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1. Introduction

Quite a few famous and extraordinarily gifted mathematicians led lives that were tragically
cut short. Ramanujan is certainly among them. While suffering from a fatal disease, he
discovered what he called mock theta functions. Three months before his death in 1920 at
the age of 32, he described them in a letter to Hardy that was written under difficulties
and is in places very obscure. [30, p.354] One fascinating and also frustrating aspect of this
story is that from the start the precise definition of a mock theta function has been elusive.
Ramanujan did not give a formal definition but explained what properties a mock theta
function should have and illustrated them through several examples. He also gave some of
their properties without proof. Subsequent work stimulated by his letter (and his “lost”
notebook discovered later) has been of two somewhat different types. The goal of the first
type, beginning with Watson’s cleverly titled address The Final Problem..., has been to prove
Ramanujan’s claims on his terms and to give extensions of the same nature. Here the focus
is not so much on the definition but rather the examples. The mathematics is intricate and
beautiful, but leaves unclear a broader theoretical role for mock theta functions.

The second type, which is more recent, has clarified this role. We now understand that
mock theta functions can be regarded as incomplete harmonic Maass forms and as so belong
naturally to the theory of modular forms. This has led to new results about mock theta
functions and, perhaps more interestingly, to a resurgence in the study of other kinds of
harmonic Maass forms and their arithmetic properties. Mock theta functions are now seen
as interesting examples of a much larger class of mock modular forms. These have applications
to elliptic curves, singular moduli and their real quadratic analogues, Borcherds products,
Eichler cohomology and Galois representations, among others.

My main goal is to give a reasonably short (hence necessarily incomplete) introduction to
this story that is accessible to a non-specialist. At the same time I will occasionally make
use of terms I have not defined and provide technical details for the benefit of those having
more extensive background knowledge. A number of excellent expositions and survey articles
have appeared on mock-theta functions and their generalizations: [1], [9], [17], [18], [27], [28],
[37]. In particular, this paper has quite a lot in common with Folsom’s 2010 article [17] in
the Notices. Here I give a complementary account along somewhat similar lines but with
more detail and also outline further developments. Any serious discussion of Ramanujan’s
mathematics must contain identities between complex formulas. However, there are also
conceptual aspects and my aim is to give a treatment that illuminates both.
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2. Ramanujan’s letter

The mathematical part of Ramanujan’s letter is reproduced in [1]. Ramanujan motivated
his mock theta functions by first describing briefly two “genuine” theta functions. The first
example is the q-series for the partition function p(n):

(1) g(q) =
∑
n≥0

p(n)qn =
∏
m≥1

(1− qm)−1.

A q-series is simply a power series in powers of q, whose coefficients usually count something
of combinatorial interest. Here p(n) counts the number of ways of expressing n as a sum of
positive integers, repetition allowed and not counting order. For example, p(6) = 11, since

(2) 6 = 5 + 1 = 4 + 2 = 4 + 1 + 1 = 3 + 3 = 3 + 2 + 1 = 3 + 1 + 1 + 1

= 2 + 2 + 2 = 2 + 2 + 1 + 1 = 2 + 1 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1 + 1.

Ramanujan’s second example of a genuine theta function is the q-series

(3) h(q) =
∑
n≥0

p̂(n)qn =
∏
m≥1

1

(1− q5m−1)(1− q5m−4)
,

where now p̂(n) equals the number of partitions into parts of the forms 5m− 1 and 5m− 4.
A mock theta function, as conceived by Ramanujan, is a special kind of q-series that mimics

two properties of g(q) and h(q). The first is that they can be expressed in Eulerian form:

g(q) = 1 +
∑
n≥1

qn
2

(1− q)2(1− q2)2 · · · (1− qn)2
(4)

h(q) = 1 +
∑
n≥1

qn
2

(1− q)(1− q2) · · · (1− qn)
(5)

Here “Eulerian form” refers to the basic shape of the series in (4) and (5); such series have
coefficients that count restricted partitions of various types. For example, (5) is one of the
Rogers-Ramanujan identities and expresses the fact that p̂(n) equals the number of partitions
of n into parts having minimal difference two.

The second property is that the q-series converge for |q| < 1 and have the unit circle as a
natural boundary but are amenable to the circle method.1 The circle method was actually
invented by Hardy and Ramanujan in one of their most important collaborations [19] to
obtain a remarkably accurate formula for p(n). Their idea was to apply Cauchy’s integral
formula to g(q).

As a model example, consider the number of partitions p3(n) of n into parts ≤ 3. For
instance, it is easily checked from (2) that p3(6) = 7. Now p3(n) has the generating function

g3(q) =
∑
n≥0

p3(n)qn =
1

(1− q)(1− q2)(1− q3)

and Cauchy’s formula gives for c < 1 that

p3(n) =
1

2πi

∫
|q|=c

q−n−1g3(q)dq.

1This is not exactly how Ramanujan put it, but it captures the idea.



ALMOST A CENTURY 3

Next we push the contour over the singularities of g. By letting c→∞ we pick up residues
from the poles to get the exact formula

(6) p3(n) =
1

12
(n+ 3)2 + (1

2
cos 1

2
πn)2 − (2

3
sin 1

3
πn)2.

It follows that p3(n) is the integer nearest to 1
12

(n+ 3)2.
The function g(q) in (1) is much harder to use in this way since it has the unit circle as

a natural boundary but near roots of unity it can be well approximated. Thus Hardy and
Ramanujan could not simply push the contour over the singularities but had the brilliant idea
of moving it toward the unit circle in a cunning way (the circle method) and approximating
the influence of the singularities. This process is greatly facilitated by modular properties of
g(q), which yield a precise approximation of g(q) near each root of unity. The most influential
singularity is at q = 1 and for this we use the modular inversion formula

(7) q1/24g(q) =
√
y (q′)1/24g(q′),

when q = e−2πy and q′ = e−
2π
y . Now (7) easily gives

(8)
√
y exp π

12
( 1
y
− y)

as the first order approximation to g(e−2πy) as y → 0. This leads to the asymptotic formula

(9) p(n) ∼ 1
4n
√

3
exp

(
π
√

2n
3

)
as n→∞. Making full use of the modular properties of g(q), Hardy and Ramanujan extended
this idea to obtain an infinite sum with the property that p(n) is the integer closest to the sum
of the first

√
n terms, for sufficiently large n. Rademacher [30] (and independently Selberg)

later refined their method to get a variation that is exact:

(10) p(n) = 1√
6π

∑
k≥1

kSk(n)
d

dn
(λ(n)−1 sinh(

√
2πλ(n)√

3k
))

where λ(n) = (n− 1
24

)1/2 and, after Selberg,

(11) Sk(n) =
∑

(−1)` cos 6`−1
6k
π,

the sum being over ` modulo 2k with 3`2−`
2
≡ −n (mod k). In a sense (10) is like (6) only much

more difficult to derive. Selberg gives in [33] an interesting account of (10) and speculates
about why Hardy and Ramanujan didn’t give this refinement themselves. In any case, the fact
that a purely arithmetic counting function can be computed by such a formula is astonishing
and must have motivated Ramanujan to look for similar q-series. In particular, the function
h(q) also has modular properties that yield good approximations at roots of unity and is
amenable to the circle method.

Ramanujan’s first example of a mock theta function is the Eulerian series

(12) f(q) = 1 +
∑
n≥1

a(n)qn = 1 +
∑
n≥1

qn
2

(1 + q)2(1 + q2)2 · · · (1 + qn)2
,

which appears deceptively similar to g(q) and h(q). The coefficient a(n) counts the number
of partitions of n with even rank minus the number with odd rank, where the rank of a
partition is its largest part minus the number of its parts. Ramanujan gives information
about the behavior of f(q) near each root of unity that is similar yet also different enough
from that for genuine theta functions that he concludes that it is inconceivable that a single
ϑ-function could be found to cut out the singularities of f(q). Nevertheless, he was able to
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give an asymptotic formula for the coefficient a(n) that comes from the circle method and
whose leading term is given by

(13) a(n) ∼ (−1)n−1

2
√
n− 1

24

exp
(
π
√

n
6
− 1

144

)
as n→∞.

Ramanujan gave some 17 examples of mock theta functions and stated for them numer-
ous identities and asymptotic properties. Andrews found more examples in Ramanujan’s
“lost” notebook, which he argues was written near the end of his life. Andrews [1], Gordon
[18], Selberg [31] and Watson [35], among others, proved Ramanujan’s claims and greatly
expanded their extent, giving transformation formulas connecting them and combinatorial
interpretations of their coefficients. Of particular interest are identities for certain “fifth or-
der” mock theta functions found in the lost notebook, called by Andrews and Garvan [2] the
Mock Theta Conjectures. The proof of these and others for mock theta functions of seventh
order were given by Hickerson [21], [22]. See [1] for a wide-ranging survey and references on
such problems (i.e. of the first type) about mock theta functions.

Ramanujan emphasized that a mock theta function should not have the same singularities
at roots of unity as a genuine theta function. Exactly what he meant by a genuine theta
function was never made clear, although various plausible explanations have been given. It
seems to me that this issue is a bit of a red herring. After all, the really interesting problem
is to explain structurally what unites these examples. In other words, it is more fruitful to
regard f(q) as a generalization of g(q) and h(q) and determine how it generalizes them.

For example, one of Ramanujan’s results from the lost notebook (see [1, p.287]), later
rediscovered by Watson [35], is that f(q) is related under a modular transformation to another
mock theta function

ω(q) =
∑
n≥0

q2n(n+1)

(1− q)2(1− q3)2 · · · (1− q2n+1)2
.

Thus if q = e−2πy and q1 = e−
π
2y then

q−1/24f(q) = 2y−1/2 q
4/3
1 ω(q2

1) + 4(3y)1/2

∫ ∞
0

e−3πyx2 sinh 2πyx

sinh 3πyx
dx.

This suggestive formula hints that the mock theta function f(q) secretly wants to be modular.

3. Mock theta functions today

Modular forms can be defined in many different ways depending on one’s point of view.
For our purposes here they are smooth complex valued functions F defined on the upper
half-plane H that transform in a certain way under a finite–index subgroup Γ of SL(2,Z),
where γ ∈ Γ acts on H by linear fractional maps z 7→ γz = az+b

cz+d
. We say that F has weight

k ∈ Q for Γ if for all γ = ( a bc d ) ∈ Γ

(14) F (γz) = χ(γ)(cz + d)kF (z),

where |χ(γ)| = 1 depends only on γ and the branch of log chosen to define (cz + d)k.
In addition we suppose that F (z) satisfies a growth condition, conveniently given by re-
quiring that the invariant function Im(z)k/2|F (z)| is bounded in H by a constant times
exp(C(Im(z) + Im(z)−1)) for some constant C ≥ 0.
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The generating function for the partition function gives rise to a modular form

(15) G(z) = q1/24g(q) = q−1/24
∏
m≥1

(1− qm)−1,

where we set for z ∈ H
q = e(z) = exp(2πiz).

Dedekind showed that G(z)−1 = η(z) has weight 1/2 for SL(2,Z), this being Dedekind’s
famous eta-function, so G(z) has weight −1/2 for SL(2,Z). The behavior of g near roots of
unity is determined by that of G(z) near rational points, and this can be deduced from the
transformation formula. In particular, (7) follows from the transformation formula with γz =
−1/z. The Rademacher formula uses explicit knowledge of the χ(γ) in the transformation
formula for all γ ∈ SL(2,Z), which was found by Dedekind in terms of the Dedekind sum,
and is a 24th root of unity.

Similarly, the Rogers-Ramanujan function

H(z) = q−1/60
∏
m≥1

(1− q5m−1)−1(1− q5m−4)−1

is a modular form of weight 0 for Γ(5). Here Γ(N), the principal congruence subgroup of
level N ∈ Z+, comprises γ ∈ SL(2,Z) with γ ≡ ( 1 0

0 1 ) (mod N).
The functions G and H are holomorphic in H and are related to the g and h of (4) and

(5) simply by multiplication by a fractional power of q. In order to give the modular form
definition of mock theta functions we must consider Maass forms. There is a weight k version
of the Laplace operator defined through

∆kF = −y2(∂2
x + ∂2

y) + iky(∂x + i∂y)

If F has weight k for Γ then so does ∆kF. This follows most easily from the decomposition
∆k = ξ2−k ◦ ξk, where

(16) ξkF (z) = 2iyk∂z̄F (z),

since it is easily checked that ξkF has weight 2− k when F has weight k.
A Maass form of weight k for Γ is a modular form F of weight k for Γ that is an eigenfunction

of ∆k:

(17) ∆kF = λF.

In case λ = 0 we say that F is harmonic of weight k. If F is holomorphic it is also harmonic
of weight k for any k by (16), so the class of harmonic Maass forms of weight k includes the
holomorphic forms.

Around 2000, Zwegers [39] [40] made a breakthrough in our understanding of Ramanujan’s
mock theta functions. It follows from his work that, after multiplication by a power of q and
the addition of certain non-holomorphic function, a mock theta function is a harmonic Maass
form of weight 1/2. For the example f(q) from (12),

F (z) = q−
1
24f(q) + g∗(z)

is a harmonic Maass form of weight 1/2 for Γ(2) when

g∗(z) =
∑

n∈1+6Z

sgn(n) β(n
2y
6

) q−n
2/24.
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Here β(x) is defined for x > 0 in terms of the complementary error function and the standard
incomplete gamma function by

(18) β(x) = erfc(
√
πx) =

1√
π

Γ(1
2
, πx), where Γ(s, x) =

∞∫
x

tse−t dt
t
.

Now g∗(z) satisfies the equation

(19) ξ1/2 g
∗(z) =

√
6

3

∑
n∈1+6Z

n qn
2/24

and the right hand side of (19) is a unary theta function (a cusp form) of weight 3/2, called by
Zagier a shadow of f . An explicit determination of the transformation formula of F allowed
Bringmann and Ono [5] to prove an exact formula of Rademacher-type for the coefficients of
Ramanujan’s mock theta function f(q). This formula, which refines Ramanujan’s first order
asymptotic (13), had been conjectured by Andrews and Dragonette (see [5] for references).
Combined with Rademacher’s formula it gives exact formulas for the number of partitions
with even (resp. odd) ranks.

This is but one of numerous recent results about mock theta functions stimulated, at least
in part, by the work of Zwegers. See [27] and [37] for a lot more. In fact, a connection
between Maass forms and mock theta functions was found already in 1988 by Cohen [10],
but his results are much more closely connected with the theory of quantum modular forms
[38] than with the main theme of this paper.

4. Modular forms as q-series and L-functions

Today we understand that mock theta functions provide but one class of examples of
harmonic Maass forms. Before discussing some others, I will give a whirlwind overview of
some aspects of the theory of modular forms as q-series and their associated L-functions.
This should help to place these examples in a broader context. Standard references for
this section are the books [24] and [25]. An older but still valuable article on the Fourier
coefficients of modular forms is [32]. The reader may also consult [26] by Iwaniec and Sarnak
for an extensive overview of further developments.

Modular forms as q-series really began with Jacobi and his theta functions. Thus for
m ∈ Z+ the function

(20) ϑ(z)m = (
∑
n∈Z

qn
2

)m =
∑
n≥0

rm(n)qn

is a modular form of weight m/2, where rm(n) is the number of representations of n as the
sum of m squares. Ramanujan took the connection to another level, remarkably through an
example known to Jacobi, namely

(21) ∆(z) = η(z)24 = q
∏
m≥1

(1− qm)24 =
∑
n≥1

τ(n)qn,

which is a modular form of weight 12 for SL(2,Z). This modular form is a cusp form, which in
this situation means simply that the constant term in the q-series (21) vanishes. Alternatively,
∆(z) being a cusp form is equivalent to having Im(z)6|∆(z)| be bounded on H. Ramanujan
made two conjectures about the Fourier coefficients τ(n), which are obviously integers. Both
had a profound influence on the development of the theory of modular forms.
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The first conjecture implies that τ(n) is a multiplicative arithmetic function and can be
succinctly stated by saying that its associated L-series has an Euler product:

L(s) =
∑
n≥1

τ(n)n−s =
∏
p

(1− τ(p)p−s + p11−2s)−1,

where p runs over the primes. This was soon proven by Mordell and served as the starting
point for Hecke’s theory of Hecke operators and L-functions associated to holomorphic cusp
forms. In this example L(s) is entire in s and satisfies a functional equation like that of the
Riemann zeta function.

The second conjecture, known as the Ramanujan conjecture, states that for a prime p

(22) |τ(p)| ≤ 2p
11
2 .

As Hardy showed, Cauchy’s formula gives immediately the bound |τ(n)| � n6. Note that
τ(n) is small in comparison with the size of the partition function p(n), whose asymptotic
formula was given in (9). This is explained by the fact that the asymptotic formula for p(n)
gets exponential terms from the singularities of its generating function G(z), which was given
in (15). The first non-trivial assault on (22) was made by Kloosterman, who applied the circle
method and reduced the estimation of τ(n) (and the coefficients of other cusp forms) to that
of Kloosterman sums. In their simplest form these are the exponential sums

K(n,m; c) =
∑

e

(
nx+mx−1

c

)
where c > 0 and the sum is over x (mod c) with (x, c) = 1 and x−1x ≡ 1 (mod c). Such
sums show up in the circle method in a way similar to that of the sums Sk(n) in (11) in
the Rademacher/Selberg formula for p(n). Weil’s sharp estimate for Kloosterman sums, a
consequence of the Riemann hypothesis for curves, yielded the exponent 23/4 + ε in (22).
The full conjecture is deeper and was finally established by Deligne.

Maass extended Hecke’s theory to Maass cusp forms and their L-functions. Selberg de-
veloped the spectral theory of Maass forms and gave applications through his trace formula.
Consideration of non-holomorphic forms was an essential generalization that opened the way
for both specific applications and broad generalizations to automorphic representations of
Lie groups and also, through their associated L-functions, to the Langlands program. One
of the many motivations behind the Langlands program is to prove the analogue of the Ra-
manujan conjecture for the coefficients of a Maass cusp form, which is still open. Supporting
data was computed to great accuracy by Hejhal [20] in the 1980’s (see [3] for recent work).
For example, numerically the smallest eigenvalue λ from (17) of a non-zero even Maass cusp
form F of weight k = 0 for SL(2,Z) is λ = 190.13154 . . . and the coefficients of its associated
L-function

L(s) =
∏
p

(1− α(p)p−s + p−2s)−1 = 1 + (1.54930 . . . )2−s + (0.24689 . . . )3−s + · · · .

are conjectured to satisfy |a(p)| ≤ 2 for all primes p. In general, the coefficients of Maass
forms are quite mysterious and present many unsolved problems.

5. Harmonic Maass forms

Therefore it is especially interesting that mock theta functions can be completed to become
harmonic Maass forms. Of course harmonic Maass forms are quite special (with eigenvalue
λ = 0) and this is one reason behind their having more accessible arithmetic properties.
It is sometimes convenient to use terminology due to Zagier and call a q-series a mock
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modular form of weight k if it can be completed as before to a harmonic Maass form F .
Such a mock modular form has as a shadow a non-zero constant multiple of ξk F , which is
a holomorphic form of weight 2− k. Roughly speaking, a harmonic Maass form of weight k
has a “holomorphic part”, which is a mock modular form, and a shadow (normalized in some
way), which is a holomorphic form of weight 2− k.

An early example of a mock modular form of weight 3/2 was found in [23] and is given by
the Eisenstein series

(23) E3/2(z) = − 1
12

+
∑
n≥1

H(n)qn = − 1
12

+ 1
3
q3 + 1

2
q4 + q7 + · · · ,

where H(n) are the Hurwitz class numbers, which count (with weights) the number of classes
of binary quadratic forms of discriminant −n. Although it was not stated in this form, it
was shown there that the Jacobi theta function ϑ(z) from (20) is a shadow of E3/2(z).

A natural problem is to try to understand the coefficients of a mock modular form having as
a shadow a given holomorphic modular form. For example, Bruinier and Ono [7] applied this
idea to cusp forms of weight 3/2 whose Shimura lifts are cusp forms of weight 2 associated to
certain elliptic curves. They found mock modular forms of weight 1/2 that are not classical
mock theta functions but whose coefficients contain information about the L-series of the
curves. Related to this are interesting questions about the algebraicity of the coefficients of
harmonic Maass forms (see [29], [8] and their references).

Another catalyst for recent interest in harmonic Maass forms was the work of Borcherds
on monstrous moonshine, which as a byproduct created new interest in modular forms with
singularities (see e.g. [4], [6]). In particular, this has led to various applications and gen-
eralizations of the Borcherds product (see [28] for some and further references). In [12]
mock-modular forms of weight 1/2 for SL(2,Z) are constructed whose coefficients are cycle
integrals of the modular j-function . They have as shadows certain meromorphic modular
forms of weight 3/2 studied by Zagier [36] with coefficients that are traces of singular moduli.
Associated to these mock modular forms are real quadratic analogues of Borcherds products.
In addition, a real quadratic analogue of (23) is constructed. See also [11],[13].

There are interesting examples of mock modular forms in integral weights as well. An
example is the Eisenstein series

E2(z) = 1− 24
∑
n≥1

σ(n)qn = 1− 24 q − 72 q2 − 96 q3 − · · · ,

where σ(n) =
∑

d|n d is the sum of divisors function. It follows from an early result of

Hecke that E2(z) is mock modular of weight 2 for the full modular group with the constant
function 1 as a shadow. Other mock modular forms of weight 2 whose shadows are weakly
holomorphic modular functions are studied in [14]. Another kind of example is given by an
Eichler integral of a holomorphic modular form of weight k ∈ 2Z+, which may be considered
to be mock modular of weight 2− k (see [37]).

Mock modular forms in the self-dual case of weight 1 with coefficients that can be expressed
in terms of logs of algebraic numbers from certain Hilbert class fields are studied in [15], [16]
and [34]. These forms have shadows whose L-functions are Artin L-functions associated to
dihedral Galois representations. This phenomenon appears, at least numerically, to hold for
exotic representations as well [15]. It is closely connected with Stark’s conjectures on special
values of derivatives of L-functions.

Finally, it should be noted that harmonic Maass forms with singularities do not respect
Hecke operators like those without singularities. Therefore they do not fit directly into the
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usual automorphic representation picture. It is possible that a shadow of such a form is a
Hecke eigenform and hence has an associated L-function. This gives an indirect connection,
but one that is still not very well understood in general. While we now have a better
understanding of what a mock theta function is and have examples of other kinds of harmonic
Maass forms with arithmetic properties, we are still far from an answer to the question: what
broader role do general harmonic Maass forms play in arithmetic?

Acknowledgements: I thank Bill Casselman for some excellent suggestions improving an
early version of this paper. I also thank Scott Ahlgren, Özlem Imamoḡlu, Peter Sarnak and
the referees for their comments.
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