Qualifying Exam
APPLIED DIFFERENTIAL EQUATIONS
Fali 2007

Please solve all 8 problems.
1. Let ¢(z) be continuous and bounded in B". Assume that Hmy, . o{z) =
¢g. Consider the Cauchy problem

du{z, 1)
ot

~Au(z,t) = 0 for0<¢, e R?
wlx, 0) = o¢x).
Prove that limy .. u(z,t) = do.

2. Let A;{z), 7= 1,2, be smooth functions in a bounded domain §2 C R"
such that A, = A, on 98}, Assume that

(04 " (A

AA -+ (W) = AAy + (__m

j:zl (S)Stj ; (93?5;
in 2. Prove that A;(x) = Ay(z) in Q0

3. Let S be astrip {0 < 2, < a.~00 < z3 < oo}, Let u(xy,z2) be a
smooth solution of Au-+Au = 0 in S satisfying the boundary conditions

(0, 29) = 0, ule,z2) = 0, —o0 < 23 < oo}, Here A is a real constant.
Prove that if fqlu(zy, z2)|Pdeidas < oo, then u{x;.x2) = 0in 5.

4, Consider the initial boundary value problem:

Pulz, t) Pulz,t)y  FPulx,i) Ju(x.t)
o7 P g e To@lT =0 W)
for 0 <t < o, —00 < x < o¢ with
. Gulz, 0
u(z.0) = (o). 2420 = gia) @)

for —oo <z < oo, where f(z), g(z) are smooth functions having com-
pact supports and a is a smooth bounded function. Find an estimate
for the solution of (1), (2) that will imply unigueness.
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Consider the initial value problem

dufdt = cu'™®

in which ¢ > 0 and o > 0 are constants and 0 < ug < 1.

{a) Find the solution of this ODE.
(b) Find the blowup time ¢, at which u - cc.
{c} Find the value of o that minimizes ¢, for fixed values of ¢ and wu.

Let u = u(x,t) in which u € R? and x € R?. Solve the following
problem by the method of characteristics

d
wEwiwu-Vu = u

ot
u(x, ) = x.

Note that the ith component of u-Vuis

(u . VU)j = E?xiuiag;iuj.

Let w and X be the eigenfunction and eigenvalue of the two point bound-
ary value problems on 0 <o < L
o) — alz)ule) = ~Xu(z) (3)
w(0)=u(Ll); = 0

in which A and L are constants. Assume that A is the lowest eigenvalue
for this problem

{a) Show that a > 0 implies A > 0.

(b} Find an example showing that a < 0 does not imply A < 0.

{c) Show that A is a decreasing function of L.

Fori= 1,2 and 0 <t < T, let ;(¢) be an open smooth bounded
domain in R? for each ¢ with Q;(0) = Q(0) and 9 (t) C () for

o)



0 <t <T (e, Q(t) is strictly contained in Qy(¢) for t = 0}, Let u,
for i = 1,2 solve

6Ui
gt

—Au; = 0 forzxef(t)andd <t < T
wi(x,0) = flz} forxze 4(0)
wilz,t) = 0 forz e d(t)
in which the initial data f is independent of ¢ with f > 0 in §4;(0).
{a) Show that u; > O forz € Qi{t)and 0 <t < T
(b} Show that uy < ug for x € 3(¢) and 0 < ¢ <7



