
STABLE DOMINATION AND WEIGHTALF ONSHUUS AND ALEXANDER USVYATSOVAbstra
t. We develop the theory of domination by stable types and stable weight in anarbitrary theory. 1. Introdu
tionIt has lately be
ome 
lear in model theory that understanding the stable parts of 
ertaintheories is quite useful for the analysis of su
h theories (for example, [HHM2℄). In this paper westudy the general theory of types whi
h have a nontrivial stable part. In parti
ular, we developthe theory of domination by stable types and stable weight in an arbitrary theory. We also
onne
t these notions to stable domination, as de�ned in [HHM2℄, and, mode generally, [HP3℄ and [Us12℄.We begin with studying the basi
 properties of stable types with respe
t to forking and
anoni
al bases. We believe that many of those fa
ts must be known, but we did not �nd themin the literature. In a sense what we observe is that when restri
ting ourselves to realizationsof stable types, everything behaves very mu
h like in a stable theory. Moreover, we get a kindof �stable embededness� in the following sense: whenever we speak about (non) forking, thebase 
an be restri
ted to the stable world; whenever we speak about la
k of domination, thewitnesses 
an be assumed to realize stable types, et
. This is the 
ontent of se
tion 3 (all ex
eptthe very last statement, whi
h appears in the beginning of se
tion 5).In se
tion 4 we study basi
 properties of (forking) domination and weight, partially restri
tingourselves to stable types. In parti
ular, we show that in a strong theory, any type has rudimen-tarily �nite stable weight, Lemma 4.7. Then we examine the notion of forking domination in thespe
ial 
ontext of dependent theories and prove that in a dependent theory, a type dominatedby a generi
ally stable type, is itself generi
ally stable, Theorem 4.9. We �nd this result ofinterest on its own, but it also plays a major role in the proof of the main theorem of se
tion 5.Se
tion 5 
ontains perhaps the most interesting results of the paper. We show that dominationby a stable type is witnessed in the de�nable 
losure of the dominated tuple, Theorem 5.3. Itfollows, for example, that a type dominated by a stable type is domination equivalent to its�stable part�. Restri
ting ourselves to dependent theories, we 
on
lude that a type dominatedby a stable type (in a sense of forking) is stably dominated, Theorem 5.4. The main ingredientof the proof is that su
h a type must be stationary, whi
h is given by Theorem 4.9 and basi
properties of generi
ally stable types.Se
tion 6 is devoted to stable weight. First we observe that Hyttinnen's results [Hy4℄ work inthe 
ontext of stable types. We 
on
lude that in a strong theory, any type, whi
h is dominatedby a stable stable type, is domination equivalent to a free �nite produ
t of weight-1 stable types,Date: November 4, 2009.The se
ond author was partially supported by FCT grant SFRH / BPD / 34893 / 2007.1



2 ALF ONSHUUS AND ALEXANDER USVYATSOVTheorem 6.5. For the some of the proofs, we refer the reader to [OnUs19℄, where su
h a de
ompositionresult was proven in a rather general 
ontext.In the se
ond part of se
tion 6, we use stable weight in order to determine the �stable part�of an arbitrary type. We observe that the stable weight of a type of a tuple a is witnessed bya stable tuple in the de�nable 
losure of a. Then we show that �morally�, a type is dominatedby a stable type if and only if its weight equals to its stable weight. There are 
ertain te
hni
alissues with the pre
ise statement. Theorem 6.14 is the most general result. It 
an be improvedunder the assumption that T is dependent, Corollary 6.18. Note that this essentially shows thatin a strongly dependent theory, a type is stably dominated if and only if it 
an be �de
omposed�into a �nite free produ
t of weight-1 stable types.Appendix A 
ontains the proof of �des
ent� for stably dominated types (whi
h is a slightlygeneralized and simpli�ed version of the proof given in [HHM2℄).1.1. Notations and Assumptions. Given a theory T , we will work inside its monster modeldenoted by C. By �monster� we mean that all 
ardinals we mention are �small� (i.e. smallerthan saturation of C), all sets are small subsets of C, all models are small elementary submodelsof C, and truth values of all formulae and all types are 
al
ulated in C. We denote tuples (�niteunless said otherwise) by lower 
ase letters a, b, c, . . . , sets by A,B,C, . . . , models by M,N, . . . ,et
.By a ≡A b we mean tp(a/A) = tp(b/A). Re
all that this is equivalent to having σ ∈ Aut(C/A)satisfying σ(a) = b.Given an order type O, a sequen
e I = 〈ai : i ∈ O〉 and j ∈ O, we often denote the set
{ai : i < j} by a<j; similarly for a≤j, a>j . We also often identify the sequen
e I with the set
∪I; that is, when no 
onfusion should arise we write tp(a/I).We will write a |⌣A

B for �tp(a/AB) does not fork over A� (see De�nition 2.1 below) evenif T is not simple. Although nonforking is generally not an independen
e relation, we still �ndthis notation 
onvenient.For simpli
ity we assume T = T eq for all theories T mentioned in this paper.2. PreliminariesIn this se
tion we remind the reader several basi
 de�nitions and fa
ts that will be used inthe paper.2.1. Forking and Morley sequen
es. The following de�nitions are standard in stability the-ory and 
an be found in [shelahbook15℄.dfn:forking De�nition 2.1. • A formula ϕ(x, a) is said to divide over A if there is an in�nite in-dis
ernible sequen
e I 
ontaining a su
h that the set {ϕ(x, a′) : a′ ∈ I} is in
onsistent.
• A (partial) type divides over A if it 
ontains a dividing formula.
• A (partial) type is said to fork over A if every global extension of it divides over A.Equivalently, a type forks over A if and only if it implies a �nite disjun
tion of formulaswhi
h divide over A.
• A (partial) type p is said to split over A if there are ϕ(x, a),¬ϕ(x, b) ∈ p with a ≡A

b. A type p splits strongly over A if in addition there is an A-indis
ernible sequen
e
ontaining both a and b.



STABLE DOMINATION AND WEIGHT 3De�nition 2.2. Let A ⊆ C be sets, O an order type. We 
all a sequen
e I = 〈ai : i ∈ O〉 aMorley sequen
e in tp(a/C) over C based on A if
• I is an indis
ernible sequen
e in tp(a/C)
• tp(ai/Ca<i) does not fork over A for all i ∈ OWe omit �based on A� if A = C, and sometimes we omit �over C� when it is stated expli
itlythat the sequen
e is in a type over C.De�nition 2.3.
• We 
all a sequen
e 〈Ai : i < O〉 (where O is an order type) nonforking over A if

tp(Ai/AA<i) does not fork over A for all i ∈ O.
• We 
all a set {Ai : i < λ} a nonforking or an independent set over A if tp(Ai/AA6=i)does not fork over A for all i < λ.2.2. Stable types. Re
all that a formula ϕ(x, y) is 
alled stable if it does not have the orderproperty (see [shelahbook15℄); this is, if there are no in�nite sequen
es 〈ai〉 and 〈bi〉 su
h that |= φ(ai, bj)if and only if i ≤ j. A theory is stable if no formula has the order property.In this subse
tion, we will de�ne and give the basi
 results of stable types. This study will beretaken in Se
tion 3 where we will generalize even more results of stability theory to realizationsof stable types in a general 
ontext.Re
all that in a stable theory every type is de�nable.De�nition 2.4. We 
all a type stable if every extension of it is de�nable.Stable types were introdu
ed by Las
ar and Poizat in [LaPo6℄ and have been studied sin
e. Thefollowing are very important fa
ts about stable types and in some way they give eviden
e thatthis is the right �lo
alization� of stability.definition stable types Fa
t 2.1. Let p(x) ∈ S(M). Then the following are equivalent.(i) p(x) is stable.(ii) For every N ≻M the type p has at most |N |ℵ0 extensions to N .(iii) There are no in�nite indis
ernible sequen
es 〈ai〉i∈I in p and 〈bi〉i∈I su
h that |= ϕ(ai, bj)if and only if i < j.Proof. The equivalen
e of (i) and (ii) is Theorem 4.4 in [LaPo6℄. The equivalen
e of (ii) and (iii)follows exa
tly as in the stable 
ase (see for example [shelahbook15℄-II.) �Fa
t 2.2. Let p be a stable type over B and let A ⊂ B. Then the following are equivalent.forking in stable (i) p(x) does not fork over A.(ii) p(x) is de�nable over acl(A).Proof. This is well known and is proved in [LaPo6℄. �We will also need the following.properties of forking in stable Theorem 2.3. Let p = tp(a/A) be a stable type and let A ⊂ C. Then the following hold.(i) There is a smallest de�nably 
losed set A0 ⊆ acl(A) over whi
h p is de�ned (does notfork). This means that A0 = dcl(A0), p is de�nable over A0 and p does not fork over
B ⊆ A i� A0 ⊆ acl(B). A0 is 
alled a 
anoni
al base of p. It is also in the de�nable
losure of a �nite Morley sequen
e in p over A.



4 ALF ONSHUUS AND ALEXANDER USVYATSOV(ii) If p is stationary (e.g. A = acl(A)), then A0 as in 
lause (i) is unique, and we 
all it the
anoni
al base of p, Cb(p). In this 
ase Cb(p) ⊆ dcl(A). Moreover, any automorphismof C �xes pC setwise if and only if it �xes Cb(p) pointwise.(iii) Forking has lo
al 
hara
ter for stable types. That is, given a formula ϕ(x, y), there doesnot exists an in
reasing 
hain of sets 〈Ai : i < ω〉 and a type p over A = ∪i<ωAi su
hthat for every i there exist ai, ϕ(x, ai) ∈ p↾Ai+1, ϕ(x, ai) forks over Ai.(iv) tp(a/A) does not fork over A.(v) If b is su
h that tp(b/A) is also both, then tp(ab/A) is stable.(vi) tp(b/A) is stable for any b ∈ dcl(Aa).(vii) For any B ⊃ A there is some a′ ≡A a su
h that a′ |⌣A
B.Proof. Properties (i) through (iv) and (vii) are proven just like in stable theories (e.g. [pillaybook14℄)using de�nability of stable types, the de�nition of forking, Fa
t 2.1 and Fa
t 2.2. Clauses (v)and (vi) are easy. �Noti
e that (v) above implies, by an easy indu
tion, that any sequen
e of realizations of stabletypes is stable.2.3. Dependent theories and generi
ally stable types. The standard de�nition of de-penden
e states that a theory T is 
alled dependent if there does not exist a formula whi
hexempli�es the independen
e property. However, we are mostly going to use the followingequivalent de�nition:f
t:depend De�nition 2.5. T is dependent if and only if there do not exist an indis
ernible sequen
e I =

〈ai : i < λ〉, a formula ϕ(x, y) and b̄ su
h that both
{i : |= ϕ(ai, b)}and
{i : |= ¬ϕ(ai, b)}are unbounded in λ.Fa
t 2.4. (Shelah, [Sh78310℄) (T dependent) Strong splitting implies dividing (and therefore forking).fa
t:splitfork We will now de�ne and give the basi
 properties of generi
ally stable types. For more detailsand proofs, see [Us12℄.De�nition 2.6. Let T be dependent. We 
all a type p ∈ S(A) generi
ally stable if every Morleysequen
e in it is an indis
ernible set.Remark 2.1. If a type is stable, then it is generi
ally stable (see e.g. [Us12℄ Se
tion 6).fa
t:genstab Fa
t 2.5. (T dependent)(i) p ∈ S(A) is generi
ally stable if and only if some Morley sequen
e in p is an indis
ernibleset.(ii) If p ∈ S(A), then it is de�nable over acl(A). If p is de�nable over A (e.g. A = acl(A)),then p is stationary.(iii) Let p be generi
ally stable. Nonforking de�nes on the set of realizations of p a stable in-dependen
e relation (that is, a relation satisfying all the axioms of a stable independen
erelation).



STABLE DOMINATION AND WEIGHT 5Proof. See [Us12℄. �Note that generi
 stability is not ne
essarily 
losed under extensions. In fa
t, it is quite easyto see (shown in [Us12℄) that p is stable if and only if every extension of it is generi
ally stable.So whenever one works with stable-like types (stable types, generi
ally stable types or stablydominated types � whi
h will be de�ned later) one is always trying to understand some spe
i�
parts of a stru
ture, and see how mu
h this types 
an shed light on the full stru
ture.2.4. Strong dependen
e and strongness. Sin
e some of the 
onsequen
es of strong depen-den
e (and more generally, strongness) will be explored in this paper, we remind the reader thebasi
 de�nitions.In the de�nitions below we denote tuples by x̄, ā (in order to stress the di�eren
e betweensingletons and �nite tuples of arbitrary length).dfn:strongdep De�nition 2.7.
• A (partial) type p over a set A is 
alled strongly dependent if there do not exist formulae
ϕα(x̄, ȳα) for α < ω and sequen
es 〈b̄αi : i < ω〉 for α < ω mutually indis
ernible over Asu
h that for every η ∈ ωω, the set

Γη = {ϕα(x̄, b̄αη(α)) : α < ω} ∪ {¬ϕα(x̄, b̄αi ) : α < ω, i 6= η(α)}is 
onsistent with p.
• A theory is 
alled strongly dependent if the partial type x = x is (here x is a singleton).
• Let T be dependent. A type p is 
alled strongly stable if it is strongly dependent andstable.Remark 2.2. Note that in [shelah86311℄ Observation 1.7 Shelah basi
ally shows that if there exists atype p(x̄) whi
h is not strongly dependent, then there exists su
h a type p′(x) with x beinga singleton. This implies that if there exists an non-strongly dependent type, then T itself isnot strongly dependent so that the above de�nitions are in fa
t di�erent aspe
ts of the samephenomenon.A related notion, whi
h will be 
onvenient for us to 
onsider, was investigated by Adler in[Ad1℄. We are going to use a slightly di�erent terminology (some of it 
omes from [OnUs8℄).dfn:strong De�nition 2.8.
• A dividing pattern of depth κ for a (partial) type p over a set A is an array 〈b̄αi : α <
κ, i < ω〉 and formulae ϕα(x̄, ȳα) for α < κ su
h that(i) The sequen
es Iα = 〈b̄αi : i < ω〉 are mutually indis
ernible over A. That is, Iα isindis
ernible over AI 6=α.(ii) len(b̄αi ) = len(ȳα).(iii) For every η ∈ κω, the set

{ϕα(x̄, b̄αη(α)) : α < κ}is 
onsistent with p.(iv) For every α < κ there exists kα < ω su
h that the set
{ϕα(x̄, b̄αi ) : i < ω}is kα-in
onsistent with p.



6 ALF ONSHUUS AND ALEXANDER USVYATSOV
• A (partial) type p over a set A is 
alled strong if there does not exist a dividing patternfor p of depth κ = ω.
• A theory is 
alled strong if every �nitary type is strong.rmk:pattern0 Remark 2.6. Note that by mutual indis
ernibility in 
lause (
) of the de�nition of a dividingpattern it is enough to demand that the set

{ϕα(x̄, b̄α0 ) : α < κ}is 
onsistent with p.It was shown in [Ad1℄ and [OnUs8℄ that in a dependent theory a type is strongly dependent if andonly if it is strong. Hen
e a dependent theory T is strongly dependent if and only if it is strong.3. Stable types in unstable 
ontextsstable types Theorem 2.2 gives a good a

ount of fa
ts about stable types, whi
h 
an be found in theliterature. These results, however, are not enough for what we need. This se
tion is devoted tostudying stable types mostly without any assumptions on the theory.We will start by proving the following easy properties of stable types; some are probablyknown, but we did not �nd them in the existing literature.automorphisms Observation 3.1. Let p(x) be a stable type over A, let B ⊃ A and let q(x) be an extensionof p(x) over B. Then q(x) is a non forking extension if and only if for any saturated model
N ⊃ B there is an extension q′ of q to N su
h that the number of di�erent images of q′ underautomorphisms in Gal(N/A) is bounded by |acl(A)| (or |T | if |A| < |T |).Proof. It is well known that the whenever q ∈ S(acl(B)) is a non forking extension of p ∈
S(acl(A)) then q is de�nable over acl(A) so it is �xed under any automorphism whi
h �xes
acl(A). It follows that the number of images of q under Gal(N/A) is exa
tly the same as thenumber of extensions of p to acl(A) whi
h is, of 
ourse, bounded by |A| + |T |.To prove the 
onverse, suppose q is a non forking extension of p, let N be any saturatedenough model and let q′ be any extension of p to q′. It is 
lear that q′ 
annot be an heir of
p so by Proposition 4.8 in [LaPo6℄ there are at least |N | many Gal(N/A)-automorphi
 
opies of q′extending p to types over N . �left transitivityproperties of forking in stable 2 Theorem 3.2. (Left Transitivity) Let tp(a/A) and tp(b/A) be stable types. Then if tp(b/A) isalso stable, then tp(ab/C) does not fork over A if and only if tp(a/Cb) does not fork over Aband tp(b/C) does not fork over A.Proof. Let N be any saturated enough model extending C. The �rst item follows immediatelyfrom Observation 3.1 in the following way. Let q(x, y) be an extension of tp(ab/C) to N realizedby tuples a′, b′. Then noti
e that any N -automorphism σ �xes q(x, y) if and only if σ �xes boththe restri
tion q(y) of q(x, y) to the y variable (so that b′ is a realization of σ(q(y))) and thetype q(x, b′). �One of the great advantages of working with realizations of stable types, is that symmetryof forking independen
e holds whenever one of the sides of the independen
e relation satis�esstable types (over the base). This means that not only 
an we manipulate forking independen
ewith stable types, but we 
an also use stable types as parameters with almost equal ease. Inorder to prove this we need the following.



STABLE DOMINATION AND WEIGHT 7Kim's symmetry Fa
t 3.3. Let p(x) := tp(a/A) be a type su
h that all the D-ranks are �nite (see [Kimthesis5℄ for ade�nition of D-ranks). Let tp(b/A) be a type whi
h does not fork over A. Then the followinghold.(i) Let I = 〈bi〉 be a Morley sequen
e of tp(b/A). Suppose that 〈aj
0, a

j
1, . . . a

j
n〉j∈ω is an

A-indis
ernible sequen
e of tp(a0, a1, . . . an/A). Then there is a sequen
e J , an A-automorphi
 
opy of I, su
h that 〈aj
0, a

j
1, . . . a

j
n〉̂J is an A-indis
ernible sequen
e forea
h j < w.(ii) The following are equivalent.

• The set {φ(x, b′) | b′ ∈ I} is in
onsistent for any Morley sequen
e I of tp(b/A).
• The set {φ(x, b′) | b′ ∈ I} is in
onsistent for some Morley sequen
e I of tp(b/A).
• φ(x, b) witnesses that tp(a/Ab) divides over A.
• φ(x, b) witnesses that tp(a/Ab) forks over A, in the sense that φ(x, b) implies a�nite disjun
tion of formulas ∨ψi(x, bi) su
h that p(x) ∪ ψi(x, bi) divides over Afor ea
h i.(iii) If tp(b/Aa) does not fork over A then tp(a/Ab) does not fork over A.Proof. All of the items follow as in the proof of symmetry for simple theories in [Kimthesis5℄.(i) See the proof Proposition 3.4 in [Kimthesis5℄.(ii) See the proof Proposition 3.6 in [Kimthesis5℄.(iii) See the proof Theorem 3.9 in [Kimthesis5℄.

�With this we 
an prove the following theorem.symmetry Theorem 3.4. (Symmetry) Let a, b be tuples and A a set su
h that tp(a/A) is a stable type andsu
h that tp(b/A) does not fork over A. Then a |⌣A
b if and only if b |⌣A

a.Proof. By Fa
t 3.3 we know that if tp(b/Aa) does not fork over A then neither does tp(a/Ab).For the other dire
tion, assume that a |⌣A
b, but b 6 |⌣A

a. So there is a formula ϕ(y, x) su
hthat ϕ(b, a) holds and ϕ(y, a) forks over A. Constru
t sequen
es 〈ai : i < ω〉 and 〈bi : i < ω〉 asfollows:
• a0b0 = ab
• bi+1 ≡acl(A) b, bi+1 |⌣A

a≤ib≤i (This is possible sin
e tp(b/A) does not fork over A).
• ai+1 ≡Ab a, ai+1 |⌣A

a≤ib≤i+1 (This is possible sin
e a |⌣A
b, by stability of tp(a/A)and transitivity of nonforking for stable types).Now note:

• Sin
e ai ≡A a for all i, we have that ϕ(y, ai) forks over A for all i.
• For i < j we have bj |⌣A

ai, hen
e ¬ϕ(bj , ai).
• Let i ≥ j. Then ϕ(b, ai) holds. Re
all that ai |⌣A

bbj so the type tp(ai/Abbj) isde�nable over acl(A) (by stability) and it therefore does not split over acl(A). Sin
e
b ≡acl(A) bj, ϕ(bj , ai) holds.We have shown that the order property is exempli�ed on the set of realizations of tp(a/A) (withexternal parameters), 
ontradi
ting Fa
t 2.1. �



8 ALF ONSHUUS AND ALEXANDER USVYATSOVDis
ussion 3.5. Note that the results above, 
ombined with Theorem 2.2 imply that all prop-erties of stable independen
e 
al
ulus hold for nonforking whenever one studies realizationsof stable types. We will use this 
onstantly throughout the paper, most of the time withoutproviding exa
t referen
es.We will also extensively use the existen
e of 
anoni
al bases, see Theorem 2.2.It will be important to be able to guarantee that we 
an restri
t ourselves to stable types. Inparti
ular, it will be key in many 
ases to be able to restri
t the bases to the stable part of thetheory.
anoni
al base Remark 3.6. Let a/A be a stable type and let b be any tuple and let b0 := Cb(a/Ab). Sin
e
b0 
an be de�ned from a Morley sequen
e in tp(a/Ab) whi
h is in parti
ular a sequen
e ofrealizations of a/A, we have that b0 ∈ dcl(āA) su
h that tp(ā/A) is stable. So it is 
lear that
tp(b0/A) is stable by Theorem 2.3 (v) and (vi).stable base Lemma 3.7. Let e/A be stable and A ⊆ B.(i) There exists B0 ⊆ dcl(B) su
h that B0/A is stable and for every tuple a we have

e |⌣
B

a =⇒ e |⌣
B0

a.(ii) If a is su
h that tp(a/A) is a stable type and e 6 |⌣B
a, then there is some B0 ⊂ B su
hthat tp(B0/A) is stable and e 6 |⌣B0

a.Proof. To prove (i), let B′
0 := Cb(e/B). By de�nition e |⌣B′

0

B and by transitivity, if e |⌣B
athen e |⌣B′

0

a. In order to get B0 we need to revise the 
onstru
tion of the 
anoni
al base. Re
all(see for example [pillaybook14℄) that the 
anoni
al base B′
0 is the tuple of all 
anoni
al parameters b′ϕ ofthe formulas de�ning the ϕ-de�nitions of tp(e/B). Ea
h su
h b′ϕ is in the algebrai
 
losure of

B, whi
h means that its orbit over B is �nite. Let bϕ be the set of B-
onjugates of b′ϕ (in C
eq)and let B0 be the set of all bϕ's.It is 
lear by de�nition that b′ϕ ∈ acl(bϕ) (so B′

0 ⊆ acl(B0)) and that B0 ⊆ dcl(B). So 
learlyfor any a we have
e |⌣

B

a =⇒ e |⌣
B0

aFinally, by Remark 3.6 we know that tp(B′
0/A) is stable so that B0/A must also be stable,
ompleting the proof of (i).Now, assume tp(a/A) is stable and let B0 := Cb(ea/B). By de�nition ea |⌣B0

B and tp(ea/B)is stable, so tp(ea/B0) is also stable. By Theorem 3.2 this implies that e |⌣B0a
B. Now, if e 6 |⌣B

athen by transitivity we get e 6 |⌣B0

a whi
h proves (ii). �4. Domination, weight and stabilityIn this se
tion we will introdu
e the basi
 
on
epts and some of the main te
hni
al resultswhi
h will allow us to state and prove the main results of the paper, whi
h are in
luded inSe
tions 5 and 6. The se
tion is divided into two parts. We will �rst de�ne domination and



STABLE DOMINATION AND WEIGHT 9weight and some related 
on
epts, and prove some basi
 results about these. Then we will needto work out some results about generi
ally stable types, whi
h will play a key role in order toestablish stationarity of types whi
h are dominated by a stable type in a dependent theory.definitions domination 4.1. Orthogonality and domination: de�nitions. First, let us re
all the most general 
on-
epts. We will give the de�nitions without assuming anything on the theory; of 
ourse, theydo not always give rise to well-behaved notions. Note that for unstable types we only de�nedomination over a �xed base set.dfn:domination De�nition 4.1.
• We say that a tuple a dominates a tuple b over a set A (and denote this by b ⊳A a) iffor every tuple c we have

a |⌣
A

c =⇒ b |⌣
A

c

• Let p, q ∈ S(A). We say that p dominates q over A or q ⊳A p if for every a |= p thereexists b |= q su
h that b⊳A a.
• If p ⊳A q and q ⊳A p, we say that they are domination equivalent over A and write
p ⊲⊳A q.Note that domination equivalen
e over a �xed base A is 
learly an equivalen
e relation on

S(A).rmk:a
l_dom Remark 4.1. a⊳A b if and only if a⊳acl(A) b.De�nition 4.2. Two types p(x) and q(x) are weakly orthogonal if they are de�ned over a
ommon domain B and for every tuple a |= p′ and b |= q′ we have a |⌣B
b.In this paper we will be parti
ularly interested in domination by stable types, so it is naturalto assume that the dominating type is stable and explore some 
onsequen
es.obs:extend_base_dom Observation 4.2. Assume p ⊳A q, q is stable, A ⊆ B, p′, q′ nonforking extensions of p, q(respe
tively) to B. Then p′ ⊳B q′.Proof. By Remark 4.1, we may assume that A and B are algebrai
ally 
losed.Let a realize p′, so in parti
ular it realizes p, hen
e there is b realizing q su
h that a⊳A b. Byapplying an automorphism over A, we may assume b |= q′ (so a realized an A-
onjugate of p′).So we have a |⌣A

B and b |⌣A
B.Now assume b |⌣B

c. Sin
e q := tp(b/A) is stable by transitivity we have b |⌣A
Bc so that

a |⌣A
Bc and hen
e a |⌣B

c by monotoni
ity.We 
an 
on
lude that p′ is dominated over B by some A-
onjugate of q′; but by stationarityof stable types and Remark 4.1, this proves the observation. �on des
ent Remark 4.3. The 
onverse of the above theorem has not been proved (or disproved) in the mostgeneral 
ase. The proof for the setting that we were able to �nd (see the end of se
tion 6)uses the �Theorem of Des
ent�, whi
h is a result analogous to that in [HHM2℄ for stably dominatedtypes,and has a very te
hni
al proof.Let us now de�ne the following te
hni
al notion of domination with respe
t to stable types.As we will see in Se
tion 5 (Corollary 5.2), it is equivalent to domination when realizations ofstable types are involved.



10 ALF ONSHUUS AND ALEXANDER USVYATSOVdfb:st-domination De�nition 4.3. We say that b dominates a over A with respe
t to stable types, a⊳st
A b, if forevery c with tp(c/A) stable, we have

b |⌣
A

c =⇒ a |⌣
A

cThe notions of regularity, orthogonality and domination between types with di�erent domainsdo not make mu
h sense without stationarity (or, like in the simple 
ase, some version ofamalgamation of non forking extensions �the �Independen
e Theorem�� that permits to analyzeextensions of both types at the same time). Sin
e in the general 
ontext we la
k this, we restri
tthe de�nitions to the 
ase where we have some stability.dfn:stable-orth De�nition 4.4.
• Two stable types p and q are orthogonal if every non forking extensions p′ and q′ of pand q respe
tively to a 
ommon domain are weakly orthogonal.
• A stable type r(x) over A is regular if given any B ⊃ A, any forking extension q(x) of
r(x) to B, and any non forking extension p(x) of r(x) to B, q(x) is weakly orthogonalto r(x).

• Let p(x) and q(x) be stationary stable types over A and B respe
tively. We will saythat p(x) dominates q(x) if there are a, b realizations of p and q respe
tively su
h that
a |⌣A

B and b |⌣B
A and for every c we have b 6 |⌣A∪B

c implies a 6 |⌣A∪B
c. In this 
asewe write q ⊳ p.

• We say that stable types p and q are domination equivalent if they dominate ea
h other.In this 
ase we write p ⋊⋉ q.Note that whereas domination over a �xed base set is 
learly transitive, for domination this isnot straightforward from the de�nitions. In general this is not the 
ase, even in simple theories.For stable types (like in stable theories), the situation is ni
e be
ause of stationarity:Observation 4.4. Let p, q, r be stable types, p⊳ q ⊳ r. Then p⊳ r.Proof. Let p ∈ S(A), q ∈ S(B), r ∈ S(C). Without loss of generality (see Remark 4.1), A, Band C are algebrai
ally 
losed. So we have nonforking extensions p′, q′ of p, q respe
tively to
D = acl(A ∪ B) su
h that p′ ⊳D q′. Similarly, there are nonforking extensions q′′, r′′ of q, r to
E = acl(B ∪ C) with q′′ ⊳E r

′′.Now taking nonforking extensions to D ∪ E, applying Observation 4.2 and transitivity ofdomination over a �xed base, we get the desired 
on
lusion. Note that we are only using that
q and r be stable. �As a 
on
lusion, domination equivalen
e is an equivalen
e relation on stable types.4.2. Weight: de�nitions. We now re
all the general notion of weight.dfn:weight De�nition 4.5.

• Let p(x) be any type over some set A. We will say that a, 〈bi〉i<λ witnesses pwt(p(x)) ≥ λ( pre-weight of p is at least λ) if a |= p(x), {bi}i<λ is A-independent and a 6 |⌣A
bi for all

i. If λ is maximal su
h that su
h a witness exists, we will say that a, 〈bi〉i<λ witnesses
pwt(p(x)) = λ and that p has pre-weight λ.
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• Let p(x) be any type over some set A. We will say that a,B, 〈bi〉i<λ witnesses wt(p(x)) ≥
λ ( weight of p is at least λ) if a |= p(x), a |⌣A

B, {bi}i<λ is B-independent sequen
eand a 6 |⌣ bi for all i. If λ is maximal su
h that su
h a witness exists, we will say that
a,B, 〈bi〉i<λ witnesses wt(p(x)) = λ and that p has weight λ.

• We say that p(x) has rudimentarily �nite weight if there is no a,B, 〈bi〉i<ω witnessing
wt(p(x)) ≥ ω.We now de�ne stable weight (whi
h as we will see later, pre
isely 
aptures the weight of the�stable part� of a type). Let us for simpli
ity restri
t ourselves to �nite weight and pre-weight(sin
e we are not going to be 
on
erned with in�nite weight in this paper), although the generalde�nition 
an be given similarly.dfn:stable weight De�nition 4.6.

• Let p(x) be any type over some set A. We will say that a, 〈bi〉ni=1 witnesses stpw(p(x)) ≥
n ( stable pre weight of p is at least n) if a |= p(x), {bi}n

i=1 is A-independent, tp(bi/A)is stable and a 6 |⌣A
bi for all i. If n is maximal su
h that su
h a witness exists, we willsay that a, 〈bi〉ni=1 witnesses stpw(p(x)) = n and that p has stable pre-weight n.

• Let p(x) be any type over some set A. We will say that a,B, 〈bi〉ni=1 witnesses
stw(p(x)) ≥ n ( stable weight of p is at least n) if a |= p(x), a |⌣A

B, {bi}
n
i=1 is

B-independent sequen
e, tp(bi/B) is stable and a 6 |⌣ bi for all i. If n is maximal su
hthat su
h a witness exists, we will say that a,B, 〈bi〉ni=1 witnesses stw(p(x)) = n andthat p has stable weight n.
• As before, a type has rudimentarily �nite stable weight if there is no witness of in�nitestable weight. Spe
i�
ally, p ∈ S(A) has rudimentarily �nite stable weight if there areno B, a |= p|B (a nonforking extension of p to B) and {bi}i<ω an B-independent set,su
h that tp(bi/B) is stable and a 6 |⌣B

bi for all i.The following observation is very easy using the properties of forking for stable types. Notethat a similar result for the general notion of weight is far from being 
lear.obs:stable weight monotone Observation 4.5. Suppose a |⌣A
B. Then stw(tp(a/B)) = stw(tp(a/A)).Proof. Clearly, it is enough to show that stpw(tp(a/B)) ≥ stpw(tp(a/A)). So suppose b̄ = 〈bi :

i < α〉 witness stpw(tp(a/A)) ≥ α. Without loss of generality b̄ |⌣A
B (re
all that tp(b̄/A)is stable, hen
e does not fork over A). By symmetry, B |⌣A

b̄. It is easy to see that b̄ is anindependent set over B.Now suppose a |⌣B
bi; then by transitivity Ba |⌣A

bi, so a |⌣A
bi, a 
ontradi
tion. So b̄witness stpw(tp(b/B)) ≥ α, as required. �Finally, we de�ne stable domination. Note that our de�nition is slightly more general thanthe original one given by Haskell, Hrushovski and Ma
pherson, sin
e we allow πi(x) to be anarbitrary (partial) stable type, not just a stable set. This de�nition is borrowed from [HP3℄ and[Us12℄.dfn:stabledomination De�nition 4.7. A type p ∈ S(A) is 
alled stably dominated if there exists a 
olle
tion of stabletypes π̄ = 〈πi : i < α〉 and de�nable fun
tions fi : p

C → πi su
h that for every set B ⊇ A and
a |= p, if fi(a) |⌣

st

A
B for all i (whi
h in this 
ontext just means that tp(fi(a)/B) is de�nableover A), then tp(B/Af̄(a)) ⊢ tp(B/Aa) where f̄ denotes 〈fi : i < α〉.
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ase we also say that p is stably dominated by π̄ via f̄ .4.3. Strongness and weight. It is already well-known (see [Ad1℄, [Us12℄, [OnUs8℄, [OnUs19℄) that strong de-penden
e, and, more generally, Adler's notion of strongness is related to �niteness of weight. Itwill follow from our analysis in Se
tion 5 (just like in stable [Hy4℄, simple [wagnerbook16℄, and rosy [OnUs19℄ theories)that in a strong theory any stable type has �nite weight. In this subse
tion we only observe thefa
t that in a strong theory the stable weight of any type has to be rudimentarily �nite.The following is easy and probably well known:to
a Lemma 4.6. Let {bα : α < λ} be a 
olle
tion of elements realizing stable types over a set A.Then there are sequen
es Iα starting with aα respe
tively su
h that Iα is a Morley sequen
e (inparti
ular, indis
ernible) over AI 6=α.Proof. The proof is an easy adaptation of the proof of Lemma 1.3 in [OnUs8℄. �rudimentarily finite Lemma 4.7. Let A, a, {bi : i < ω} be su
h that
• tp(bi/A) is stable for all i < ω
• The set {bi : i < ω} is independent over A
• a 6 |⌣A

bi for all iThen tp(a/A) is not strong.Proof. By the previous Lemma, we 
an 
onstru
t sequen
es Ii mutually Morley over A startingwith bi respe
tively. By Fa
t 3.3 a 6 |⌣A
bi implies that tp(a/Abi) divides over A for all i witnessedby Ii.Now 
learly the sequen
es Ii give a dividing system for tp(a/A) of in�nite depth, as required.

�4.4. Generi
 stability and domination. Here we investigate some properties of generi
allystable types in a dependent theory, extending results proven in [Us12℄. This will be 
entral to themain result of Se
tion 5.As we have already mentioned, it was shown in [Us12℄ that in a dependent theory generi
 stabilityleads to �stable� behavior of nonforking. In parti
ular, any nonforking sequen
e in a generi
allystable type is an independent set. The next lemma will allow us to get a 
onverse. Re
all thata type is generi
ally stable if and only if some Morley sequen
e in it is an indis
ernible set.lemma:indset Lemma 4.8. (T dependent)Let A be a set, 〈ai : i ∈ I〉 an indis
ernible sequen
e over A whi
h is also an A-independentset (that is, ai |⌣A
aIr{i} for all i). Then 〈ai : i ∈ I〉 is an indis
ernible set over A, and it istherefore hen
e Av(I,A) is generi
ally stable.Proof. Assume not. Without loss of generality I = Q and there is a formula ϕ(x, y) =

ϕ(ā<0, x, y, ā>1) su
h that ϕ(a0, a1) ∧ ¬ϕ(a1, a0).Clearly ϕ(a 1

2

, a1) ∧ ¬ϕ(a 1

2

, a0), and sin
e ā<0a0ā>1 ≡A ā<0a1ā>1, we get tp(a 1

2

/Aā≤0ā≥1)splits strongly and therefore forks (by Fa
t 2.4) over A, a 
ontradi
tion. �As a 
onsequen
e, we obtain the following ni
e theorem. It strengthens Lemma 7.8 in [Us12℄.dominated by stable Theorem 4.9. (T dependent)Let p, q ∈ S(A), q ⊳A p, p is generi
ally stable. Then q is also generi
ally stable.
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an �nd sequen
es I = 〈ai : i ∈ Q〉, J = 〈bi : i < Q〉 su
h that:
• ai |= p, ai |⌣A

ā<ib̄<i and
• bi |= q, bi ⊳A ai.Clearly I is a nonforking sequen
e in p. By the properties of nonforking independen
e forgeneri
ally stable types (Fa
t 2.5, see also se
tion 7 of [Us12℄), I is an independent set over A. Bythe 
hoi
e of bi and sin
e ai |⌣A

b̄<i, it is also 
lear that J is a nonforking sequen
e. Noti
e thatwe are only interested in tp(aibi/Aā<ib̄<i) so we may assume without loss of generality that Jis an A-indis
ernible sequen
e and that the sequen
e of pairs 〈aibi : i ∈ Q〉 is A-indis
ernible.The following te
hni
al 
laim is the key for the rest of the proof.Claim 4.10. Let l < k ∈ Q, let il ≤ l, ik ≥ k and ij ∈ (l, k), and let b̄≤l = 〈bil〉, b̄>k = 〈bik〉 and
b̄(l,k) = 〈bij 〉 be �nite tuples of elements in J .Then, for every formula ϕ(z̄, x, ȳ) over A, we have

ϕ(b̄≤l, ak, b̄>k) ⇐⇒ ϕ(b̄≤l, ak, b̄(l,k)).Proof. Assume ϕ(b̄≤l, ak, b̄(l,k)). Note that by indis
ernibility for most i > k we have
ϕ(b̄≤l, ai, b̄>k). So ¬ϕ(b̄≤l, ak, b̄>k) would imply that ¬ϕ(b̄≤l, ai, b̄>k) for every i ∈ (l, k), 
ontra-di
ting de�nition of dependen
e (De�nition 2.5). �It follows that ai |⌣A

b̄<ib̄>i if and only if ai |⌣A
b̄<i (whi
h we have by 
onstru
tion). Butwe know that bi ⊳A ai, so by de�nition J is an A-independent set; by Lemma 4.8 J is anindis
ernible set, whi
h implies by Fa
t 2.5 that q is generi
ally stable. �Remark 4.11. In general one would like to prove that stable weight and stable pre-weight behavein mu
h the same manner as weight and pre weight.The problem is that a stable type r(x) over A might not have any stable restri
tions to somesubset A0 ⊂ A and it is not 
lear that we have a way to �nd stable types whi
h play the role of

r(x). In this paper we will dis
uss a good example of this.Let p(x) ∈ S(A) whi
h is dominated by a stable type r(x) over A and su
h that p(x) does notfork over ∅. It should be the 
ase that p(x) is stably dominated over ∅. However, we believethis is still unknown ex
ept when tp(A/∅) is an automorphism invariant type. And even in this
ase, �nding the element satisfying a stable type over ∅ whi
h will eventually dominate p(x)is quite hard (it is pretty mu
h a 
onstru
tion given in [HHM2℄ whi
h me managed to adapt to our
ontext, involving ω ·2-�Morley� sequen
es of the type of A over ∅ �see Fa
t 6.15 and AppendixA).It might be that tools for this sort of 
onstru
tions will eventually be found, but with theeviden
e we have right now it is also quite likely that stable types are, in some way, essentiallysensitive to their base.5. Domination, stable domination and Stable weightse
tion4 This se
tion presents what is perhaps the main result of this arti
le. We �rst prove thatdomination by a stable type 
an always be witnessed within the algebrai
 
losure of a realizationof the (dominated) type. We will then prove that in a dependent theory, (forking) dominationby a stable type is enough to a
hieve what is de�ned as stable domination in [HP3℄ and [Us12℄ (whi
his a small variation from the de�nition in [HHM2℄). This implies that domination by a stable type



14 ALF ONSHUUS AND ALEXANDER USVYATSOVis an equivalent (and probably more manageable - 
ertainly, easier to verify) de�nition for thenotion whi
h has been so produ
tive in the study of algebrai
ally 
losed valued �elds (see [HHM2℄).We refer the reader to Subse
tion 4.1 for the de�nitions.stable non-dom Lemma 5.1. Let e/A be a stable type, and suppose e ⋪A c. Then the la
k of domination iswitnessed by an element satisfying a stable type over A. That is, there exists d su
h that d/A isstable, e 6 |⌣A
d, c |⌣A

d.Proof. Let e/A be a stable type and e ⋪A c. By de�nition there is some b su
h that e 6 |⌣A
b and

c |⌣A
b.Let d = Cb(e/Ab). In parti
ular, d ∈ acl(Ab) and d/A is stable. Sin
e e 6 |⌣A

b, c |⌣A
b andwe know that by de�nition e |⌣Ab

d. So by transitivity e 6 |⌣A
d and c |⌣A

d. �st-domination Corollary 5.2. The following are equivalent for a, b and A su
h that tp(a/A) is stable:(i) a⊳A b(ii) For every c su
h that tp(c/A) is stable, we have
b |⌣

A

c =⇒ a |⌣
A

cstably dominateddomination equivalent Theorem 5.3. Any type whi
h is dominated by a stable type is domination equivalent to a stabletype.Moreover, let e/A be a stable type su
h that e dominates a over A. Then there is some
a0 ∈ dcl(Aa) su
h that tp(a0/A) is stable and a is domination equivalent to a0 over A.Proof. Let e, a and A be as in the statement of the lemma, let a′0 := Cb(e/Aa), and let a0 bethe weak 
anoni
al base de�ned in Lemma 3.7(i) (this is, a0 is the tuple 
onsisting of sets of
Aa-
onjugates of the elements in the tuple a′0). So tp(a0/A) is stable by Remark 3.6, e |⌣Aa′

0

aby de�nition, and e |⌣Aa0

a by 
onstru
tion and transitivity. Suppose that a ⋪A a0 witnessedby d, so that a0 |⌣A
d and a 6 |⌣A

d.We know that tp(e/Aaa0) is stable, so we 
an take the non forking extension to Aaa0d andafter using a permutation �nd some d′ su
h that e |⌣Aaa0

d′ and tp(d′/Aaa0) = tp(d/Aaa0). Sowithout loss of generality e |⌣Aaa0

d. By transitivity e |⌣Aa0

ad and e |⌣Aa0

d. But by hypothesis
a0 |⌣A

d, so by Theorem 3.2 (both tp(e/A) and tp(a0/A) are stable) we get that tp(ea0/A) isstable and ea0 |⌣A
d, so a0 |⌣Ae

d and e |⌣A
d again by Theorem 3.2. But by hypothesis edominates a over A so a |⌣A

d, a 
ontradi
tion.So a⊳Aa0 and, sin
e sin
e a0 ∈ dcl(Aa), it is 
lear that a0⊳Aa whi
h 
ompletes the proof. �Now we 
an prove the main result of this se
tion. The proof uses strongly that types whi
h aredominated by a stable type are generi
ally stable (Theorem 4.9), and therefore have automor-phism invariant non forking extensions (Fa
t 2.5). If one analyzes the 
ontent of the de�nitionof stable domination, one immediately noti
es that this invarian
e is essential to the proof whi
hgives a strong hint that the result 
annot hold outside the dependent 
ontext (see the followingRemark 5.5).stable domination Theorem 5.4. (T dependent) Let a be a tuple and C := acl(C) be a set su
h that tp(a/C) isdominated by a stable type. Then tp(a/C) is stably dominated.



STABLE DOMINATION AND WEIGHT 15Proof. By Theorem 5.3, let f be a C-de�nable fun
tion su
h that a is domination equivalentto f(a) over C and su
h that tp(f(a)/C) is stable. By Theorem 4.9 we know that tp(a/C) isgeneri
ally stable so it has unique non forking extensions.Let D and D′ be su
h that f(a) |⌣C
D and D′ ≡Cf(a) D. We would like to show D′ ≡Ca D.Let a′ be su
h that tp(a′D′/Cf(a)) = tp(aD/Cf(a)) so that in parti
ular f(a′) = f(a) and

tp(a′/C) is dominated by tp(f(a′)/C). By de�nition of domination we have that both a |⌣C
Dand a′ |⌣C

D. But this implies that tp(a/CD) and tp(a′/CD) are non forking extensions of
tp(a/C) = tp(a′/C), and by uniqueness of non forking extensions for generi
ally stable types(Fa
t 2.5 (ii)) we 
an 
on
lude the theorem. �remark Remark 5.5. Noti
e that we are proving that in order to prove �domination� based on logi
impli
ation for generi
 realizations (stable domination) it is enough to verify that one has aforking based domination. This impli
itly assumes that one has automorphism invarian
e ofnon forking extensions. It is therefore very unlikely that any version of the previous theoremwould hold without assuming that the theory is dependent.Let us 
on
lude by observing that the other dire
tion holds as well (no assumptions on Tare needed here; in fa
t, we are not even using stability - the notion of domination de�ned inDe�nition 4.7 is, in the general 
ontext, simply stronger than forking domination).Observation 5.6. A stably dominated type p ∈ S(A) is dominated over A by a stable type.Proof. Let p be stably dominated by π̄ via f̄ (see De�nition 4.7). Note that π̄ is a stable typeand f̄ is an A-de�nable fun
tion from p to π̄. Let a |= p, and b̄ = f̄(a); so b̄ |= π̄. Clearly
tp(b̄/A) is stable, and we show a⊳A b̄.So assume b̄ |⌣A

c for some c; in parti
ular, fi(a) |⌣A
c for all i. By stable domination weknow that tp(c/Ab̄) ⊢ tp(c/Aa).Let c′ ≡Ab̄ c su
h that a |⌣Ab̄

c′. By transitivity ab̄ |⌣A
c′. Sin
e c ≡Ab̄ c

′, we have c ≡Aa c
′,so a |⌣A

c, as required.
�6. weight and stable weightse
tion5 Theorem 5.3 is a 
entral result for this paper and, before proving Theorem 5.3, maybe themost surprising part was what followed the �moreover� in the statement, in the sense thatwhenever a type p(x) was dominated by a stable type one 
ould witness this domination by atuple whi
h was in the de�nable 
losure of the realization of the type. In a sense, we were ableto �nd a stable part of the type whi
h witnessed the domination.This of 
ourse 
annot possibly be repeated without assuming domination by a stable type.However, one 
an try to repeat the pro
ess without hoping for domination, but for �as mu
hdomination as one 
an hope for by a stable type�. This is the purpose of this se
tion; of 
ourse,the �rst step is to start making sense of what �as mu
h domination as one 
an hope for by astable type� 
an possible mean.Domination has traditionally be linked to the notion of weight. Noti
e that if we assume �niteweight and that weight is linked to domination as in simple theories (see Chapter 5 of [wagnerbook16℄),then Theorem 4.9 should imply that stable domination is equivalent to being able to witnessthe weight using only stable types. In this spirit, the �rst part of this se
tion will be devoted to



16 ALF ONSHUUS AND ALEXANDER USVYATSOVstudying the properties of stable weight, whi
h under some 
ir
umstan
es will 
apture pre
iselythe notion of the size (or weight) of the largest stable part of of the realization of a given type.Again, we refer the reader to Subse
tion 4.1 (spe
i�
ally De�nition 4.6) for the de�nitions.6.1. Stable weight. We will start with some easy observations.Lemma 6.1. The following hold.lem: stable weight (i) If a |⌣A
b then stw(a/A) = stw(a/Ab).(ii) stw(ab/A) ≤ stw(a/A) + stw(b/A). Equality holds whenever a |⌣A

b.Proof. The proofs are the same as proofs of Lemmas 5.2.2 and 5.2.4 in [wagnerbook16℄. The only thing tonoti
e is that sin
e all of the proofs involve having realizations of stable types at one side orthe other of the forking independen
e, all of the properties of forking independen
e (symmetry,transitivity, et
.) will hold in this 
ontext. �We will now show that if we limit ourselves to stable types, then stable weight works justas in stable theories. The proofs of the following Lemma is very similar to Lemma 2.16 of [OnUs19℄(whi
h is in turn based on Hyttinnen's work [Hy4℄), although 
ertain arguments need to be added.weight1-domination Lemma 6.2. Let p ∈ S(A) stable, and assume that(i) a,A′, {b1, . . . , bn} witness stw(p) ≥ n so that {b1, . . . , bn} is a A-independent set ofelements ea
h of whi
h satis�es a stable type over A, a |⌣A
A′, independent over A′ and

a 6 |⌣A′
bi for all i.(ii) There is no c su
h that the following three 
onditions hold:(a) tp(c/A′) is stable(b) a |⌣A′

c(
) b1b2 . . . bn−1 |⌣A′
cbn(d) bn 6 |⌣A′

c.Then(1) For any c, if a |⌣A′
c and a |⌣A′bn

c then bn |⌣A′
c.(2) If, furthermore, stw(tp(bn/A

′)) > 1, then there are B and b′n, b
′
n+1 su
h that

a,B, {b1, . . . , bn−1, b
′
n, b

′
n+1} witness stw(p) ≥ n+ 1.Proof. (1) Suppose towards a 
ontradi
tion that we 
an �nd c su
h that a |⌣A′

c, a |⌣A′bn
cand bn 6 |⌣A′

c.Claim 6.3. We may assume tp(c/A′) is stable.Proof. As in Lemma 5.1, we de�ne c′ = Cb(tp(bn/A
′c) so that c′ ∈ acl(A′c), tp(c′/A′) isstable and c′ |⌣A′c

bn. It follows that a |⌣A
c′, a |⌣A′bn

c′ (sin
e trivially c′ ∈ acl(A′bnc))and by transitivity c′ 6 |⌣ ′
A
bn. Repla
ing c by c′ we have the 
on
lusion of the 
laim. �Let 〈b′i : i < n〉 ≡A′bna 〈bi : i < n〉 su
h that 〈b′i : i < n〉 |⌣A′bna

c. Then 〈b′i : i <

n〉a |⌣A′bn
c by left transitivity, so 〈b′i : i < n〉 |⌣A′bn

c, hen
e by symmetry c |⌣A′bn
〈b′i :

i < n〉.



STABLE DOMINATION AND WEIGHT 17So we have shown that without loss of generality c |⌣A′bn
b1 . . . bn−1. Let C = A′c.It is easy to see that (a),(b),(
) above hold for c (e.g. (b) holds by symmetry andtransitivity), 
ontradi
ting assumption (ii) of the Lemma.(2) Assume stw(tp(bn/A

′)) > 1. This means that there is B ⊇ A′ and c, d whi
h witnessthis, so that� bn |⌣A′
B� c |⌣B

d� bn 6 |⌣B
c and bn 6 |⌣B

d.Without loss of generality ab1 . . . bn−1 |⌣A′bn
Bcd (re
all that the type

tp(ab1 . . . bn−1/A
′bn) is stable). Clearly, all of the assumptions of the Lemmahold for a,B, {b1, . . . , bn}. Sin
e the 
on
lusion of part (1) fails for the tuples bn, d,Band bn, c, B we 
an 
on
lude that a 6 |⌣B

c and a 6 |⌣B
d. Choosing b′n = c, b′n+1 = d, weare done.

�The proofs of the following two results go through now word by word as in Se
tion 2 of [OnUs19℄,so we state them without proofs.weight1-st Lemma 6.4. Let p ∈ S(A) be a stable type of �nite stable weight. Then p is non-orthogonal toa stable type of stable weight 1.Moreover, suppose that a |= p,B = {bi : i < m}, d are su
h that a,A, {bi : i < m}∪{d} witness
stw(p) ≥ m+ 1. Then there exist D ⊇ A and d′ su
h that

• stw(d′/A′) = 1
• a,D, {bi : i < m} ∪ {d′} witness stw(p) ≥ m+ 1Proof. Exa
tly the same as the proof of Lemma 2.17 in [OnUs19℄, using Lemma 6.2 instead of whatLemma 2.16 in [OnUs19℄.

�thm:rudimentary-finiteweight-st Theorem 6.5. Let p ∈ S(A) be a stable non-algebrai
 type of rudimentarily �nite stable weight.Then p is domination equivalent to a �nite free produ
t of stable weight-1 types. That is, thereexist a,A′, {bi : i < n} su
h that
• a,A′, {bi : i < n} witness that stw(p) ≥ n
• stw(bi/A

′) = 1 for all i
• a ⊲⊳A′ b0 . . . bn−1So in parti
ular wt(p) < ω.Proof. Given the previous results, the proof of Theorem 2.21 in [OnUs19℄ goes through word by word.

�Corollary 6.6. Let p be a stable type in a strong theory (in parti
ular strongly dependent).Then p is domination equivalent to a free produ
t of �nitely many weight-1 stable types.Proof. By the previous theorem and Lemma 4.7. �
or:reg1weight4-st Corollary 6.7. A stable regular type of �nite stable weight has (stable) weight 1.



18 ALF ONSHUUS AND ALEXANDER USVYATSOVProof. Suppose not, and let p ∈ S(A) be a stable regular type of stable weight at least 2.Without loss of generality (sin
e a non forking extension of a stable regular type is stable andregular), there exists a witness a, {b1, b2} for stpw(p) ≥ 2. Moreover, by Lemma 6.4 we mayassume that stw(tp(b1/A)) = stw(tp(b2/A)) = 1.Let a′ be su
h that tp(a′/Ab1) = tp(a/Ab1), a′ |⌣Ab1
b2. Then 
learly a′ |⌣A

b2 (as b1, b2 areindependent over A).Now noti
e:
• a |⌣Ab2

a′: The type p is regular, so tp(a/Ab2) and tp(a′/Ab2) are weakly orthogonal.
• b1 6 |⌣Ab2

a: We know b1 |⌣A
b2 and b1 6 |⌣A

a.
• b1 6 |⌣Ab2

a′: This follows from a′ ≡Ab1 a (so a′ 6 |⌣A
b1), and b1 |⌣A

b2.So we have a witness for stw(tp(b1/Ab2) ≥ 2, but this type is a non forking extension of
tp(b1/A), a 
ontradi
tion. �The following is a straightforward adaptation of the proof of Theorem 5.2.5 in [wagnerbook16℄.5.2.5 Fa
t 6.8. Any superstable type has �nite stable weight. In parti
ular, the hypothesis in Theorem6.5 hold for any superstable type, so it must be domination equivalent to a �nite tuple of weightone types.Another proof that translates from the stable theory 
ontext into stable types is the following.Corollary 6.9. Non orthogonality is an equivalen
e relation among regular stable types of �niteweight. In fa
t, it is an equivalen
e relation among types of stable weight 1.Proof. By Corollary 6.7 every regular stable type has stable weight 1 so it is enough to provethe se
ond part of the statement.Let p, q, r be stationary stable regular types and suppose that p 6⊥ q and q 6⊥ r. Let A and
B be sets and a, b1, b2, c be elements su
h that a |= p|A, b1 |= q|A, b2 |= q|B, c |= p|B, a 6 |⌣A

b1and c 6 |⌣A
b2. As in the stable theory 
ontext, we 
an extend all the types to A ∪ B and usingstationarity and automorphisms we may assume that b1 = b2 = b and A = B = A ∪B.Now, if a |⌣ c then b,A, 〈a, c〉 would witness that q has stable weight at least 2, a 
ontradi
tion.

�6.2. The stable part of a type. The following easy observation follows straight from thede�nitions.observation Observation 6.10. Let p be any type. Then stpw(p) ≤ pwt(p) and stw(p) ≤ wt(p).If p is stable, we have equality:weight for stable Observation 6.11. Let p(x) be a stable type. Then the stable weight of p is equal to the weightof p.Proof. Suppose that a, 〈bi : i < α〉, A′ witnesses that wt(p) ≥ α; we may assume without loss ofgenerality that A = A′.Let b′i := Cb(a/Abi). We know by 
onstru
tion that tp(b′i/A) is stable and a |⌣Ab′i
bi for i < α.By transitivity we know that b′i 6 |⌣A

a, and by de�nition b′i |⌣A
b′<i (re
all that b′i ∈ acl(Abi)).So a, 〈b′i : i < α〉, A witnesses stw(p) ≥ α.

�



STABLE DOMINATION AND WEIGHT 19We will soon extend the above equality to types dominated by stable types. Let us �rstidentify the �stable part� of a given type p of �nite stable weight.stable part Theorem 6.12. Let tp(a/A) be any type with stable pre-weight α. Then there is d ∈ dcl(aA)su
h that tp(d/A) is stable and has stable pre-weight α.Proof. It is 
learly enough to show that stw(tp(a/A)) ≤ stw(tp(d/A)) for some d ∈ acl(Aa).Let a, b̄ := 〈bi〉i∈α witness that tp(a/A) has stable pre-weight α; let d := Cb(b̄/Aa).Then b̄ |⌣Ad
a, so in parti
ular bi |⌣Ad

a for all i ∈ α. Sin
e by hypothesis bi 6 |⌣A
a bytransitivity (both tp(bi/A) and tp(d/A) are stable) we 
an 
on
lude that d 6 |⌣A

bi. By de�nition,
d, b̄ witness that tp(d/A) has stable pre-weight greater than or equal to α, as needed. �Corollary 6.13. Let p(x) be any type of �nite stable weight. Then there is some non forkingextension tp(a/B) of p(x) and some d ∈ acl(aB) su
h that tp(d/B) is stable and wt(tp(d/B)) =
stw(tp(d/B)) = stw(p(x)).as far as we 
an get with stable domination Theorem 6.14. Let p(x) = tp(a/A) be a type. Then

• If p is dominated by a stable type over A, then wt(p) = stw(p).
• Assume that wt(p) < ω. If wt(p) = stw(p), then p has a nonforking extension whi
h isdominated by a stable type.In parti
ular, if T is dependent, then p has a nonforking stably dominated extension,so p itself is generi
ally stable.Proof. The �rst 
lause is easy at this point: if tp(a/A) is dominated by a stable type, thenby Theorem 4.9 there is some d ∈ dcl(aA) su
h that tp(d/A) dominates tp(a/A) over A. Itfollows that wt(tp(a/A)) = wt(tp(d/A)) = stw(tp(d/A)) = stw(tp(a/A)) by the de�nitions andObservation 6.11.For the se
ond part noti
e that if wt(tp(a/A) is �nite then trivially so is the stable weightof tp(a/A). Let tp(a/A) be a type of stable weight n; by taking a nonforking extension, wemay assume without loss of generality that the stable pre weight is n. By Theorem 6.12, let

d ∈ dcl(aA) be a tuple su
h that tp(d/A) is stable and su
h that the stable weight of tp(d/A)is n. By Corollary 6.11 we know that the weight of tp(d/A) must be n and by Theorem 6.5 dis dominated by a sequen
e b̄ := {bi : i < n} of stable weight 1 types.If b̄ := {bi : i < n} does not dominate a over A there is, by de�nition, some b′ su
h that
b′ |⌣A

b̄ but b′ 6 |⌣A
a. But then b̄, b′ would 
ontradi
t that n := stw(p) = stpw(p).To prove the last statement of the theorem, noti
e that if T is dependent then dominated bystable implies stably dominated by Theorem 5.4. Stable domination implies generi
 stabilityand a nonforking restri
tion of a generi
ally stable type is itself generi
ally stable by [Us12℄. �HHM Fa
t 6.15. ([HHM2℄, Theorem 4.9, �Des
ent�) Let p, q be global types invariant over a set A. Assumethat for all b |= q↾A, the type p↾Ab is stably dominated in the Haskell-Hrushovski-Ma
phersonsense. Then p↾A is stably dominated.The equivalent theorem of des
ent does not follow immediately from the statement of Fa
t6.15 be
ause the de�nition of stable domination used in [HHM2℄ is not pre
isely the same one weuse. However, the proof of the analogue fa
t using our de�nition of stably dominated types ispre
isely the same (with a very minor modi�
ation of the de�nition of Stb(X)). We will not



20 ALF ONSHUUS AND ALEXANDER USVYATSOVrepeat the proof but we will give in Appendix A a step by step a

ount of the 
hanges neededto adapt the proof of Theorem 4.9 in [HHM2℄ to our 
ontext.From now on we will assume Fa
t 6.15 with our de�nition of stably dominated types.The following is a more natural reformulation of Fa
t 6.15 with our de�nitions. We will stateit over a model, whi
h assures that nonforking is equivalent to being automorphism-invariant.It is possible that one 
ould repla
e M with an arbitrary extensible set A by working withLas
ar-invarian
e, but this would involve a deeper manipulation of the proof in [HHM2℄, and we willnot go into the details here.5.16 Observation 6.16. Let p, q be global types invariant over a set A. Assume that for some
b |= q↾A, the type p↾Ab is stably dominated. Then p↾A is stably dominated.Proof. It is enough to show that if b′ ≡A b, then p↾Ab′ is stably dominated. Let a |= p↾Ab, andlet σ be an automorphism over A taking b to b′. Denote a′ = σ(a). Sin
e a′b′ ≡A ab, 
learly
tp(a′/Ab′) is stably dominated. But p = σ(p) by invarian
e, hen
e a′ |= σ(p)↾Ab′ = p↾Ab′,whi
h 
ompletes the proof. �
or:des
ent Corollary 6.17. (T dependent) Let p ∈ S(M) be a type over a model M , and assume that ithas a nonforking extension p′ ∈ S(B) whi
h is stably dominated. Then p is stably dominated.Proof. Re
all that sin
e T is dependent and M is a model, a global type is automorphism-invariant over M if and only if it does not fork over M . Note also that every type over M hasa global nonforking extension. So the 
orollary follows immediately.

�
or:as far as we 
an get in dependent Corollary 6.18. Let T be dependent, p a type of �nite stable weight over a model M of T .Then wt(p) = stw(p) if and only if p is stably dominated.Proof. The �if� dire
tion follows from Theorems 6.14 and 5.4. Now assume that wt(p) = stw(p).By Theorem 6.14 again, there is a nonforking extension of p whi
h is dominated by a stabletype, hen
e stably dominated by Theorem 5.4.Sin
e p is a nonforking restri
tion of a stably dominated type, it is, by �des
ent� (Corollary6.17), also stably dominated. �Appendix A. Proof of des
entproof of des
entthe appendix In this se
tion we will give the key steps to adapt the proof of des
ent in [HHM2℄ to our 
ontext.Sin
e we proved that stable domination and domination by a stable type are equivalent (Theorem5.3) we 
an prove either des
ent for a type stably dominated or prove that whenever a type p(x)has a non forking extension p′(x) whi
h is dominated by a stable type then p(x) is dominatedby a stable type.In order to adapt the proof in [HHM2℄ we need some notation �rst.De�nition A.1. let d be a (possibly in�nite) tuple and let C be a set. Then we de�ne StB(d)to be the set of a ∈ dcl(dC) su
h that tp(a/C) is stable.Observation A.1. Sin
e stable types are 
losed under 
on
atenation, it is 
lear that
• StB(d) is 
losed under de�nable 
losure and
• If e is an enumeration of StB(d) then e ∈ dcl(Bd) and tp(e/B) is stable.



STABLE DOMINATION AND WEIGHT 21We will also need the following.De�nition A.2. let d be a (possibly in�nite) tuple and let C,D be a sets. Then we de�nethe 
anoni
al base of tp(d/CD) with respe
t to C �whi
h we will denote Cb(tp(d/CD);C) or
Cb(d/CD;C)� to be

Cb (tp (StC (dDC) /DC)) .Observation A.2. Noti
e that, sin
e StC (dDC) is by de�nition stable over C, we know thatit is stable over DC and the existen
e of Cb(tp(d/CD);C) follows by Theorem 2.3(i).Propositions A.4 and A.5 are the analogues of Proposition 3.22 in [HHM2℄. In our 
ontext, itfollows from the existen
e and stability of the 
anoni
al base of a stable type (Theorem 2.3 andRemark 3.6).We will �rst need an easy observation.Observation A.3. Let c be a tuple and X,Z be sets su
h that tp(c/Z) is stable. Then c |⌣Z
Xif and only if c |⌣Z

StZ(X).Proof. One dire
tion is 
lear by monotoni
ity. For the other dire
tion, noti
e that if c 6 |⌣Z
Xthen c 6 |⌣Z

Cb(c/ZX). Sin
e Cb(c/ZX) is de�nable over ZX and stable over Z, the observationfollows by monotoni
ity. �3.22-1 Proposition A.4. Let Z be any set, let b ∈ Z be a tuple and let c be a tuple su
h that tp(c/b)is stable.The following are equivalent.(i) StZ(X) |⌣Z
c.(ii) Stb(XZ) |⌣Stb(Z)

c.Proof. Sin
e tp(c/Z) is stable and b ∈ Stb(Z) it is 
lear by symmetry and the above observationthat it is enough to prove that c |⌣Z
X if and only if c |⌣Stb(Z)

Stb(XZ). Let d′ := Cb(c/ZX),so that d′ ∈ dcl(ZX), tp(d′/b) is stable �so d′ ∈ Stb(ZX)� and c |⌣bd′
ZX.If c |⌣Z

X then by de�nition d′ ∈ Stb(Z) and c |⌣Stb(Z)
XZ. The left to right impli
ationfollows by monotoni
ity.For the 
onverse, noti
e that by monotoni
ity c |⌣Stb(Z)d′
ZX so that if c 6 |⌣Z

X then bytransitivity (every extension of tp(c/b) is stable) we have that c 6 |⌣Stb(Z)
d′. �3.22-2 Proposition A.5. Let Z be any set, let b ∈ Z be a tuple su
h that tp(Z/b) is stable and let cbe a tuple su
h that tp(c/b) is stable.Then the following are equivalent.(i) StZ(X) |⌣Z

c.(ii) Stb(X) |⌣Z
c.Proof. As before, we need to show that c |⌣Z

X if and only if c |⌣Z
Stb(X). One dire
tion is
lear by monotoni
ity. For the other dire
tion, assume that c 6 |⌣Z

X and let d′ := Cb(cZ/X).Sin
e by assumption tp(Z/b) is stable, we know that tp(cZ/b) is stable so that d′ exists and
d′ ∈ Stb(X). By de�nition cZ |⌣bd′

X and by left transitivity we know that c |⌣Zd′
X. Bytransitivity c 6 |⌣Z

d′ and the result follows by monotoni
ity. �



22 ALF ONSHUUS AND ALEXANDER USVYATSOVBy Theorem 5.3 it makes sense to use the following de�nition of dominated via a fun
tion.De�nition A.3. We will say that tp(a/C) is stably dominated via f(x) if f(x) is a C-de�nablefun
tion su
h that tp(f(a)/C) is stable and f(a) dominates a over C.The theorem of des
ent 
an now be stated as follows.Theorem A.6. Let A := acl(A), let q be a global A invariant type and let p be a type over Asu
h that for some b |= q there is a non forking extension p(x, b) of p over Ab su
h that p(x, b)is stably dominated via f(x, b). Then p(x) is stably dominated over A.Proof. By Theorem 4.9 we know that p(x, b) is a generi
ally stable type and therefore so is thenon forking restri
tion p(x); so in parti
ular, p(x) is stationary. Let p′ be the global non forkingextension of p(x) so that p′ is A-invariant and p′|Ab is stably dominated over Cb via f(x, b). ByObservation 6.16 we have that for any b′ |= q the type p′|Ab′ is stably dominated over Ab′ via
f(x, b′).The 
onstru
tion of a fun
tion g over A su
h that p is dominated by g over A is now exa
tlythe same as the 
onstru
tion in Se
tion 4 of [HHM2℄. We will give a summary of the 
onstru
tion.In [HHM2℄ they �nd a tuple e whi
h dominates a over A and su
h that tp(e/A) is stable, in thefollowing manner:

• Constru
t an A-indis
ernible sequen
es 〈bi〉 with i ≤ (ω + 1)2 and su
h that bλ |=
q|Aa{bi}i<λ.

• De�ne di := f(a, bi), bJ := {bi}i∈(ω+1)2 and dJ := {di}i∈(ω+1)2 . Let
d′J := Cb

(
tp

(
b(ω+1)2d(ω+1)2/bJdJ

)
; bJ

)
.In parti
ular, there is an in�nite sequen
e of fun
tions fJ su
h that fJ(bJ , a) := dJ .

• One 
an show that the relation (dJ , bJ) ∼ (d′J , b
′
J ) de�ned by two su
h tuples beingequivalent if and only if there is some a su
h that a |= p|bJ and a |= p|b′J and fJ(bJ , a) :=

dJ and fJ(b′J , a) := d′J is an equivalen
e relation whi
h is in fa
t an interse
tion ofin�nite de�nable, �nitary relations eλ.
• One 
an then show that tp(eλ/A) is stable for every λ and that e := 〈eλ〉 dominates aover A.

�With the same 
onstru
tion, some of the proofs in [HHM2℄ 
an be made a little simpler, partlybe
ause we 
an use that tp(a/A) is generi
ally stable and partly be
ause proving that f(a, b)dominates a over Ab is in general easier than proving that f(a, b) stably dominates a over Ab.However, we were unable to simplify the 
onstru
tion and the proofs in any signi�
ant manner.We believe however that the insight provided in this paper 
an help simplify the proof of des
entin at least one of the following ways:First, it follows that StA(dJbJ) is non empty and that it dominates p(x) over A. A posteriori,it appears that one should be able to prove this without going through the a
tual 
onstru
tionof the tuple e.Se
ond, sin
e ea
h gλ is �nitary, it is de�nable over a �nite sequen
e of bidi's and not all ofthem 
an be orthogonal to a over A. It follows that one should be able to indu
tively witnessthat the weight of p(x) over A with a sequen
e of elements whi
h are stable over A, thus showing



STABLE DOMINATION AND WEIGHT 23that there must be some e in dcl({bi}i∈ω, {di}i∈ω) whi
h is stable over A and whi
h dominates
a over A (so that one does not have to go all the way to (ω2 + 1)-sequen
es). Even in the proofof Theorem 4.2 in [HHM2℄ it seems that going to (ω2 + 1)-sequen
es 
ould be simpli�ed.One thing whi
h is not 
lear to us and whi
h would imply a very signi�
ant simpli�
ationof the theorem of des
ent is whether one 
an avoid in�nite �Morley� sequen
es of the bi's. Thefollowing question seems to be the key for this to be possible.Question A.1. Let p(x) and q(x) be A-invariant global types su
h that for every b |= q(x) thetype p|Ab is stably dominated over Ab via f(x, b). If a |= p|Ab and d := f(a, b), is a dominatedover A by StA(bd)? Referen
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