a/de)) < a+1 < a@ UP(tp(a/Ae)).
and the result follows. 0

Notice that Proposition 3.6 provides the inductive step, in theories of finite UP-rank, for any
property which is closed under non-p-forking restrictions and coordinatized types (in the sense
that if a type p is coordinatized by types having the property, then p must have the property).
This has nice consequences (it was strongly used, for example, in [3]). Some of the more direct
consequences include the following.

Corollary 3.7. Let p(z) be any type of finite UP-rank. Then p(z) is non-p-orthogonal to a
b-minimal type.

Proof. By Proposition 3.6 given p(z) = tp(b/A) of finite UP-rank, there is a non-p-forking
extension tp(b/Ae) and an element a € acl(Abe) such that tp(a/Ae) is p-minimal. Clearly
tp(b/Ae) and tp(a/Ae) are non-p-weakly orthogonal. O

Corollary 3.8. Let p € S(A) be a type of finite UP rank. Then wtP(p) = n for some finite n
and there is a set B, A C B, and by,...,b, independent over B such that p x tp(by...b,/B)
and UP(tp(b;/B)) = 1.

Proof. The fact that a type of finite UP-rank has finite p-weight follows from Proposition 3.4.
The rest of the assertions follow from Theorem 3.1 using the Exchange Lemma and Corollary
3.7. O

We will conclude this section by making some remarks about Proposition 3.6.

At first glance, it would appear that one could coordinatize a non-p-forking extension of any
type of finite UP-rank by repeatedly applying the Proposition. However, this would prove a
coordinatization theorem in the stable case, which is known not to be true, as the following
example shows.

Example 3.9. Let L := {L,E} be such that L is a ternary relation and E a binary relation
and let T be the theory that states that E is an equivalence relation with infinitely many infinite
classes and such that L defines an affine space on each E-class (so L(z,y,z) = E(x,y) A
E(xz,2) N E(y,z)). A natural model M of this theory is a sheaf of affine planes indezxed by a
line, where E(x,y) if and only if x and y are in the same plane and L(x,y, z) happens whenever
x,y, 2 are collinear points in the same E-class.

Let g be @-generic E-class in M and a and g-generic point in g. The conclusion of Proposition
3.6 applied to the type tp(a/g) can be seen in the following way: Let b be any point in g such
that a J/ﬁb and let [ be the line through a and b (so that | := {x | L(x,a,b)}). Then tp(a/gb) is

a non-forking extension of tp(a/g), L € acl(ab) and tp(l/ge) is a p-minimal type.
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Going back to coordinatization, if we try to coordinatize tp(a/D) the first step is tp(a/g) and
tp(g/2). The next step, however, would be to coordinatize the non-p-forking extension tp(a/gb)
of tp(a/g). Butb \,J//éa (and the reader can check that this is true for every possible b we can
choose) so this does not help at all in trying to coordinatize tp(a/D), nor any non-p-forking
extension of it. In fact, it is not hard to check that tp(a/@) cannot be coordinatized in terms of
b-minimal types.

The example above shows a stable (even super-stable) example where no coordinatization
is possible, and it shows the limitations of Proposition 3.6 to get a full coordinatization for
super-rosy theories. The main issue there is that we have no control over the parameter e we
need to get from b-dividing to strong dividing. In the affine space, for example, this e cannot
be overlooked nor can we have any control as to where it comes from.

This has two main consequences. On the one hand, once we try to use Proposition 3.6
inductively and coordinatize ¢tp(b/Aae) then the f we need can be taken to be such that b \Lza f

but there is no hope that we can find it such that b \Li f. The second consequence is that we
can only coordinatize a non-p-forking extension of types of rank o + ¢ in types of rank « and
rank ¢ when ¢ = 1, but we cannot do the same for ¢ > 1 without further assumptions.

It seems that this lack of control over the choice of e could be somewhat solved if we had extra
assumptions (definable choice seems to be the right notion), but even this assumption seems to
not be enough to get any coordinatization-like result beyond possibly the finite UP_rank case.
However, coordinatization is such a useful tool, and the connections with definable choice are
so unclear, that even results assuming finite UP-rank would be quite interesting.

4. INDISCERNIBLES IN DEPENDENT THEORIES, STRONG DEPENDENCE AND WEIGHT.

Theorem 2.8 states that if a rosy theory is strongly dependent then every type has rudimentary
finite (and hence finite) b-weight. It is natural to ask whether an analogous notion of weight
exists in a general setting (for example, an arbitrary dependent theory). It has been established
that non-forking plays an important role in the study of dependent theories. One might wonder,
therefore, whether there a notion of weight based on non-forking which behaves well in dependent
theories. One desired property of such a notion would be: T is strongly dependent if and only
if every type has rudimentarily finite (and possibly finite) weight.

A possible notion of weight satisfying the property mentioned above was studied by the
authors in [8]. One drawback of that notion is that it “measures” weight of a type with respect
to Morley sequences (and not elements). Although by [12] we know that a Morley sequence is
precisely what is needed in a dependent theory in order to determine a global invariant type (so
the definitions in |8] are quite natural), we were (and still are) curious whether the definition of
weight using Morley sequences is equivalent to the classical notion.

The answers to these questions are still unclear and they have motivated further research,
such as [12], |5]. We have discovered that in order to make sense of a notion of weight based on
non-forking, one needs to understand under which conditions there exist mutually indiscernible
sequences starting with given elements (and to what extent one can “determine” the types of
those sequences). Let us explain more precisely what we mean.

Suppose one defined “weight” as usual (like in stable theories; that is, take the definitions in
section 2 and replace p-forking by forking). Recall that one ingredient of the proof of Theorem
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2.8 was showing that given a b-independent set of elements (tuples), there exist mutually indis-
cernible sequences starting with those elements. A natural question whether an analogous result
holds for non-forking is answered positively by Theorem 4.5 below. This is, unfortunately, not
enough in order to prove a result similar to Theorem 2.8: since we do not have any control over
the types of those Morley sequences, it is not clear why they should exemplify dividing (recall
that in the case of b-forking life was easier, as we could work with strong dividing, which is
exemplified by any infinite indiscernibly sequence in the type). Of course, if T were stable (or
even simple), there would be no problem, since any Morley sequence would exemplify dividing.
The discussion above leads to the following two questions:

Question 4.1. To which extent can we “control the types” of the mutually indiscernible sequences
constructed in Theorem 4.57 More precisely: what must we assume about the set {b; : i < a}
such that for every indiscernible sequences I; starting with b; respectively, there are indiscernible
sequences I| =, I; such that I} is indiscernible over I ;’éi?

Question 4.2. To which extent do Morley sequences exemplify dividing in a dependent theory?

It was shown in [11] that if the types realized by the b;’s in Question 4.1 are generically
stable, then it is enough to assume non-forking independence. This was the main ingredient in
the proof of the main theorem of Section 8 there: in a strongly dependent theory, every type
has a rudimentarily finite generically stable weight (below we give a much easier proof of this
result based on Theorem 4.8 - see Theorem 4.12). We could not establish (and in fact, it is still
open) whether assuming non-forking independence is enough given arbitrary b; with or without
assuming the theory is dependent, but some progress in this direction has been made, and the
results appear in the second half of this section. It has become clear in subsequent works ([12],
[5]) that Question 4.1 is related to so-called “strict non-forking” defined by Shelah in [9].

Concerning Question 4.2, we prove that, although it is not the case that every Morley sequence
exemplifies dividing, there normally are such sequences. This fact has several consequences,
some of which we investigate.

In this section we are going to assume that T' is dependent unless said otherwise.

We will work with classical notions of dividing, forking and splitting. We assume that the
reader is familiar with all of these. Recall that a | , B stands for “tp(a/AB) does not fork over
A"

4.1. Existence of Morley and mutually indiscernible sequences. Let us start with the
following easy lemma.

Lemma 4.1. (No need of dependence).

(i) Assume AC C anda | ,C (thatis, tp(a/C) does not fork over A). Then there exists
an C-indiscernible sequence I = (a; : i < w) with ag = a. Such I can be chosen to be a
Morley sequence in tp(a/C') based on A.

(i) If in addition C C D, then there is D' =¢ D such that I is a Morley sequence in
tp(a/D’) based on A.
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Proof. (i) Let p be “big enough” (that is, so that Fact 1.13 can be applied for A = |C|+|T).
Using existence of non-forking extensions, we can construct a sequence I' = (a} : i < )
in tp(a/AC) based on A such that

e a =Ca.,; a; for every j > 1

o a; | ,Caci
(note that if e.g. T is dependent and A = bdd(A), we are done, since this is also a
non-splitting sequence, hence indiscernible.)

By Fact 1.13 there is an w-sequence I = (a; : @ < w) indiscernible over C such that
every n-type of I over C “appears” in I’. In particular, this sequence is still based on
A because forking a; J//A Cac; is a property of the type tp(a<;/C). Since ag =¢ a for
some ¢ < g and a =¢ a = a, there is 0 € Aut(€/C) taking ag to a; by replacing I
with the image of I under o, (which is still a Morley sequence over C based on A) we
may assume ap = a.

(ii) Since a | , C, by existence of non-forking extensions there exists a’ =¢ a such that
a’ [, D. So there is an automorphism over C taking a’ to a and D to D’; now apply
clause (i).

U

Although most properties of non-forking identifying it as an independence relation is stable
or simple theories are generally false in our contexts, some things can still be said. We will refer
to the fact below as “transitivity on the left”.

Fact 4.2. Let A, B be sets and assume that I = (a; : i < A) is a non-forking sequence based on
A (that is, a; | , Bac; for alli <X). Then I | , B, that is, tp(I/AB) does not fork over A.

Proof. This is Claim 5.16 in [9]. O

Corollary 4.3. Let {A;: i <A} be a non-forking (independent) set over A, that is, A; | , Az
for all i. Then for every W, U C X\ disjoint we have Acwy \LAAEU-

Proof. Monotonicity and transitivity on the left. ([l

Observation 4.4. Suppose I is an indiscernible sequence over A and BLAI. Then I is
indiscernible over AB.

Proof. By Fact 1.7 tp(B/AI) does not split strongly over A. Recall that this implies that for
every aj,as € I which are on the same A-indiscernible sequence we have Ba; =4 Bas, which is
precisely what we want. ([l

We proceed to the main results of this section. The first theorem allows us to construct
mutually indiscernible (Morley) sequences when started with a non-forking sequence.

Theorem 4.5. Let T be a dependent theory, A a set, and let {a;: i < K} be a set of tuples
satisfying a; J/Aa<i. Then there are mutually A-indiscernible infinite sequences I; (that is, I;
is indiscernible over AU\J{I;: j # i}), each I; starts with a) = a;. Moreover, if k = k is finite,
then I; J/AIQ- for all i and for i > 0 we have that I; is a Morley sequence in tp(a;/Aa<;) based

on A, and if tp(ap/A) does not fork over A, then we can get Iy to be a Morley sequence in
tp(aog/A) over A.
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Proof. Note that by compactness it is enough to prove the theorem when k = k < w; we will
prove this by induction on k. Clearly, there is nothing to prove for k = 1.

So assume (a; : ¢ < k + 1) are given, a; | , a<;. By the induction hypothesis there are
(I! i < k) mutually indiscernible, I/ starts with a;, I/ is a Morley sequence over I, based on
A.

By Lemma 4.1 (ii) with D = AU (I} : i < k) and C = Aacy, there are ([; : i < k + 1)
satisfying

o (I : i < k) =aq_, (I] : i < k). So in particular these are mutually A-indiscernible
sequences starting with a;; all the non-forking requirements are preserved too.

e [}, is a Morley sequence in tp(ay/Al-x) based on A starting with ag. So in particular
it is indiscernible over Al .

Now we are going to use that 7' is dependent. By Fact 4.2 we know that I LAI<k> S0 in

particular Ij | Alsicin I; for all i < k. By the induction hypothesis I; is indiscernible over

the base Al<;lc( ). By Observation 4.4 this implies that I; is indiscernible over Al<;I~;, as
required. O

Although we find the theorem above interesting on its own, it will normally not be enough for
our applications, since we will often be interested in starting with given indiscernible sequences
(e.g. exemplifying dividing) and “make”’ them mutually indiscernible, that is, find mutually
indiscernible sequences of the same type keeping a part of the original configuration (e.g. the
first elements). We make several steps in that direction.

Remark 4.6. The reader should be aware that related results can be found in Shelah [9] (e.g.
Claim 5.13). However, we believe that Claim 5.13(1) is wrong as stated there and the assump-

tions of Claim 5.13(2) are too strong for what we are hoping for, so we prefer not to rely on
Shelah’s work here.

Lemma 4.7. Let I = {(a; : i < w) be an indiscernible sequence over Ab such that tp(I/Ab) does
not fork over A. Then there exists a Morley sequence (I, : a < w) over Ab based on A with
Io = I such that for every o we have I, is indiscernible over Abl., (here b can be an empty,
finite or infinite tuple).

Proof. Let pu be a cardinal. We construct by induction on o < p a sequence [, such that
Iy=1

Ia EAbI

Ia J/A bI<a
I; is indiscernible over Abl; for all i < a.

For a = 0 there is nothing to do (note that we are using I | , Ab). Assume that we have
I, as above. Let I/, be such that
L] I& =Ab I
o I, |, I<ab
Clearly, we may assume that I/ is as long as we wish, hence by Fact 1.13 there exists an

w-sequence I, which is indiscernible over Al.,b and every n-type of I, over Al.,b “appears”
in I,. Clearly I, =45 I. By finite character of forking I, | A bl.,. By monotonicity, for every
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8 < a we have I, J/AbI@ s Ig. Since Ig is indiscernible over AbI., g, by Observation 4.4, we

have I3 is indiscernible over Abl<, g, as required.

So we obtain a sequence (I, : @ < p) which is a non-forking sequence over Ab (based on
A) of mutually indiscernible sequences over A, starting with . Choosing p big enough, using
Fact 1.13 as in the proof of Lemma 4.1, we may assume in addition that (I, : @ < w) is also
Ab-indiscernible, i.e. a Morley sequence over Ab based on A. O

Theorem 4.8. Any instance of dividing over A which is witnessed by a sequence I such that
tp(I/A) does not fork over A, can always be witnessed by a Morley sequence.

Moreover, if I := (a;)icw 1 indiscernible over Ab and such that {o(x, a;)}iew is k-inconsistent
and tp(I/Ab) does not fork over A, then there is a Morley sequence (a');c,, over Ab based on A
such that a® = ag and {¢(z,a")}icw is inconsistent.

Proof. We prove the “moreover” part.

Assume that I = (a;: i < w) is an Ab-indiscernible sequence such that {p(z,a;): i < w} is
k-inconsistent for some k € N. Denote a = ayg.

It is clearly enough to find a Morley sequence as in the statement of the theorem such that
tp(a/Ab) = tp(a®/Ab). So assume towards a contradiction that given any Morley sequence

{a': i < w) over Ab based on A with tp(a/A) = tp(a’/A) we have that

N ela,a’)
i<w
is consistent.
Let a? :=a; and let I° := (a;: i < w). By Lemma 4.7 there is a Morley sequence of sequences

(I7: j < w) over Ab based on A such that I7 is indiscernible over AbI77; let I7 := (a]: i < w).

Claim 4.9. Let 1 : w — w be a function. Then the sequence <af7(
over Ab based on A.

Proof. 1t is clear from the construction that (a}) is a Morley sequence over Ab based on A. But
it follows easily by induction over n (using mutual indiscernibility) that

RS w) is a Morley sequence

tp (ag(o), (171](1), Ceey CLZ(,,ﬂ/Ab) - tp (a87 a’(1)7 tee ?ag/Ab)

We will now prove that given any function 7 : w — w the type

{((p (ZE, a§))j:n(i) 2, g < w}

is consistent, thus contradicting Observation 1.10.
The proof will again be by induction. Let

pi(x) = /n\ A ( (@,a)) ™" A /w\ e (vl

1=0 j<w i=n+1

Since <ai](i): i < w) is a Morley sequence for all 1, our hypothesis implies that p~!(z) :=

N1 @ (w, a;(i)) is consistent.
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Assume that p” is consistent. Since I™*! is indiscernible over A"*! = AI#"*+1 and since
I = I° witnesses that ¢(z,ap) divides over A, it follows that ¢(z,al™") divides over A"+
witnessed by 1”1, By Lemma 1.12(i) with p"(z) here standing for p(z) there (and the induction
hypothesis), we have

n+1
n+1 /\ /\ J n(i /\ /\ ( )
=0 j<w i>n+2

is consistent, which completes the induction.

By compactness o
{(gp (x, a]))j:n(l) 11,7 < w}

is consistent which contradicts dependence of T', see Observation 1.10. ]

Remark 4.10. Even though one can easily construct examples where forking does not satisfy
“existence”, these are almost always quite artificial. In most of the theories one works with it is
always the case that tp(a/A) does not fork over A. In such cases Theorem 4.8 just states that
any instance of dividing can be witnessed with a Morley sequence.

As a consequence, we obtain the following (quite desirable) property of generically stable
types:

Corollary 4.11. Suppose that p(x,b) divides over a set A as exemplified by an A-indiscernible
sequence I with tp(I/A) does not fork over A. Assume furthermore that tp(b/A) is generically
stable. Then any Morley sequence in tp(b/A) exemplifies that o(x,b) divides over A.

Proof. By Theorem 4.8 we know that there exists such a Morley sequence; but by stationarity
of the generically stable type tp(b/A) over acl(A), clearly any Morley sequence will work. [

4.2. Strong dependence and finite weight. We will finish this paper by pointing out some
results that follow from strong dependence and the results we have proved so far.

Let us first recall the classical concept of weight (we will give the definition without assuming
anything on the theory; of course, it does not always give rise to a well-behaved notion).

As we mentioned before, some of the partial results we get arise when we restrict the definition
of weight to certain kind of types (for example, generically stable ones). All of the definitions
can be given and studied with either forking or b-forking. However, forking is clearly the right
notion for generically stable types (see [11]) so from now on we will just work with the standard
classification theory notions (forking, splitting and dividing).

Definition 4.1.

o Let p(x) be any type over some set A. We will say that a, (b;)?' | witnesses pwt(p(x)) > n
(forking pre-weight of p is at least n) if a |= p(x), (bi)j; is A-independent and a [ , b;
for all i,j. If n is mazimal such that such a witness ezists, we will say that a, (b))},
witnesses pwt(p(x)) = n and that p has forking pre-weight n.

o Let p(x) be any type over some set A. We will say that a, B, (b;)], witnesses wt(p(x)) >
n (forking weight of p is at least n) if a |= p(z), a | , B, (bi)i=, is B-independent
sequence and a ) b; for all i,j. If n is maximal such that such a witness exists, we will
say that a, B, (b;)7_, witnesses wt(p(x)) = n and that p has forking weight n.
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Similar definitions can be given requiring that the types tp(b;/A) above are generically stable
(see Fact 1.8), obtaining generically stable pre-weight and weight of p denoted gstpw(p) and
gstw(p) respectively. See section 8 of [11] for precise definitions.

The following follows easily from the results we have so far.

Theorem 4.12. Assume T is strongly dependent. Then every finitary type over a model (or
Just over an extension base) has rudimentary finite generically stable pre-weight.

Proof. This was original proved in section 8 of [11]; however, having established Corollary 4.11,
the proof of Theorem 4.12 becomes much easier than the original one given in [11]. Indeed, just
like in a stable theory, given an instance of pre-weight k, as exemplified by {b;: i < k} realizing
generically stable types, we can simply construct “mutually” Morley sequences I; starting with b;,
which by stationarity will be mutually indiscernible. By Corollary 4.11 they exemplify dividing,
thus form a dividing pattern. g

We would like to generalize Theorem 4.12 to forking weight. For notational simplicity, let
us concentrate on randomness patterns of depth 2 (analogous statements for larger depth will
follow by a simple induction).

The following theorem weakens the assumptions of Theorem 4.12 somewhat, requiring only
one of the types to be generically stable.

Theorem 4.13. Let a, b, ¢ be elements and A be a subset of a model M of a dependent theory T .
Iftp(b/A) 1s generically stable, b | , ¢, tp(a/Ab) divides over Ac, and tp(a/Ac) divides over Ab,
then there is a randomness pattern of depth 2 for tp(a/A). In particular, T is not dp-minimal.

Proof. Let a,b, c, A be as in the statement of the theorem. By definition of dividing and Theorem
4.8, for every cardinal u there is a sequence I := (b; : i < p) which is Morley over Ac and a
formula ¢(z,y) such that = ¢(a,by) and {p(z,b;)}icw is k-inconsistent for some k € N.

Since by | , ¢ and tp(bo/A) = tp(bi/A) is generically stable, it follows that tp(by/Ac) =
tp(b;/Ac) is generically stable for all 7. Using transitivity (Corollary 4.13 or Theorem 7.6 in
[11]), it is easy to prove that (b;);c, is also a Morley sequence over A. So in particular, by right
transitivity

<bi>i€w \L ¢
A

By definition of dividing, there is an Abo-indiscernible sequence J := (¢; : j < w) and
a formula ¢(x,y) such that ¢ = ¢y, = ¥(a,cp) and {¢(z,s;)}icw is k'-inconsistent for some
k' € N; by taking the maximum, we may assume that k = &'.

By extension, there is some J' =4, J such that I \LA J'. We may assume that I is as long
as we want, so by Fact 1.13 there is an w-sequence I’ =4., I which is indiscernible over .J’
such that every n-type of I’ over AJ' “appears” in I. In particular, it is still the case that
I" | ,J'. Moreover, since I is indiscernible over Aco, we have (denoting I' = (b; : i < w))
coby =4 coby = ¢b, in particular, Jzp(z, b)) A ¢ (z,¢) is consistent with tp(a/A), whereas the
formulas ¢(z, bj,) and ¢ (z, ¢p) divide over Acy and Abj, respectively, exemplified by the sequences
rJ.
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Note that I’ is indiscernible over AJ’ and by Observation 4.4 (since I' |, J'), J'is. Lemma
1.12 implies that we obtain a randomness pattern of depth 2 for tp(a/A) as required. O

We will finish this section by partial results which do not assume anything on the types.
The following result addresses the question about the possible assumptions on indiscernible se-
quences (e.g., exemplifying dividing and pre-weight k; we concentrate on k = 2) are sufficient
for achieving results such as constructing a randomness pattern. They are not strict generaliza-
tions of Theorems 4.12 or 4.13 because we need to include requirements on the sequences, and
not just their first elements. However, it has the advantage of removing the generic stability
assumptions completely.

Proposition 4.14. Let I = (a; : i < w), J = (bj : j < w) be A-indiscernible sequences such
that I | ,bo and by | ,ao. Then there exist I',J" mutually A-indiscernible with I' =aq, I,
J' =44y J.

Proof. Since by | 4 G0, there is by L 4 1 satistying by =Aay bo- Applying an automorphism over
Aay taking by to by, we obtain a new sequence I’ with the same type over Aag as I; so without
loss of generality / = I’, and in addition to our assumptions we have by | , I, hence I is
Abp-indiscernible.

Since I | , bo, there is I" =45, I satisfying I” | , J. Applying an automorphism taking
the first element of I” to ag (fixing Aby), we obtain new sequences I’, J’ starting with ag, by
respectively, satisfying the same type over A as I, J respectively. So without loss of generality
I=17=.J0.

Prolonging I and applying Fact 1.13, we get I” indiscernible over AJ, “similar” to I over
AJ; in particular, I" is Abg - indiscernible (and has the same type over Abg as I) and I” |, J.
Applying an automorphism o over Aby taking I” onto (an initial segment of) I, we get, denoting
J'=0o(J):

L] J/ = Abg J
e [ is indiscernible over A.J’
e I | ,J' hence J' is indiscernible over Al

This finishes the proof. O
The following is easy now:

Corollary 4.15. Let p € S(A), I = (a; : i <w), J = (bj : j <w) be A-indiscernible sequences
such that I | by (e.g. I is a Morley sequence over Aby based on A) and J | ,ao (or just
bo J/A ap) such that

o [, J exemplify that p(z,ap), ¥(x,by) divide over A

o o(x,ap) NY(x,by) is consistent with p(x)
Then there exists a dividing pattern and a randomness pattern in p. In particular, p is not
dp-minimal.

The results above seem to suggest that for discussion of weight in dependent theories it is
not enough to look just at the first elements of the sequences of a dividing pattern (the usual
notion of forking weight). So let us conclude with the following notion of splitting weight which
behaves quite nicely.
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Definition 4.2.

n

o Let p(x) be any type over some set A. We will say that a, (BYb})"_ | witnesses split —
pwt(p(z)) > n (splitting pre-weight of p is at least n) if a = p(x), (B | is A-

independent and a \,LA b?bi1 for all i in a very strong way, namely:
& There exists a formula ¢i(z,y) such that

’: @i(a’ b?) A _'Qpi(av bzl)

If n is mazimal such that such a witness exists, we will say that a, (b;)], witnesses
split — pwt(p(x)) = n and that p has splitting pre-weight n.

e Let p(z) be any type over some set A. We will say that a, B, (b)b})"_; witnesses split —
wt(p(x)) > n (splitting weight of p is at least n) if a |= p(x), (BYb})"_, is A-independent
and

& There exists a formula @;(x,y) such that

= wi(a, b)) A —pi(a, b))

If n is mazimal such that such a witness ezists, we will say that a, B, (b;)"_; witnesses
split — wt(p(x)) = n and that p has splitting weight n.

Observation 4.16. Let p € S(A). Then p is strongly dependent if and only if its splitting
pre-weight is rudimentary finite.

Proof. The “if” direction is clear. For the “only if” direction, using Theorem 4.5, one can
construct an array of mutually indiscernible (Morley) sequences starting with b?b}. The rest is
easy. O

The next observation (whose proof is easy and similar to the previous one) connects depen-
dence in general to weight:

Observation 4.17. A theory T is dependent if and only if every type has a bounded splitting
weight.

We see that it is unnecessary to assume (as we did in Proposition 4.14) that I J/A bg, it is
enough to look at the first two elements of the sequence I; but this seems to be important (in case
bp is not generically stable). In a sense, what we do is replacing in the dividing/randomness pat-
tern the formulas ¢;(z,y;) with ¢!(z,y0y}) = [pi(2,3?) = i(z,y})] and considering a dividing
pattern (= witness for high pre-weight) with respect to these new formulas.

We would like to finish by remarking that results in this section pretend to be a first approach
to characterize strong dependence by a notion of finite weight. A complete result of this type
would be quite interesting and, we believe, very useful. However, it is not clear that plain forking
is the right notion for this. As we mentioned before, it seems that strict non-forking is the right
way to go, and we refer the reader to [12] and [5] for more details.
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APPENDIX A. CC-FORKING AND CC-DIVIDING
The following theorem is proven in [8]. We include the proof here for the sake of completeness.

Theorem A.1. The following are equivalent for any p € S1(A).
(i) p admits n-cc-p-forking.
(ii) p admits n-cc-p-dividing.
(iii) There is an extension p(x, B) of p(x) such that p(xz, B) admits n-cc-strong dividing.

Proof. Any witness for n-cc-strong dividing is a witness of n-cc-p-dividing and any witness for
n-cc-p-dividing is a witness of n-cc-p-forking. We will prove the other implications for n = 2.
The general case will follow by a straightforward induction on n using the properties of p-forking
in rosy theories.

(i) =(ii). Let B

{()01<$7 C_l), w<x7 b)}a A
be a 2 — cc-p-forking witness for p. By definition there are finitely many formulas ¢;(x,a;),
¥, I_);) and tuples &, d’ such that o(x,a) - \/% | @;(x, @), ¥(x,b) \/fl’:1 ¥ (, (_);) and ;(z, a})
strongly divides over A¢ and v;(z, (_);) strongly divides over Ad'.

By hypothesis a J/il_) so by extension of b-independence we can find @’ |= tp(a/Ab) such
that a” J/A<5;>J’l_). Let (@), be images of (@), under an automorphism that fixes A, b and
sends a to a”. o -

Using extension on the other side there are b (b7)d" = tp(b(b})d'/Aa") such that

<C_L;,>E” a’ j)/ ! <l_);,> d'.
A

kq ka
(1) p@,a) =\ il a), v@b) =\ v, by),
i=1 =1

¢(x,a;) strongly divides over Ac for all 4,
Y (z, b;) strongly divides over Ad for all j

Since ¢(z,a) A(x,b) is consistent with p, it is clear from (1) that the conjunction ¢;(x,a;) A
¥j(w,b;) is consistent with p for some 7, j. By monotonicity of p-forking independence we know
that @; | , bj so (2) implies that (¢(z,a;),¥(x,b;)), A is a witness for cc-p-dividing.

(ii)= (ili). Once again we will prove the case n = 2.
Let -
{‘pi(wv d), 1/1(957 b)}7 A
be a 2 — cc-b-dividing witness for p. Let D’ and E’ be supersets of A such that ¢(x,a) strong
divides over D’ and 1) (z,b) strong divides over E’. Since a \Lil_) we can, by extension (as in
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the proof of (i) =(ii)), find D, E satisfy types tp(D’/Aa) and tp(E’/Ab) respectively and such
that aD J/ZEE; so in particular o(z,a) strong divides over D and 1 (z,b) strong divides over
E,a Y E b YD anda [P b i
Since by definition a ¢ acl(D) and b ¢ acl(E) we get that a,b ¢ acl(ED): e.g., a ¢ acl(D),
but a J/% D, soa ¢ acl(ED).
So
¢(z,a) strongly divides over £'U D,
(3) ¥ (x,b) strongly divides over E U D,
i Lbgt
Let B := DUEF and let p(z, B,a,b) be a non-p-forking extension of p(z) U {¢(x,a) Ut (x,b)}
and let p(x, B) be the restriction of p(x, B,a,b) to B. All the conditions in the definition of
2 — cc-strong dividing are satisfied which completes the proof of the theorem. 0
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