HOMEWORK 3
Due on Monday, April 20th, in class.

Exercise 1. (10 points) Let (X, d) be a metric space and let A, B be two subsets
of X. Prove that

A°UB° C(AUB)° and A°NB°=(ANB)°.
Exercise 2. (10 points) Let (X, d) be a metric space and let A, B be two subsets
of X. Prove that
AUB=AUB and ANBCANB.

Exercise 3. (10 points) Let (X, d) be a metric space and let A be a subset of X.
Prove that a point « € X is an adherent point of A if and only if d(z, A) = 0.

Exercise 4. (10 points) Let (X, d) be a metric space and let A be a subset of X.
Prove that the diameter of A is equal to the diameter of the closure of A, that is,

§(A) =0(A).
Exercise 5. (10 points) Let (X, d) be a metric space and let A be a subset of X
and O be an open subset of X. Prove that
ONACONA and ONA=0NA.
Conclude that if ONA =0, then ON A =.

Exercise 6. (10 points) Let (X,d) be a metric space and let a € X and r > 0.
Prove that the closed ball B,(a) = {z € X|d(z,a) <1} is a closed set.

Exercise 7. (10 points) Let (X, d) be a metric space and let A, B be two subsets
of X. Prove that

Fr(AuB) C Fr(A)U Fr(B).
Show also that if AN B = (), then Fr(AU B) = Fr(A) U Fr(B).

Exercise 8. (10 points) Let (X, d) be a metric space and let A be a subset of X.
Prove that

Fr(A) C Fr(A)

Fr(A°) C Fr(A)

A= A°UFr(A).
Exercise 9. (10 points) Let (X, d) be a metric space and let A be a subset of X.
Prove that A is closed if and only if Fr(A4) C A.

Exercise 10. (10 points) Let (X, d) be a metric space and let A be a subset of X.
Prove that A is open if and only if Fr(A)N A= 0.



