
Trigonometry and the the beginnings of 
l l i dicalculus in India 

• Calculus in India did not begin with integration asCalculus in India did not begin with integration, as 
in Greece and China.

• It began with the perhaps empirical discovery ofIt began with the perhaps empirical discovery of 
the 2nd order difference equation for sine, 
sometime in the first half of the 1st millenium CE.sometime in the first half of the 1 millenium CE.

• Sine, cosine, tan, arctan, etc were important parts 
of the formulas of astronomy which wereof the formulas of astronomy which were 
expounded in all siddhantas, esp. tables were 
needed.



The Aryabhatiya, 499 CE
It contains the following “sine‐table”:

These are the 24 numbers 225, 224, 222,219, ….,51,  37, 22, 7, in his 
unique Sanskrit gibberish number system described by the last wordunique Sanskrit‐gibberish‐number system, described by the last word 
as <differences of> half‐chords in arc‐minutes. To get the actual 
sines, you must take cumulative sums and divide by R=3438, i.e. the 
cum. sums:

225,  225+224=449,  449+222=671,  671+219=890, ….,  3438

are R sin(i 3¾ ̊) R #min tes in a radian 3¾ ̊ 225 min tes so forare R.sin(i.3¾ ̊). R ≈ #minutes in a radian, 3¾ ̊=225 minutes – so for 
small x, R.sin(xminutes) ≈ x. If you must write sine tables in 
memorizable verse, it’s clearly better to memorize the differences!

[3¾ ̊ arose because it is 30 ̊/8, so the sines come from 48‐gons.]



But in the Paitāmaha‐siddhānta, c. 425 CE

The first RSine is 96th part of 21,600. If one divides the first RSine by 
the first RSine and subtracts the quotient from the first Rsine onethe first RSine and subtracts the quotient from the first Rsine, one 
obtains the difference of the second Rsine; the sum of the first Rsine
and the difference of the second Rsine in the second Rsine. If one 
di id th d R i b th fi t R i d bt t th ti tdivides the second Rsine by the first Rsine and subtracts the quotient 
from the difference of the second Rsine, one obtains the difference 
of the third Rsine; the sum of this and the second Rsine is the third 
Rsine …. [ and so on up to the 24th and final Rsine.]

The minutes [in the argument of arc] are to be divided by 225; theThe minutes [in the argument of arc] are to be divided by 225; the 
Rsine corresponding to the serial number is to be put down. One 
should multiply the remainder by the difference of the next Rsine
and divide [the product] by 225 The sum of the quotient and theand divide [the product] by 225. The sum of the quotient and the 
Rsine which was put down is the desired Rsine.



What’s happening?
1To compute .sin( . / 48),  use differences 
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Nilakantha (15th c.) and Hayashi (1997) claim 
A bh k i l hAryabhata makes a very crucial change
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This is the finite difference form of sin sin!  



RADIUS
(makes 
circum.
360*60)

ANGLE
in degrees

RAD*SIN 
(HALF 

CHORD)
DELTA

RAD*SIN

DELTA
OF DELTA

OF RAD*SIN

Aryabha
ta's
rule

3438 3 75 225 225 1 13438 3.75 225 225 1 1
7.5 449 224 2 2

11.25 671 222 3 3
15 890 219 4 4

18.75 1105 215 4 5
22.5 1316 211 6 6

26.25 1521 205 7 6
30 1719 198 7 7

33.75 1910 191 8 8
37.5 2093 183 9 9

41.25 2267 174 10 10
45 2431 164 10 10

48.75 2585 154 11 11
52.5 2728 143 12 12

56.25 2859 131 13 12
60 2977 118 12 13

63 75 3083 106 13 1363.75 3083 106 13 13
67.5 3176 93 13 14

71.25 3256 80 15 14
75 3321 65 14 14

78 75 3372 51 14 1478.75 3372 51 14 14
82.5 3409 37 15 15

86.25 3431 22 15 15
90 3438 7



Madhava (c.1400) – rigorous derivation of the 
fi d i i f i dfirst derivatives of sin and cos

The two shaded triangles are 
similar. Equating the ratios of 
h i id h i htheir sides to their hypotenuse:

sin( ) sin( ) vert.side hor.sideof small = of large cos( )
(chord of angle 2 ) hypot hypotR
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Computing sines in Bhaskara I, c.630 CEp g
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• Exact at 0, 30, 90, 150, 180 degrees
• Always within 0.0016 of correct value.
• Note germinating idea of the sine as a function on 
th f ll 360 dthe full 360 degrees
• Note the focus on very accurate and workable 
numerical values – for handy use in astonomicalnumerical values  for handy use in astonomical
calculations



Full trigonometry in Bhaskara II (c.1150 CE)
“O th t ti f th f i ”“On the construction of the canon of sines”

……………………………………………….



Bhaskara II got the volume of the sphere tooBhaskara II got the volume of the sphere too
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