
ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHTALF ONSHUUS AND ALEXANDER USVYATSOVAbstra
t. We study dp-minimal and strongly dependent theories and investigate 
onne
tionsbetween these notions and weight.
1. Introdu
tion and Preliminaries1.1. Introdu
tion. The original goal of this paper was to introdu
e a notion of minimalityfor dependent theories, whi
h generalizes all (or at least most) known notions of minimality.We believe that a natural 
andidate for su
h a notions should be related to strong dependen
e,introdu
ed by Shelah in [shelah783Sh783℄ and [shelah863Sh863℄. In fa
t, in [shelah863Sh863℄ Shelah de�nes a family of�minimality notions� (dpℓ-minimality for di�erent ℓ) based on ranks dp-rkℓ related to strongdependen
e. Most of these notions imply a very natural property, whi
h is very easy to state,and 
an be phrased as �as strongly dependent as possible�. In this arti
le, we 
all this propertysimply �dp-minimality� and work with it. In fa
t, dp-minimality turns out to be equivalent toShelah's dpℓ-minimality for some ℓ , but we will not 
on
entrate on this here, sin
e we do notintend to de�ne Shelah's dp-ranks. We hope that the reader will be 
onvin
ed that this is anatural notion just by looking at the de�nition (and if not, after having seen the 
hara
terizationof dp-minimality in terms of weight in se
tion 3).So the 
lass of dp-minimal theories is a sub
lass of dependent theories (theories with noindependen
e property). It in
ludes all 
lassi
al �minimal� 
lasses su
h as strongly minimal,

U -rank 1 super stable, o-minimal theories, and more. But there are also other examples; forinstan
e, there are stable non super stable dp-minimal theories (see Observation 3.4). So the�rst question we investigated was: what does it mean for a stable theory to be dp-minimal?The 
hara
terization turns out to be quite ni
e: a stable theory is dp-minimal if and only ifevery 1-type has weight 1 if and only if no 1-type admits �
riss-
rossed� forking (see se
tion 3for the de�nitions).Having realized that dp-minimality is strongly related to weight, we tried to develop a theoryof weight in the more general 
ontext of dependent theories. Re
all that a type p ∈ S(A) in astable theory T has pre-weight ≥ γ if for every α < γ there exist ā |= p and an A-independentset {b̄i : i ≤ α} su
h that ā 6 |⌣A
b̄i for all i ≤ α. It seems that in a dependent theory thisde�nition is not strong enough, be
ause (even if A is a model) the type tp(b̄i/A) does not 
arryenough information. On the other hand, by [Us2U2℄ in a dependent theory a Morley sequen
e inthe type over A determines a parallelism 
lass. This gave us the motivation to de�ne weightusing mutually Morley sequen
es in tp(b̄i/A).We show that this notion of weight generalizes the 
lassi
al weight for stable theories, everytype in a dependent theory has bounded weight, and a dependent theory is strongly dependent1



2 ALF ONSHUUS AND ALEXANDER USVYATSOVif and only if every type has rudimentarily �nite weight. We dedu
e that dp-minimality isequivalent (for an arbitrary dependent theory) to every 1-type having weight 1.We also investigate the meaning of our 
on
epts and results in a more general 
ontext of rosytheories with forking repla
ed with thorn-forking. In parti
ular, we study a related notion of
riss-
rossed þ-forking/dividing. Our hope is that these results will assist in understanding the
onne
tion between dp-minimality and weight in rosy dependent theories.After reading the �rst draft of our paper, Hans Adler developed the notion of �burden� stronglyrelated to weight. His de�nition makes sense in any theory, and he 
alls a theory �strong� if everytype has rudimentarily �nite burden. For dependent theories, strong 
oin
ides with stronglydependent, but Adler investigates this notion more generally. Several de�nitions in the 
urrentversion of our paper were motivated by Adler's work, and several proofs were simpli�ed usinghis ideas.We would also like to mention the re
ent work of John Goodri
k [GdG℄, who studies dp-minimaldensely ordered groups, and shows that in many ways they are similar to weakly o-minimalones. This further 
on�rms our 
onje
ture that dp-minimality is a good minimality notion inthe 
ontext of dependent theories.1.2. Notations and Preliminaries. Given a theory T , we will work inside its monster modeldenoted by C. By �monster� we mean that all 
ardinals we mention are �small� (i.e. smallerthan saturation of C), all sets are small subsets of C, all models are small elementary submodelsof C, and truth values of all formulae and all types are 
al
ulated in C. We denote tuples (�niteunless said otherwise) by ā, b̄, c̄ et
, elements of C by a, b, c et
, sets by A,B,C et
, models by
M,N et
.By ā ≡A b̄ we mean tp(ā/A) = tp(b̄/A). Re
all that this is equivalent to having σ ∈ Aut(C/A)satisfying σ(ā) = b̄.Given an order type O, a sequen
e I = 〈āi : i ∈ O〉 and j ∈ O, we often denote the set
{āi : i < j} by ā<j. Similarly for ā≤j , ā>j et
. We also often identify the sequen
e I with theset ∪I; that is, when no 
onfusion should arise we write tp(ā/I) et
.We will write ā |⌣A

B for �tp(ā/AB) does not fork over A� even if T is not simple. Althoughnonforking is generally not an independen
e relation, we still �nd this notation 
onvenient.For simpli
ity we assume T = T eq for all theories T mentioned in this paper, unless saidotherwise.The preliminaries in
lude some stability theory and some known fa
ts about rosy theories.We will state all of the prerequisites in the following subse
tions.1.3. Stability. We will assume that the reader is familiar with the basi
 
on
epts of stabilitytheory su
h as forking and dividing. There are some fa
ts we will need, most of whi
h are quitewell known and we will only state them. For the de�nitions and proofs the reader 
an refer to[pillaybookP:book℄.We de�ne a sequen
e 〈āi〉 to be A-indis
ernible if for any i1 < i2 < · · · < in and j1 < j2 <
· · · < jn we have

tp (āi1 . . . āin/A) = tp (āj1 . . . ājn/A) .



ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHT 3A set {āi}i∈I is A-indis
ernible if the above 
on
lusion holds given any i1 . . . in and j1 . . . jnin I.indis
ernible Fa
t 1.1. In a model of a stable theory, any A-indis
ernible sequen
e is an A-indis
ernible set.We will say that a sequen
e 〈ai〉 is A-independent if for any i we have
āi |⌣

A

{āj}j<i.De�nition 1.1. (i) We de�ne a Morley sequen
e in tp(ā/A) to be an A-independent and
A-indis
ernible sequen
e of elements realizing tp(ā/A).We say that a sequen
e 〈āi〉 is a Morley sequen
e over A if it is a Morley sequen
ein tp(ā0/A).(ii) We say that a Morley sequen
e over A is based on A0 ⊆ A if it is an independent setover A0 (so 
learly it is also a Morley sequen
e over A0).(iii) A type p is de�ned to split over A if there are ā, b̄ and a formula φ(x, y) su
h that
tp(ā/A) = tp(b̄/A) and φ(x, ā) ∈ p and ¬φ(x, b̄) ∈ p.forking Fa
t 1.2. The following results are well known fa
ts from stability theory and 
an be found ineither [pillaybookP:book℄ or [shelahbookSh:
℄.Let T be stable.(i) A formula φ(x̄, ā) forks over A if and only if for every Morley sequen
e 〈āi〉 in the typeof ā over A the set

{φ(x̄, āi)}is k-in
onsistent for some k ∈ N.(ii) If ā |⌣A
c̄, then any Morley sequen
e 〈āi〉 in tp(ā/Ac̄) is also a Morley sequen
e in

tp(ā/A) (so it is a based on A).(iii) If A = acl(A), ā |⌣A
c̄ and 〈āi〉 is an independent sequen
e in tp(ā/Ac̄) then 〈āi〉 is aMorley sequen
e in tp(ā/Ac̄).(iv) Given any type p set B with A = acl(A) ⊆ B, if p does not fork over A, then p doesnot split over A.(v) If ā |⌣A

c̄ , 〈āi〉 is an independent sequen
e in tp(ā/Ac̄) and indis
ernible over A, then
〈āi〉 is a Morley sequen
e in tp(ā/Ac̄).Let us also re
all several basi
 de�nitions:De�nition 1.2. Let T be stable.(i) Two stationary types p(x) and q(x) are orthogonal if there are extensions p′(x) and
q′(x) of p and q su
h that p′, q′ ∈ S(B) and for every tuple a |= p′ and b |= q′ we have
a |⌣B

b.(ii) A type p(x) over A is regular if for any stationary forking extension q(x) of p(x), q(x)is orthogonal to p(x).(iii) A type p(x) over some set B has pre-weight 1 if there are no B-independent elements
b1, b2 and no realization a of p su
h that a 6 |⌣B

b1 and a 6 |⌣B
b2.(iv) More generally, the pre-weight of a type p ∈ S(A), pwt(p) is de�ned as follows (α isan ordinal): pwt(p) ≥ α i� for every β < α there exist b̄ |= p and an independent set

{āi : i < β} su
h that b̄ 6 |⌣A
āi for all i < β.



4 ALF ONSHUUS AND ALEXANDER USVYATSOV(v) The weight of p is the supremum over all nonforking extensions q of p of pwt(q).The following lemma is easy and probably well-known, but we in
lude the proof.to
a Lemma 1.3. (T stable) Let ā and b̄ be any two tuples su
h that ā |⌣A
b̄. Then there aresequen
es 〈āi〉i∈ω and 〈b̄i〉i∈ω su
h that ā0 = ā, b̄0 = b̄, 〈āi〉i∈ω is a Morley sequen
e in

tp(ā/A〈b̄i〉i∈ω) based on A and 〈b̄i〉i∈ω is a Morley sequen
e in tp(b̄/M〈āi〉i∈ω) based on A.In parti
ular,
〈āi〉i∈ω and 〈b̄i〉i∈ω are mutually A-indis
ernible sequen
es.Proof. We will prove that the usual 
onstru
tion of the Morley sequen
e a
tually gives thedesired result.Let 〈āi〉 be a Morley sequen
e in tp(ā/Ab̄) with ā = ā0. By de�nition b |⌣A

〈ai〉; let 〈b̄i〉 be aMorley sequen
e in tp(b̄/A〈āi〉) with b̄ = b̄0.Note that as b̄ |⌣A
ā and 〈āi〉 is a Morley sequen
e over Ab̄, it follows that b̄ |⌣A

〈āi〉, so byFa
t 1.2(ii), both 〈āi〉 and 〈b̄j〉 are based on A.So we only need to prove that 〈āi〉 is a Morley sequen
e over A〈b̄j〉. By Fa
t 1.2(v) it isenough to prove that the sequen
e is A〈b̄j〉-independent; i.e., that for any element ān we have
ān |⌣A〈b̄j〉

〈āi〉i<n. Clearly, if we show that ān |⌣A
〈āi〉i<n〈b̄j〉, we're done (by transitivity). So itis enough to prove that for any k,

ān |⌣
A

〈āi〉i<n〈b̄j〉j<k.As 〈b̄j〉 is a Morley sequen
e over A〈āi〉, we have bk |⌣A〈āi〉
〈b̄j〉j<k. Re
all that b̄ |⌣A

〈āi〉and, sin
e as tp(b̄j/A〈āi〉) = tp(b̄/A〈āi〉), we get that b̄j |⌣A
〈āi〉 for all j. Now it is easy to seethat b̄k |⌣A

〈b̄j〉j<k〈āi〉. So in parti
ular b̄k |⌣A
〈b̄j〉j<k〈āi〉i<nān. As 〈āi〉 is based on A, 
learly

ān |⌣A
〈āi〉i<n〈b̄j〉j<k. �1.4. þ-Forking. The following de�nitions and fa
ts 
an be found in [onshuusO℄.De�nition 1.3. Let φ(x̄, ȳ) be a formula, b̄ be a tuple and C be any set. Then we de�ne thefollowing.
• φ(x̄, b̄) strongly divides over D if b̄ is non algebrai
 over D and the set

{φ(x̄, b̄′)}b̄′|=tp(b̄/D)is k-in
onsistent for some k ∈ N.
• φ(x̄, b̄) þ-divides over C if there is some D ⊃ C su
h that φ(x̄, b̄) þ-divides over D.
• φ(x̄, b̄) þ-forks over C if there are �nitely many formulas ψ1(x̄, b̄1), . . . , ψn(x̄, b̄n) su
hthat φ(x̄, b̄) ⇒

∨
i ψi(x̄, b̄i) and ψi(x̄, b̄i) þ-divides over C for 1 ≤ i ≤ n.algebrai
 Remark 1.4. If ā |= φ(x̄, b̄) and φ(x̄, b̄) strongly divides over C then b̄ ∈ acl(ā, C).Proof. Noti
e that if S is the set of elements in the orbit of tp(b̄/āC) then

ā |=
∧

b̄′∈S

φ(x̄, b̄′).By in
onsisten
y, there 
an only be �nitely many su
h b̄′'s. �



ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHT 5th-forking Fa
t 1.5. If T is stable then φ(x̄, ā) forks over C if and only if φ(x̄, ā) þ-forks over C.As is the 
ase between þ-dividing/þ-forking and dividing/forking, standard forking terminol-ogy is used for þ-forking. As su
h, Uþ-rank is de�ned to be the foundation rank of the partialorder (de�ned on 
omplete types) p <þ q de�nes as �p is a þ-forking extension of q�. A theory
T is �super rosy� if and only if the Uþ-ranks of all types in all models of T are ordinal valued.las
ar Fa
t 1.6. Let T be a super rosy theory and let a, b,A be subsets of a model M of T .ThenUþ (tp (b/aA)) + Uþ (tp (a/A)) < Uþ (tp (ab/A)) < Uþ (tp (b/aA)) ⊕Uþ (tp (a/A)) .Proof. Theorem 4.1.10 in [onshuusO℄. �1.5. Dependent theories. Re
all that a theory T is 
alled dependent if there does not exist aformula whi
h exempli�es the independen
e property. We are mostly going to use the followingequivalent de�nition:f
t:depend Fa
t 1.7. T is dependent if and only if there do not exist an indis
ernible sequen
e I = 〈āi :
i < λ〉, a formula ϕ(x̄, ȳ) and b̄ su
h that both

{i : |= ϕ(āi, b̄)}and
{i : |= ¬ϕ(āi, b̄)}are unbounded in λ.The following are easy (but important) 
onsequen
e of dependen
e (originally due to Shelah).Proofs 
an be found e.g. in [UsU1℄.fa
t:splitfork Fa
t 1.8. (T dependent) Strong splitting implies dividing (and therefore forking).We will refer to the following as �transitivity of forking on the left�:left forking transitivity Fa
t 1.9. (T dependent) Let A,B be sets and assume that I = 〈ai : i < λ〉 is a nonforkingsequen
e based on A, that is ,ai |⌣A

Ba<i for all i < λ. Then I |⌣A
B, that is, tp(I/AB) doesnot fork over A.Proof. This is Claim 5.16 in [shelah783Sh783℄. �Remark 1.10. Transitivity of (non-)forking on the left is, in fa
t, true in any theory and followsimmediately from transitivity of non-dividing on the left, whi
h is well-known. But we are notgoing to make use of this.
or:indep set Corollary 1.11. Let {Ai : i < λ} be a nonforking (independent) set over A, that is, Ai |⌣A

A6=ifor all i. Then for every W,U ⊆ λ disjoint we have A∈W |⌣A
A∈U .Proof. Monotoni
ity and transitivity on the left. �indis
 preserve Observation 1.12. (T dependent) Suppose I is an indis
ernible sequen
e over A and B |⌣A

I.Then I is indis
ernible over AB.Proof. By Fa
t 1.8 tp(B/AI) does not split strongly over A. Re
all that this implies that forevery ā1, ā2 ∈ I whi
h are on the same A-indis
ernible sequen
e we have Bā1 ≡A Bā2, whi
h ispre
isely what we want. �



6 ALF ONSHUUS AND ALEXANDER USVYATSOV2. strong dependen
e, strong stability and weightIn this se
tion we propose a notion of weight in the 
ontext of dependent theories. It gener-alizes weight in stable theories as well as stable weight for generi
ally stable types in dependenttheories de�ned in [UsU1℄. We show that strongly dependent theories are exa
tly those in whi
hevery �nitary type has rudimentary �nite weight.Let T be a dependent theory. We will use the following terminology:dfn:basi
 De�nition 2.1. (i) Let I be a linear order. A sequen
e 〈āi : i ∈ I〉 is 
alled a Morleysequen
e in the type p ∈ S(B) over a set A ⊆ B if
• 〈āi : i ∈ I〉 is indis
ernible over B
• āi |= p for all i ∈ I
• tp(āi1 āi2 . . . āik/Bā<i) does not fork over A for every k < ω and i1 < . . . < ik ∈ I(ii) If A = B in the de�nition above, we often omit A and simply say �Morley sequen
e in

p�.(iii) We say that a sequen
e 〈āi : i ∈ I〉 is based on (A,B) if it is a Morley sequen
e in sometype p ∈ S(B) over A ⊆ B. If A = B we simply say �Morley sequen
e based on A� or�Morley sequen
e over A�.(iv) We 
all a set of tuples B independent over a set A if for every b̄1, . . . , b̄n ∈ B,
tp(b̄1, . . . , b̄n/A ∪ B r {b̄1, . . . , b̄n}) does not fork over A.Observation 2.1. (i) In the de�nition of a Morley sequen
e in the type p ∈ S(B) over aset A ⊆ B it is enough to assume tp(āi/Bā<i) does not fork over A for all i.(ii) In the de�nition of an independent set B over A it is enough to assume that tp(b̄/A ∪
B r {b̄}) does not fork over A for all b̄ ∈ B.Proof. By Fa
t 1.9 and Corollary 1.11. �Before giving the next de�nition, we would like to introdu
e some notation. Let a = 〈āα

i :
α < κ, i < λ〉 be an array of tuples from the monster model. We will think of a as a 
olle
tion of
κ sequen
es of length λ : a = 〈(ā<λ)α : α < κ〉. For simpli
ity, we will denote the αth sequen
e
〈āα

i : i < λ〉 by āα
<λ. We also denote the union of all sequen
es ex
ept the αth one by ā6=α

<λ . Thatis,
ā6=α

<λ = {āβ
<λ : β 6= α}.De�nition 2.2. (i) We will 
all an array a = 〈āα

i : α < κ, i < λ〉 indis
ernible over a set
A if for a �xed α < κ, the sequen
e āα

<λ is indis
ernible over A ∪ ā6=α
<λ. That is, a is a
olle
tion of sequen
es whi
h are indis
ernible over ea
h other (and over A).(ii) We will 
all an array a = 〈āα

i : α < κ, i < λ〉 Morley over a set A if for a �xed α < κ,the sequen
e āα
<λ is based on (A,A∪ ā6=α

<λ). That is, a is a 
olle
tion of sequen
es whi
hare Morley over ea
h other (based on A).lem:morleyarray Lemma 2.1. Let a be indis
ernible over a set A. Then there exists B ⊇ A su
h that a is Morleyover B.Proof. The following easy argument was inspired by a 
onversation with Hans Adler. Let
〈āα

i : i ∈ ω∗〉 (ω∗ is ω with reversed order) be su
h that the array 〈āα
i : α < κ, i ∈ λ⌢ω∗〉 is stillindis
ernible, and let B = A∪{āα

i : i ∈ ω∗}. Then for every α < κ, k < ω and i1 < . . . < ik < λ,



ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHT 7the type tp(āi1 . . . āik/Bā
6=α
<λ ā

α
<i) is �nitely satis�able in B, and therefore does not fork over B,as required. �The following de�nition was motivated by Shelah's notion of �ind-pattern�:dfn:divsys De�nition 2.3. (i) A dividing system Y for a type p(x̄) ∈ S(A) 
onsists of

• an array a = 〈āα
i : α < κ, i < λ〉 (where λ,κ are ordinals, λ is in�nite)

• a sequen
e of formulae Φ = 〈ϕα(x̄, ȳ) : α < κ〉su
h that(a) a is indis
ernible over A.(b) p ∪ {ϕ(x̄, āα
0 ) : α < κ} is 
onsistent(
) For every α < κ, the set

ΣY,α = {ϕα(x̄, āα
i ) : i < λ}is in
onsistent.(ii) We 
all κ in the de�nition above the depth of Y, and λ the length of Y.(iii) Let k be a natural number. A k-dividing system Y for a type p(x̄) ∈ S(A) is a dividingsystem su
h that in 
lause (
) of the de�nition (i) above, ΣY,α is in
onsistent and

k-in
onsistent with p.(iv) A dividing system Y = (a,Φ) for p is 
alled Morley if a is Morley.(v) We say that the pre-weight of a type p is at least µ (where µ is an ordinal) if for every
κ < µ there exists a Morley dividing system Y for p of depth κ. The pre-weight of atype p, pwt(p) is the supremum (if exists) of the depths of Morley dividing systems for
p. If the supremum does not exist, we say that p has unbounded pre-weight.(vi) The weight of a type p, wt(p) is the supremum over all nonforking extensions q of p of
pwt(q) (
ould be unbounded).(vii) We say that a type p has rudimentarily �nite pre-weight if there is no Morley dividingsystem for p of depth ω. We say that a type p has rudimentarily �nite weight if everynonforking extension of it has rudimentarily �nite pre-weight.rem:eta Remark 2.2. Note that by indis
ernibility of a it follows from the de�nition of a dividing systemthat for any η ∈ κλ, the set p ∪ {ϕα(x̄, āα

η(α))} is 
onsistent.Re
all that for a type p ∈ S(A) in a stable theory T , pwt(p) ≥ µ i� for every κ < µ there exist
b̄ |= p and an independent set {āα : α < κ} su
h that b̄ 6 |⌣A

āα for all α < κ. So the following is
lear:lem:weight 
oin
ide Lemma 2.3. For a stable theory T , the notions of pre-weight and weight de�ned in De�nition2.3 
oin
ide with the 
lassi
al ones.Proof. One 
an easily generalize Lemma 1.3 to the situation where one has an A-independentset {āα : α < κ} instead of just two elements a, b. This gives us a Morley array. Now use Fa
t1.2(i) in order to show that it is dividing. �Our next goal is to 
onne
t weight and strong dependen
e (in a dependent theory), for whi
hwe re
all the notion of a randomness pattern from [UsU1℄, whi
h is simply a witness for the la
kof strong dependen
e (and is based on Shelah's �i
t-patterns�). Some of the terminology inthe de�nition below is very similar to that in the de�nition of dividing systems, whi
h will bejusti�ed by Lemma 2.11.



8 ALF ONSHUUS AND ALEXANDER USVYATSOVDe�nition 2.4. (i) A randomness pattern X for a type p(x̄) ∈ S(A) 
onsists of
• an array a = 〈āα

i : α < κ, i < λ〉 (where λ,κ are ordinals, λ is in�nite)
• a sequen
e of formulae Φ = 〈ϕα(x̄, ȳ) : α < κ〉su
h that(a) a is indis
ernible over A.(b) For every η ∈ κλ, the set

Σa,η = {ϕα(x̄, āα
η(α)) : α < κ} ∪ {¬ϕα(x̄, āα

i ) : α < κ, i 6= η(α)}is 
onsistent with p(x̄).(ii) We 
all κ in the de�nition above the depth of X, and λ the length of X.(iii) A randomness pattern X = (a,Φ) for p is 
alled Morley if a is Morley.(iv) A randomness pattern X = (a,Φ) is 
alled dividing if for every α < κ, i < λ, thesequen
e āα
<λ exempli�es that ϕ(x̄, āα

i ) divides over A ∪ ā6=α
<λ.The notion of strong dependen
e was de�ned in [shelah783Sh783℄ and investigated more in [shelah863Sh863℄.We give an obviously equivalent de�nition (as usual, it is easier to de�ne the negation).De�nition 2.5. (i) A theory T is said to be not strongly dependent if there exists a model

M of T , an array a in M of in�nite depth and a sequen
e of formulae Φ su
h that
X = (a,Φ) is a randomness pattern.(ii) A theory is said to be strongly stable if it is strongly dependent and stable.onevariable Remark 2.4. Shelah shows in [shelah863Sh863℄ Observation 1.7 that if there exists a type p(x̄) whi
h isnot strongly dependent, then there exists su
h a type p′(x) with x being a singleton. Thereforein the de�nition above it would be enough to restri
t ourselves to randomness patterns in onevariable, that is, ϕα = ϕα(x, ȳα) where x is a singleton.Remark 2.5. It is easy to see that every super-stable theory is strongly stable. Also, o-minimal,
-minimal, p-minimal theories are strongly dependent. In fa
t, they turn out to be even dp-minimal, as we will dis
uss in the next se
tion.Our de�nition of a strong dependent theory motivates the following:De�nition 2.6. Let T be a theory.(i) A type p ∈ S(A) is 
alled strongly dependent if there does not exist a randomnesspattern of in�nite depth for p.(ii) A type p ∈ S(A) is 
alled strongly generi
ally stable if it is strongly dependent andgeneri
ally stable (see [UsU1℄ for the de�nition of generi
 stability).One 
an 
hara
terize dependen
e in terms of randomness patterns. This 
hara
terizationexplains why strong dependen
e is a �uniform� or �almost �nite� version of dependen
e. Theproof is easy and left to the reader.f
t:depeq Fa
t 2.6. The following are equivalent:(i) T is dependent(ii) The depth of a possible randomness pattern is bounded by some ordinal. In other words,there are no unboundedly deep randomness patterns.(iii) There is no randomness pattern of depth |T |+.



ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHT 9(iv) There is no randomness pattern X = (a,Φ) of depth κ = ω su
h that ϕα = ϕ for all
α < ω and ϕα ∈ Φ.Note that based on the Observation above, one 
an de�ne a notion of a dependent type inany theory T :De�nition 2.7. A type p ∈ S(A) is 
alled dependent if there is no randomness patterns for pof unbounded depths.The 
hara
terization above remains true when working lo
ally, that is:obs:depeq Observation 2.7. The following are equivalent:(i) p is dependent(ii) The depth of a possible randomness pattern for p is bounded by some ordinal. In otherwords, there are no unboundedly deep randomness patterns for p.(iii) There is no randomness pattern for p of depth |T |+.(iv) There is no randomness pattern X = (a,Φ) for p of depth κ = ω su
h that ϕα = ϕ forall α < ω and ϕα ∈ Φ.And 
learlyCorollary 2.8. A theory is dependent if and only if every type is dependent.obs:divrand Observation 2.9. Let T be dependent. If there exists a (Morley) randomness pattern X = (a,Φ)for a type p, then there exists a (Morley) dividing randomness pattern X′ = (a′,Φ′) for p.Proof. Take Φ′ = 〈ϕ′

α(x̄, ȳα⌢
1 ȳα

2 ) : α < κ〉 where ϕ′
α(x̄, ȳα⌢

1 ȳα
2 ) = ϕα(x̄, ȳα

1 )∧¬ϕα(x̄, ȳα
2 ) and let

a′ = {āα
2iā

α
2i+1 : α < κ, i < λ}. It is easy to 
he
k that this is still a randomness pattern. It isdividing sin
e T is dependent, and therefore the set

{ϕ(x̄, āα
i )parity(i) : i < λ}
an not be 
onsistent for any α. Clearly, if the original pattern was Morley, so is the newone. �In order to obtain the 
onverse, we need to solve a basi
 exer
ise in logi
:negation of dividing Lemma 2.10. (i) Let p(x) be a type over a set A, let I = 〈bi〉i∈O be a sequen
e indis-
ernible over A, and let ϕ(x, y) be a formula su
h that p(x) ∪ ϕ(x, bi) is 
onsistent forsome (all) i and {ϕ(x, bi)}i∈O is k-in
onsistent for some k ∈ N. Then

p(x) ∪ {ϕ(x, bl)} ∪ {¬ϕ(x, bi)}i6=lis 
onsistent for all l.(ii) Let p(x) be a type over a set A, n < ω and let 〈bαi : α < n, i < ω〉, {ϕα(x, yα) : α < n}be a dividing pattern for p over A of depth n. Then there exists a randomness patternfor p over A of depth n; in fa
t, the randomness pattern is given by the same array and
olle
tion of formulae.(iii) Clause (ii) holds also when the depth n < ω is repla
ed with any 
ardinal κ.



10 ALF ONSHUUS AND ALEXANDER USVYATSOVProof. (i) Without loss of generality let us assume that O = Q and l = 0. Assume alsothat k is minimal su
h that the set ∆ = {ϕ(x, bi) : i ∈ Q} is k-in
onsistent. By theassumptions k > 1.By indis
ernibility it is enough to show that the set
{ϕ(x, b0)} ∪ {¬ϕ(x, bi) : i ∈ Z, i 6= 0}is 
onsistent. Sin
e ∆ is (k − 1)-
onsistent, the set
{ϕ(x, b0)} ∪ {ϕ(x, b 1

i+1

) : 1 < i < k}is 
onsistent, realized by some d. But ∆ is k-in
onsistent, so 
learly
d |= {ϕ(x, b0)} ∪ {ϕ(x, b 1

i+1

) : 1 < i < k} ∪ {¬ϕ(x, bi) : i ∈ Z, i 6= 0}and we are done.(ii) A very similar proof (working with ∧
α ϕα(x, bα0 ) instead of ϕ(x, b0)) is left to the reader.(iii) By 
lause (ii) and 
ompa
tness.

�We summarize the 
onne
tions between randomness patterns and dividing systems:lem:divrand Lemma 2.11. (i) A (Morley) dividing randomness pattern for a type p is a (Morley) di-viding system for p.(ii) A dividing (Morley) system for a type p is a dividing (Morley) randomness pattern for
p.(iii) There exists a (Morley) dividing system for p of depth κ i� there exists a (Morley)dividing randomness pattern for p of depth κ.(iv) If T is dependent, then there exists a (Morley) dividing system for p of depth κ i� thereexists a (Morley) randomness pattern for p of depth κ.(v) If T is dependent, then pwt(p) is the supremum of the depths of Morley randomnesspatterns for p.Proof. Clause (i) is obvious. Clause (ii) is Lemma 2.10(ii). Clause (iii) is now 
lear. Clause(iv) holds by Observation 2.9, and 
lause (v) follows immediately. Note that sin
e we are not
hanging the array a in either dire
tion, one is Morley i� the other one is. �So we 
an 
on
lude:weightdep Theorem 2.12. Let T be dependent.(i) Every type has bounded weight.(ii) T is strongly dependent if and only if every type has rudimentarily �nite pre-weight ifand only if every type has rudimentarily �nite weight.(iii) Let p be a type, then pwt(p) is �nite if and only of the depth of a Morley randomnesspattern for p is bounded (by a �nite number).Proof. (i) Similar to (ii) (using Fa
t 2.6).(ii) If T is strongly dependent then by the de�nition there is no randomness pattern ofin�nite depth, whi
h by Lemma 2.11(iv) implies no dividing systems of in�nite depth,hen
e any type has rudimentarily �nite pre-weight. On the other hand, if T is notstrongly dependent, then there exists a not strongly dependent type p, that is, there



ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHT 11is a randomness pattern in p of in�nite depth and therefore a dividing system in p ofin�nite depth (again, by Lemma 2.11(iv)); applying Lemma 2.1 we obtain a type p′ anda Morley dividing system in p′ whi
h yields a type of in�nite pre-weight.(iii) Clear.
�Corollary 2.13. If T is stable, then T is strongly stable if and only if every type has �niteweight.Proof. It is well known that in a stable theory a type of rudimentary �nite weight is dominationequivalent to a �nite free produ
t of weight-1 types, and hen
e has �nite weight. �This 
orollary appears already in [UsU1℄ and was observed independently by Adler in [AdA℄.3. dp-minimality, stability and weightIn this se
tion we investigate dp-minimality. Let us start with the main de�nition and someexamples.We give a simpli�ed version of the de�nition whi
h appears in [shelah863Sh863℄.De�nition 3.1. A theory is not dp-minimal if there are mutually indis
ernible sequen
es 〈āi〉i∈ωand 〈b̄j〉j∈ω over M and formulas φ(x, ȳ) and ψ(x, z̄) where x is a single variable in the homesort (not an imaginary) and for any n,m ∈ ω the type

φ(x, ām) ∧
∧

i6=m

¬φ(x, āi) ∧ ψ(x, c̄n) ∧
∧

j 6=n

¬ψ(x, c̄j)is 
onsistent.Clearly, dp-minimality is in some sense the �strongest� version of strong dependen
e, that is:Observation 3.1. A theory is dp-minimal if and only of there does not exist a randomnesspattern X of depth κ = 2 for the type x = x, where x is a single variable. In parti
ular, adp-minimal theory is strongly dependent, hen
e dependent.Proof. One only needs to note that if there is a randomness pattern of in�nite depth, thereis su
h a pattern for x = x where x is a singleton (that is, la
k of strong dependen
e 
an bewitnessed by a pattern in one variable), see Remark 2.4. �Just like with dependent and strongly dependent, we 
an de�ne dp-minimal types. One mayhope that this (or a similar) notion will play the role of a minimal type in the strongly dependent
ontext (although our guess is that the related 
lass of weight-1 types has a better 
han
e toful�ll this hope).De�nition 3.2. (i) A type p is 
alled dp-minimal if there is no randomness pattern for pof depth 2.(ii) We will 
all a randomness pattern X of depth 2 for a type p a witness of non dp-minimality of p. Su
h a witness is 
alled Morley if X is Morley.It is quite easy to verify that given any in�nite modelM the theory ofM2 is never dp-minimal.Also, dp-minimality generalizes many known and well-studied notions of minimality:



12 ALF ONSHUUS AND ALEXANDER USVYATSOVFa
t 3.2.(i) Any strongly minimal theory is dp-minimal.(ii) Any o-minimal theory is dp-minimal.(iii) Any super-stable theory of U -rank 1 is dp-minimal.Proof. This follows straight from the de�nitions. �Remark 3.3. In [shelah863Sh863℄ Shelah proved that any p-adi
ally 
losed �eld is strongly dependent.We believe that his proof in fa
t shows that all p-adi
ally 
losed �elds are dp-minimal. In fa
t,it 
an probably be generalized to all p-minimal stru
tures, thus widening the 
lass of examples.There are new minimal theories with respe
t to this notion, though. The following is one ofour motivating examples:unsuperstable example Observation 3.4. The theory of ℵ0 nested equivalen
e relations with in�nitely many in�nite
lasses {En : n < ω} su
h that En+1 re�nes ea
h 
lass of En into in�nitely many 
lasses is astable non super-stable theory whi
h is dp-minimal.Proof. Straightforward. �In order to understand why the example above is dp-minimal, let us apply the te
hniquesdeveloped in the previous se
tion for strong dependen
e to the more restri
tive notion of dp-minimality and 
hara
terize it in more familiar terms.dpweight Theorem 3.5. Let T be dependent.(i) A dp-minimal type has pre-weight 1.(ii) T is dp-minimal if and only if every 1-type has pre-weight 1 if and only if every 1-typehas weight 1.(iii) A stable theory is dp-minimal if and only if every 1-type has pre-weight 1 if and only ifevery 1-type has weight 1 (in the usual sense of stable theories).Proof. Although the proofs are very similar to what was done in the previous se
tion, we willstill sket
h them.(i) If p has pre-weight at least 2, there is a dividing system for p of depth 2, hen
e arandomness pattern for p of depth 2 by Lemma 2.11.(ii) The �only if� dire
tion follows from (i). On the one hand, if T is not dp-minimal, thenthere is a randomness pattern of depth 2 for x = x, hen
e a dividing system of depth 2(Lemma 2.11 again) for x = x, hen
e a Morley dividing system of depth 2 for some p′(whi
h is extends of x = x, in parti
ular still is a 1-type) by Lemma 2.1. Hen
e p′ haspre-weight at least 2.(iii) Use Lemma 2.3.
�Remark 3.6. One 
an easily 
he
k that in the example of nested equivalen
e relations above notonly do all 1-types have weight 1, but they are all in fa
t regular. This does not need to be the
ase, of 
ourse, even for a super-stable theory. For instan
e, 
onsider the following well-knownexample of weight 1 non-regular type:

T = Th(G,+) where G = (Z4)
ω. Then T is ω-stable of Morley rank 2, totally 
ategori
al,and the generi
 type of G is a weight 1 non-regular type (although it is domination equivalent
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 type of 2G, whi
h is strongly minimal). Still, every 1-type has weight 1 and so Tis dp-minimal.Re
all that if T is dependent and M is a model, one 
an form the Shelah expansion M∗of M by enri
hing it with the tra
es of all externally de�nable subsets of it (see se
tion 1 of[shelah783Sh783℄ for a formal de�nition). Re
all also that the main theorem of se
tion 1 of [shelah783Sh783℄ statesthat Th(M∗) eliminates quanti�ers. We would like to point out that this fa
t gives us manyadditional examples of theories we are interested in:Observation 3.7. Shelah expansion of a model of a strongly dependent/dp-minimal theory isstrongly dependent/dp-minimal.Proof. Let L(T ) be the language of T , C the monster model of T . Similarly, L(T ∗) is thelanguage of T ∗ = Th(M∗), and C∗ is the expanded monster of T ∗.Let us prove the Observation for dp-minimal theories. Suppose T ∗ is not dp-minimal. Thenthere is a randomness pattern (a,Φ) of depth 2 in x = x, so let Φ = (ϕ(x, ȳ), ψ(x, z̄)). Byquanti�er elimination for T ∗, ϕ(x, ȳ) is equivalent to a basi
 formula, whi
h is itself equivalentto a formula ϕ′(x, ȳ, c̄) where ϕ′ ∈ L(T ) and c̄ ∈ C. Same is true for ψ(x, ȳ). So we obtaina randomness pattern of depth 2 for x = x in C∗ de�ned by L(T )-formulas with additionalparameters. Hen
e this is also a randomness pattern in C, a 
ontradi
tion. �Corollary 3.8. A weakly o-minimal theory is dp-minimal.We would like to try to develop an analogous theory for a rosy theory, repla
ing forking withþ-forking. From now on we assume that the theory T is rosy.De�nition 3.3.

 (i) We say that a pair (φ(x, ā), ψ(x, b̄)) and a set A witness 
riss
rossed forking (cc-forking)if |= ∃xφ(x, ā) ∧ ψ(x, b̄), both φ(x, ā) and ψ(x, b̄) fork over A, ā |⌣A
b̄ and b̄ |⌣A

ā.(ii) We say that a pair (φ(x, ā), ψ(x, b̄)) and a set A witness 
riss
rossed strong dividing(cc-strong-dividing) if |= ∃xφ(x, ā) ∧ ψ(x, b̄), both φ(x, ā) and ψ(x, b̄) strongly divideover A and ā |⌣
þ
A
b̄.(iii) We say that a pair (φ(x, ā), ψ(x, b̄)) and a set A witness 
riss
rossed þ-dividing (cc-þ-dividing) if |= ∃xφ(x, ā)∧ψ(x, b̄), both φ(x, ā) and ψ(x, b̄) þ-divide over A and ā |⌣

þ
A
b̄.(iv) We say that a pair (φ(x, ā), ψ(x, b̄)) and a set A witness 
riss
rossed þ-forking (cc-þ-forking) if |= ∃xφ(x, ā) ∧ ψ(x, b̄), both φ(x, ā) and ψ(x, b̄) þ-fork over A and ā |⌣

þ
A
b̄.(v) We say that T admits cc-forking (or strong dividing or þ-dividing or þ-forking) if thereexists a pair (φ(x, ā), ψ(x, b̄)) witnessing cc-forking (or strong dividing or þ-dividing orþ-forking) over A.(vi) Let p be a 1-type over a set A. We say that a pair (φ(x, ā), ψ(x, b̄)) witnesses 
riss
rossedforking (or strong dividing or þ-forking, þ-dividing) in p if (φ(x, ā), ψ(x, b̄)), A witness

cc-forking (or strong dividing or þ-forking, þ-dividing) and the pair (φ(x, ā), ψ(x, b̄)) is
onsistent with p.(vii) We say that a type p ∈ S1(A) admits cc-forking (or strong dividing or þ-dividing or þ-forking) if there exists a pair (φ(x, ā), ψ(x, b̄)) witnessing cc-forking (or strong dividingor þ-dividing or þ-forking) in p.
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weight Remark 3.9. (i) T admits cc-forking (strong dividing,þ-forking,þ-dividing) i� there existsa set A, a type p ∈ S(A) and a pair (φ(x, ā), ψ(x, b̄)) whi
h witnesses cc-forking (strongdividing,þ-forking,þ-dividing) in p.(ii) Let T be stable. Then a type p ∈ S1(A) does not admit cc-forking if and only if it haspre-weight 1.(iii) So a stable T does not admit cc-forking i� every 1-type has pre-weight 1 i� every 1-typehas weight 1.witness Remark 3.10. In a stable theory, a pair (φ(x, ā), ψ(x, b̄)) and a set A witness cc-forking if andonly if it witnesses cc-þ-forking.Proof. By Fa
t 1.5 we know that any instan
e of þ-forking is an instan
e of forking and vi
eversa.
�The following theorem shows that in a rosy theory one 
an pass from a 

-þ-forking witness toa mu
h stronger version. Re
alling that strong dividing of ϕ(x, ā) means that every indis
erniblesequen
e in tp(ā) exempli�es dividing, this suggests that starting with 

-þ-forking, one shouldbe able to 
onstru
t a dividing system (hen
e obtain an instan
e of weight at least 2 in the senseof the previous se
tion). We will 
ome ba
k to this in a subsequent work [OnUsOU℄.equivalent Theorem 3.11. The following are equivalent for any p ∈ S1(A).(i) p admits cc-þ-forking.(ii) p admits cc-þ-dividing.(iii) There is an extension p(x,B) of p(x) su
h that p(x,B) admits cc-strong dividing.Proof. Any witness for cc-strong dividing is a witness of cc-þ-dividing and any witness for cc-þ-dividing is a witness of cc-þ-forking.(i) ⇒(ii). Let

{ϕi(x, ā), ψ(x, b̄)}, Abe a cc-þ-forking witness for p. By de�nition there are �nitely many formulas ϕi(x, ā
′
i), ψj(x, b̄

′
j)and tuples c̄′, d̄′ su
h that ϕ(x, ā) ⊢

∨ka

i=1 ϕi(x, ā
′
i), ψ(x, b̄) ⊢

∨kb

j=1 ψj(x, b̄
′
j) and ϕi(x, ā

′
i) stronglydivides over Ac̄′ and ψj(x, b̄

′
j) strongly divides over Ad̄′.By hypothesis ā |⌣

þ
A
b̄ so by extension of þ-independen
e we 
an �nd ā′′ |= tp(ā/Ab̄) su
hthat ā′′ |⌣A

〈b̄′j〉d̄
′b̄. Let 〈ā′′i 〉, c̄′′ be images of 〈ā′i〉, c̄′ under an automorphism that �xes A, b̄ andsends ā to ā′′.Using extension on the other side there are b̄′′〈b̄′′j 〉d̄′′ |= tp(b̄〈b̄′j〉d̄

′/Aā′′) su
h that
〈ā′′i 〉c̄

′′ā′′
þ
|⌣
A

b̄′′〈b̄′′j 〉d̄
′′.But tp(ā′′b̄′′/A) = tp(ā′′b̄/A) = tp(āb̄/A) so by applying an automorphism over A, we 
an�nd 〈āi〉, c̄, 〈b̄j〉, d̄ su
h that 〈āi〉c̄ā |⌣A

〈b̄j〉d̄b̄.So in parti
ular we have tp(〈āi〉c̄/Aā) = tp(〈ā′i〉c̄
′/Aā) and tp(〈b̄i〉d̄/Ab̄) = tp(〈b̄′i〉d̄

′/Ab̄).Thereforeequ:1 (1) ϕ(x, ā) |=

ka∨

i=1

ϕi(x, āi), ψ(x, b̄) |=

ka∨

i=1

ψi(x, b̄i),



ON DP-MINIMALITY, STRONG DEPENDENCE AND WEIGHT 15andequ:2 (2) ϕ(x, āi) strongly divides over Ac̄ for all i,
ψ(x, b̄j) strongly divides over Ad̄ for all jSin
e ϕ(x, ā)∧ψ(x, b̄) is 
onsistent with p, it is 
lear from (1) that the 
onjun
tion ϕi(x, āi)∧

ψj(x, b̄j) is 
onsistent with p for some i, j. By monotoni
ity of þ-forking independen
e we knowthat āi |⌣A
b̄j so (2) implies that (ϕ(x, āi), ψ(x, b̄j)), A is a witness for cc-þ-dividing.(ii)⇒ (iii). On
e again we will prove the 
ase n = 2.Let

{ϕi(x, ā), ψ(x, b̄)}, Abe a cc-þ-dividing witness for p. Let D′ and E′ be supersets of A su
h that ϕ(x, ā) strongdivides over D′ and ψ(x, b̄) strong divides over E′. Sin
e ā |⌣
þ
A
b̄ we 
an, by extension (as inthe proof of (i) ⇒(ii)), �nd D,E satisfy types tp(D′/Aā) and tp(E′/Ab̄) respe
tively and su
hthat āD |⌣

þ
A
b̄E; so in parti
ular ϕ(x, ā) strong divides over D and ψ(x, b̄) strong divides over

E, ā |⌣
þ
D
E, b̄ |⌣

þ
E
D, and ā |⌣

þ
D∪E

b̄.Sin
e by de�nition ā 6∈ acl(D) and b̄ 6∈ acl(E) we get that ā, b̄ 6∈ acl(ED): e.g., ā 6∈ acl(D),but ā |⌣
þ
E
D, so ā 6∈ acl(ED).Soequ:3 (3) ϕ(x, ā) strongly divides over E ∪D,

ψ(x, b̄) strongly divides over E ∪D,

ā |⌣
þ
D∪E

b̄.Let B := D∪E and let p(x,B, ā, b̄) be a non þ-forking extension of p(x)∪{ϕ(x, ā)∪ψ(x, b̄)}and let p(x,B) be the restri
tion of p(x,B, ā, b̄) to B. All the 
onditions in the de�nition of
cc-strong dividing are satis�ed whi
h 
ompletes the proof of the theorem. �mainstable Corollary 3.12. The following are equivalent for a stable theory T .(i) T admits cc-forking.(ii) T admits cc-strong-dividing.(iii) T is not dp-minimal.(iv) There exists a 1-type p with weight bigger than 1.Proof. This is just putting together the propositions we have proved until now.(i)⇐⇒(ii): Theorem 3.11.(iii)⇐⇒(iv): Theorem 3.5.(i) ⇐⇒ (iv): Remark 3.9.
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