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1 Breaking the duality in the return times
theorem (part II)

after Demeter, Lacey, Tao, and Thiele, [3]
A summary written by Michael Bateman

Abstract

We outline a method for controlling a model for the return times
operator. For more information about how this model operator relates
to the return times theorem, see the summary by Patrick LaVictoire
in these conference proceedings.

1.1 Notation and prior results

For a sequence (z;); C C, define

u 1
|55 = | sup (Z Tk, — ﬂfkm_l\r> (1)

7k077k1\l m:1
|51lvy = sup || + [l2;l]v,- (2)

These are called variational norms. We will use the fact that they satisfy the
triangle inequality.
For a sequence of multipliers, fx, and 1 < ¢ < oo, define

sup / Fe(©)d(€)e e (3)

(i) rez] \M; = Ssup
llglle=1

L%

These are called maximal multiplier norms. We will use the fact that they
satisfy the triangle inequality.

Given a set of points A = {A\1,..., Ay} C R, let Ry be the set of dyadic
intervals of length 2* such that R, N A # (. For each w € Ry, let m,, be
such that supp(m,) C w and such that for n € {0,1} we have |[0"my]]0c <
Clw|~™. We say that such an m,, is C-adapted to w. Let wi(A) be the unique
interval w in Ry containing \. Define

Myk(€) = > mal(§), (4)



and
Moy = sup || (a0 (N) vz (5)
AEA

Theorem 1 (Demeter, [2] ). For1 < ¢ <2, e€>0, andr > 2, we have
(M) kezllay S TAJa77(C +. (6)

This theorem is an extension of a similar result in [3], which is itself an
extension of a result of Bourgain. We will use it below in Subsection 1.3.
Here are some other results that we need:

Proposition 2. If S is a collection of tiles, then

size(S, f) < sup 1£If M f(z) (7)

s€S T&Ls

1
size(S, f) = supsup —

SES mg 3|2

We have used the notation
L2

(1 ) [ fomieresa
)

Later, we will consider a set F = {z: M f(xz) > «a}, and this lemma allows
us to conclude that if Iy Z E for all s € S, then size(S, f) < a. The next
proposition will help us sort a collection of tiles into subcollections each of
which has uniform size.

Proposition 3. Let S be a convex collection of tiles, and § = — log,(size(S, f)),
Then we may partition S = |J,,~5 Pn, so that size(P,, f) < 27", and so that
each P, may be partitioned as P, = Urer, T, where each T is a tree and
>orer, x| S 22| fIl5. We have used It to denote the space interval of the
top of T.

For what follows, we assume ¢4 and ¢, denote Schwartz functions asso-
ciated to a tile s such that

ps: R—>TR 9)

(bs: R* —» R and SUPP9¢3(3% 9) C ws, (10)

These functions will also satisfy some standard technical decay conditions.
Also assume that for each [ € N for any tree T = (I,&r), and for each

s € T, we have a decomposition ¢, = qSiZ)T%—ggg)T such that suppxgz;g)(x, ) C
2!=1],. Further assume that ¢, and ¢§” are such that the following proposi-
tion holds:



Proposition 4. For 1 <t < oo, and for any tree T,

! . 1
Yoo < fipe> (@ 0) S [ f13size(T, )] Ix|?. (1)
|—9k
86T,‘Ls| 2 k Vkr Ltz
The properties of the functions ¢4 and ¢, that arise from modeling the
return times operator have the properties assumed above. The need for
splitting ¢, into two parts is so that one can use the proposition above. This
should not be clear from what has been said here, but for reasons of space,
we explain no further.

1.2 Main result
For a set of tiles S, define

Vsf(x) = Y < fos > du(s.0) (12)

s€S,|Is|=2F ks,
Later we will use the fact that if S is partitioned into S; and S, then
Vsf(z) < Vg, f(z) + Vs, f(z). We can now state the main theorem. This
is proved in [3] for p = 2 and in [1] for the full range stated here.

Theorem 5. If p,, ¢s have the properties above, if S is a convex collection
of tiles, if 0 < A< 1,if 6 >0, if FCR, if 1l <p<?2 and%+é < %, then

To prove this theorem, we define several exceptional sets, show that they
are small, and show that Vglp(x) is small outside these sets. We sketch this
in slightly more detail below, ignoring numerological issues. Fix A. Define
E = {x: M1;(x) > A\}. Assume that for all s € S, I, N E° # (. (Of course
this will not always be true, but a similar argument handles that case as
well. Then one can use the sublinearity of Vg in the set of tiles S, as noted
above.) By Proposition 2, we know that size(S,1r) < A. By Proposition 3,
if 6 = —logsize(S, 1r), we may write S =, - s P, where

>zl S 27| f15 (14)

TeF,



Now for each n, we define

EM = Jz: > Lap(z) > 5,27} (15)

1>0 TEFn
a(l,m _ ].
EY = U U{x I Z < [rps > ¢s(é‘ )(xafT)HVg > Yn2 wlm
l,m>0 T s€T,|Is|=2*
(16)

for some appropriate 3, and ~,, and where the second union in the defini-
tion of F'” is over an appropriate collection of trees. We use the notation
a(l,;m) =0if m € {-1,0,1} and a(l,m) = | + log, m otherwise. Notice
that we can control |ET(LI)| just by using Chebyshev’s inequality and the es-

timate in 14. Further, we can control |E7(L2)| by using Proposition 4. These
estimates are important, since they now allow us to focus on Vglp(z) for

x & Un(E,(ll) U EY(LQ)). This is the topic of the next section.

1.3 Pointwise estimates outside exceptional sets

For the following theorem, we need to introduce some notation. Let S =
Urer T be a collection of tiles partitioned into families of trees. For T € F,
let G(T) ={s€S:ws Dwr}. Now fix [ € N. For a tree T, define
Tio={s€G(T): I[,Nn2"Ir} (17)
Ty ={s€GT): N2 Ir+m2Irbut s ¢ | ] Ty} (18)
lif<m

Also define Fy,,, = {Tyn: T € F}.

Theorem 6. Use assumptions and notation from above. Assume for each
tile s we have a number as and that -2+ < 0. Define

152

EM = U{x Z Ly, (z) > 527} (19)

>0 TeF

1

E(2) == U U {fL’I Z asgbj,grl’m)(‘ragT) > ’72_10l(| | + 1)2}

IL,m>0TeF; s€T,|Is|=2% VT m

k
(20)

10
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Then for e >0, if t ¢ EW U E® | then

3 ai(@,0) S BT (v + o). (21)

S s|= k *

€8,|15|=2 el
Recall that proving this estimate for z outside ) and EW is exactly

what we need to finish proving Theorem 5. So fix an x ¢ EM U E®). We

will partition the tiles S = |J, P, where P, is defined below:

Foo={T:2 €Iy} (22)
Fro={T: 22\ 2 s} (23)

Po=| J GT|\ | P (24)

TEF . 0<j<l

Let mui(0) = 3 ep, . w.—w @s®s(x,0). Note that it is supported in w and is

adapted with constant 271

of ¢,. Let

o, by assumption on ags and by decay properties

My f(x)= Y mu(0) (25)

w: |w|=2"F

Myf(z) =) My f(x). (26)

Note || My f(@)|[az, < 320 [[Miaf ()] |a; ,, so we will focus on || My f(@)|[ar;,
for a fixed I. Note that if s € P;,, then there is a tree T € F;, such that
ws 3 c(wr). Solet A,y = {c(wr): T € F,}. Then

|Agy] < Z Loty < 627 (27)

TeF, .

by our assumption on x. For a given tree T, denote

Wy = Z asops(z,0)|| . (28)

s€P,,NG(T) vy

11



We now apply the maximal multiplier theorem (Theorem 1) with the set A,
and the functions (My,), to see that

||Mk,lf(l‘)||M;6 < 5%7%“2%(2_1010 + sup Wr). (29)
! TeF .

Finally, we control the numbers Wr:

WT S Z Z as(bs(x’e)
m=0 ||s€P; »NT},m Vi
= i Z asqs?,(’rl’m)(x’ 0)

3
I

Sefpl’xﬁTl’m

WE

> adir (@, 0)|| (30)

SeTl,m

3
I

Vi

This final quantity is well-controlled because x ¢ E). We are able to replace
¢s(x,0) with QS?’(Tl’m)(x,Q) because of the support of ¢ — gb?(riwm) The last
inequality holds because if

{s € P NTym: || =28} # {s € Tyt | L] = 2°}, (31)

then in fact the left side is empty. This is helpful because it allows us to
eliminate the dependence on x of the set of tiles in the final sum of 30. This
is the reason for organizing the tiles into the collections P, , as we did.
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2 On the multilinear restriction and Kakeya
conjectures

after J. Bennett, A. Carbery, and T. Tao [1]
A summary written by Matthew Bond

Abstract

Here we will summarize the main ideas of Bennett, Carbery, and
Tao’s paper, On the multilinear restriction and Kakeya con-
jectures [1].

2.1 Introduction - The linear and multilinear Kakeya
conjectures

An unsolved problem, the (linear) Kakeya conjecture, states that any com-
pact set in R%(1) containing line segments in every direction must have full
Hausdorff dimension. Suppose we have a proposed counterexample F, and
choose from it a collection of line segments in d-separated directions. To
each such line segment corresponds a § tube (i.e., a d-neighborhood of that
line segment). Then one can investigate the LP norm of the sum of the cor-
responding characteristic functions. If it were possible to cleverly construct
the set E so that the tubes overlap so much that the L” norm is large, then
one might expect the Kakeya conjecture to be false. On the other hand, if
for some ranges of p the L” norm always behaves on the same order as if
the tubes all went through the origin, then it seems that a uniformly high
overlap is impossible, and so the Kakeya conjecture is probably true. Indeed,
the Kakeya conjecture has an equivalent formulation in this spirit:

The linear Kakeya conjecture: Let 6 << 1. Let T be a collection
of -tubes T, pointing in directions J-separated on S?'. Then for each
p > 74 .(?) we have

15" xalls < Cpott - (TP 7.
TeT

The object of study in [1] is a related multilinear Kakeya conjecture.
It is similar in spirit, but substantially different in that the linear Kakeya

'Here, and in the entire paper, we will be working in R? with d > 2.
2One can show that p < % is impossible just by letting the tubes be disjoint.
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conjecture is not a special case, for example. In the multilinear case, we
choose families T; of tubes, j =1, ..., d, with each tube T}; € T; pointing in
directions a small distance (< gg, a small enough absolute constant maybe
depending on d) away from the j-th standard basis element e;. Unlike the
linear case, we allow tubes to be repeated. As before, we sum the charac-
teristic functions in each family, but now we also take the product over the
families, and what one gets is

The multilinear Kakeya conjecture: In the setting of the previous
paragraph, one has

d #7T; d
ITTD x|l < oo (T [ #T5)7
Jj=11=1 J=1

1
whenever p > ya

Again, the upper bound is true if, up to a constant, the largest L” norm
is attained by letting all tubes pass through the origin, so that it is not
possible to have lots of overlap on a large set. [1] proves the conjecture when
p > dfll. One may also replace the e; by another basis, changing only C, and
€o, by linear algebra considerations. In contrast to the linear case, taking the
product allows us to simplify by assuming the tubes to have infinite length.
We will make this assumption from now on.

2.2 The joints problem

The boundary exponent of the multilinear Kakeya conjecture easily be shown
to be necessary by letting the function take the value 1 on a large set. In this
case, one can allow the tubes to align along the integer grid [1, (%)ﬁ]d. This
integer grid is the set of joints of the family Uj<d T}, i.e., the set of points x
for which d distinct tubes have their axes pass through x in linearly indepen-
dent directions. Conversely, for larger p, the multilinear Kakeya conjecture
puts a bound on the number of joints, subject to transversality conditions.
A weak form of this can be stated and easily proved by comparing the mul-
tilinear Kakeya estimate with the lower bound #joints - ¢, since from above
we have #T; < N, the total number of tubes. For simplicity, we limit our
attention to the case d =3 (so p = % + ), where we can state it as:
Watered-down joints theorem: Let the lines ¢;; be the axes of tubes
as in the multilinear Kakeya conjecture, and let »_ ;#T; = N. Then the

14



number of joints obtained by taking a single tube Tj; from each T; is no
more than C.N3/2+¢.

In order to bootstrap this result into something more interesting, we
need to define transversality. We say that a basis vy, ..., v4 has transversality
0 = |det(vy...v4)|, and let this also be the definition of the transversality of
the joint formed by d lines in the directions v;.

Joints theorem: Let T be an arbitrary set of § tubes, let 6y > 0, and let
N = #T. Let J(6y) be the set of (distinct) joints with transversality 6 > 6.
Then for all € > 0,

J(0p) < C.N®/2teg /e,

The presence of € corresponds to the fact that the p = case of the

1
d—1
multilinear Kakeya conjecture was unknown at the time of [1].

2.3 The Loomis-Whitney inequality

If we limit ourselves to the case ¢y = 0, the multilinear Kakeya conjecture is
already known to be true, and it can be seen to imply the Loomis-Whitney
inequality [2] (up to a constant). Let m; : R — R%! act by deleting the
j-th coordinate. Then if f; € L¥1(R?!) and we define fj = f; o mj, the
Loomis-Whitney inequality states:

d d
ITTAilloes < Lo g,
Jj=1 j=1

Indeed, one can let fj = (ZT]-,leT]- Xt;,)" (on the support of the integrand)
in the multilinear Kakeya conjecture inequality at the endpoint p = d%l.
Letting 0 be small, one can use approximations by characteristic functions
to get the Loomis-Whitney inequality up to a constant for arbitrary f; €
LE(REY),

Since g = 0 is not, in general, required, the multilinear Kakeya conjecture
is also called a perturbed Loomis-Whitney inequality.

2.4 Proof of the (unperturbed) Loomis-Whitney in-
equality (and more)

Most of the main ideas of [1] are on display even when we require ¢y = 0,
i.e., that the tubes T;; € T; be parallel. So let us consider this case now,

15



and leave the reader to consult [1] for the perturbed case. The main idea
is monotonicity - one compares an arbitrary configuration of tubes in the
given directions to another in which all tubes are centered at the origin,
by moving between the two cases linearly with respect to a time variable
t. Namely, as the tubes slide away from the origin, one might hope for
the LP norm to decrease. [1] shows that this happens, if not literally, then
certainly after one estimates the characteristic functions of tubes from above
by smoother functions which exhibit Gaussian decay as one moves in any
direction orthogonal to the tube’s axis. The main convenience of Gaussians
comes from working with a product formula and adding exponents. The
characteristic functions xr,,, then, can be thought of as
XTN (l’) _ 6—7r<7r‘7-(a:—vj’l),ﬂj(w—vj,l)>’

where the v;; give the location of the tube. It is also natural to think of r;
as being given by the corresponding diagonal matrix A? having 1’s on the
diagonal, except for at the j-th diagonal entry, which is 0, and to only write
A in the first slot of the inner product.

Let us single out the properties of A(])- which make the desired inequality
possible by the proof of [1], and refer to any such set of matrices as good.
The upshot is that one can prove a much more general multilinear inequality,
with the level of multilinearity n independent of the dimension d, and the
positive real n-vector of exponents p allowed to vary its entries independently
subject to linear algebraic conditions.

First, a definition: For d x d matrices A and B, we will say that A > B
if A— B is positive semi-definite, and A > B if A — B is positive definite.(?)

Let p € (0,00)", for some integer n > 0. A p-good collection of matrices,
then, is defined to be a collection A, ..., A, of positive semi-definite real
symmetric d X d matrices such that A; < Zj pjA; =1 A forallk=1,...,n
and [, ker(A;) = {0}(*). We can see that {A}}9_; is p-good for p; = ... =
Pqg = ﬁ, where d = n.

Finally, let us introduce the time dependence to the formula, and gen-
eralize once more by replacing finite sums by integration with respect to
finite, compactly supported Borel measures ;. Our "sum of characteristic

3We will never have occasion to employ any other partial ordering on matrices.
4This shows that > p;A; is nonsingular
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functions”, then, becomes

filt,x) = /Rd O L THOR G (1)

This is a sum in the usual sense if the measure p; is a sum of delta measures.

Theorem 1. Let n > 0 be an integer, and let p € (0,00)". Let A;, j =
1,...,n, be a p-good collection of matrices, and let p; be finite, compactly
supported Borel measures on RY. Define functions f; as in 1. Then the
quantity

Q,(t) == /R ) H f;(t, x)Pidz (2)

s nonincreasing in time t when t > 0.

Proof. One shows that @Q,(f) < 0. To do this, we first assume that p is a
vector of integers, and then show that a certain representation formula for
@, (t) must in fact be valid for all p € (0, 00)" by a polynomial density lemma
(8.2 of [1]). When each p; is an integer, we may find each fjp by integrating
p; independent copies of each integrand, i.e.,

n Pj

Qp(t) :/d/( ., .../(d) e—WZ?:1szz1<Aj(2?—’vj,kt):(l‘—vj,kt)>HHdu(vj’k)dl,'
R R4)P1 Ra)pPn

j=1k=1
(3)
Complete the square to write

n Py

DN < Aj(x —vjt), (v — vjut) >=< A(a — 0t), (x — ) > +0t>,  (4)

j=1 k=1
where
n pj
D= A" E A; E U k
j=1 k=1
is an average weighted velocity,

n Pj

0:= ZZ < Ajvj, vik > — < A, 0 >,

j=1 k=1

>The subscript [ is no longer needed since v; is a function with respect to the (possibly
discrete) measure ;.
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and recalling A, := Z?Zl pjA;. Putting 4 into 3 and changing the x variable,
one sees that the time dependence is captured entirely by the 6¢2 term, i.e.,
the integrand takes the form q)(x)e””sﬁ, where 0 depends on the variables
vj . One gets

Q,(t) =
Ny n Pj
me/ / .. / Se T =1 ity <Aj (z—vj k1), (2—v; k1) > H H dp(v; ) de.
Rd J (Rd)P1 (Rd)pn o1 kel '

One can clean this up with probabilistic language by treating the v as
random variables with the measures

€—7r<Aj(w—vj,k)y(”*’_”j’k»d/ij (vjk)
fi(t, )

Then using expectation with respect to the product, we can write

Q0 =27t [ EG)] f(t.odo. (5)
Rd .
J=1
Some linear algebra shows that

E(0) = ZP;‘E (< (A — AjAT A (0 — E(v), (v; — E(vy))) >)  (6)

—|—ij < Aj(E (Uj - E(T_})»? (E (Uj - E(T_}))) >

Additional considerations show that if we multiply E (0) by det(A,), the
dependence of this expression on p is polynomial for general p, and lemma
8.2 from [1] shows that formula 5 holds under the interpretation 6 for all
p € (0,00)". Multiplying A, > A; on the right by A;'A;, one gets positivity
of E(6), and the result follows. O
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3 Boundedness of the Carleson operator

after M. Lacey and C. Thiele [1]
A summary written by Alberto A. Condori

Abstract
We outline a proof of the weak type L? estimate for the maximal

Carleson operator based on time-frequency analysis due to M. Lacey
and C. Thiele.

3.1 Introduction

For any functlon f € L' on R, we define the Fourier transform f of f by
fR e~ 2% dzx and denote the operator f — f by F.
It is well known that the Fourier transform (operator) F is isometric on
L' N L? under the L? norm and L' N L? is dense in L?. Hence, F admits a
unique extension to a unitary operator on L? and

~ Jim / Fe)ermiotas 1)

N—oo

holds for each f € L? in the sense of L? convergence. In particular,
= / F(6)e*™ % de for ae. x € R (2)
R

holds for f € L? such that f € L' by (1) and the dominated convergence
theorem. Thus, it seems natural to ask whether (1) holds a.e. for any f € L%

In view of the density of the Schwartz space S (of rapidly decreasing
functions on R) in L?, it seems natural to use the result (2) for S to establish
the a.e. convergence in (1) for arbitrary f € L?. This reasoning leads one to

Theorem 1. The a.e. convergence in (1) holds for arbitrary f € L? if there
s a constant C' > 0 such that

ICf15,00 :=sup N[{z € R: Cf(x) > A} < C|fl3, forall feL?  (3)
A>0
where C denotes the double-sided Carleson operator C,

/ fle)erm=sa

In this note, we provide an outline of the time-frequency analysis tech-
nique used in [1] to prove the validity of the weak-type estimate in (3).

Cf(z) = sup for f € L2

N>0
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3.2 Notation and preliminary reductions

Let us (formally) define translation, modulation, and dilation operators by
Try f(z) = f(z—X), Mod,, f(z) = f(x)e*™™* and Dily f(z) = X"V2f(z/N).

Clearly, F Try = Mod_, F, F Mody = Try F and F Dil, = Dily,, F.

We write |F| for the Lebesgue measure a set £ C R. Given an interval [
(i.e. a subset of R of the form [z,y) with < y) and a > 0, we write ¢([)
for the center of I, and al for the interval with center ¢(I) and length «|I|.

An interval is called dyadic if it is of the form [n2*, (n + 1)2*%) for some
integers k and n. Dyadic intervals have three useful properties: Any dyadic
interval is the disjoint union of two dyadic intervals of half length; if two
dyadic intervals intersect, then one is contained in the other; and, for each
r € R and k € Z, there is only one dyadic interval I with |I| =2* and z € I.

Throughout, we think of the first coordinate x as the time interval and
the second coordinate ¢ as the frequency coordinate. Thus, we refer to (z,€)
coordinate plane as the time-frequency plane.

Let 7 denote the collection of rectangles I x w with I and w dyadic and
[I||w] =1. Any s = I, x w, € T is called a tile.’

Let ¢ € & such that X|_/101/100 < @ < X[—1/9,1/9). For each tile s =
I X wg, we define the “lower and upper halves” wss := w N (=00, ¢(w;)) and
way 1= w N (c(ws),00) of w, and the function @3 = Mode(uw,,) Trer,) Diljr,| ¢
We observe that ¢ is supported in %Uhs and

[ps(@)] < CulL|Y2 (L + o — e(L)I/IL]) v 2 0,

holds”, because (1 + |z])*¢(x) is bounded for each v > 0 as ¢ € S.
For technical reasons, we consider (instead of C) the one-sided Carleson

N A~ .
| e

to prove the weak-L? bound for C,, we consider instead the dyadic model®:

for f € L. Moreover,

operator C, defined by C, f(x) = sup
N

Aef = X () (. 05) 05 (4)

seT

SNotice that our rectangles I, x w, have area 1 so that F Dilz,| = Dily,,| F.
"Note that the constant C, depends only on the choice of ¢ and v.
8 A¢ is well-defined in S: In fact, the series in (4) converges absolutely for f € S.

21



Figure 1: Some of the tiles s that contribute to the sum for A¢ in the time-frquency
plane. The shaded areas are the tiles I X wos.

(See Figure 3.2.) After all, the weak-L? bound for C, follows from

50D |4z < CIf for all f € L2 (5)
By a duality argument, it can be seen that the estimate (5) follows from
Do 0s) (9s(Xun, 0 N), Xp)| < CIf[lo| EIV2 (6)
seP

for all f € §, measurable functions N, measurable sets F/, and finite subsets
P of T. Hence, to prove (1) holds a.e., it suffices to prove (6).

3.3 The main argument

Let us fix an f € S, a measurable function NV, a measurable set E, and finite
subset P of 7. In view of the possible overlapping of tiles in P, it seems
natural to order tiles as follows: We say s < ¢’ if I, C Iy and wy C w;.

A set of tiles T is called a tree if there is a tile? sp = Iy x wy, the top
of the tree T, such that s < sy for all s € T. A tree T is called a j-tree if
Wjsy C wjs for all s € T'.

In order to prove (6), we first make some definitions and establish some
needed results.

Definition 2. Let N be a measurable function on R, E a set of finite measure
and P C 7. The mass of E with respect to P is defined by

1 dt

1
mass(FE;P) = —sup sup / .
( ) |E| seP teT s<t ENN~1]w,] (1 + xC(ft)>10 1]

| 1¢]

9Note that sp may not belong to 7.
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Theorem 3. Let N be a measurable function on R and E a set of finite
measure. If P is a finite set of tiles, then P can be decomposed as the union
of sets Pright and Pheqvy with

mass(E; Prign) < 27> mass(E; P)
and Pheqvy 15 the union of trees T such that

Z |I1,] < Cymass(E;P)~.

J

Definition 4. Given a finite subset P C T and a function f € L?, we define
the energy of f with respect to P by

1/2
energy (f; P) = sup (ﬁzw,%w) .

B ”fH2 TeP: Tisa2—tree seT

Theorem 5. If P is a finite set of tiles, then P can be decomposed as the
union of sets Pioy and Phign with

energy (f; Prow) < 27! energy(f; P)

and Phign ts the union of trees T; such that

Z |I,| < Cyenergy(f; P) 2
J

Let us now show how Theorems 3 and 5 allow us to decompose P into
sets P,, where n runs over a finite set of integers, so that

mass(E;P,) < 2°" and energy(E;P,) < 2" (7)

and P, is a union of trees T, , k > 1, with

> i, | <027
k

To begin, we observe that P must satisfy the estimates in (7) for sufficiently
large n. For such n, let us set P,, = (). Next, if the mass of E relative to P is
greater than 220"=Y we split P into Prgnt and Pheavy, replace P with P,
and add Pheavy to Py, so that mass(E;P) < 272227 = 22001 and P, is a
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union of trees T}, ; such that Zj 7, | < Crmass(E; Phreay) ' < C, /220,
Likewise, if the energy of E relative to P is greater than 2"~ we split
P into Py and Phrign, replace P with Py, and add Phgn to P, so that
energy(f;P) < 27'12" = 277! and the last collection of trees T, ; added to
P satisty 3, Iz, ;| < Cyenergy(E; Pheavy) 2 < Cy/22=D. Then P satisfies
the estimates in (7) with n replaced by n — 1 and we continue this procedure
in a similar fashion until there are no tiles left in P.
Finally, to obtain the desired estimate (6), we need

Theorem 6 (Main estimate). There is a constant C3 > 0 such that for any
tree T, function f € L?, measurable function N on R and measurable set E,

Z ’(f? <l08> <XEQN71(WS(2))’ ¢S>
seT

In particular, Theorem 6 and our previous construction yield

Z ‘ <f7 ()08> <XEON—1(wS(2))7 903> |

seP

< CslIp|energy(f; T) mass(E;T)| fl|2| £].

<> Z Cs|Ir, ;| energy(f; T,,;) mass(E; Ty, ;)| f 2| E
n o j

<Cs ) Y |m, 127 min{| BT, 272} | |2 E)
no

<Cu| fll2| B2,

This completes the proof of (6) and so the weak-type estimate for C, and
the a.e. convergence of (1) for arbitrary f € L? hold, as desired.
We refer the reader to [1] and [2] for more material on Carleson’s Theorem.
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4 A Carleson Type Theorem For A Cantor
Group Model of the Scattering Transform

after C. Muscalu, T. Tao, and C. Thiele [1]
A summary written by Michael Dabkowski

Abstract

We prove the weak L? bounds for a Carleson type maximal oper-
ator for the d-adic model of the scattering transform on the line.

4.1 Introduction

Scattering transforms are seen as non-linear variants of the Fourier transform.
We therefore ask if the classical a priori estimates such as Riemann-Lebesgue,
Plancherel, or Hausdorff-Young hold for a given scattering transform. We will
look to find a variant of the AKNS-ZS matrix system: G’ = WG, where

G- ( 2 ) W ( 0 F(z) exp(2ikz) ) |

F(z) exp(—2ikx) 0
where F' is compactly supported (later we will extend to L?*(R*)). Under
the compactly supported assumption we can solve the differential equation
under the initial condition G(—o0) = Id to obtain an absolutely continuous
solution that is constant near co. The scattering transform of the potential
F at spectral value k is G(00). We would like to prove a Carleson-Hunt type
theorem for this transform, namely,

[ sup \/log(a(z, ))|z2 < CIFI;.

We choose to study the d-adic version of the problem. Starting with the
base d expansions of two positive numbers x and k we define a character

w(k,x) = w(Z k,d", Z xnd”> = yXnez knZ-1-n (1)

nez ne”L

SR

where 7 is a primitive d-th root of unity. We will now replace the exponential
factor in the above matrix W with the character w. Doing so we arrive at
the differential system

0,G(k,z) = W(k,x)G(k,x) (2)
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where

G(k,0)=1d and W(k,z)= ( W F(x)"g(k’x> > . 3)

For this problem we have the following theorem
Theorem 1. Ford > 1 and F € L*(R"), for almost all k € R™ the limit

lim G(k,x) = G(k, )

r—00

exists and satisfies the Plancherel inequality

/ log |a(k, 00)| dk < C/ |F(2)|* de. (4)
0 0
Moreover, we have the weak-type inequality with a constant C(poly(d))

(ks suplog a(k, 2)] > A)| < Clpoly(@)A~"|F3, (5)

4.2 Localization by Tiles

We localize (2) and (3) in space about a d-adic interval w = [d*n, d*("*+1),
Doing so we arrive at the localized system

0.Gy(k,x) = W,(k,2)Gy(k, x) (6)

where

Go(k,0)=1Id and W_,(k,z)= ( F(ﬁﬁ)w(k(?x)xw(x) F(x)w(k:(;:v)Xw(x) > |
(7)

Now we say that a tile is a rectangle of the form p = [ X w, where [ and w
are d-adic intervals of the form I = [d"n,d"(n+1)) and w = [d "I, d "(l+1))
for K € Z and n,l € Z*. If we suppose that (k,z) is a point in some tile p
and ko is the leftmost point in I, then we can split (1) into parts

w(k’ ':L‘) = '72"<"’" knw*l*"/}/ZnZn knz—l—n.
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Since we are in a tile the first factor doesn’t change as = varies in w, and
similarly the second factor doesn’t change as k varies in I,. It follows that
w(k,z) = v ®w(ky, z)x.(z) and hence the solution to (6) at the point (k,z)
is conjugate to the solution to (6) at the point (ko, x) by the diagonal matrix
with eigenvalues 77/ (k) and 1. This reasoning says that G, doesn’t change
too much in the tile p. Bearing this in mind we set G, = Gy, (ko, 00).

To understand what it means for tiles to be “nearby” we say a multitile
is be a rectangle of the form P = I X w with

P =[dn,d*(n+1)) x [d",d""(1+1)), keZ Ilnel"

An important but elementary consequence of this is that given a multitile P
we can write it as a union of d horizontal tiles: P = poUpy U ---Upg_1 or
as a union of d vertical tiles: P =qoUqg U---Ugg1. Alsoif P=1 xw is a
multitile then the horizontal and vertical decompositions are related by

Gpj:(cﬁ b_]) . qu:<jil711 fym(d_l)bdl)”.< ?nl fyibl)<@ @\
: bj a; 7”“ )bd—l aq—1 Y"by [45] bo o y

4.3 Swapping Functions and Plancherel Inequality

Thinking of the Plancherel Inequality as a type of d-adic imbedding theorem
we look for a function § : SU(1,1) — R* (using the Bellman function
technique, see [2]) such that 3(G) < log|a| and has the swapping property

U
—

d—1
B(G,,) < dZﬁ(Gp». (8)

<
Il
=)

The swapping inequality says that for a multitile P, up to a factor of d,
the horizontal multitiles dominate the vertical multitiles with respect to [.
Suppose that the support of F' is contained in the interval [0,d") for some
large K and consider the rectangle [0, d") x [0,d"). If we let p, be the set
of all tiles with |I,] = d*. Applying the swapping inequality iteratively we

have
d* Z log|a,| < Cd¥ Z log |a,|. 9)

PEP_K PEPK

If we note that the set p_j contains only the tile [0,d*) x [0, d"), then by
the results in section 2 we see that the left hand side of the above inequality is
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exactly | log|a(-,00)||r1(ax). The right hand of the inequality can be shown to
be less than a constant times | F'|3 by using the operator Gronwall inequality.

Finding a function g : SU(—1,1) — R* such that §(G) = log|a| is not
difficult; rather, the difficultly is finding a function that satisfies the swapping
inequality. In the case when d = 2, we can take 3(G) = log |G|us (where
|G|lus is the Hilbert-Schmidt norm of G). Verifying that the function
satisfies the swapping inequality is a trivial computation which boils down
to the quasi-triangle inequality. Unfortunately the logarithm of the Hilbert-
Schmidt norm doesn’t work when d > 3, as a laborious computation shows.
In the case when d > 3 we choose the smallest possible number r such that
the function o | <

z|* — |z zl <r

Ble) = { €'® + e®arcsinh(|z]) |z| > 7
is continuous and € is some small parameter that depends on d only. We
then set G(G) = [(b). This function § is the desired function. It is clear
that up to a factor of d that 5(G) < log|al, as the arcsinh(|z|) = log(|z| +
|2|2 4+ 1). Verification of the swapping inequalities is a tedious task which
involves carefully looking at the products G,,, using polynomial inequalities

and Taylor approximations.

4.4 John-Nirenberg Type and Carleson Weak Type In-
equalities
We define a partial order on the set of all tiles (similarly for multitiles) by

saying p < ¢ if and only if [, C [, and w,; C w,. The swapping inequality
(8) and several inductions implies the following

Lemma 2. Let q be a finite set of pairwise disjoint tiles and p a collection
of tiles such that

s<|Jp. Vaeq
PEP

and whenever p and q have non-empty intersection we have ¢ < p. Then

Y IB(Gy) < ) ILIB(G,) (10)

qeq pep
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4.4.1 Some Terminology

We can similarly define what it means for two multitiles P and @) to be
ordered. A collection of multitiles is convez if whenever P < P’ < P” with
P and P” in the collection implies P’ is also in the collection. Suppose that
a collection P of multitiles can be written as a union

P=|]JP,

neN

with the property that if P € P, and @ € P,, with P < @, then n < m. We
call such a union and ordered splitting of P. A tree is a set T of multitiles
which has a maximal element with respect to the ordering “<”. Now each
element of a tree P has a unique horizontal tile p;p) that intersects the
maximal element of the tree, which is called the top. Using this horizontal
tile as a level for an element of a tree we can define a notion of size for a
collection of multitiles: Given a collection of multitiles P, we define

size(P) = sup 13 S |16l3(Gy,).
Ter PET j<j(P)
4.4.2 Calderon-Zygmund and John-Nirenberg Type Results

Given any collection of multitiles P we run the standard stopping time ar-
gument with respect to the size of P to obtain an ordered splitting

P=P Ul JP,
nel
such that size(P}) < 274 and P}, is a union of trees T} such that
> Ir| < Clpoly(d))2* | F 3.
TeT
Additionally, for each tree T' € T, with top P contains all elements P’ € Py,
with P/ < P.

Assume we have a convex tree T" and F vanishes above the lower endpoint
of wyep. If P is a multitile in 7" and ¢ is a vertical tile of P, then for £ € I,

we have
Gy(k) = 11 I G.*) (11)

P'eT:IpCl},Clpy, j<j(P')
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With this in mind we define the following
Mr(k) = sup 1og) I 1I Gpj(k)). (12)
kel JICICIr PET:ICIpCT j<j(P)

For this function we have a weaker John-Nirenberg inequality, namely,

(k € I« Mp(k) > 4dT2%size(T)) | < 27| I, (13)

where T is the constant that compares log|a| and 3(G) up to a polynomial

in d.

4.4.3 Carleson Inequality

The previous subsection provides us all we need to prove the Carleson in-
equality. As in the classical Carleson proof, we define an exceptional set and
show that it has measure controlled by I'?A|F|3 and off the exceptional set
we have a good bound on the supremum. The components of the exceptional
set are defined by

E. = UTeTk IT L < K
o UTETk{k € Iy : Mp(k) > 422K~y | > K

where K is a large parameter and the trees T}, are defined in the stopping time
argument. Setting £ = |J Fy and using the above argument we have that
|E| < T2)\|F|3. Finally we show that off of the exceptional set log|G(k, z)|
is smaller than C'd\ 1.
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5 The endpoint case of the Bennett-Carbery-
Tao multilinear Kakeya conjecture

after Larry Guth [5]
A summary written by Yen Do

Abstract

We prove the Bennett-Carbery-Tao multilinear Kakeya conjecture
using a variant of the Ham Sandwich theorem and a geometrical ana-
logue of Dvir’s argument.

5.1 Introduction

The Kakeya set conjecture [6] asserts that if a set £ C R™ contains a unit line
in every direction, it must have Hausdorff and Minkowski dimension equal
to n. Wolff [7] introduced a finite field model of the conjecture, which was
recently proved by Dvir [3] using a dimension argument. In the Euclidean
setting, it is possible to formulate a maximal-but-discretised version, which
implies the set conjecture (using standard arguments, see for instance [2]).

To state the maximal conjecture, let T" be a collection of § x 1 cylindrical
tubes (i.e. d-long tube whose cross section is an (n — 1)-dimensional unit
disk) pointing in a set of sufficiently separated directions: any two directions
are at least d-away from each other.

Conjecture 1 (Kakeya maximal). The set E, of points with intersection
multiplicity 2 p (i.e. contained in 2 p tubes) has volume not less than

Cle,n)dpu n1
for any € > 0.

A related problem is to study overlap properties of a set of tubes, for in-
stance a multilinear Kakeya conjecture was formulated by Bennett-Carbery-
Tao [1]. A particular consequence of this conjecture says that: in a counter
example to conjecture 1, a typical point in F, will have intersection mul-
tiplicity contributed largely by tubes whose directions almost belong to a
common hyperplane.

To formulate this multilinear conjecture, we divide T into n subsets
Ti,...,T, containing respectively A(1),..., A(n) tubes, so that:
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(i) in each subset the directions of the tubes are close;

(i) any family vy, ..., v, of n unit directions with exactly one represen-
tative from every T} will not be degenerate: the solid angle formed by these
directions has nontrivial degree:

det(vy,...,v,) 20 (1)
For x € R", let N(z) be the number of families (as in (ii)) such that every

member of the family possesses z, i.e.

n

N@)=]] > )

k=1UET,
The multilinear Kakeyea conjecture, which is now proved by Guth [5], says:

Theorem 2 (Multilinear Kakeya estimate, Guth).

/N(x)ﬁdx o |

j=1

Note that the bound on the RHS doesn’t depends on ¢, thus we can (and
will) take the tubes in 7" to be of infinite length (in our proof).

Below we sketch why theorem 2 implies certain structural properties of
a counter example T' to conjecture 1. Assume that 7' can be divided it into
the above configuration. Let

B} = {x € R" : for every 1 < k < n, x belongs to 2 u tubes in T}, }

be a subset of ), where the global intersection multiplicity of  is contributed
almost equally by every Tj. Since N(z) 2 p" for x € E7, theorem 2 implies
that .

By S pt
This means that for a typical point of £, (i.e. in £, \ EY), its multiplicity is
contributed mostly by tubes comming from the same subcollection, i.e. with
close directions.
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5.2 Proof of theorem 2

To prove theorem 2, we will need a generalized version of the following Ham
Sandwich theorem (will be referred to as HS theorem):

Ham Sandwich theorem. Let Uy, ..., U, be finite volume open sets in R™.
Then there is a hyperplane H that bisect every U;.

This theorem was generalized by Gromov [4] to N = (”;’d) —1 sets, where
the hyperplane should be replaced by an algebraic hypersurface of degree < d.
Guth’s generalization of the HS theorem is formulated using the notion of
visibility of a surface.

For any vector v € R we denote by m, the projection along direction v
(into the hyperplane v+ C R").

Definition 3 (Directed volume). For any surface S C R™ and any unit
vector v € R™, the volume of S in direction v is defined by

Vew) = [ 180w Gl

If v is not a unit vector, define Vs(v) := ‘U|V5(ﬁ).

Essensially, Vs(v) is the volume of the projection of S along direction v,
counting multiplicity. Equivalently, we can define:

Vs(v) = /s |v- N.|dS(x)

here the integration is over S using the surface area measure, and N, denotes
the normal vector at z.

Definition 4 (Visibility). The visibility of S is defined by:

. 1
Vis[S] = Vol(Hull{|v] < 1: Vs(v) < 1})

For an unit vector v, S is geometrically less visible in direction v when
Vs(v) is small. Essentially, ﬁs] is large if there are only a small number of
directions where S is not Visib{e. This definition depends on the relative size

of S, however in our applications S will have size comparable to 1.
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When S is a variety of degree < n (which is easily parametrized by
RPN through the tuple of its coefficients - we’ll simply say S € RPY), it
is not hard to see that, as function of S, the directed volume Vg(v) (hence
the visibility Vis[S]) is not continuous on RPY. Since continuity will be
important for our generalization of the Ham Sandwich theorem, we’ll need
to modify our directed volume (and hence the visibility) by averaging over
small open neighborhood of S € RPY (using the angle metric). Under this
operation, all the needed properties of Vg and Vis[S| are preserved up to
some small ¢ > 0, which will be harmless in our proof. We’ll denote the new
directed volume and visibility by Vg(v) and Vis[S].

The following basic estimate is useful: For any nonempty surface S and

any family of directions vy, ..., v,, if Vg(vj) > 1 for every j then
— 1T VS(UJ')
Vis[S] <, —1= 2
s 3 det(vy, ..., v,) @)

This estimate can be easily proved using the definition of visibility. Below is
the needed generalization of the Ham Sandwich theorem:

HS theorem and visibility. If M is a function that assigns an integer
value to each cube in the standard unit lattice of R", then there exists an
algebraic hypersurface Z such that Vis|Z N Qx| > M(Qy) for every cube Qy,

1

while the degree d of Z is controlled by [Y, M(Qx)]x.

Proof of theorem 2. For each cube )y, in the standard unit lattice, let M;(Qx)
be the number of tubes in subcollection T} that intersect Q, and F(Qy) =
[Ticj<n M;(Qx) the number of families (with one from each subcollection)

that intersect Q. Then ka N(x)ﬁdx < F(Qk)ﬁ, so it sufficies to show
S FRQoT <. 0 [JAG)T
k
1 Jn—1 )
oS F@y™| S0 TTA0) (3)

k j=1

Since T is finite, the tranversality condition (1) implies that only a finite
number of @y contributes to the sum Y F(Qy). Let @ be the set of these
cubes.
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The next argument essentially resembles Dvir’s argument in the finite
field setting. Using the above variant of the HS theorem, for any function m
that assigns a nonnegative integer value to each )i, we can find a variety 2
of degree d such that it intersect lots of cubes in a highly visible surface,

Vis[Z N Qi) 2 m(Qx) Vs (4)

while having a controlled degree

d <o [D_m@u) (5)

k

We’ll choose m such that the right hand side of (5) is very large compared
to |@|. At the end of this argument, it is the relative ratio between m(Qy)’s
that matters, so this assumption will be harmless.

Now, by adding a number of hyperplane to Z if necessary, we can assume
that V zn, (v) > 1 for every unit direction v and for every Qy € @ (basically
for each @ we need about O,,(1) hyperplanes, so totally need about O,,(|Q|)
hyperplanes). Adding hyperplane to Z is (at worst) equivalent to multiplying
a polynomial of degree 1 to the polynomial associated with Z. Thus, these
additions won't significantly increase the (bound (5) on the) degree of Z, due
to our choice of m. Therefore, we can safely assume that (5) remains valid.

For each tube Tj, in the subcollection T; we always have:

~Y

Z VZka (direction of T},) S d (6)

Q1 € Q that intersects Tj o

This is because of the following reasons:

(i) For any @ that intersects T} ,, the projection of every Z N Q) along
the direction of of T}, will be inside a slightly thickened version of the section
of the cylinder Tj, (so will have volume <, 1); and

(ii) The projection multiplicity of any point on Z, along any given direc-
tion, is controlled by the degree of the polynomial, which is d.

So essentially (6) is analogous to the finite field statement that a nontrivial
homogeneous polynomial of degree d cannot vanish on more than d points.
Now, by choosing a tube T} , that nicely intersects lots of cubes Q);’s, we can
then get a lower bound on the LHS of (6) and get a lower estimate for d.
Then, by combining with (5) and an optimization argument, we can get an
estimate for [ A(j) in terms of F(Qy) and deduce the desired estimate (3).
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To choose such Tj,, we'll use an averaging argument. First, consider a
family of tubes T'(1), ..., T(n), one representative from each subcollection Ty,
with respective unit directions vy, ..., v,. If forevery 1 < j <n, QxNT(j) #
(), then using (2), (1), and (4), we have

V 200, L
m(Qr) S Vis[Z N Qi < izt Vv () Hvzka (v5)

~ o det(vr, .., )

so m(Qr) < 671 H?:1 V 200, (vj). Fixing Q and summing over all possible
such combinations of T'(1),...,T(n), we get

F(Qu)m(Q) Su 07 H< Z V 200, (Tja’s direction))
j=1 Tj, €Tj that intersects Qp
So by Holder’s inequality, we have

ZF(Qk)%m(Qk " S 07n Z H < Z V200, (Tja's direction))
Qk

Qr j=1 Tj, intersects Qy

< 0= ﬁ (Z Z V200, (Tia’s direction))

j=1 Qr Tj,q intersects Qp
CORT

Consequently, we get a lower bound for d:

Cb
:IH
.:1:

<

<.
Il
-

~n

[T, AG)»

Combining with (5), we get

L0 FQYm(Q)?
m k)" zn . 1
[g @ )] H?:l Ag)n

= IIa0) 20 O[3 P’ (FAes) T
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Optimizing the RHS over oy, := ZT:;?(&) > 0 under the constraint {)_ aj =

1} (this can be done using Holder’s inequality), we see that the best choice

F(Qy)m
>0 F(Qy)™

will give us the desired estimate (3). O

ap =
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6 The (weak-L?) boundedness of the quadratic
Carleson operator

after Victor Lie
A summary written by S. Zubin Gautam

Abstract

We summarize the proof in [Lie08a] of the weak-type (2,2) bound-
edness of the generalized Carleson maximal operator with arbitrary
quadratic phase functions.

6.1 Introduction

(Note to the reader: This summary is admittedly quite long. The first seven
pages are basically crucial, the next three are fairly important, and the re-
mainder should be read only if stamina permits.)

By the Stein maximal principle ([Ste61]), Carleson’s celebrated theorem
on the almost-everywhere convergence of Fourier series of L? functions ([Car])
is equivalent to the boundedness of the Carleson maximal operator C from

L*(T) to L**(T), where
[ s mem o

As a generalization of Carleson’s theorem, Stein conjectured that the degree-
d polynomial Carleson operator C; given by

/fx— zp(y dy’

enjoys this same boundedness (in fact, he conjectured that C; should be
strong-type (p,p) for all 1 < p < o0); of course, the operator C; coincides
with the Carleson operator C.

A weaker form of the conjecture was verified by Stein ([Ste93]) for d =
2 and by Stein and Wainger ([SW]) for general d; their results treat the
modified operators éd in which the supremum is taken only over polynomials
p € Rly| with no linear term, so of course they cannot be viewed as actual

= sup
a>0

Cq f(x) == sup
pER[y
deg(p
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generalizations of Carleson’s theorem.!® Our goal is to prove the following
theorem, which removes this restriction in the case d = 2:

Theorem 1. Let T = C,, so that

. 1
Tf(x) = sup / fx —y)el(“y+by2)§dy :
T

a,beR

Then
ITfllzeery Sp 1 f llz2cm
foralll <p<2.

Combined with the techniques of [Ste61], this theorem implies that T is
weak-type (2,2); in fact, a little modification of the arguments given below,
together with interpolation, can show that T is in fact of strong type (p,p)
for all 1 < p < 2. The analogous result for the more general polynomial
Carleson operators Cy is proven in [Lie08b].!!

From a macroscopic point of view, the proof of Theorem 1 in [Lie08a]
follows the steps of C. Fefferman’s proof of Carleson’s theorem in [Fef] quite
faithfully; as such, and as with most time-frequency proofs, the coarsest
decomposition of the argument is into two main steps: a decomposition or
“discretization” of the operator T as a sum of operators Tp whose outputs
are well-localized in both time and frequency, and a selection algorithm by
which one reassembles the pieces Tp in a suitable manner to provide good
bounds on T.

The discretization procedure used in [Fef] splits the Carleson operator C
as a sum of operators Cp, where each P is a “Heisenberg tile” in R? (or TxR):
a rectangle of the form P = I X w, with I and w dyadic intervals such that
7] |w| =1 (so that P has area 1).'? Here, loosely speaking, I and w are the

intervals on which Cp f and C/p\f, respectively, are large; in other words, [

10The absence of modulation-invariance afforded by this restriction moves one out of
the province of time-frequency analysis; the proofs of [Ste93] and [SW] rely mainly on
oscillatory integral techniques.

UThe full-force version of Stein’s conjecture (viz., with LP-boundedness for all 1 < p <
o0) remains open. However, the techniques of [Lie08a] can be used to show T : LP — LP~¢;
removal of the € seems to be more of a technical obstacle than a conceptual one.

2Djiscretization via Heisenberg tiles has by now become more or less a template for
decomposing operators that commute with translations and dilations and are modulation-
invariant.
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and w reflect the “L> distribution” of Cp f and its Fourier transform, and the
tile P = I x w should be viewed as a representation of the L time-frequency
localization of Cp f. By basic properties of the Fourier transform, one sees
that if ¢ € L? is time-frequency localized to a tile P, then any composition
of dyadic translations, modulations, and dilations applied to ¢ will move its
localization to another tile P’; in other words, the group generated by such
transformations may be viewed as acting on the space of tiles. The quadratic
Carleson operator T, however, enjoys an additional symmetry which should
be respected in its decomposition: it is quadratic-modulation—invariant; ¢.e.,
TQ, = T for all b € R, where Q, f(x) := €®’ f(x). The group {Q, | b €
R} no longer acts on the space of tiles we have defined thus far; if ¢ is
L*> localized to P = I x w, Q, ¢ will be L™ time-frequency localized to
I x Q for some interval {2 which is generically much larger than w, so Q,
destroys optimal time-frequency localization.'® In light of this state of affairs,
the method of decomposition via standard Heisenberg tiles appears to be
unsuitable in the presence of quadratic-modulation—invariance, and moreover
the very concept of localization in the sense of L distribution seems inapt.
The key insight toward overcoming this difficulty is that one can approach
time-frequency localization from a relative perspective, by considering when
(Q, v, Qy ¢)| is large, as opposed to simply studying the size of | Q, ¢| and
|(jb\g0| The upshot of this approach is that one generalizes the notion of a
“tile” from rectangles to suitable area-one parallelograms in the phase plane
T x R, and to each such tile P one associates a “piece” Tp of the operator
T, as we discuss in Sections 6.2 and 6.3.

Once this decomposition T =), Tp has been accomplished, the second
stage of the proof, the reassembly of the pieces Tp, essentially follows Fef-
ferman’s algorithm for the Carleson operator step by step; as we shall see,
the main idea is carefully to isolate situations in which our pieces do not en-
joy as much cancellation as Fefferman’s and to apply “positive” or maximal
methods in these situations. That being said, significant effort is required to
effect this adaptation to the quadratic-phase setting.

6.2 Tiles: The relative perspective

We now elaborate on the “relative” or “relational” approach to time-frequency
localization alluded to above. The idea is to interpret the localization of, say,

13The optimality here is in view of the uncertainty principle.
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Q, ¢ by studying [(Q, p, Qy ¢)| for b,b' € R. Let ¢ be a nice L? function
supported in some dyadic interval I with ¢ adapted to an interval of length
|I]~1 near the origin and [|¢||s < 1; appealing to stationary/non-stationary

Y

phase considerations, we have

dist? (Iy, Iy ) ) 2

(Qu: Qu )] S (sup 202 — 2Wal [1)7/* = ( 1

Here [, is the line £ = 2szx in the x-£ plane; note that we define the “dis-
tance relative to I” dist’(ly,ly) with a supremum rather than an infimum.
Heuristically, by varying ¢/, we can think of Q¢ as being localized near a
parallelogram P, in the time-frequency plane with the following properties:

e P, has two sides of length |I|7! parallel to the £-axis and centered on
the line £ = 2bx.

e The projection of P, to the z-axis is the interval I = supp(yp).

The reader is urged here and throughout this summary to sketch pic-
tures. Additionally, he or she is invited to carry out a similar analysis of
(M, ¢, My )|, where M, f := €' f is a modulation operator; in this case
our relative perspective will yield exactly the same rectangular tile given
by the classical approach via L* distribution. Combining these reasonings,
we view M, Q, ¢ as localized to a parallelogram obtained by translating the
above parallelogram P, by ¢ units in the ¢-direction (i.e., vertically). We can
now precisely define our tiles.

Definition 2. A tile is a triple P = [a,w, I], where a, w C R and I C T are
half-open dyadic intervals with |o| = |w| = |I|7*. The collection of all such
tiles P is denoted PP.

In the sequel, we will glibly identify a tile P with the corresponding
parallelogram in the x-£ time-frequency plane obtained as above. We will
occasionally abuse terminology by referring to other parallelograms (e.g. P/
and P’ below) as “tiles,” provided they arise from genuine tiles in a suitably
natural manner. Finally, we define the “central line” of a tile P to be the
unique line bisecting both sides of P parallel to the frequency axis.
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6.3 Decomposition

We first note that T f can be rewritten as

Tf(x) = sup [ M. Q, HQy M} f(x)| = Sup ITuf ()],

b,ceR

where H is the Hilbert transform, the latter supremum is taken over lines
[(x) = ¢+ 2bx, and the operator T; is given by

T f(x /f ~dy.

As in Fefferman’s proof of Carleson’s theorem, we begin by linearizing the
supremum in our operator by defining a measurable function x + [, which
should be thought of as picking out the [ attaining the supremum over all
lines. Then, provided that the bounds we obtain be uniform over all choices
of x — [,, we can replace T by

Tf(z) = Ty /( (/fx—» oS-tz )yd%

where 1,(-) = c(x) + 2b(z) -
As a preliminary decomposition, we break T up according to time scales;
namely, we split the portion i of the kernel as i = Zkzo Vg, with ¢ =

2Fp (2% ) for some ¢p € C° supported away from 0, and we obtain
=3 Tuf(@) Z/f b?) () dy
k>0 k>0

Now our goal is further to refine the T} into pieces Tp associated to tiles
P at scale k; the motivation for the following definition is that a tile P should
contribute only when it captures some of both the time and the frequency
content of Tf. To this end, let P = [, w, I] € P, and set

EP)={x€l]|l, € P}

here we say “l € P” when the line [ crosses both sides of P that are parallel
to the frequency axis. At last, for P = [, w, I] with |I| = 27%, we define

Tpf(z) = Trf(x)XpP) (®).
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Now for a fixed scale k the collection {E([a,w,I]) | |I| = 27%} is a
partition of T, whence

Tif(e)= > Tef(x).

This in turn gives T = ,_p Tp, which is our final decomposition.
For posterity, we record the explicit forms of our “building blocks” Tp
and their adjoints:

tfo) = ([ 1= ) ) ay) oo, 0
and
T};f(l‘) _ _/T (XE(P)f) (x . y)ei(lz—y(w—y)y-i-b(w—y)zn)wk(y) dy (2)

In accordance with the heuristics we have set forth, we think of Tp as time-
frequency localized to to the tile P as before, and we think of T as localized
to a “bi-tile” P* = P;UP}. Here P = [a},w, I* := 21+ 3|I|] is a parallelo-

ryTr
gram obtained by time-dilating P and sliding it to the right along its central
line; of course || = |w}| = |o| = |w|. P} = [a},w;], I}] is obtained similarly

by sliding to the left; again, the reader is urged to draw a picture.

From (1), we obtain the pointwise estimate |Tpf| < <|+ﬂ [ f|> XE(P)

1/2
and the L? operator norm estimate | Tp|| ~ <‘E|(f|))|> :

6.4 Basic tools and philosophy of estimation

In this section we will give a heuristic overview (borrowed from [Fef]) of
the proof of Theorem 1, which will hopefully make the productivity of our
decomposition apparent. Here and in the sequel, for a collection of tiles

S C P, we write
>

pPeS

Given the estimates on Tp noted just above, the following definition
presents itself naturally:
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Definition 3. For P = |[o,w, I] € P, the density factor of P is

)= 1)

Partition the space of tiles as P =, S,,, with S,, :== {P | Ao(P) ~ 27"};
for each tile P € S,,, we have || Tp|| ~ 27"/2. If we actually had

TS| ~ 2772,

we could sum in n and obtain L?-boundedness of T by our decomposition. It
turns out, perhaps surprisingly, that this latter estimate is almost true. The
idea is to consider increasingly rich families of tiles P C P such that

P
1T ~ max [T (3)

with the hope of eventually filling up the S,,. The first step is to prove
estimate (3) for basic clustered families called “trees” (cf. Definition 8 and
Lemma 12). From this point, we hope to combine multiple trees and still
preserve (3). This can be guaranteed for certain well-arranged collections of
trees, morally by arranging for almost-orthogonality between the constituent
trees; these families are called “forests” (cf. Definition 9 and Proposition 11).
Finally, we will show roughly that S,, can be partitioned into n forests, from
which we obtain a summable estimate in n.

Now of course the density factor Ay(P) yields the operator norm ||Tp|| for
a single tile, and it turns out to suffice for controlling operators associated to
trees. However, Ay cannot capture the relative oscillation between Tp, f and
Tp,g; given the outlook of Section 6.2, we would naturally hope to exploit
this oscillation to obtain some cancellation when studying (T}, f, Tp,g)].**
The following definition will help us accomplish this:

Definition 4. Let Py, P, € P with |I,| > |Is|. The geometric factor of the
pair (P, P,) is
(1+ AP, Py)) 7
where
inf;, e p, dist™(1y, 1)
A(Pl, PQ) = l€P

|wa|

14This will be crucial in particular for the aforementioned almost-orthogonality. We
examine Th f rather than Tpf here due to smoothness properties; cf. (1) and (2).
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To see how the geometric factor actually encodes oscillation, we appeal
to stationary phase considerations similar to those of Section 6.2, as follows.
Draw two tiles P, and P, for which I 0I5 # () (here I} is the projection
of the bi-tile Pf to the time axis), so that (Tp f,Tp,g) is not trivial by
support considerations. A good heuristic at this point is simply to suppose
that for all x € E(FP;), we actually have [, = [;, the central line of the tile P;.
Now consider the point :ciz on the time axis over which these central lines
intersect, i.e. I(x},) = lo(x},). The crucial observation, given the form (2)
of T}, is the following:

e For x near the intersection point 7} , the phases of T, f(z) and T, g(x)
are roughly the same (since Ip, (2] ,) = lp,(2],)), so we expect little
cancellation.

e For x far from z},, we have significant phase difference between the
two terms, and we can hope to exploit cancellation.

To be a bit more precise, one fixes some small ¢y, and defines the eq-critical
intersection interval I 5 centered at xf ,, of length

min{ |1, |I|}(1 + A(P,, Pz))s(r?

Applying L> estimates inside [; o and the method of nonstationary phase
(i.e. integration by parts) outside, we obtain the following estimates:

Lemma 5. For P, P, € P, let Xrg, be a smoothed-out version of Xrs - Then

—n fE(Pl) |/ fE(Pg) 9
max{| 1], ||}

[ T T3] S (1 571 )

c0—1 fE(Pl) /] fE(Pg) 91
max{| 11, L[}

S (1+A(P, Ry))

/ T%, f Th9

I12

and

. I I _
IT T 2 < min {H H} (1+ AP P)) " Ao(P) Aol P).
2 1

The moral one should take from this whole discussion is that far away
from intersections we will morally be at liberty to apply Fefferman’s methods,
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while close to intersections we will need to argue our problems away with
“positive” methods (i.e. without recourse to cancellation).

Finally, we can introduce the correct substitute for Ay by which we will
actually partition P; in view of Lemma 5, it measures how strongly P inter-
acts with other tiles:

Definition 6. The mass of P € P is (roughly), for N > 1 fized,

A(P) = sup Ao(PY(1+ AP, P)) ",
e
Icr

6.5 Ordering, trees, and forests

Armed with these basic tools, we will now start on our way to reassembling
our building blocks Tp. The crude initial outlook is that, by our previous
discussions, families P consisting of (geometrically) well-separated tiles P
should give rise to pieces Tpf which are essentially pairwise orthogonal; on
the other hand, if the tiles comprising P overlap, more consideration will
be required. Since we will suppress a good number of necessary technical
considerations, many of our definitions and arguments will appear identical
to those of [Fef]. Suffice it to say that the actual treatment of [Lie08a] is
more technically involved, and the remainder of our discussion should be
considered as only morally accurate.
Indeed, as in [Fef], we begin by defining a partial order on P:

Definition 7. Let P, P, € P. We declare P, <P, iff Iy C Iy and | € Py for
every | € Py. Furthermore, we say Py < Py iff P I Py and Iy C Is.

This order relation is a qualitative counterpart to the quantitative geo-
metric factor, and it too encodes the “degree of overlap” of two tiles. We can
now define our most basic “clustered” sets of tiles; they have the structure
of set-theoretic trees under <.

Definition 8. A tree P with top Fy € P is a collection P C P such that:
o [fPeP, then PLF,.
° [fPl,PQEP andPlﬁPﬁPg, then P € P.

In general we do not require that Py € P.
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Finally, we will group together reasonably well-separated trees of uni-
formly bounded mass.

Definition 9. A (6-)forest is a collection {P;}; of trees with respective tops
P; = o, wj, I;] such that:

1. For all j and all P € P;, A(P) <.
2. For allk # j, P4 Py for all P € P;.
3. No point of [0,1] belongs to more than K62 of the I;.

The following two propositions, which are true up to our aforementioned
technical deficiencies, are the key ingredients used to prove Theorem 1. They
treat the “extremal” geometric configurations of sparse and clustered sets of
tiles.

Proposition 10. Let P be a family of pairwise incomparable (re <) tiles with
A(P) < 6 for all P € P. Then there is an absolute constant 0 < n < 1/2
such that

IT”] < 0.

Proposition 11. Let {P;}; be a 6-forest. Then there is an absolute constant
0<n<1/2and a set F C T with |F| < 6K~ such that
|| e
j L2(T\F)

for all f € L*(T).

Proposition 10 will be used extensively for “garbage collection” purposes,
to allow us to reduce families of tiles to nicer subcollections. Its proof is
almost identical to that of its counterpart in [Fef], using a combination of
TT* and maximal methods. The proof of Proposition 11 is more involved
and will be described later.

6.6 Proof of Theorem 1

Here we will selectively describe a few aspects of the proof of Theorem 1,
just to give a flavor of the arguments involved.
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We begin by dividing [P into dyadic mass blocks as P = (J;~ Pn, where
P, ={PcP |27 < AP)<2"}.

The reader will note the use of A rather than Ay, as alluded to in Section
6.4.

Our first goal is to reduce P, to a collection of tiles clustered around
certain maximal tiles whose time intervals do not overlap excessively. To
this end, we take { P}, = [ax, @x, [x]} to be the set of maximal (re <) tiles in
P subject to the condition Ag(P) > 27!, Let C, C P, consist of those tiles
P € P, with no ascending chains P <1 P, <...< P, of length n+ 1 contained
in P,, and set P° := P, \ C,..

It turns out that every tile P in P? (roughly) satisfies P <1 P, for some
k € N. But by the ascending chain condition C, can be decomposed as a
disjoint union of at most n families, each comprised of pairwise incomparable
tiles. Applying Proposition 10 gives ||T¢"|| < 27 for some 7’ > 0; thus we
are free to throw out C, and replace P,, with PY.

Furthermore, by excising a suitable subset of T that is small enough to
estimate away trivially, and by throwing out all tiles whose time intervals
are contained in this set, we can replace P by a subcollection P¢ (roughly)
satisfying:

o A(P) <2 forall PePC.
e PcPY= PP, for some k € N.
e No z € T belongs to more than K22 of the intervals Ij.

Note that conditions 1 and 3 of Definition 9 are now trivially guaranteed
by the structure of PY; all of the work to obtain actual forests goes toward

satisfying condition 2. For P € PY, we define
B(P) := card{j | P < P;}.

Note that, by the final property of P¢ listed above, we have B(P) < 2M
with M = 2nlog, K. We split P¢ dyadically with respect to B as PS¢ =
Uj]‘/io Py, with P,; := {P € P¢ |2/ < B(P) < 27*1}. In Fefferman’s setting
of rectangular tiles, the sets P,; themselves turn out to be forests whose
constituent trees are of the form {P | P < P}. For us, more trimming and
technical effort is required to obtain the forest decomposition.
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Once this decomposition has been effected, one simply adds up the M ~
2nlog K forest estimates of Proposition 11 for each n and then sums in n,
keeping track of the small sets excised in the proposition and in the reduction
to PS¢, One eventually obtains the estimate [{|Tf| > A} <. (|| fll2/N)?75,
and the desired L? — LP estimate follows for all 1 < p < 2.

6.7 Proof of the forest estimate

To conclude, we give a brief sketch of the ideas used to prove Proposition 11.
Since a forest is by definition a collection of trees, the obvious plan of attack
is to control T” for trees P and then to study interactions of such operators.

Lemma 12. Let P be a tree with A(P) < 6 for all P € P. Then ||T7|| < §Y/2.

The idea here is to conjugate T” by a suitable operator M, Q, to move
the top of the tree P to the real axis; from this point, one proceeds just as in
[Fef] with the heuristic “T” behaves like a maximal truncation of the Hilbert
transform.” By this we mean that, up to small error, we have

Ui Y [ e num
)

ko(z)<k<ki (ac

for € supp(T” f); the second part of Definition 8 is the crux of the matter
here. To obtain the decay in mass, we basically note that the mass bound
guarantees that supp(T”) is a “thin” set.'

Next, we declare two trees P; and P, to be d-separated if every tile from
P1 has geometric factor less than § with respect to the top of Py and vice
versa. Consider two such d-separated trees (with no a priori mass bounds)
whose tops have the same time interval. Then the previous lemma (with
§ = 1) and the philosophy behind Lemma 5' give the estimate

’<TP1 “f, TP *9>’ Sn 0" | flle2iso) 1191 2230y + HXICT731 *sz HXICTP2 g

-

Here I. should be thought of as similar to the critical intersection interval of
the tops of our trees defined above, modified to take § into account.

BDue to the clustered nature of trees, we shouldn’t expect the geometric factor to
play for us significantly; thus, the accent of the mass bound falls on its density factor
component.

16Lemma 5 treats the simplest non-empty trees, namely those consisting of a single tile.
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To finish the proof, one first trims the trees in the forest down to a certain
nice form, which accounts for the excised set in the statement of Proposition
11. After throwing away some tiles via Proposition 10 to give d-separation
between our trees, we arrange our forest into a controlled number of “rows”
Ry, each of which consists of trees whose tops have mutually disjoint time
intervals. These rows are arranged so that the above interaction estimate
together with maximal methods yields bounds for the T™* as well as almost-
orthogonality between these operators. An application of the Cotlar—Stein
Lemma completes the proof.
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7 On a Conjecture of E. M. Stein on the Hilbert
Transform on Vector Fields — Part 11

after Michael T. Lacey and Xiaochun Li [1]
A summary written by Viekoslav Kovac

Abstract

We prove the L? estimate for the Hilbert transform on Lipschitz
vector fields in the plane, assuming the conjectured estimate for the
Lipschitz Kakeya maximal function, presented in the first part of this
exposition.

7.1 Statement of the main result

In the first part of this presentation the following version of the Lipschitz
Kakeya mazimal function is introduced. Let v be a Lipschitz vector field on
the plane, i.e. a Lipschitz continuous map v: R?> — S'. For 0 < § < 1 and

0 <w < 155 [v]|Lip, we define:

Mv,é,w f(l’) = sup / |f | dy7
R rectangle |R‘

[V(R)|>6|R|
w<W(R)<2w

where W (R) is the width of R and |V|g‘%)‘ is the portion of R that “respects”
the direction of v.
The authors state the following conjecture in [1]:

Conjecture 1. For some 1 < p < 2, some N € N, all 0 < § < 1, all

Lipschitz vector fields v, and 0 < w < 745 |v||Lip, the mazimal function My,
is bounded from LP(R?) to LP°°(R?) with norm < 6.

The main result we present is a conditional one: assuming that a given
vector field satisfies the above conjecture, we derive boundedness of the
Hilbert transform on that vector field.

For a Schwartz function f: R? — C we define:

€

o f(o)i= . [ (o= pota))

—&
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In words, H, . is a truncated Hilbert transform along the line through x with
direction v(x). Locally it is one-dimensional, but is performed on functions
of two variables.

To state the result, let us denote by S; the operator that restricts the
frequency to an annulus 1/t < |£] < 2/t, or explicitly:

— N i&-x
S, /() / e T e

In their earlier paper [2] the authors show:

Theorem 2. For any measurable vector field v we have the L? — L**
estimate

sup A[{| Hooo 0 St £ > AHY2 S || f]l2-
A>0

This weak estimate is sharp for measurable vector fields. In this exposi-
tion we prove the best known result for Lipschitz vector fields:

Theorem 3. Assume that conjecture 1 holds for some vector field v. There
exists a universal constant K > 0 such that for ¢ = K/||v||Lip and 0 < t <
|v||Lip we have

|Hy-0S: ]2 S 1.

Moreover, if v € C*, 1 >0, then for e = K/||v||c1+1 we have
I Hoe ll2 S (1+ logvflcra)®.

The authors also state the following conjecture, which we do not tackle
in this exposition.

Conjecture 4. Assume that conjecture 1 holds for some wvector field v €
CY™, n > 0. There exists a universal constant K > 0 such that for ¢ =
K/||v||ci+a and 2 < p < 0o we have

I Hoellp < (1+logllvfloren)®.

7.2 Notation and terminology

Throughout the note x will denote a fixed small positive constant.
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A grid is a collection of intervals G so that for I, J € G we have IN.J = ()
or I C JorJ CI. Agridis called central if for all I,J € G with I & J we
have 50021 C J.

Let p denote the rotation by 7/2 and e, := p(e). A rectangle is w C R?
that is a product of intervals with respect to the coordinate system (e, e} ).
We say that w is an annular rectangle if w = (=271 2!71) x (a,2a) for an
integer | with 2! < ka. In that case the scale of w is scl(w) := 2! and the
annular parameter of w is ann(w) := a.

Annular rectangles will decompose functions in the frequency variables.
The uncertainty principle motivates the following definition.

Two rectangles R and R’ are said to be dual if they are rectangles with
respect to the same coordinate system (e, e, ), and if we write R = r X ry
and R' = r] x 1}, then 1 < |rq] |r| <4, 1 <|ry||ry| < 4. The product of two
dual rectangles could be called a phase rectangle, the first component being
the frequency one, the second being the spatial one.

We consider collections of phase rectangles A7 that satisfy the following
conditions.

(1) For each s € AT, s = wy X R,, the frequency component wg is an
annular rectangle.

w, and R, are dual.
The spatial components R are from the product of central grids.

For each s € AT the family {1000x"'°R : w, x R € AT} covers R%

t{ws : scl(s) = scl, ann(s) = ann} > 222

~ scl

(2)

(3)

(4)

(5) ann(wy) is of the form 27 for some j € Z.
(6)

(7) scl(s) < wann(s)

(8)

There are auxiliary sets ws, wg1, wss C T associated to s such that €2 :=
{ws,ws1,wsa : s € AT} is a grid in T.

(9) weg Nwgo =0  and  |ws| > 32(|ws1| + |ws2| + dist(ws, ws2))
(10) ws lies clockwise from wgy on T.

(11) |ws‘ SKSCI(UJS)

ann(ws)
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(12) {§ : €€} C plua)
Collections AT satisfying the above conditions will be called annular tiles.

*
* *

We are going to associate three different functions to each phase rectangle.

Let ¢ be a fixed Schwartz function for which ¢ is nonnegative, supported
on a small ball B(0, ), and equal to 1 on B(0,x/2). We associate the fol-
lowing wave packet to a tile s € AT:

Ps = MOdcenter(WS) Trancenter(Rs) Dllgj @-

Here Dilgz denotes the L? normalized dilation operator, i.e. D?X) g f(x, 2q) =
()2, ).

Suppose that (¢;)¢~o are such that v, is supported in [—0 — Kk, —0 + K|,
0 > 0, and | (z)| Sy (1 + |x])™" for N € N. Define

ws (y) = SCI(S)wSCl(S) (SCI(S>y>

and
pu() = / e — y0(@)u(y) dy = Loy (v(2) / pa(z — y0(2))(y) dy

for every s € AT.

7.3 Main ingredients of the proof
The model operator we consider acts on Schwartz functions and is defined
by

Camnf = D> (f.0:)0s.

s€e AT
ann(s)=ann
scl(s)>[lvllLip

Remember that ann(s) = 27 for some j € Z, so let us also add up over ann

to define: .
C = ZCQ]’ .
j=1

The proof of theorem 3 follows from the following two lemmas by aver-
aging over over all translations, dilations and rotations of grids.
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Lemma 5. Assume that the vector field v is Lipschitz and satisfies conjecture
1. For all ann > ||v||r;, the operator Cony extends to a bounded linear map
on L*(R?), with ||Camnll2 < 1.

We remark that for 2 < p < oo the only condition needed for ||Copnnll, S 1
is measurability of v, a result from [2].

Lemma 6. Assume that v € C'* and ||v||ci+n < 1 for some n > 0, and
again that v satisfies conjecture 1. Then ||Cll2 < 1 and additionally for all
l € Z we have:

Y % e

j=—o00 se€AT
ann(s)=27
scl(s)=2!

S (1+log(1+ 27 ullcren).

The operators C,,, and C are constructed from a kernel which is a smooth
analogue of the truncated kernel p.V.%1{|t‘§1}. In the proof of theorem 3 we
pass to a smooth kernel in the following way. Omne can choose Schwartz
kernels ((144)n )nez such that for

K(t) = an(l 4 £)"Paimp (14 5)")
nez
we have p.v.ilyy<iy = K(t) — K(t). Here |a,| <1 forn >0, and |a,| <
(1 + k)™ for n < 0. The main part of the sum is for n > max(0, ||v||c1+n)
and corresponds to the operator C. For the part of the sum where n <
max (0, |v]|c1+s) we use rapid decay of coefficients a,, and the estimate from
lemma 6.
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8 Return Times Theorem via Time-Frequency
Fourier Analysis

after Demeter, Lacey, Tao and Thiele [2]
A summary written by Patrick LaVictoire

Abstract

In this first of two summaries on [2], we reduce the extension of
Bourgain’s Return Times Theorem to a theorem in time-frequency
Fourier analysis regarding a model operator; this is complementary to
the presentation of M. Bateman.

8.1 Introduction

This summary and that of M. Bateman will together cover the result of
Demeter, Lacey, Tao and Thiele [2] extending the Return Times Theorem
beyond the range of exponents implied by duality.

We consider dynamical systems X = (X, 3, u, 7), where (X, 3, ) is a prob-
ability space and 7 : X — X is a measure-preserving transformation. We
wish to examine the range of exponents 1 < p, ¢ < oo for which the following
theorem is valid:

Theorem 1 (Return Times Theorem for Exponents p, ¢). Let X = (X, X, 1, 7)
be a dynamical system. For each function f € LP(X), there exists a univer-
sal set Xo C X with u(Xo) = 1 such that for each second dynamical system
Y = (Y, F,v,0), each g € LUY) and each x € Xy, the averages

N—oo N

1 N
lim — > f(r"z)g(c"y)

converge v-almost everywhere in 'Y .

Bourgain [1] proved this theorem originally for p = ¢ = oo, which implies
the entire duality range % + % < 1 by an application of Holder’s inequality
to the relevant maximal inequality. Assani, Buczolich and Mauldin [4] have
produced a negative result for p = ¢ = 1.
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The main result of [2] is an extension of the Return Times Theorem to
all p > 1,q > 2 by a method of time-frequency Fourier analysis. In this
summary, we will show how the main theorem reduces to an inequality for
a model operator (Theorem 5), working backward to show that a series of
intermediate results each imply Theorem 1; the complementary chapter by
M. Bateman will then prove Theorem 5. In some places, we will follow the
structure of a recent preprint by Demeter [3] which uses similar techniques
to extend the range of exponents to all 1 < p,q < oo with % + % < %

8.2 From Ergodic Theory to the Real Line
8.2.1 Reduction to a Maximal Ergodic Inequality

In many problems of ergodic theory, an a.e. convergence result typically
reduces to a result for convergence for a dense class of functions, coupled
with a maximal inequality. Since we already have Theorem 1 for p = g = o0,
we claim

Lemma 2. Suppose that for p and q we have the maximal inequality

Sup - sup Sva Ml (1)

Y Jgllzay=1| N

1 N
sup | = > f(7"2)g(0"y)|
n=1

LMz
Then Theorem 1 holds for that p and q.

This would be proved by a standard convergence argument akin to the
derivation of the Lebesgue Differentiation Theorem from the Hardy-Littlewood
Maximal Inequality, except that the supremum over Y in the left-hand side
of (1) raises the question of measurability. This is established by an applica-
tion of the Conze principle (Theorem 4.2 in [2]).

It is quickly verified that Holder’s inequality and the maximal ergodic theo-
rem imply (1) within the duality range 1 < p,q < oo, 1—1) + % <1

8.2.2 Transfer to a Maximal Inequality on R

By a standard transfer argument, we will reduce (1) to the following maximal
inequality on R:
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Lemma 3. For each 1 < p < oo and each f € LP(R),

t
sup
”g”LQ(R):l

SIfllrw-  (2)

By considering step functions, (2) directly implies an analogous inequality
on Z: for each finitely supported ¢ : Z — R,

N
1
sup 'SUP N > la+b)w(c+Db) S [@ller(z)- (3)
Y:Z— R N b—1 2w
||¢||52(Z) =1 ¢ Zg(z)

Now let X and Y be two dynamical systems, where we assume Y is ergodic.
(This is no restriction: the Conze principle implies that we can replace the
supremum over Y in (1) with any single nonatomic ergodic Y.) Take positive
functions f € LP(X), g € LI(Y), and fixx € X,y € Y. If we fix a sufficiently
large K > 0 and define ¢,v¢ : Z — Z by

o(n) ::{ f(r"z) 0<n<K o(n) ::{ glc™y) 0<n<K

0 otherwise 0 otherwise,

then applying (3) to these functions and integrating over y and z proves (1).

8.2.3 Toward the Model Operator

Finally, we will find it useful to deal with smooth kernels rather than charac-
teristic functions of intervals. Thus for f € L°(R) and a kernel K € L*(R)
with K >0, K(0) > 0 and supp K C [—1, 1], we define

Rf(z) =  sup

Hg”L?(R):l

sup 2 / F(o + 9)g(z + 9)K (2 M)y

keZ

LZ(R)

Since K is C'°, it majorizes some multiple of a characteristic function 1;_;.
Therefore the inequality || Rf||zr®) Sp [If || zr@r) for all p > 1 will immediately
imply (2) and thus the Return Times Theorem for all p > 1, ¢ > 2.

Holder’s inequality and the L? boundedness of the Hardy-Littlewood max-
imal operator prove that ||Rf||,2@) Sp || fll2), so by the Marcinkiewicz
Interpolation Theorem we will only need a restricted weak type inequality in
L'. Therefore the main result of [2] reduces to the following theorem:
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Theorem 4. Let K € L*(R) with K > 0, K(0) > 0 and supp K C [—1,1].
Then for all 1 < p < o0, all F C R with |F| < oo, and all A <1,

m{z : Rlp(x) > A} <, ‘T (4)

8.3 Discretization of Rlp
8.3.1 Decomposition and Restatement as Multiplier Norm

We will decompose R1p by a Gabor basis expansion. We take a Schwartz
function ¢ such that supp ¢ C [0, 1] and

S lele —lf =

ez
and then define

@k,m,z(ﬂc) = 2’§gp(2*kx _ m)e2ﬂ'i2_kzl.

By considering the inversion formula for Fourier series (which applies since

supp Qo.mg C [—1,1 —1]), we see that Z(JE, @0,m,é>¢0’m’é = C’f|¢070’é|2 for
meZ

each f € L? and [ € Z, which further implies (by dilation invariance in k)
that
S o Vomr =C"F Vf €L

m,lEZL

We will choose C' so that C” = 1. Using this expansion and the Fourier
transform, R1p can be expressed as a multiplier norm; for a sequence of
functions my(f) : R — R we define

||(mk(0))k€Z||M;9(R) = sup Sup | /mk 27rz€a;d9|
’ [lR]lq=1 L9(R)
and rewrite
Rlp(z) = (Z <1F,@k,m,l/2>¢k,m,z/g(x,9)>
m,IEZ v Mg, ®)
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where

gbk,m,l/Q(x? 0) = "T[(pk,m,l/2(x + )2_kK( Q_k)](e)
Note that |¢pm2(,0)] < ||@rmue(z + )27FK(-27%)||11r), and therefore
Grmi/2(2,0) < Crppm,/2(x) for x large; also,

C  supp (Prm,i/2 * —f(( Qk))
C 2+ 27+ =272

Similarly, the Fourier transform F,[¢g m1/2(x, 0)](€) = G(€)K (20 — €)) has
support contained in [[27% (I + 1)27*]. These localization properties will
be essential to the argument, as our model operator will act on functions
supported in time and frequency on these shifted dyadic ‘tiles’. We also
make use of elementary regularity properties of ¢ /2 and @ m1/2(2), as
shown in the next section.

SUpPPg ¢k,m,l/2($a 9)

8.3.2 Tiles

The final stage in the reduction of this problem is the introduction of tiles
in ‘time’ and ‘frequency’ variables. We define the collection S,,,;, of all tiles
s = I, x w, C R? with area 1, where I, and w, are dyadic intervals; we refer
to these as the time and frequency components of s, respectively.

We define a collection of tiles S C S, to be convez if s,s” € S implies
that s’ € S for every s’ € S, with I, C Iy C Iy and wyr C wy C w,. We
may now state the theorem in time-frequency analysis to which the improved
Return Times Theorem of [2] reduces:

Theorem 5. Let S be a convex finite collection of tiles. Say that we have
sets of Schwartz functions {¢s : s € S} and {ps : s € S} such that

SUPPy (bs(xa 9) g Ws Va (5>
Suppg fa}(gbs(‘ra 0))(&) g Ws Vo (6)
am om -
fél};z %ax—m[QSS(xa‘g)e_Qmw] Sn,m,M |IS|n_m_1/2X%(x) (7)

L (R)
for all n,m, M > 0, uniformly in s; and such that

supp s S ws (8)
S M L7200 () (9)

~T)

an
%[%(95)@

sup 72771'0:13]

CEWg
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uniformly in s. Then for each measurable F C R with |F| < oo and each
0< A<,

my x: Z (1p, ps)ds(x,0) >N S 5y (10)

S:|Is|=2F *
| S‘ kEZ MQ’G(R)

with the implicit constant depending only on the constants in (7) and (9).

At this point, the reader is directed to M. Bateman’s summary of the
second part of [2], for an outline of the proof of this theorem.

The author is indebted to C. Demeter for valuable recommendations on the
organization of the summary and presentation, and in particular for passing
along a copy of [3].
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9 Sum rules and spectral measures of
Schrodinger operators with L? potentials

after Rowan Killip and Barry Simon [1]
A summary written by Helge Kruger

Abstract

We prove the L? estimate for the Hilbert transform on Lipschitz
vector fields in the plane, assuming the conjectured estimate for the
Lipschitz Kakeya maximal function, presented in the first part of this
exposition.

9.1 Some Notation

In order to set notation, we let Rt = [0,00) be the half line. We denote by
H?(R™) the Sobolev space of twice (weakly) differentiable functions. We say
that V € L2 _(RT) if for every a > 0,

loc
/ﬂquﬁ¢z<al
0
We introduce a domain by
D(H)={feHR"): [(0)=0}. (1)

Since, the embedding H*(R*) — L*(R™T) is continuous, we have that V f €
L*R") for f € D(H)' and V € L2 _(RT). Assume furthermore that V/
is real-valued. Hence, we can define an operator H with domain ®(H) C

L2(R*) by
2

H=-1 1v (2)

dx?
We say that V' is limit-point at oo if H defines a self-adjoint operator, and
we will assume from now on that V' is limit-point. Furthermore note that V/
is commonly known as the potential.
Next, since H is self-adjoint, we can define its spectrum by

o(H)={2z€C: (H—z)""isnot a bounded operator}'®, (3)

"Here, we used V € L _(R*). The assumption V € L (RT) would be sufficient to
define H, however then one has to work with quadratic forms (see Reed—Simon).

18As an operator L2(RT) — L2(RY)
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from self-adjointness we know that o(H) C R. Furthermore, if V € L?*(R")
one can show that the operator

d? N1
V(—@ -+ 1)

is compact. This is commonly known as V' is relatively compact.

Lemma 1. IfV € L*(R"), then there are E; (possibly 0) such that lim;_., E; =
0 (if there are infinitely many), such that

o(H) = [0,00) U{E;}. (4)
Proof. Follows from the above compactness and 0(—%) = [0, 00). O

We call the Ej; the eigenvalues and [0, co) the essential spectrum.

9.2 The spectral measure

Since o(H) C R, we may find for z € C\R a solution ¢ of —¢" + Vi) = 2z,
v € L*RT), and (0) = 1.19 Given this solution, we introduce the m-
function by

m(z) = ¢'(0). (5)
Next, one can show that for Im(z) > 0, one also has that Im(m(z)) > 0.

Hence, m is a Herglotz function. This implies that there exists a measure p
called the spectral measure, such that

ECIN

(o) = [ (50~ 1o ) 40(E) + Relm (). )

Furthermore, the boundary values

and

m(E +i0) = leilrgl m(E + ie) (8)

exist for almost every E' € R. The importance of the spectral measure comes
from the following two facts.

197f 4(0) = 0, then ¢ € D(H), so z is an eigenvalue, which is a contradiction. So we
must have ¢(0) # 0, and we can achieve ¢(0) = 1 by multiplication by a constant.
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Theorem 2 (Spectral Theorem?®). H on L*(R") is unitarily equivalent to
multiplication by X in L*(R, p).

Furthermore, we have that

Theorem 3 (Borg-Marchenko). The map from the limit-point V € L2 (R™)
to their spectral measure p is injective.

One of the main concerns of spectral theory is to understand the spectral
measures p. Consider the Lebesgue decomposition

p=p* 4 p*+pr 9)

a natural question is which of these parts arise??! A partial answer is, that
it Ve L (RY)NLY(RT) then p = p* + pP? with supp(pPP) C (—oo, 0] (this

loc
follows from the theory of trace class scattering®?).

So what happens if V € L?(RT)? The Wigner—von Neumann exam-
ple?® with

Vi) = 200 o)

which has an embedded eigenvalue shows that this situation has to be more
complicated.

9.3 The Killip—Simon Theorem

Since in the case V' = 0, the solution (z,x) = e V2 it turns out useful
instead of working in z coordinate to work in k£ coordinates, where

z =k
We define
w(k) = m(k?). (10)
We furthermore define po(E) by
1
dpo(E) = ;X[O,oo)(E)\/EdEa (11)

20Think of this as the analog to matrix diagonalization.

21See the paper by Denisov and Kiselev in Simon’s birthday Festschrift.

22See Reed-Simon IIL. In fact then the pure point part corresponds to the eigenvalues
{E;}

23This can be found in Reed—Simon IV in Section XIII.13.
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which corresponds to the p in the case V' = 0. We introduce a measure v on
(1,00) by

2 [ i) = [ £EXdE) - dou(E)), (12)
where E = k?. We note that

dv .
o Im(w(k +10)) — k (13)

for almost every k € (1,00). We furthermore, define a function

1 [ e (4-p)?
Flo)=—= [ o) (14)

Theorem 4. A positive measure p on R is the spectral measure associated

to V€ L*(R") if and only if
1. (Weyl) supp(p) = [0, 00) U {Ej}.
2. (Local Solubility)

/0 T\ F()Pdg < oo. (15)

3. (Lieb—Thirring)**
D B < o (16)
J

4. (Strong Quasi-Szegd)*

lw(k +10) + k> 5
/log (4Mm(w(k +iO))) k*dk < oo. (17)

The meaning of the conditions (i) to (iv) is as follows.
1. guaranties the right support.

2. implies that V € L?

loc*

24Lieb and Thirring derived inequalities of this form in their proof of the stability of
matter.

258zegb showed that a similar condition is equivalent to the Verblunsky coefficients being
in £2 in the case of orthogonal polynomials on the unit circle.
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(iii, iv) imply that V € L? assuming V' € L2 , since under this assumption the
sum rule

1 [~ 2 1 lw(k +10) + k|?
— | V(x)’de =) (E)? —/1 k> dk
8/0 (x)de =3 zj:( D o8 ek 10))
(18)
holds, where EJQ are the eigenvalues of the operator Ly, which is the
extension of H to an operator on L*(R). From general results, one has

that
D (BN =Y B[P (19)

J J

In the following, we will try to prove this part.

These conditions are unsatisfactory in order to understand what spectral
measures p can arise, since the function F'is a complicated object. In order to
correct this, introduce the short-range part of the Hardy—Littlewood maximal
function of v by

1
M(z) = sup —|v|([x — L,z + L)). (20)
o<r<1 2L

Then one can show that the previous theorem is equivalent to

Theorem 5. A positive measure p on R is the spectral measure associated
to Ve LAR") if and only if

1. (Weyl) supp(p) = [0,00) U {E;}.

2. (Normalization )*®
M(k)\?
/log <1 + ( Z( )) ) k*dk < oo. (21)

> B < o (22)
J

3. (Lieb-Thirring)

26In analogy to the paper of Killip and Simon on the discrete case [3]. There the
condition is just p(R) = 1!
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4. (Quasi—Szegd)

1dp 1 1dpy
1 ——+ -+ -— | VEdIE . 2
/Og<4dﬂo+2+4d/)) = (23]

This theorem shows in particular, that if V € L*(R"), then p* is sup-
ported on R (so as the free operator), which is a result by Deift and Killip
[1]. Furthermore, one sees that the only obstruction to constructing measures
with a singular part is the normalization condition (ii).

9.4 A historical note

Killip and Simon have first proven their theorem in the case of Jacobi opera-
tors, which are discrete operators acting ¢*(Z,) — (*(Z. ). This is somewhat
easier, since one only has to worry about the condition 'V € L?’ and not
about being locally in L2 See [3] for details.
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10 The bilinear Hilbert transform along a parabola

after X. Li [3]

A summary written by Victor Lie

Abstract

We summarize the proof in [3] of the L? x L? — L' - boundedness
of the bilinear Hilbert transform along a parabola.

10.1 Introduction

The paper that we intend to present here treats the problem of providing
bounds for the bilinear Hilbert transform along a parabola?” - denoted in
what follows with Hp.

Let us start by presenting the definition of Hp.

Hp : S(R) x S(R) — S'(R)

dt

Ho(f,9)(@) = . [ flo =gt~ )5

The main result of the paper is given by

Main Theorem.?® The bilinear Hilbert transform along the parabola, Hp,
is a bounded operator from L*(R) x L*(R) to L*(R).

10.2 The analysis of the multiplier

If viewed in a multiplier setting, we have:

Hp(f,9)(x —pv//f m(€, ) dedy

A o dt
m(§,n) = / ikt gmint® e
R

2TThe parabola here can actually be replaced by any curve « of the form ~(t) = (¢,t%)
for2<deN.
280mne can extend this theorem to obtain boundedness in the general local L? case.

where
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Our goal in this section is to make a careful analysis of the symbol m;
we will use a different decomposition from that appearing in [3] which seems
more natural, but the most relevant pieces will be treated following Li.

As usual we start by decomposing the kernel % as follows:

1
==Y pit) VieR",

t ,
JEZ

where p is an odd C* function with supp p C {t e R|1 < |t| <1} and
p;(t) :== 27p(27t) (with j € Z).
Consequently;,

ez
with

—i&t _—int?

mi(en) = [ e e pyar.
R

Using Parseval, we notice that our symbol m; obeys the following key
identity:

27
VIl

Relation (1) suggests the further analysis of the symbol m; relative to the
size of the terms 2% and ;. For this we are invited to split m; as follows.

Let vy, v1, v be (even) positive smooth functions satisfying: vy € C5°(R)
with supp 1y C (—9/10,9/10), vy € C5°(R) with supp, C {z |3 < |2| < 2},
vy € C°(R) with suppry C {z||z| > 3/2} and such that

. . €2 i 227 ) /
[t me pa= 2ot [aTE S . )
R R

vo+urn+ry=1.

Now set v;x(x) := v (2772) with k € {0,1,2}.
Then, each component m; of the multiplier m is expressed as:

2
_ E kl

k,1=0
where
mi (€, m) = my(&, ) viw(€) vaju(n) -

29Here we ignore the constants.
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This last relation can be written in a more explicit form:

wien = ([F B ) niginGy . @

Now using (1), the mean zero property of the function p, and Taylor
expansions, one can easily show that all the symbols mg‘?l excepting m?Z can
be essentially reduced®® to the study of the symbols having the form

§\ /1
ui(§m) = ¥(55)e(55)
where 1), n are smooth compactly supported functions and at least one of
them has mean zero.
Now taking u = >~ u; and defining

V(f.9)(x) == pv. / / F(E)amyue, mes=emdedy,

one may apply the classical paraproduct theory3! to conclude:

Theorem 1. For any i + % = % with p,q > 1 and r > % we have

VDI Spar 171, 9l

Thus, Theorem 1 reasonably easily dispenses with our concerns relative
to the boundedness properties of the (multilinear) operators given by the
symbols

m(§,m) : Zm & mn),

where as mentioned before k,l € {0, 1,2} but k,[ are not simultaneously
equal to 2.

Now we turn our attention towards the last component in our decompo-
sition of m;, namely m . Using again the “duality formula” (1) we remark
that

e v P g PO &N
m; (f,ﬁ)—\/me p(277)(1 ]/Q(Qj)) <1 1/2(22j))+Errorterm (3)

30 As linear combinations of u; ’s with {!-summable coefficients.

31As the reader may note, to establish the Main Theorem one only needs the conclusion
of Theorem 1 for p = ¢ = 2. In the general local L? setting, one may need uniform
paraproduct estimates; see [4].
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where the error term is given by3?

(ﬁ) 22 (1 - u2<§>) (1-m(2)) - (1)

This error term can be easily treated due to the extra decay offered by the
cubic expression in (4).

We let v;(§,n) be the main term in (3). Set ¢ a smooth compactly
supported function with supp ¢ C {z |5 < || < 10}. Then, we rewrite®
the main term v; as

wlEm) =Y o e o) bl = Y valen) . )

m>0 m>0

Now we define our essential pieces as

Tym(f,9) / / F(E)a(n)0sm(€, m)eiE e dedn. (6)

It remains now to show (and this constitutes the most difficult part of our
result) that the operators T}, obey the condition

Z ijm(fa g)

JEZ,m>0

S A gl - (7)

1

The methods for proving (7) will be described in the next section.

10.3 The proof - key argument

JFrom the above description our main theorem is reduced to the task of
obtaining good bounds for each operator Tj,,. This aim is attained through
the following;:

Theorem 2. There exists € € (0,1) such that

1T (f. 9)lly S max{2=em, 27V £, gl - (8)

32Here p is a smooth function (but not compactly supported) “mostly” concentrated in
the interval [—1,1].
33Here we use the good localization of p, i.e. supp p C {t e R| 1 < [t| < 1}.
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The proof of Theorem 2 is realized in two steps. The first step consists of
proving the estimate (8) for the case |j| < m. In this situation, one uses the
standard TT™- method; the summarized result is contained in the following

Proposition 3. For |j| < m we have that

1T (> 9)ll S 275 (1 fll2 Mgl - (9)

The second step brings the true “caviar” of the proof. Indeed in closing
the estimate for the case |j| > m, Li had the nice idea of making use of
the o—uniformity concept described below. While this uniformity concept is
not original, appearing in various forms in fields such as ergodic theory and
additive combinatorics (see e.g. [2]), its appearance in our context is rather
surprising. (For the sake of truth though, one must say that this concept
was previously used in a related setting in the paper [1].)

Let us now describe this concept as it is used in our context.

Set o € (0,1] and let Q be a family of real-valued measurable functions.
Also set I a bounded interval.

Definition. A function f € L*(I) is o—uniform in Q if

li|=m

/If(f) e 1) df' <ol flle2m

for all q € Q.

Lemma 4. Let L be a bounded sub-linear functional from L*(I) to C, and
let S, be the collection of all functions that are o—uniform in Q. Set

U, = sup LI & Q =sup|L(e")].

reso 1|2y 4eQ
Then for all functions in L*(I) we have
L(f)] < max{Us, 207 Q} | fl =) - (10)

The moral of the o —uniformity concept introduced above and the way in
which it is used in Lemma 4 can be described as follows: given a function f,
then either the “g-Fourier” coefficients are uniformly small (so morally f is
orthogonal to the family ¢/ := {€"} o) or f must resemble a singleton of
the form €' for some ¢ € Q. Thus to control the size of L it is enough to
know the behavior of L on the classes: S, and e'€.

Once we have defined this concept, using the lemma above one proves the
second step needed for our theorem:
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Proposition 5. Let |j| > m. Then we have that

| (£, 9)Il, S max{2750, (11)

As expected, this last proposition borrows from the structure described in
Lemma 4: firstly, one needs to identify the form of the family Q and to obtain
good estimates for the L'-norm of Tj,(f, g) when one of the functions f and
g is o-uniform with respect to Q; secondly, one must control the expressions
like T, (€, g) (or Tjm(f,e)) when g € Q.

Finally, we give a short description of the steps followed for proving Propo-
sition 5.

First we notice that it is enough to prove our result in the case j > m,
(the other case —j > m has a similar treatment). Next, one makes use of
the scaling symmetry and “moves” the problem inside of the unit interval;
more exactly, one defines the operator

T

Bim(F(-),9())(@) =272 Ty (F274), 92" )) (57) -
and notices that relation (11) is equivalent to

1Bjm(f, 9, S max{2 %, lglly - (12)

The advantage in working with B; ,, instead of T} ,, is that now all the infor-
mation of the multiplier is translated inside of the unit®* cube, as can easily
be observed from the following formula:

By(frg) = 2" / / F(6) gln) €27 52 5(6) g() dedn. (13)

Next one defines the trilinear form associated to B;,, and given by

Njm(f 9, h) = /R Bjm(f,9)(x) h(z)dz .

Now, given the form of (13) and our plans of attacking the proof along the
lines of Lemma 4, we define the family Q as being

Q= {ag® + b¢ |21 <Ja| <2 & beR}. (14)

With this done, we are now ready to state the two lemmas on which the
proof of (12) is based.

34This is verbatim true if we think at the support of ¢ as being placed inside {x 1

3
|z| < 1} instead of {z| {5 < |z| < 10}.
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Lemma 6. Let f¢ € L2([0,1]) be o—uniform in Q. Then

| Ajn(f, 9, h)] S max{27™, 2777 o }| fllallgll2]1Allo - (15)

Lemma 7. Let ¢ € Q. Then

| Ajm((¢90), 9. 1) S 27 % | gl Plloc - (16)

The proof of Lemma 6 involves the mean value theorem, interpolation
techniques and the use of the o—uniformity. Lemma 7 uses a variant of
van der Corput exploiting the highly oscillatory behavior of the multiplier in
Ajm((€9), g, h).

This being said, we apply Lemma 4 to the function f ¢ and the functional
L(f) = (Lyn(f)) = Ajm(f, g, h), and exploit the statements of Lemma 6 and
7. Then we have

| Ajin(f, 9, )| € max{max{27", 2", o}, 2071275 Y| ||zl g2 llow -

Now, by properly choosing o we obtain (12), thus ending the proof of Propo-
sition 5.
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11 The Brascamp-Lieb inequalities: finiteness,
structure and extremals

after J. Bennett, A. Carbery, M. Christ, and T. Tao [1]
A summary written by Kabe Moen

Abstract

Fundamental inequalities in analysis such as Hélder’s, Young’s, and
the Loomis-Whitney inequalities naturally fall into the more general
framework of the Brascamp-Lieb inequalities. We summarize some
of the results in [1]. Heat flow methods adapted to the multilinear
setting are used to give a new proof of the geometric Brascamp-Lieb
inequality. We also address issues such as the finiteness of the con-
stant, extremals, and a gaussian extremals.

11.1 Introduction

Let m > 1, (By,..., By) be an m-tuple of surjective linear transformations
with each B; : R® — R™, and (py, ..., p,) be an m-tuple of exponents, with
each p; € [0,00). The Brascamp-Lieb inequalities arise when considering
conditions for which

o DB ar
Firenfm H;n=1 (Jars i dx>p] ’

where the supremum is over all nonnegative measurable functions f; : R" —
[0, 4+00) with 0 < [pn; f; da < co.

(1)

Example 1 (Holder’s Inequality). If n =n;, B; =1d, p1 +---pm = 1, then
(1) is essentially a restatement of Hélder’s inequality.

Example 2 (Young’s convolution inequality). If n = 2d, B; : R* — R?,
for j =1,2,3 are given by Bi(z,y) =y, Ba(z,y) = v — y, Bs(v,y) = z, and
p1+ D2+ ps =2, then (1) is a reformulation Young’s convolution inequality.

Example 3 (Loomis-Whitney inequality). Suppose n = m, n; = n — 1
for each 1 < j < n, Bj are the orthogonal projections Bj(x1,...,x,) =
(1,...,Tj_1,Tj41, ..., &y) and pj = 1/(n—1). In this case (1) can be inter-
preted as the Loomis- Whitney inequality.
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11.2 Notation and preliminaries
11.2.1 Definitions

In order to take advantage of invariance of isometries, restrictions, and or-
thogonal subspaces of Hilbert space, we work on finite dimensional real
Hilbert spaces, usually denoted by H, H;, etc. For an integer m > 1, we
define an m-transformation to be

B = (H, (Hj)i1<j<m, (Bj)i<j<m)

where for each 1 < j <m, B; : H — H;. We say that an m-transformation
is non-degenerate if B;H = H; and (), ker B; = {0}. An m-exponent,
denoted p, is an m-tuple of exponents pi,...,p, € [0,00]. We define a
Brascamp-Lieb datum to be a pair (B, p) where B is an m-transformation
and p is an m-exponent. If (B,p) is a Brascamp-Lieb datum, an input,
denoted f, for (B, p) is m-tuple of functions f; : H; — [0,00) such that
O<ijfjdx<oo.

Definition 4 (Brascamp-Lieb constant). Define the quantity 0 < BL(B, p,f) <
00, by the formula

_ JuIB (50 By da
I (Ji, £ )"

and define the Brascamp-Lieb constant

BL(B, p,f) : (2)

BL(B, p) := sup BL(B, p, f) (3)
where the supremum is over all inputs f.

Of course one can define the Brascamp-Lieb constant by (3) when (B, p)
is degenerate, however in this case BL(B,p) = oco. Thus, we shall restrict
to non-degenerate data. One of the fundamental inputs are gaussian inputs.
More specifically, given any positive definite linear transformation A : H —
H one has the well known formula

/Hexp(—w<Ax,x>) dr = (det A)~Y/2, (4)

Given a Brascamp-Lieb datum (B, p) we define a gaussian input to be an
m-tuple A = (A4;)1<;j<m of positive definite linear transformations A, : H; —
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H;. Plugging the datum (exp(—m(A;z,)))1<j<m into (2) and using formula
(4) we define 0 < BLg(B, p, A) < oo by

BLg(B,p,A) := BL(B,p, (exp(—7(A;z,x)))1<j<m)
1/2
H?:l(detHj Aj)Pi

- o2 9

Definition 5 (Gaussian Brascamp-Lieb constant). Let (B, p) be a Brascamp-
Lieb datum, then we define the gaussian Brascamp-Lieb constant to be

BLg(B,p) :=supBL(B,p,A)
where the supremum is over all gaussian inputs A.
Clearly, we have

However, as Lieb [3] showed we actually have equality (see Theorem 11 be-
low). For the Brascamp-Lieb constants one issue is determining when they
are finite, another issue is determining when there are extremisers.

Definition 6 (Extremisability). A Brascamp-Lieb datum is said to extrem-
isable if BL(B, p) is finite and there exists an input £ for which BL(B,p) =
BL(B,p,f). The datum (B, p) is said to be gaussian-extremisable if there
exists a gaussian input A for which BLg(B, p) = BLg(B, p, A).

Finally, we introduce a special Brascamp-Lieb datum which plays an im-
portant role in determining general Brascamp-Lieb constants.

Definition 7 (Geometric Brascamp-Lieb data). A Brascamp-Lieb datum
(B, p) is said to be geometric if Hy, ..., Hy,, are subspaces of H, B; : H — H;
are orthogonal projections, and

Z p;B;B; = 1dy. (6)
j=1

First, notice that geometric Brascamp-Lieb datum are always non-degenrate.
Also notice that the geometric Brascamp-Lieb inequality generalizes Exam-
ples 1 and 3 significantly.
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11.2.2 Main results

In this section we provide the main results that address some of the issues
concerning Brascamp-Lieb constants. Specifically, given a Brascamp-Lieb
datum, (B, p), when is its Brascamp-Lieb constant finite? When does it
have extremisers? When does it have gaussian extremisers? We first start
with the geometric case of the Brascamp-Lieb constants. This case lays the
foundation for heat flow techniques and leads to more general Brascamp-Lieb
inequalities.

Theorem 8. Let (B,p) be a geometric Brascamp-Lieb datum. Then
BL(B,p) = BLy(B,p) = 1
and (B, p) is gaussian-extremisable (hence also extremisable).

Once we have established Theorem 8 we may use it to characterize gaus-
sian extremisers.

Definition 9. Two m-transformations B = (H, (H;)1<j<m, (Bj)i<j<m) and

B' = (H', (H})i1<j<m, (B})i1<j<m) are said to be equivalent if there exist in-
vertible linear transformations C': H' — H, and C; : H; — Hj such that
B} = C;lBjC' for all j; we refer to C and C; as intertwining transforma-

tions.

We call two Brascamp-Lieb data (B, p) and (B’, p’) equivalent if B and
B’ are equivalent and p = p’. Using a change of variables we have the
following relationship between Brascamp-Lieb constant for equivalent data

H;n:1 | det C;|Ps
| det C|

BL(B,p') = BL(B, p)

and similar with gaussian Brascamp-Lieb constants.

Theorem 10. Let (B, p) be a Brascamp-Lieb datum and A a gaussian input
for (B,p). Let M : H — H be the positive semi-definite transformation
M = Z;n:l piB;A;B;. Then A is a gaussian extremiser for (B,p) if and
only if (B, p) is equivalent to a geometric Brascamp-Lieb data (B',p’) with
intertwining maps C' = M~'? and C; = Aj_l/Q, and

BL(B, p) = Blg(B, p)
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In determining if a Brascamp-Lieb constant is finite one of the tools is
the following theorem by Lieb [3].

Theorem 11. Let (B,p) be a Brascamp-Lieb datum, then BL(B,p) =
BL¢(B,p).

Thus, in order to understand a Brascamp-Lieb constant, we may reduce
the task to understanding the gaussian Brascamp-Lieb constant. However,
Theorem 11 does not resolve everything. For instance, it does clarify when
conditions exist for either BL(B, p) or BLg(B,p) to be finite. Also, this
theorem does not answer the question of when extremal exist. In order to
address these question we first need a definition which was first introduced
in [2].

Definition 12 (Critical subspace and simplicity). Let (B, p) be a Brascamp-
Lieb datum. A critical subspace V' for (B, p) is a non-zero proper subspace
of H such that

dim(V) =) p; dim(B;V).
j=1

The datum (B, p) is simple if it has no critical subspaces.

Theorem 13. Let (B,p) be a Brascamp-Lieb datum. Then BLg(B,p) is
finite if and only if we have the scaling condition

dim(H) = 3 p; dim () (7)
j=1
and the dimension condition

dim(V Z ;dim(B,;V) for all subspaces V C H. (8)

Furthermore, if (B, p) is simple, then it is gaussian-extremisable.
By combining Theorems 11 and 13 we have the following corollary.

Corollary 14. Let (B,p) be a Brascamp-Lieb datum. Then the following
three statements are equivalent:

(1) BL(B,p) < 0.
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(2) BLg(B,p) < 0.
(3) (7) and (8) hold.

Furthermore, if any of (1)-(3) hold, and (B,p) is simple, then (B,p) is
gaussian-extremisable.

11.3 Outline of proofs

We briefly outline the proofs for some of the results in the previous section.
We start with a multilinear monotonicity lemma that is crucial to the proof
of Theorem 8. In turn, Theorem 8 leads to the characterization of gaussian-
extremisers given in Theorem 10. Finally, we combine Theorem 10, Theorem
13 and a factorisation method (Lemma 19) to provide a short proof of Lieb’s
Theorem (Theorem 11). We mainly focus on the multilinear heat flow tech-
niques. It is for this reason that we do not provide proofs of many of the
results including Lemmas 15, 19 and Theorems 10, 13. First we give the
linear version from which we will obtain the multilinear version.

Lemma 15. Let I C R" be a time interval, H be a Euclidean space, u :
I x H — R* be smooth function, and v : I x H — H be a smooth vector
field, such that uv is rapidly decreasing at spatial infinity, locally uniform on
I. Suppose that we have the transport inequality

Owu(t, z) + div ((t, z)u(t,z)) > 0 (9)

for all (t,x) € I x H. Then the quantity Q(t) := [, u(t,z) dx is non-
decreasing in time.

Lemma 16. Let I C R" be a time interval, pq, ..., p, be positive exponents,
u; : RT x H — R*Y be a smooth functions, and v; : RT x H — be smooth
vector fields. Suppose U : Rt x H — H is a smooth vector field such that
'UH;"Zl u?j 1s rapidly decreasing space locally uniform on I, and the following
inequalities hold:

Oyuj(t, ) + div(v;(t, x)u,(t,z)) > 0 1<j<m (10)
div (U—ijvj> > 0 (11)
j=1
ij<U—Uj,Vloguj> > 0. (12)
=1
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Then the quantity Q(t) fH " u;(t, x)P dx is non-decreasing in time.

Remark 17. In practice u; will be solutions of the heat equation (where the
name heat flow comes from)

Ou;(t, ) = Au;(t, x). (13)

Notice, in this case we may rewrite the heat equation (13) as the transport
equation
8tuj —f- le(ﬁjUj) = O (14)

where U; = —Vlogu;. Equation (14) shows that condition (10) is satisfied,

and setting
m
7= pil
j=1

condition (11) is also satisfied.

We are now ready to prove Theorem 8 using the monotonicity Lemma

(16).

Proof of Theorem 8. Suppose (B, p) is a geometric Brascamp-Lieb datum.
Observe that BLg(B,p) > 1 by testing the gaussian input (Idg;)i<j<m. We
aim to show BL(B,p) < 1, this will imply BLg(B,p) = BL(B,p) = 1 and
(exp(—7r||:p||§{j))1§j§m is an extremiser. Assume f is an input with each f;
positive, smooth and rapidly decreasing. Let u; : Rt x H — R* be the
solution to the heat equation (13) with initial condition u;(0,z) = f; 0 B;(z).
Because of the orthogonality of B;, we may write the explicit solution of
(13),

1 —|Biz—yl2
) = Ty /Hj e P ) d
As noted in Remark 17, setting v; = —Vlogu; and v = Z?lejﬁj implies
conditions (10) and (11) of Lemma 16 are satisfied. It is a technical condi-
tion to Verify 17 H up 7 s rapidly decreasing and that condition (12) is satis-
fied. Thus, f - 71 u;(t,x)P7 dx is non-decreasing, so in particular
lim sup,_,o+ Q( ) < lim mft_)c,o Q(t). By Fatou’s lemma we have,

/H fj o B;j)P dr <limsup Q(t).

t—0t
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On the other hand by a change of variables z = t'/?w we have
m by

liminf Q(t) = 11 (/H £ dy) :

j=1 \’H;

O

We now give a short proof of Theorem 11. First we give a definition and
a lemma.

Definition 18. Let B = (H, (H;)1<j<m, (Bj)i<j<m) be an m-transformation
and V' a subspace of H. We define the restriction By of B to V' to be

By = (H, (B;V)i<j<m (Bjlv)i<j<m)-
Lemma 19. Suppose (B, p) has a critical subspace V', then
BL(B, p) = BL(By, p)BL(By,p) (15)

and
BLg(B, p) = BLg(By,, p)BLg(By, ., p). (16)

Proof of Theorem 11. We induct on the dimension of H. When dim(H) =0
there is nothing to prove. Suppose n > 0 and BLg(B, p) = BL(B, p) for any
Brascamp-Lieb datum, (B, p) with dim(H) < n. Let (B, p) be a Brascamp-
Lieb datum with dim(H) = n. We claim that BLg(B, p) = BL(B, p). Since
BLg(B,p) = oo implies BL(B,p) = oo we may suppose BLg(B,p) < oc.
First suppose (B, p) is simple, then since BLg(B,p) < oo by Theorem 13
the datum is gaussian-extremisable. The claim now follows from Theorem
10. Now suppose (B, p) is not simple, i.e. there is a critical subspace V. We
may use Lemma 19 to split the datum (B, p) into (By, p) and (By+, p) with
BLg (B, p) and BL(B, p) factoring accordingly. By the inductive hypothesis
we have

BL(By,p) = BLg(By,p) and BL(By.,p) = BLg(By1,p)

and the claim follows from (15) and (16). Thus closing the induction and
completing the proof. O
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12 A variational norm Carleson theorem

After R. Oberlin, A. Seeger, T. Tao, C. Thiele, and J. Wright [9]

A summary written by Richard Oberlin

Abstract

We give a variational-norm version of Carleson’s theorem, and a re-
lated estimate for curves in Lie groups which is pertinent to nonlinear
Schrodinger and Dirac operators.

12.1 Introduction

Given a Schwartz function f on R and real numbers 19 and x we consider the
partial Fourier-summation operator S[f = [°. § O F(€)em €T d¢’ where
f denotes the Fourier transform of f. The Carleson—Hunt theorem [2], [6]
(after restatement) tells us that for 1 < p < oo

ISz (rgey < Collfll o (1)

Once this bound is known, a standard density argument allows one to define
S[f] for f € L as a continuous function in & for almost every x; thus defined
the bound extends to L?.

We are interested in replacing the L norm above by a stronger (at
least in the current context) variational norm. Given a function g on R and
1<r<oolet

1/r
lglly- = sup <Z|g &) —9(&- 1)\) :

,§o<... <N

The main result is:

Theorem 1. Suppose 2 <r < oo and r' < p < oo. Then
ISz < Corll fllze- (2)

A restricted-weak-type estimate at p = r’ is also obtained.

The exponents above are sharp in the following sense. By using the fact
that a related variational estimate for dyadic martingales does not hold for
r < 2 [10], together with a square function argument (see Section 12.2), one
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sees that (2) does not hold for » < 2. The condition p > 7’ is also necessary;
this can be seen by considering a Schwartz function 1 with ) = 1 on [—1,1]
and Q& supported on [—2,2]. For this example, one may explicitly compute
S[Y](&, x) — S[Y](—=¢, x) for |£] < 1 and analyze the variation.

Before discussing the proof, we give two motivations for considering the
V" norm. First, recall that L bounds such as (1) imply pointwise almost
everywhere convergence once such convergence is known for a dense subclass
of functions (for example, the continuity in £ of S[f] for f € LP which follows
from the same fact for Schwartz f). The stronger V" bounds allow one
to deduce pointwise almost everywhere convergence without any previously
known convergence. This could be useful, say, when transferring estimates
into the setting of ergodic theory, where one may not find a dense subclass
with trivial convergence; see [1]. Second, as we will see, one may deduce
bounds for a certain r-variational length of a curve in a Lie group from the
corresponding length of its “trace”. It had been hoped that this would allow
the deduction of a (variational) bound for the “nonlinear Carleson operator”
from a variational bound for the standard (i.e. linear) Carleson operator.
Unfortunately, this approach does not seem to work, since the correspondence
holds only for » < 2 and the bound for the standard Carleson operator only
holds for r > 2.

12.2 Lacunary version

We first recall a proof of a lacunary version of the Carleson-Hunt theorem
sup IS5 llzr < Collf (3)

Using the boundedness of the Hilbert transform, one sees that the above
bound follows from the even version

Isup S[f1(2*,) = SIA(=2")lllze < Cyll fllo. (4)

keZ

Letting ¢ be as in the previous subsection and ¥ (z) = 27%(27%z), recall
the standard square function estimate

1/2
| (Z [SIF1(2%, ) = S[A(=2%, ) — ¢i f|2> e < Gyl flle (5)

keZ
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where * denotes convolution. Then (4) follows from (5) and the bound
[sup [y # flll e < Gyl flze,
keZ

which in turn follows from the standard LP bound for the Hardy-Littlewood
maximal operator M.
Moving to the variational version of (3), we want to bound

N 1/r
| sup < |3[f](2kj>')—S[f](ij‘lr)V) lr < Coll fllze- (6)

NeNko<..<knNEZ j—

Using the argument in the previous paragraph (here it is important that
r > 2) one sees that the crucial step is estimating

N 1/r
I~ sup (Z [k o f = i,y ¥ f|r> e < Coll fllze- (T)

NeNko<...<kN€EZ =1
The bound above then follows from a known LP bound for a variational
version of M [7] (or alternatively from a variational estimate for dyadic
martingales). In fact, for the lacunary bound (6), we end up with the range
of exponents 1 < p < oo instead of p > 7’ as in the general bound (2).

12.3 General version
12.3.1 Discretization

After linearizing and dualizing the V" norm, and using a partition of unity
argument to discretize (as in, say, [11]) we reduce the problem (2) to that of
proving bounds for a finite number of model operators each of the form

1> (. op)dparlir < Corll fler- (8)

PcP

The sum above is over multitiles P in a finite collection P. A multitile is a
subset I xw of R?. The time interval I is dyadic, and the frequency set w is the
union of three intervals wy, w,,w,. We describe the nature of the frequency
intervals for a typical model operator: the intervals w;,w, are dyadic half
open intervals of the form [a, b) with w; = w, — 2|w,| and |w,||I]| = 1/2, the
interval wy, is the infinite interval [sup w, + |wy|, 00).
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The functions ¢p are L? normalized Schwartz functions adapted to the
multitiles P in the following sense: ¢p is supported in %wu (here we dilate
around the center of w,), and e=?7¢@u)? 5 (7) is adapted to I, that is

dar -
| e gp)(@)| < CHITO (4 o = e(D]/|1) 7Y
lwn
for some large large N and for n =0, ..., N’ for some large N’. (above c¢(w,)

denotes the center of w,).

Finally, the functions ap are obtained from the linearization/dualization
process as follows. Fix some large M, real valued functions &g, ..., &y on
R satisfying &y (z) < &(z) < ... < Eu(x) for every x, and complex-valued

functions ai,...,ay on R satisfying <Z]Ai1 |aj(x)|r'> ' < 1 for every z.
Then, for each multitile P and = € R there is at most one j with §;_; € w;
and §; € wy; if such a j exists, we set ap(z) = a;(x) and otherwise we set
ap(z) = 0. We then want to prove (8) with C,, independent of M and the
functions &g, ..., &, a1, ..., Q-

12.3.2 Bound for trees

We first consider a version of (8) with the (basically) arbitrary collection of
multitiles P replaced by a type of collection T called a tree which we now
define.

Let Cy = 2. Given a dyadic interval I and a frequency & € R consider
the interval wy = (&0 — (Cy — 1) /(4]17]), & + (Co — 1)/(4]I7])). If T is a
collection of multitiles satisfying I C Iy and wy C w,, for every P € T', where
W, 18 the convex hull of Cow, UCswy, then we say that that (T, I, &7) is a tree.
The tree is said to be l-overlapping if for every P € T we have & € Cowy,
we will say that it is I-lacunary if for every P € T we have {r ¢ Cow;. Of
course every tree can be written as the union of an l-overlapping tree and an
l-lacunary tree, each of which have the same top data ({7, I7) as the original
tree. This allows us to reduce the proof of

1> (. dp)ppap]ie < Cpull fllor 9)

PeT

where T is a tree, to the cases where T is l-lacunary or l-loverlapping.
If T is l-overlapping, then for each P € T, we have the frequency support
of ¢p contained in an interval of size ~ 1/|I| distance ~ 1/|I| away from &7
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This lacunarity of the frequency supports allows us to obtain (9) from (6).
Indeed, for each x, unraveling the definition of ap gives

> (F ep)ep(@)ap ()] < Z\ Y (for)op())

PeT k=1 PeT
Er—1(z)€w
Ek(x)Ewn

A geometric argument shows that one may apply (9) to bound the LP norm
of the right side above by || > per(f, @p)®pl e, which can be controlled by
/1] >

If T is [-lacunary, the situation is a little simpler. A geometric argument
shows that for each x there is at most one j(z) such that there isa P € T
with |I| = 27®) and ap(x) # 0. This implies that

| D {fodpidp(@ap(@)] < Y [(f.op)op(z)

PeT PeT
|I]=27(x)

The right side above can be bounded by M|f](z) and applying the L? bound
for M gives (9).

To obtain the bound for arbitrary collections of multitiles (8), we would
like to decompose P into the union of trees T" and estimate each tree individ-
ually. The bound (9) is too crude for this purpose— one would like to improve
the right side || f||z» to a quantity which captures only the parts of f and
ap corresponding to the phase-space support of 7. This is (at least sort of
morally) accomplished by considering the quantities energy and density.

The energy of a collection of multitiles ) is

sup(=7 > [KF o))
|] | PET
where the sup is over all [-overlapping trees T' C ). The density of @) is

Sup(/( + |z = c(Ir)l/|Ir]) 4Z|a )" Lor (€xr(2)) )™

T

where the sup is over all nonempty trees T' contained in @), 1 denotes the char-
acteristic function of a set, and 1g is a (fixed depending on f, independent
of Q) dualizing function.
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Using the ideas from the proof of (9) together with a careful localization
argument (essentially as in [8]), one then proves

116 Y (f,6p)dparllir < Gy, energy(T)(density (T))"™ /D[ 1|7, (10)
PeT

12.3.3 Bound for arbitrary collections of tiles

We now want to obtain (8) from (10); for simplicity assume f = 1p where F’
has finite measure, also consider a dualizing function 1 where |E| ~ 1 (we
can at least assume this after rescaling).

The more complicated case is |F| > 1 We decompose

P= U U T
k>0T€eTy

where the union above is disjoint and, for each k, T} is a collection of trees
which satisfy

energy(T) < 27F2|F|'/2, density(T) < 27%/" for every T € T} (11)

1D 1 < C2f (12)
’I‘E'I‘]C
1) i llsmo < C24F| 7 (13)

TeTk

This decomposition is obtained through energy/density decrement lemmas
such as in [8], with the additional consideration of the BM O norm. In reality
we are not actually able to obtain (13) from the density lemma, but through
some additional decompositional trickery we may pretend it holds.

Then

11> (fropddpapln <D e > > (f ép)érap]L.
PeP k>0 TeT, PeT

Through the use of exceptional sets, we can basically pretend the BMO norm
in (13) is an L> norm. Ignoring some additional technical complications with
Schwartz tails, we assume that each ¢p is supported on I. Then we obtain,
for each k,

e Y Y (fropdpaplle < C2Y(FIV (Y | D (f,dp)dpap|™) " |

TeT, PET TeT, PeT
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Estimating L' by L and applying (10) with p = r/, we bound the right side
above by
C2k/r|F|71/r27k/2|F|1/227k/r’( Z |IT|)1/7‘/
’I‘E'I‘]C
which, by (12) is

1

< C«ka(if%)u;‘lﬂfl/r

Summing over k gives

112 > (f, ép)opap|p < CIF|V>7H7.

PecP

This proves the desired bound when p < (1/2 —1/r)~1. This restriction in p
may be lifted by using the monotonicity of the V" norms.

The bound when |F'| < 1 is essentially as in [5]. An exceptional set where
M]f] is large is defined. Throwing out multitiles whose time support is
contained inside this exceptional set, we obtain a good bound on the energy
of the remaining tiles using a square function argument. Then we apply (10)
with p = 1 (in this case no BMO estimates are needed), and everything adds

up.

12.4 Variational norms on Lie groups

Let G be a connected finite-dimensional Lie group with Lie algebra g. We
begin by recalling the construction of a left-invariant metric on GG. Letting
| - |lg be any norm on g, push forward with left-multiplication to define a
norm on each tangent space T,G of the group ||z||r,¢ = [|¢g”"z|4 (here g~*
denotes the inverse of the differential of the map from G — G defined by
left-multiplication by ¢g — this notation is natural when G is a matrix group).
The induced norm is left-invariant i.e. ||hz|r,,¢ = ||7|7,c. We define the
length of a continuously differentiable path + : [a,b] — G by

b
o= [ I Ol at (1)
and the metric d(g,¢’) on G

d(g,g') = inf ] (15)

yy(a)=g,7(b)=g’
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Now we consider variational lengths of curves. For 1 < r < oo and a
continuous path 7 : [a,b] — G define the r-variation of

v = sup Qo d(y(t-a) () (16)

N,to<...<tny€[a,b] j=1

This is extended to r = oo in the usual way, replacing the sum by a sup.
When 7 is differentiable, the V! norm coincides with the length || defined
earlier; the V°° norm is just the diameter of the curve.

Associated to each continuously differentable curve 7 : [a,b] — G is the

left trace v, : [a,b] — g defined

Note that one can recover the original curve from the trace, by solving the
ordinary differential equation

V(1) = (0)n(t)

with the initial condition y(a). Using | ||4 in place of [|||7. , g, the definitions
(14),(15),(16) yield notions of length and r-variation for curves in g. We then
have

[l = 117l (17)
The main result here is that (17) can be (sort of) extended to 1 <r < 2:

Theorem 2. Suppose 1 <r <2 and 7 : [a,b] — G is smooth. Then

I¥llve < llllve + C min(flylf-, ully-)

and
Ivllve < lIvllve 4+ C min(|[y][5-, [17][5-)

Now a few words describing the proof. An induction on scales argument
using the Baker-Campbell-Hausdorff formula allows one to basically reduce
matters to comparing d(y(t;_1),v(t;)) with d(vi(t;—1), vi(t;)) where t;_; and
t;j are close together and “close” is allowed to depend on 7. Using left-
invariance, we have d(y(t;_1),7(t;)) = d(I,~v(t;—1)"'v(t;)) (here I € G is
the identity). In the special case that 7; is a straight line on [t;_i,t;] we
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have v(t;-1)"'v(t;) = exp(vi(t;) — v(t;-1)) and so d(1,v(t;—1) *v(t;)) =
d(vi(tj—1), (t;)). But, any differentiable function is locally linear, so for ¢;_,
and ¢; close-together ~; is almost a straight line on [t;_1,¢;]. Using stability
of solutions to ODE’s, almost is good enough.

Here is the motivation for Theorem 2. Fix a Lie group G and any two
vectors w,v € g. Given a function f on R and a frequency ¢ € R we can
define a curve v in G via the formula

v/(t) = Re(e ™ f(1))w 4 Im(e 2™ f(1))v

and initial condition v(0) = I. Then, we can define a “nonlinear Fourier
summation operator” NC[f](§, ) = v(z). The trace 7, is identified with the
usual partial Fourier transform C[f](§,z) = [ e ?™f(t) dt. Theorem 2
then allows one to deduce the bound

et NCUl Ly ) < CllF ey

for r < 2 from the variational version of the Menshov-Paley-Zygmund theo-
rem

1€ g gy < €N (18)

which holds for 1 <p <2 and r > p'.

For p = 2, the bound (18) is a restatement of the p = 2 case of Theorem
1. For p < 2, it follows by interpolating p = 2 with a trivial estimate at
p = 1. Alternately, one can apply a variational version of the Christ-Kiselev
lemma (which can be proven using the usual Christ-Kiselev lemma from [3])
to deduce (18) for p < 2 from the Hausdorff-Young inequality.

A case of particular interest above is when G = SU(1, 1),

(01 d_Oz’
w=\{4 o) andv=( _. 4]

Here, one obtains estimates which give a variational /Dirac operator version
of the Christ-Kiselev theorem from [4].
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13 On multilinear oscillatory integrals, non-
singular and singular

after M. Christ, X. Li, T. Tao and C. Thiele [2]
A summary written by Diogo Oliveira e Silva

Abstract

We explore the relationship between decay estimates for certain
multilinear oscillatory integrals and nondegeneracy of the correspond-
ing polynomial phase.

13.1 Introduction

The classical theory of oscillatory integrals of the second kind [3] establishes
the boundedness of operators of the form

uxﬂ@w:/ AP ()b (o, )

m

Here v is a fixed smooth function of compact support in x and &, the phase
® is real-valued and smooth and the Hessian of ® is nonvanishing on the
support of 4. In this case,

HT)\<f)”L2(]Rm) S C)\im/2Hf”L2(]Rm).

Aiming at similar results in a somewhat different context, we start by
considering multilinear oscillatory operators of the form

Mheef) = [ O] o m@nlalds.
m ey
Here P : R™ — R is a real-valued polynomial, 7; : R™ — V} are orthogonal
projections onto some subspaces V; of R™, f; : V; — C are locally inte-
grable functions with respect to Lebesgue measure on V;, and n € C(R™)
is compactly supported. We assume that all the subspaces V; have the same
dimension, which we denote by k.
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Definition 1. A polynomial P has the power decay property with respect
to {V;}}_, in an open set U C R™ if for any n € Cj(U), there exist € > 0
and C' < oo such that

[A(f1s s fa)l SO+ [AN)T HHf]HLoo vy, Vf € LO(V;),YAeR. (1)

The goal is to characterize data (P, {V;},) for which the power decay prop-
erty holds, and this is accomplished to a significant but incomplete extent in
2].

Observe that, if P = Zj fj o m; for some measurable functions f;, then
(1) cannot hold. This motivates the following definition:

Definition 2. A polynomial P is degenerate with respect to {V;}7_, if P =
Z?lej om; for some polynomials p; : V; — R. Otherwise P is said to be
nondegenerate. Ifn =0, P is degenerate if and only if P is constant.

An important definition is not complete without a good example:

Example 3. In R?, let P(z) =23 and L = 25 — 25 — 2 Letn > 1 be

2
arbitrary. For 1 < j < n, take light-cone unit vectors v; (vjl,vj,vj) € R?
such that (v3)* = (vj)* + (v3)?. Let 7, be the orthogonal projection onto
V; := span (v;), that is, m;(x) = x-v; = 210] +2907 +2303. One readily checks
that P is nondegenerate with respect to {V} ', for every n € N. This is
surprising in view of the following fact: in R?, any polynomial Q : R*> — R of
degree two 1s degenerate with respect to any family of three or more mappings
of the form m;(xz) = x - w; (where none of the w; is a multiple of any of the
others).

The nondegeneracy condition is to replace the hypothesis of a nonvan-
ishing derivative in the result about oscillatory integrals of the second kind.
The question is then the following:

Question 4. Is the power decay property equivalent to nondegeneracy?

The cases n = 0,1 fall into the theory of oscillatory integrals of the first
kind. In the case n = 2 one is dealing with bilinear forms (T\(f1), f2), where
the associated operators Ty are of the form discussed above. If n > 3 and
m < nk, however, there arises a class of singular oscillatory integrals which
have no direct analogues in the bilinear case.
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13.2 Algebraic aspects of nondegeneracy
We begin our discussion by introducing a new definition:

Definition 5. A polynomial P is simply nondegenerate with respect to
{ViYiy if there exists a differential operator of the form L = [[;_jw; -V
with w; € V;* and such that L(P) does not vanish identically.

Simple nondegeneracy implies nondegeneracy, but the converse does not
hold in general (example 3). The converse does hold, however, in the follow-
ing two special cases:

(i) fk=m—1;
(ii) If n(m — k) < m and the V}’s are in general position®.
We have the following characterization of nondegeneracy:

Lemma 6. Let P be a real-valued polynomial of degree d. Then:

(i) P is nondegenerate if and only if there exists a constant-coefficient
partial differential operator L such that L(P) # 0 but L(}_;pjom;) =0
for every polynomial p; of degree d;

(i) P is degenerate if and only if P = Zj h; o m; for some distributions
h e D'(Vj);
(iii) P is nondegenerate if and only if one of its homogeneous summands is

nondegerate.

In the case of homogeneous polynomials, we can refine our characteriza-
tion as follows:

Lemma 7. Let P be a homogeneous polynomaial of degree d. Then:

(i’) P is nondegenerate if and only if there exists a constant-coefficient par-
tial differential operator L, homogeneous of degree d, such that L(P) #
0 but L(Zj pjom;) =0 for every polynomial p; of degree d;

(ii’) P is degenerate if and only if P = Zj p; o m; for some homogeneous
polynomials p; of degree d.

35In this context, a family of subspaces {Vi}j=1 of R™ of dimension « is said to be
in general position if any subfamily of cardinality £ > 1 spans a subspace of dimension
min{kx, m}.
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13.3 Main results
13.3.1 Further definitions

Let P4 denote the finite-dimensional vector space of polynomials in R™ of
degree < d, endowed with a metric || -||. Given d, the norm of P with respect
to {V;}}—, is defined to be

[Plagv,y; = sl 1P — lej o mj.
J:

This indeed defines a norm on the quotient space P<; modulo degenerate

polynomials.

Definition 8. A family of polynomials {P,}, is uniformly nondegenerate
with respect to {V;}7_, if there exist d < oo and ¢ > 0 such that

supdeg P, <d and inf[P.]aqv,y, > c

Definition 9. The collection {V]}?:1 has the power decay property if every
polynomial P which is nondegenerate with respect to {V;}; has the power
decay property (1) in every open set U. The power decay is uniform if (1)
holds with uniform constants C,e for any family of polynomials which are
uniformly nondegenerate with respect to {V;};.

13.3.2 Decay for nonsingular multilinear oscillatory integrals

The first result states that a simply nondegenerate polynomial has the power
decay property in every open set. More precisely:

Theorem 10. Fizd € N andc > 0. Consider the operator L = Hj w;-V with
w; € Vi- and |Jw;|| = 1. Then there exist C' < 0o and € > 0 with the following
property: if P is a polynomial such that deg P < d and max, < |L(P)(z)| >
¢, then (1) holds.

As corollaries, we get that families of codimension one subspaces have the
uniform power decay property, as do families of small*® codimension sub-
spaces in general position.

The second result tells us that the same conclusion still holds in the one-
dimensional case, provided we do not consider “too many” subspaces:

36Here, “small” means that n(m — k) < m.
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Theorem 11. If n < 2m, then any family {V;}; of one-dimensional sub-
spaces which lie in general position has the uniform power decay property.
Moreover under these assumptions

[A(frs o f) S CO+ (A H||fJ||L2 ®, Vfi€*R),VAeR (2)

uniformly for all polynomials P which are uniformly nondegenerate with re-
spect to {V;};.

The rest of this paper is devoted to outlining the proofs of theorem 10
(the simply nondegenerate case) and theorem 11 (the case k = 1). Both
proofs are by induction on the number of subspaces, the base case n = 0
being a straightforward consequence of the well-known theory of oscillatory
integrals of the first kind.

13.4 The simply nondegenerate case

In this section we sketch the proof of the fact that families of codimension
one subspaces have the uniform power decay property. This turns out to be
equivalent to theorem 10.

We start by expressing Ax(f1, ..., fu) = (T\(f1,. .., fa-1), fn). By Cauchy-
Schwarz, it is enough to show the existence of C' < oo and € > 0 such that

n—1

IT5(fry o fa)lla S OX°° H | filloo for |A] > 1.
=1

Choose coordinates = = (y, m=1 % R in such a way that V,, =

z) €
{z = 0}, and define Q¢(y,2) = ( 2) = P(y,z + (), Fy(m(y,2)) =
fi(mi(y, 2) (i (y, = + ¢)) and 7ic(y, 2) == n(y, 2)7(y, 2 + ). Then

IT3(fr, s fa) 3 = /R ( /R e ﬁFf(ﬂj(x))ﬁc(x)dx>dC

j=1
= /RAg(Ff, L FSdC.

Since P is nondegenerate and kK = m — 1, P is simply nondegenerate.
Let L = [[j_,w; - V be such that maxp,<i |[L(P)(z)| > ¢ > 0 and L' :=
11 j<n Wj - V. The key idea is to define the sublevel set
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Ep = {¢ € R:max|L'Qc(z)| < p}

lz|<1

and to prove the bound |E,| < Cp° for some C' < oo and § > 0. For this
purpose, note that the hypothesis on L and the fact that w, -V = 0,
together imply that sup, ¢y [0;(L'Q¢(r))| > c. The desired bound follows
from a well-known sublevel set estimate [1], provided z, ¢ are restricted to lie
in a fixed bounded set.

If ¢ ¢ E,, we use the induction hypothesis to conclude that

ASES - Fe)l < e+ o) T I

i<n

Putting everything together, we have that

HT)\<f17"'7fn*1)”§ :/R\E Ag\(FlcaaFfl)dC_'_/E Aﬁ(Ffa Frg 1)dC
P

C+ ey TR + CIE T IE Nl

j<n j<n

<C((|Alp)~ + 1) Hllfjll2

75 yields the desired bound.

Choosing p = |\

13.5 The case Kk =1

This section is devoted to presenting the main ideas behind the proof of the
statement that, for a family {V;}; of one-dimensional subspaces which lie in
general position, the estimate (2) holds provided n < 2m. This last condition
turns out to be necessary as well.

Since the case n < m follows by a simple argument from the case n =m
and the theorem is already known in a more precise form when n = m [3],
we may assume without loss of generality that m < n < 2m.

Letting A(A) denote the best constant for which

|A)\(f1a"'> | <A HHfJH?’
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it is enough to show that |A(\)| < C|A|= for some € > 0.
In what follows we may assume that f; is A-uniform in the sense that its
generalized Fourier coefficients satisfy the bounds

’ / fit)e W at| < O\ 77| fil2 uniformly for all real-valued polynomials g.

Indeed, f; could otherwise be decomposed in L? into its projection onto e
plus an orthogonal vector in such a way that

1fr = cell2 < (1= A7) full2,

and the desired conclusion would then follow from this and the inductive
hypothesis.

We lose no generality in assuming that || f;]l2 <1 for every j.

Endowing R™ with suitable coordinates is once again an important tech-
nical point of the proof. For this purpose, let e; be a unit vector orthogonal
to the span of {V;}7.,, and ey be a unit vector orthogonal to the span of
{Vi}}—,4+1 and not orthogonal to Vi. Then e; and e, are linearly independent,
and so we write R™ 3 x = t1e; + taes + y (that is, z = (¢,y) € R* x R™?).

Defining PY(t) := P(t,y),

m

FY(ty) = [ fi(mi(tw)),

j=2

Fy(t) = [] fi(mty) and G¥(x(1)) := fi(m(t,y)),

j=m+1

we have that

Mlhieed) = [ ([ OB R )G R0ttty

=: / Ady.
Rm—2

Moreover the assumptions, Fubini’s theorem and Cauchy-Schwarz to-
gether imply that
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[ IR 6y < . )

The last important step consists of introducing a set of “bad” param-
eters, denoted B, consisting of all y for which PY has small norm in the
quotient space P<4 modulo degenerate polynomials with respect to the three
projections t +— tq,ty, w(t). More precisely, y € B if PY can be decomposed
as

PY(t) = Q1(t1) + Qa(t2) + Q3(7(t)) + R(1),

for some polynomials ); and R of degree < d, with the additional require-
ment that ||R|| < |A|7” (here || - || denotes a given norm on P<4 and p is a
small parameter to be chosen later on).

On BC, we can use theorem 10 with m = 2 and n = 3, interpolate, and
appeal to (3) to conclude that

/ |AS|dy < C\)\|7(1’p)ﬁ for some p > 0.
y¢B

Despite that fact that the set of bad parameters might have full measure
(example 3), we will be in good shape if we show that if p is small enough,
then there exists € > 0 such that

|AY] < C|)\\_€HFf’HQHFQyHQHGyHQ uniformly for all y € B.

This is a nice exercise in Fourier analysis and involves a clever use of the
uniformity condition on f;. I will omit the details for now and present them
at the summer school.
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14 Bi-parameter paraproducts

after C. Muscalu, J. Pipher, T. Tao and C. Thiele [1]
A summary written by Katharine Ott

Abstract

The authors prove the bi-parameter analogue of the Coifman-
Meyer theorem.

14.1 Introduction

Let m(= m(v)) in L>(R?) be a bounded function, smooth away from the
origin, satisfying |0°m(v)| < W for sufficiently many 3. Denote by T

the bi-linear operator

-~

TV (f, 9)(x) = - m(7) f(11)G(y2) e 112 dry, (1)

where f,g are Schwartz functions on the real line R. Then the classical
Coifman-Meyer theorem states the following.

Theorem 1. The operator T defined in (1) maps LP x LY — L" boundedly

prom'dedthat1<p,q§oo,%:%+$ and 0 < r < 0.

Now consider the bi-parameter analogue of T\). Let m(= m(§,n)) in
L>*(R*) be a bounded function that is smooth away from the subspaces
{£ =0} U{n =0} and satisfying

1
(€, m)[ 17 (&g, ma) |22

for sufficiently many multi-indices «, 3. Denote by T}, the bi-linear operator
given by

(2)

‘821118?22 Hb1 3ﬁ2m(§, n)| < |

m “na

T(f.9)(w) = [ m(en FOFmec e, Q

where f, g are Schwartz functions on the plane R%. The main result of the
paper is the following.

Theorem 2. Let m be a symbol in R* satisfying (2). Then the bilinear
operator T, defined by (3) maps LP x LY — L" boundedly as long as 1 <

p,qgoo,%:%+%and0<r<oo.
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This summary proceeds as follows. In the next section the operator T,
will be discretized and reduced to finitely many bi-parameter paraproducts.
At this stage the proof of the main result reduces to a proposition regarding
the size of each paraproduct. The third section summarize the main steps
in proving Proposition 3. As noted in [1], the n-linear analogue of the main
theorem is true for n > 1 (see also [2]).

14.2 Bi-parameter paraproducts

The first step toward proving Theorem 2 is to separate the operator T;, into
smaller pieces well suited to its bi-parameter structure. The operator T}, can
be discretized into finitely many operators of the form

- 1
PeP

where j = (5,5") € {1,2,3}2; Due to the symmetry in (4) is suffices to
analyze only one case; consider j = (1,2). Also, in the equation above f, g are
complex-valued measurable functions on R2?, Pisa collection of bi-parameter
tiles corresponding to lattice points k= (k K ),l = (I',1"), k‘,l € 72, and
I5=Ip x I with P, P” dyadic intervals. Specifically, P, = (P, P,') and

2

— ) ’ 11 "o .3 b5
Po=@QF Il +1)x 28>, =], 27" 1] x2F 5,5
1 ( [lvl + ]X [ 474]7 [l 7l + ]X [474]>7
—» - /3 b 11
(oK k K’ g b1
P,=(2 [l,l—|—1]><2[4 4]2 107+ 1] x 28 | 44])
g / ! ’ 7 1 " 1 1 " 7 1
Py= 2 [+ 1] x 28 [, —=],27* 1] x 28 [, —=
3 ( [lvl + ]X [ 47 4]7 [l 7l + ]X [ 47 4]>7
and |5 = |I5| = |Ip| = |Ip] = 27 9=k Then the functions ol =
P o ® P P i =1,2,3, are L2(R%)-normalized bump functions adapted to P..
In partlcular if i # j', then Jo @ (2)dz =0 and if i #3, Jy® P// z)dzx = 0.
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Denote by Ag(f, g, h) the trilinear form given by
Aslhoot) = [ Ta(Fo)@h(o)de
1 1 2 3
= Zm<faq)ﬁl><gaq)ﬁ2><haq)ﬁ3> (5>
pep T

The following proposition is the key ingredient in the proof of the main result.
Once it is proved, the statement of Theorem 2 follows by appealing to the
symmetry of the paraproduct and utilizing multilinear interpolation.

Proposition 3. Let 1 < p,q < oo be two numbers arbitrarily close to 1.
Also, let f € LP, g € LY such that ||f|l, = ||lgll, = 1, and E3 C R?* with
|Es| = 1. Then, there exists a subset Ey C Es, |Ey| ~ 1 such that, for
h = XE:’,);

[As(f.9.h)] S 1. (6)

To construct the set E:; with the desired properties, define the maximal-
square function, the square-maximal function and the square-square function
as follows. Let I, J C R be dyadic intervals and denote Iy; = 27*[¢, ¢ + 1].
Next, let ®f = Q)a/ @ q)f,v - For (z',2") € R? define

1 9 1/2
’ ”" 1 |<f’ éRx’fl>| " ’
NS )= |8 s 6|l
J:R=IxJeP M1
|<gq,2A >‘2 ( //) 1/2
1o SUD j.r=1xJeB SUPX %XJZ‘ /
SM(g)(«',2") = | D - ul@) |
I
and 2
’ " |<h’ Q%X,%Hz ’ "
SO i= | 3 sup ()
Ref”\’tg |

Finally, recall the bi-parameter Hardy—Littlewood maximal function

(CL‘/ CL‘//

MM(F)(z',2") := / y y)|dy'dy” .
= e )
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It can be shown that all four of these operators M.S, SM, SS and MM
are bounded on LP(R?), 1 < p < co. Then set

Qo = {2 eR?: MS(f)(x) >C}u{xr e R*: SM(g)(z) > C}
Uz € R*: MM(f)(x) > C}U{r € R*: MM(g)(z) > C}. (7)

Also, define
Q= {z € R*: MM (xa,)(z) > 155}, (8)

and
Q={zeR®: MM (xq)(z) > :t

Fix C' > 0 large enough such that |Q| < 1. Then define Ej; := E3 N Q¢ and
observe that |F,| ~ 1 as desired.

14.3 Proof of Proposition 3

Recall that the goal is to prove |[Ag(f,g,h)| < 1. It is equivalent to show
that

1
Z |]ﬁ|1/2|<f7®f31>||<g7®}g>||<h7®ﬁ3>|51. (9)
PeP

Using the definition of  given in (8), split the preceding sum as

Yoo+ > =1+l (10)

I15NQe£2  15N0e=2

14.3.1 Estimates for term [/

Since I5 N Q° # @, it follows that |15 N Q§| > 5|1 5].

The next step in estimating term I is to define three decomposition pro-
cedures, one for each function f, g and h. First, define a sequence of sets
O ={reR>:MS(f)(x) > &}, T ={PeP:|[sNnY] > |15},
Oy = {MS(f)(z) > &}, To ={P € P\ Ty : |I5N Q| > |15},

and so on. The constant C' > 0 is the same constant appearing in the
definition of Eé Since there are finitely many tiles P € P this algorithm
stops eventually, producing sets {2, } and {Ty} such that P =, Th.
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Simultaneously, define another sequence of sets {€2,} and {T,} by re-
placing M S(f)(z) with SM(g)(z) above. Then P = U, T, as well. Finally
it is left to find the appropriate decomposition for the functlon h. First con-
struct the analogue of the set €y as in (7) for h as follows. Pick N > 0 a
big enough integer so that for every P € P we have [I5 N Q" 5| > |15,
where Q" = {z € R? : SS(h)(z) > C2V}. Then mimicking the previous
decompositions, define
O oy = {x e R?: SS(h)(x) > CQN}

21

and

"

TNy = {P eP [Ny | > gl sl
and so on, constructing sets {€} and {T} such that P = U, Ta

Write term [ as

Z Z @W’(I)ﬁl>||<g’®ﬁ2>||<h,¢’ﬁ3>||fﬁ|, (1)

n1,n2>0n3>—N ﬁETnl ng.ng

where Ty, ngng = Thny N T/n2 N T/r/13. Using the fact that P € Ty n2ns
means that P has not been selected in the previous n1 — 1 ,no — 1,ng — 1

steps, respectively, it follows that |75 N Q5 ;N an N0 1| > 100|IP|
Then (11) is smaller than
sy MS(f)(2)SM(g)(x) SS (k) (a)da

nl,n2>0 %1 1ﬁQC 1an3 1N Tny ,ng,ng

ny>—

5 Z 27”127”227”3‘9Tn1,n2,n3‘7 (12)

ni,n2>0

nz3>—N

where Qp, . = UﬁeTnl,ng,n3 Ig.
On the other hand, using [Qr, .. ..| < |Qr, | for each i =1,2,3, one can
deduce that |Qp, . .| < 2MP |Qp | < 2™% and |Qp | < 2msa
1,n9,n3 nj,ng,ng ~ nj,ng,ng ~
for every a > 1. It follows that

[0y g | S 2012001500 (13)

for any 0 < 601,605,605 < 1 such that 6; 4+ 05 + 05 = 1.
Now split (12) into two terms, a sum over ng > 0 and a sum over 0 >

nsz > —N. In each of these two terms apply (13) with an appropriate choice
for 61,05, 05 and it follows that the sum in (12) is O(1).
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14.3.2 Estimates for term [/

The sum in term /7 runs over all tiles I3 such that I5 C ). For every such
P there exists a maximal dyadic rectangle R such that I3 C R C 2. Collect

all the distinct maximal rectangles into a set called R,... Then for d € 7,
d>1,let R denote the set of all R € Ryax such that 27R C Q and d is

max
maX1mal with this property.

Then term I1 is bounded by

SN Y ol ealie o)l en)!

d>1 ReRd,  15CRNQ

The estimate of term 17 reduces to the following claim: For every R € R¢

1
>, ol o 2a)lle @) I{h @] < 27 (14)

Is CRmQ| P

max’

An application of Journé’s lemma gives that for every € > 0, > pcpe R S
2¢4|Q)|. Assuming the claim holds, combining this result with (14) gives

Z Z 2—Nd|R| _ 22—Nd Z |R| 5 ZQ—NdQed 5 1, (15)

d>1 ReRd d>1 ReRd,, d>1

max

which completes the estimate of term I/. The proof of the claim relies on a
splitting argument, the details of which are omitted in this short summary.

As a final note, the authors remark in [1] that the estimate for term /1 can
be replaced by a simpler argument which avoids the use of Journé’s lemma.
The details of this simplified argument, which also extends Theorem 2 to the
multi-parameter setting, can be found in [2].
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15 WKB asymptotic behavior of almost all

generalized eigenfunctions for one-dimensional

Schrodinger operators with slowly decay-
ing potentials

after M. Christ and A. Kiselev [1]

A summary written by Eyvindur Ari Palsson

Abstract

We consider slowly decaying potentials V' where V = Vi + V5,
Vi € LP(R), V4 is bounded from above with A = limsup,_,. V(z)
and V4 € LP(R for some 1 < p < 2. We then prove that solutions of
the differential equation —32775 + V(z)u = Eu have WKB asymptotic
behavior for a.e. > A. This implies that Schrodinger operators with
such slowly decaying potentials have absolutely continuous spectrum
on |A, oof.

15.1 Introduction

Let D = %, where x € R. We will be studying a time-independent Schrodinger
operator on the real line
Hy =-D*+V

where V' is a real valued potential. A quantum mechanical interpretation
of Hy = —D?, the free Hamiltonian, is that it describes the behavior of a
free electron, while Hy = Hy + V describes one electron that interacts with
an external electrical field which is described by the potential V. If V is
sufficiently small then we expect the spectrum of Hy to resemble that of Hy.

Any finite measure ;o can be decomposed as pt = ftac + fisc + fipp Where
lac 1s absolutely continuous with respect to the Lebesgue measure, g is
singular with respect to the Lebesgue measure and contains no atoms and
pp is singular with respect to the Lebesgue measure and is a countable linear
combination of Dirac masses. To any self-adjoint operator H on a Hilbert
space H and any vector ¢ € H there is associated a spectral measure p, that
satisfies

(F(H)6, ) = / FNdpo(N)
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for any Borel measurable, bounded function f. We say that H has absolutely
continuous (ac) spectrum if there exists some ¢ # 0 such that (s)ac 7 0 and
purely absolutely continuous spectrum if ug = (/14 )ac for all ¢. The spectrum
for the free Hamiltonian Hy is R™ and it has a purely absolutely continuous
spectrum.

A generalized eigenfunction is defined, in this paper, as any solution of
the ordinary differential equation

(=D?*+V — E)u=0.

The L? solutions of this equation give the eigenfunctions that dictate the
point spectrum. It is also well known that boundedness of generalized eigen-
functions implies positivity of the derivative of the spectral measure which
then implies that the spectral measure has a nonzero absolutely continuous
component. Thus it is of interest to explore the asymptotic behavior of solu-

tions to Hyu = Eu to see if Hy has an absolutely continuous spectrum like
Hy.

15.2 Results
We define the space [P(L?)(R) by saying that a function f belongs to it if

00 ntl p/a\ /P
Nl oy = ( Z (/ |f(9€)|qu) ) < 0.

Note that L"(R) is contained in (?(L')(R) for 1 < r < p.

Denote by @4 (z, E) the unique solutions of (—=D? + V — E)u = 0 that
satisfy 4. (0, E) = 1 and %%(0, E) = £iVE.
Theorem 1. Let 1 < p <2, and let V =V, + V,, where Vi € IP(LY)(R), Vs
is bounded with A = limsup,_, . Va(z), and V3 € IP(L')(R). Then for almost
every E €]A, ool, there exist two solutions of (—D?* +V — E)u = 0 with the
WKB-type asymptotic behavior

E i / B 48¢))
us (v, ) — E—V() Flo (VETR BV
— Va2

Y S 0asz — oo

Moreover ,
/ log(1 + sup |t (z, F)|)dE < oo

forany A < a<b< oo.
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Look at a generalized eigenfunction ug of Hy = Hy + V for some fixed
E # 0 with sufficient conditions on the potential V. The idea behind the
WKB approximation method is to set ug(z) ~ @ and then either expand
¥ or 1" as power series. We thus get equations for the power series and if we
make the assumption that the power series decay fast enough then the last
step is to make the approximation that we can drop all but finitely many
terms from the power series. When V; = 0 or V5, = 0 in the above theorem
we recover well known WKB approximation formulas. The method is named
after Wentzel, Kramers and Brillouin.

The first half of the next theorem is a direct corollary of the previous
theorem using the results mentioned in the introduction. The second half
will be deduced by using a well known argument that is called the wide
barriers-type argument.

Theorem 2. Consider a half-line operator on L*|0,00[, —D*+V — E, with
some self-adjoint boundary condition at the origin. Assume that V = Vi + Vs
where Vi € IP(LY)[0, 00, Vs is bounded with A = limsup,_, Vao(x) and V; €
P(LY]0, 00 for some 1 < p < 2. Then ]A, oo is an essential support of
the absolutely continuous spectrum of the operator —D? + V. Moreover, the
essential spectrum coincides with [A1, oc|, where Ay = liminf, . Vo(z), and
is purely singular on [Ay, A].

These results are rather sharp in the sense that there exists V € LP|
V' e L" for any p > 2, r > 2 such that Hy = —D? + V has purely singular
spectrum on R and thus has a spectrum that does not resemble the one
that Hy, the free Hamiltonian, has.

The last theorem shows that the potential can depend on the energy.
This is not directly related to spectral theory but is rather a natural ODE
application.

Theorem 3. Suppose that 1 < p < 2 and that W (x, E) is real-valued and
that

W
OFEJ

uniformly in E € J for j = 0,1. Suppose further that the derivatives
for 7 =2,3 satisfy

€ LP(R)

IW
OFJ

01 / Wt Bydt] = of|z — y))
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as x,y — oo uniformly in E € J. Then for almost every E € J there exist
linearly independent, bounded solutions us(z, E) of

u"(x) =W(z,E) — Eu

with WKB asymptotic behavior as x — o0.

15.3 Idea of proof of the main theorem

We rewrite the equation (—D? +V — E)u = 0 as a system

, 0 1
Y=\v-pg o0)Y
u

with y = ( o ), E > A. Applying some transformations a couple of times

: : : 1 : .
and iterating the system starting from the vector 0 ) We obtain a series

representation for one of the solutions of the original equation. This se-
ries representation immediately yields our result provided that we can show
summability of the following infinite series

> Boa(Vi, V3)s 5 (Vi, Vi) (, E) and Y Bo 1 (Vi Va)s .3 (Vi, V) (2, )

n=1

where B, is a multilinear operator. To define B, we first need to define
&(x, E) = VE — V,, then we define the kernels

i i [ Vi (1)
Si(z, B) = —— o CEE) g gy )t
1(3:7 ) 25(3:’ E) e
Sz, E) = 1 iReen-g@e
’ 4¢(x, E)?

and the corresponding integral operators

0

SNE) = [ SieB)f@de and (S:)(E) = [ Salo. B)fa)d.
0
The multilinear operators are then defined as
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(10 115 (f2, £2): ( f))(x, E)
/ / /tHl (t;) + Salty, B) f7 (t;)]dt;

where S;(t;, E) is equal to Si(t;, E) if n— j is even and to S;(t;, F) otherwise.
The main goal in the proof is then to get good estimates on these multilinear
operators.
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16 LP? estimates on the bilinear Hilbert trans-
form

after M. Lacey and C. Thiele [3]
A summary written by Maria Carmen Reguera

Abstract

We summarize the proof of the LP boundedness of the bilinear
Hilbert transform restricted to the local L? case given by M. Lacey
and C. Thiele in [3]

16.1 Introduction
The bilinear Hilbert transform, defined for f,g € S as

H(f,9)(x) = po. / f(@ + y)gle— y)‘iy—y,

was first considered by A.P. Calderén in the 60’s when studying boundedness
of Cauchy integrals along curves. He conjectured that H : L? x L? —— L,
it wasn’t until the late 90’s that this conjecture was proven by M. Lacey and
C. Thiele, see [3], [4]. Their main theorem states,

Theorem 1. Let H be the bilinear Hilbert transform, then H extends to a
bounded operator on LP* X LP? — LP for

1 1 1

—+—==- 1<p,pp<x 2/3<p<oo.

pr P2 P

In this paper we are only concerned with the case 2 < p;,ps < oo and

1 < p < 2, thisis the so called local L? case. It is significant that boundedness
of this operator is unknown for 1/2 < p < 2/3.

16.2 Time-frequency analysis: The Model Sum

The bilinear Hilbert transform satisfies the following symmetries: it is trans-
lation invariant, dilation invariant and modulation invariant. A decomposi-
tion of this operator has to be consistent with those symmetries, it is here
that the time-frequency analysis comes into play. Let us consider the tri-
linear form I'(f1, fo, f3) := (H(f1, f2), f3). Since the distribution p.’u.% is a
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combination of §y and k(t) where E(t) = 1(0,00), and the result is trivial for
09, we can reduce the problem to study boundedness for

T(f, f2)(x) = / fi( + ) fala — y)k(y)dy.

We decompose k(t) = 3", ¥x, ¥y = 27¥/2)(27%t)where v is an L? normalized
Schwartz function, ¢ supported on [1/2,2]. Moreover, heuristically at each
scale k, we have

fj = Z <fja¢s>¢s>
|IS‘:2k
where ¢,(r) = \[s|_1/2¢(%5(|[5))62“°(“’5)x, c(I,) is the center of I, and c(wy)
is the center of w,, w, an interval of lenght 27%. ¢ is again a Schwartz function
~ - 2
normalized in L?, ¢ supported in [—1/2,1/2] and such that >, |¢( — )| =
C.
Our trilinear form looks like

Z Z H<fja ¢sj><T(<Z5sl, ¢32), <Z5s3>,

k  s1,s2,83,|155]=2F j=1

actually it can be reduced further, if 55\1 is supported in wg, the supports
of ¢g and @43 are essentially localized on w, + 27% and w, + c(ws) + 2k
respectively. Moreover since ¢, are Schwartz functions highly localized on
I,, we can assume that I, = I, for all i = 1,2,3. These considerations
allow us to diagonalize the triple sum in s;, and the relationship between the
supports in frequency will lead to the use of the so called tri-tiles.

Definition 2. A collection S of rectangles s = I, X wy are called tiles if
|s|] < |s'| < 4|s| for all rectangles s, s € S, moreover 1(S) and w(S) are
grids. A collection of tiles S are called tri-tiles if each s = Iy X wg € S is a
union of three tiles s; = Iy X wgj, j = 1,2,3 satisfying that ws; Nwg = O if
i# g, foralls €S, & < & < & for all §§ € ws; and wy(S) Uws(S) Uws(S)

s a grid.

Definition 3. A collection of functions {¢s; : s € S, 1 < j < 3} are
adapted to the collection of tri-tiles S if for all s € S and all j, ||¢sj]|2 < 1
and
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1. Zf Wgj N Wy j = @ then <¢sj7 ¢S/j> =0

10
C z—c(ls)|
2. |¢sj(z)| S\/—(}—s|<1+ A ) :

By previous considerations, we can argue that the study of the trilinear
form I' can be reduced to the study of the following model sum,

fl,f2>f3 Z\/|TH f]7¢8] (1)

s€S
where S is a collection of tri-tiles.
Let S be a finite collection of tri-tiles, fi, fa, f3 € S, with || fi||,, = 1 and
1/p1+ 1/p2+ 1/p3 = 1, we want to prove

A(fis f2, f3) < AL filleod [ f2l [ Lra || fo]|rs (2)

We are actually going to consider a slightly worse operator,

s(fi fa f3) = D || 3/2H (fir bsi) 11, (). (3)
s€S =1

The L' norm of this operator is equal to the trilinear form in (1). Using

the fact that the operator £ is dilation invariant and interpolation, it is

enough to prove that for all ry,re,rs with |r; — p;] < € and all functions

fi, fa, fs € S, with || fi|]|,, = 1, there exist ¢ > 1 and a set E such that
|E| < C and

ILs(f1: fo, fs)l|Lepe) < C.

16.3 Main Lemma

We consider the following ordering of the tiles, s < s if I, C Iy and wy C ws.
We say that a collection of tri-tiles T" is a tree with top t if s < t for every
s € T. We also say that T is an i-tree if w; C wy; for every s € T'. Notice that
for any i-tree T', Iy; X ws;NIy; X wy; = 0 for all s € T, j # i. The importance
of considering i- trees comes from the similarity of the trilinear form with a
paraproduct, we have two terms with cancellation and one without it,

1/2
ST < ST (Sie0r) -

seT j=1 j#i \s€T
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The following lemma is the main result of the paper,

Lemma 4. Let S be a collection of tri-tiles and let Lg as in (3). Then there
exvist K,C >0, t>1, Sk, collection of i-trees T' for k >0, 1 <4,5 <3 and
So collection of tiles such that the following properties hold:

3
S=SulJ U Seis |U I

k>014,j=1 s€So

< K,

we have the following pointwise estimate for the Lg function,

D Lyp(x) <27 Mt VT e sy, (5)
seT

where % + % + % = % and S}, stands for the set of tops of mazximal trees in

Sk. Moreover, if we define Ny ;; = Ztes;; - 1y, to be the counting function,
EX2V

then
[N jll, < K2MHECE (6)

Remark 5. For the proof of the lemma we will use t = %minpi —n, where
n s sufficiently small. The proof of this lemma immediately gives the proof
of the main theorem. For that, we notice that r is essentially 1 and t is fived
and essentially p/2, what makes the sum in k be finite.

Next we indicate some of the ideas in the proof, for a complete proof
we refer the reader to [3]. An efficient organization of the tiles that will
allow us to exploit orthogonality is the key ingredient of this proof. Let us
consider the case i # j, the case i = j is slighty different but follows the
same philosophy. The sets Sy ; ; are collections of i-trees that satisfy upper
and lower bounds, depending on k, for

1/2
AT, f;) = (ﬁz |<fj7¢sj>|2> : (7)

This collection of trees is defined inductively in a way that would provide an
extra disjointness condition among trees, we are talking about the following,
for s,s" € S j, with some exceptions,

If Wgj C Wetj, then It N Is/ = (Z), (8)

>=
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where ¢ is the top of the tree T' that s belongs to. Collections with large
A(T, f;) will define Sy. The bound in (5) comes from the estimate for each
tree (4), the above mentioned upper bounds and a John-Nirenberg type ar-
gument. The estimate for the counting function uses the lower bounds and
extra orthogonality as defined in (8).
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17 On certain elementary trilinear operators

after Michael Christ [1]

A summary written by Prabath Silva

Abstract

Here we summarize [1], which gives both positive and negative
results on the boundedness of a trilinear operator.

17.1 Introduction

Here we consider the family of trilinear operators

3
T 8@ = [ TLAS 0 ()

slj=
where f; are locally integrable functions on R? and S; : R*? — R? are
surjective linear mappings.

We exclude degenerated cases by assuming the mappings (z,t) — (S;(z,t)
, Sj(x,t)) are invertible for 7,7 =0, 1,2, 3;4i # j where Sp(z,t) = .

There is a trivial range for T coming from Fubini’s Theorem. We have T
maps L' ® L' @ L™ to L' and L' ® L™ ® L* to L*. By using multilinear
interpolation we get that 7" maps [P @ LP ® LP to L? where 3/2 < p < 3
and 1/¢+ 1 = 1/p. When we consider the situation 1 < p < 3/2 the
interconnections between {S;},-1 2,3 come in to play.

Definition 1. Suppose {S;} is non degenerate. The collection of linear maps
S;1j=0,1,2,3 is called rationally commensurate if there exist linear auto-
morphisms h; of R such that the vector subspace of endomorphisms of R*?
generated by the Q linear combinations of{hjon : 0 < j < 3} has dimension
2 over Q.

In the one dimensional case, T" can be reduced to the canonical forms

T(f,g.h)(x) = [ f(z+t)g(z = t)h(t)dt and T(f, g, h)(x) = [ f(z +t)g(x -
t)h(x — Ot)dt. The first form is rational commensurate, and the second form
is rational commensurate if and only if # is rational.
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17.2 Main Theorem

Theorem 2. Suppose that {S;} is nondegenerate.
If {S;} is rationally commensurate, then there exist p < 3/2 such that the
trilinear operator

| TLss5tw e &)

maps LP @ LP @ LP boundedly to L, where 1 +q~* = 3p~!

If {S;} is not rationally commensurate, then for any p < 3/2, there exist
nonnegative functions f; € LP and a set E C R? of positive measure such
that T(f1, fa, f3)(x) = +o0 for all x € E.

Given p < 3/2, there exist rationally commensurate {S;}, non negative
functions f; € L?,and a set E as above, such that T(f1, f2, f3)(z) = 400 for
allz € E.

For any {S;} there exist p > 1, functions f; € LP and a set E as above,
such that T'(f1, fa, f3)(x) = 400 for all z € E.

We prove the boundedness of a larger operator (2) than 7. From this
the boundedness of T" as a map from L ® LP ® LP to L? is immediate. When
we get the boundedness for some 1 < pg < 3/2 then by interpolation we get
boundedness for py < p < 3/2, but getting the smaller such py for a given
{S;}j=1,23 is related to getting better sums difference estimates [5] as seen in
the discrete analogues section below. The last two clams in the theorem give
that for the rational commensurate case p cannot get below 1 and it can be
arbitrarily close to 3/2.

In this summery we consider the one dimension case and it can be extend
to higher dimensions [1].

17.3 Irrational case

In this case T'(f,g,h)(x) = f‘th f(x 4+ t)g(z — t)h(x — Ot)dt where 0 is
irrational. Since @ is irrational we have [3] rational approximations such that
-0 _ Bol < q%. Write N for ¢, and set § = CN~2 for sufficiently small C.

140 ., 4n n
Consider the sets

F=U_{z:|z —jp~Y < 4},
G=Ul_{z:|zr— k¢ <},
H =tz |x—ly| < Co6}, where y = (1 —6)/2p
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Set f,g,h to be the characteristic functions of sets F, F, G respectively.
Then each function has ||.||, ~ N~V/P.

When o +t ~ jp~ ! and 2 —t ~ kq™!, we have v — 0t ~ jlz;p‘9 —I—k‘%.
Taking y = (1 —0)/2p ~ (1 + 0)/2q allows us to handle pq possible values of
x — 0t by a function h with only p + ¢ bumps. We have

T(f,9, 1)@/ I lgllpl1All, 2 NG (3)

for x € Ey where Ey is a subset of a bounded set with measure bounded be-
low by constant. Having noticed that when p < 3/2 the exponent is positive,
take f = > ¢, f, and similarly for g and h. By choosing ¢, appropriately
get T'(f, g, h)(z) = 400 for a set with positive measure.

17.4 Rational case

In this case we prove boundedness of the operator (2). Here the integral is
taken over R? rather than |¢t| < 1. This operator (2) maps L?> ® L? ® L! to
L', which follows easily by changing variables and then applying Holder’s
inequality. Similarly we get the other two permutations; then using interpo-
lation we get boundedness from L3? ® L% @ L*? to L'.

By interpolation, obtaining a restricted weak type estimate A°|E| <

{|A||B||C’|}Z_g is enough get the boundedness for p < 3/2. Here A, B,C
are measurable subsets of R and F' = {z : T(xa, x5, Xc)(x) > A} . Further
it is enough to have

NTOIE| < A B O

for some § € (0,1) and 0 < ry, 79, s, since we can use estimates we get from
boundedness from L? ® L? ® L' to L'.
The rest of the proof uses a continuous version of the method used in [5].

17.5 Threshold exponent

Let 1 < p < 3/2 and 6 = r/s be a rational number. Consider the following
sets,

K
A= {Z an(rs) ™ +z:a, =0,7,2r,...,(s = 1)r;|z| <2(rs) %}
n=1
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K
B = {Z bo(rs) ™™ +z:b, =0,8,2s,...,(r—1)s;|z| <2(rs) %}
n=1

This choice allows us to get a bound for the measure of C' = r~'A 4 s~ !B
that is the same size as A and B. i.e. |A] < v % |B] < s7fand |C| <
(r + s)X(rs)~X. This gives

T'(x4, X8 X)(¥) —K42K —K+2K -K

AR BR|OT 2T T ) (4)

for # in a measurable subset of a bounded set with measure bounded
below by a constant.

Now for p < 3/2 choose r, s big enough and close to each other so that
the right hand side of (4) > («)¥, where @ > 1. Then use the method used
in the irrational case to conclude the proof.

Next fix r, s and choose p close to 1 so that the right hand side of (4) 2
(B)X, where 3 > 1. Again use the method used in the irrational case to
conclude the proof.

17.6 Discrete analogoues

In the proof of the rational case we used a continuous analogue of [5]. In this
section we look at the equivalent discrete versions of the main theorem.

Theorem 3. Suppose that (m, k), (m’, k") € Z* and no two vectors (1,0), (0, 1),
(m, k), (m', k") are linearly dependent. Then there exist p < 3/2 and K < oo,
depending only on m,k,m’, k', such that for any trosion-free Abelian group
G, for any finite subsets A, B,C C G, the multiplicity function

wu(z) = {(a,b,c) € Ax Bx C:c=m'a+kbx=ma+ kb}|

satisfies for every A >0

Zﬂ(ﬂf)q < K‘A|p/q‘3|p/q|c‘p/q
zeG
where 1+ ¢~1 =3p~!
This easily follows from first reducing to Z and then using Theorem 2 for

functions f4 = > 4[r — 1,2 4 1]. We have the following corollary which
extends the sums difference in [5] to integer combinations as seen below.
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Corollary 4. There exists 6 > 0, depending on m,k, such that for any
trosion-free Abelian group G, any positive integer N, any finite subsets A, B,C' C
G such that |A|,|B],|C| < N,

{ma + kb : (a,b,m'a +k'b) € Ax B x C} < N*7.
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18 Bilinear ergodic averages

after J. Bourgain in [1] and C. Demeter in [2]
A summary written by Betsy Stovall

Abstract

We discuss the almost sure convergence of certain bilinear averages
associated to ergodic dynamical systems.

18.1 Introduction

Let T be an ergodic transformation acting on the probability space (€2, B, ).
One of the most important theorems in ergodic theory states that, given any
h € LY(Q, 1), we have

N
1 0oy .
A}lir(lx) N T?:l h(T"w) = /Qfd,u, almost surely in €. (1)

In [1], Bourgain generalizes this theorem to cover bilinear averages by proving
the following.

Theorem 1. Let (2, B, 1) be a probability space acted on by the ergodic
transformation T. Then for any f,g € L*>(u), the averages

=3 )T ) (2)
N

converge almost surely.

The methods used in [1] generalize to the case where T and T~ in (2)
are replaced by arbitrary powers of 7.

In this summary, we will sketch the proof of Theorem 1, largely following
the outline in [2].

18.2 Step one: Transfer to a problem on the integers

The bulk of the proof of Theorem 1 involves working with functions defined
on the integers. In this section, we explain how that reduction is carried out.
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To begin, it suffices to prove the theorem in the case when ¢ is orthogonal
to the eigenfunctions of the operator g — ¢ o T~!. Under this hypothesis,
the uniform Wiener-Wintner theorem implies that

N
1 .
Nh_r)lgo ilgr) \N ngl g(T"w)e™| =0, almost surely in . (3)

The ergodic theorem also holds, and so in proving Theorem 1, it suffices to
consider those w € € such that (1) holds for certain L' functions h and (3)
also holds. With such a nice w fixed, we consider the ¢*°(Z) functions

fn) = f(T"w)  g(n) :=g(T"w).

We now define some notation relevant to the finite problem. Integers
My < N(M,) < J will be given. For each x € [—J, J], we are also given an
integer N,, My < N, < N(M,). We note that

T g(x_mm“m):/TMPAA)@M%

¥ [~ Na,Na]

where

nel,

We let
Ho(z) = | / FOVPL ()2 |
T

and note that by our assumption on w, for each d, > 0, the set

Ergsy = {z €[, J]: iulq; |Po(A)] < do}
S

satisfies |
§|EMOJ50| — 1 as M0—>OO.
With the notation as above, it is then possible to prove that Theorem 1

follows from the following theorem (which is stated in [2]).

Theorem 2. Let My < N(My) < J be integers, and let f,g be 1-bounded
functions on the interval [—2J,2J] C Z. Assume that

1
g‘EMOJ5O| >1- 50 (4>
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Then we have that

57 D Hup(w) <ed), ()

z€EMG I8,
where €(dg), which depends only on dy, tends to zero with d.

We remark here that once the transference has been carried out, further
reducing to the consideration of dyadic integers adds little extra difficulty.
Because of this we will henceforth assume that all integers are equal to powers
of two.

The transference having been completed, the main part of the proof be-
gins.

18.3 Step two: Reduction to certain cardinality bounds

In this step, we reduce the proof of (5) to a bound on the cardinality of
certain subsets of the integers.

To begin, we dyadically decompose the range of the function P,, and
consider instead functions P,s, which are supported where & < |P,| < 26

2 —_
and which satisfy
> Pu=P.

¢ dyadic

A nice (and important) fact is that this decomposition can be done in such a
way that |Pls| < |Py|. In addition, because we are only interested in integers
x € Egus,, the sum may be taken over 0 < dp.

The proof of Theorem 2 then reduces to proving that for each & < d,

e € [.7): 0s(a) = | [ FOVPLsNe N > (log )} £5°7 (6)

(to see the relevance, sum over dyadic § < ).
Of course, reducing to fixed size in this way will complicate the support
of P,s, but we will gloss over this issue in the summary.

18.4 Step three: Conditional proofs of the cardinality
bounds

The rest of the proof breaks into two parts. In this step, it is shown that if
the bound (6) holds when we exclude certain bad integers x, then the bound
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(6) holds with no restrictions. In the next section, we will describe the final
step, which is to show that the bounds do hold when we exclude certain bad
integers.

The ultimate goal of this step is to prove the following proposition from
[2].

Proposition 3. Suppose that there exists € > 0 such that whenever I C
[—J, J] is a dyadic interval and Fy C T is a A-separated set (A > 0) with
cardinality #F; < 67273, we have the bound

_ A . _
{o: 1, I, N;' < 6 P05 || L2\ (Fp-me)) < 072 L] 72, (7)
Os(z) Z (log6™") 2} S 6|1, (8)

where wo, = [—4(N,) ™1, 4(N,) ™Y under the identification of T with [—1/2,1/2].
Then (6) holds.

We want to show that bounding the cardinality of the sets in the propo-
sition lets us bound the cardinality of the set in (6). Thus the main thing is
to prove that the restriction

[P2,8 | 22T\ (Fr +wa0)) < 55/2|Ix|71/2 ©)

does not exclude too many integers x, when we take the union over all of the
possible sets F7.

Why might such a thing be true? We’ll concentrate on this in the case
when the assumption of A-separation of the set Fj is dropped. Note that
without the restriction to A-separated F, the hypothesis of the proposition
is stronger (we have to prove that something holds for more sets Fy), and so
the proposition is weaker and our job easier.

First, we discuss why it should be possible to find sets Fj(z) such that

1D2,51] L2 00\ (Fr (1) 4wm)) < 072 72

By the construction of the p, s and our assumption that they are supported
on the intervals I, we have that

pr,zSHLQ(']I‘) ~ Z ”pz,é”LQ(A-l—wz,o)a
AEF
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where F is a finite set such that |p,s| ~ d on much of A + w,o for A € F.
Thus, by removing such intervals from T, we can decrease the L? norm of
Pzs-

In order to remove the dependence of the sets F; on the integer x, some-
thing else is needed to remove bad points. This is where a time-frequency
localization comes in. In this case, the important objects are tiles I, X wy
where I, C Z and w, C T are dyadic intervals which are dual to each other
in the sense that #1I, ~ |ws|™!. These tiles have a natural partial ordering,
under which s < §" if I, C Iy and wy D wy. Thus s and s’ are comparable
if and only if I, N Iy and ws N wy both have nonempty interior. The proof
proceeds by initially working on maximal tiles (from some finite family), and
refining as needed.

18.5 Step four: Bounding a certain maximal function

Our ultimate goal is to show that the hypothesis of Proposition 3 holds,
i.e., to prove the bound (7) for I C [—J, J] a dyadic interval and F; C T a
A-separated set with cardinality #F; < §=27%.

We let the elements of F; be enumerated by A;, 1 < ¢ < L. Roughly,
condition (9) means that we only have to examine the contribution to Os(x)
coming from points A near one of the \;. We have already mentioned that
Pl is pretty small, and so for A near A;, p,s()\;) approximates p, (). The
separation of the \; allows us to apply Bernstein’s inequality, and so it is
possible to show that

Os(x) =1 D> [ fiN)pasM)e™ ag-en, (A = Ai)e™™ dA| + small errors.
MNEFT T

(10)

Here o is a C* cutoff function, ag(\) = a(RA), and f; is the restriction of
f to the interval I.

Via a bit of work, it is possible to reduce the bound for the main term in
(10) to a bound for a certain maximal function, roughly

ATISNEN|

L
Mf(z) = sup | /JE()\) Z e By (M) an (A — A)e™™ A,
T =1
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where

ﬁz,N,&()\) = ~sc,N()‘)leac,N|N5()‘)
_ 1 N i
PaN(A) = N Z g(j)e 7.
JjEDN(z)

Here, Dy(z) is the dyadic interval of length N centered at z. In particular,
the main theorem follows from the bound || M f;|eq) Sp 0"/3PLP|I| (this is
essentially the content of a theorem stated in [2]).

The proof of the bound for the maximal function can be simplified by
expressing Py ns(N) = Wy N 04N, Where w and o are constant in x on
dyadic intervals of length NV (because Dy is constant on such intervals) and
satisfy

|wa, Ny = O(1) o2 nll o) < 6.

Furthermore, it can be shown that the sets
Ay = {(wenihicicr - ATV SN S|}

can be covered by a small number of ¢2([0, L]) balls of radius 7 for any
7 > 0 (the actual bound is quantitative in 7), though the proof of this fact
is somewhat involved.
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19 On a Conjecture of E. M. Stein on the
Hilbert Transform on Vector Fields

after M. Lacey and X. Li [7]
A summary of Part I written by Po-Lam Yung

Abstract

We describe a new kind of maximal function associated to a Lip-
schitz vector field on the plane R?, and show that it is of weak type
(2,2) with a quantitative bound on its norm. We also describe a re-
lated conjecture on the LP boundedness (p < 2) of a smaller maximal
function, and verify it for vector fields that are real analytic.

19.1 Introduction

Let v be a Lipschitz unit vector field on the plane R?. The goal of the paper
of Lacey and Li is to study the truncated Hilbert transforms associated to
this vector field, namely

c dt

H, .f(x) =p.v. : flx— tv(x))7

where ¢ is a positive number. The authors attributed to E.M. Stein the
following conjecture on H, .:

Conjecture 1. There is an absolute constant K > 0 such that if ¢ =
(K||v||Lip) ", then H, . is of weak-type (2,2).

To study questions related to this conjecture, Lacey and Li introduced a
new kind of Kekeya maximal function associated to a Lipschitz unit vector
field by taking the maximal averages of a function over a suitable collection
of rectangles as follows. Given a rectangle R in the plane, let e be a unit
vector parallel to the longer side of R, and we shall think of it as a point on
the unit circle. Let L(R) and W (R) be the lengths of the longer and shorter
sides of R. The interval of uncertainty £ X (R) was defined to be the subarc
of the unit circle centered at e and of length W(R)/L(R). The set V(R) was
defined to be the set of points = in R for which v(z) lies in the interval of
uncertainty EX(R). The new Kekeya maximal function will be defined by
taking maximal averages over rectangles R for which V(R) occupies a fixed
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positive fraction of R (or in other words, where R ‘aligns well” with the given
vector field v), and where L(R) is small! . More precisely, for 0 < § < 1, the
Lipschitz Kekeya maximal function associated to v was defined by

My f(z) = / 1 (y)ldy.
Roz, |V(R 26lR] |R|

L(R)<(100]|v|Lip) ™~

Here |R| denote the Lebesgue measure of R.
One of the main results in their paper is the following:

Theorem 2. If v is a Lipschitz unit vector field on R* and § > 0, then M, s
is of weak type (2,2), with norm bounded by C5 .

Lacey and Li also studied in this paper a variant of the Lipschitz Kekeya
maximal function that averages only over rectangles of a given range of
widths. More precisely, for 0 < 0 < 1 and 0 < w < 155/|v||Lip, they de-
fined

Moguf@) = s [ )y
Rse., V(R)>alR R

w<W(R)<2w
L(R)<(100[[v|lLip) "

They conjectured that

Conjecture 3. There exists 1 < p < 2 and some finite N such that for all
Lipschitz unit vector fields v in R?, all0 < § <1 and all 0 < w < 135]|v]| Lip»
the mazimal function M, s, is of weak type (p,p) with norm at most C5~~

They verified the conjecture for a class of vector fields that includes the
real analytic ones, and proved in particular the following theorem:

Theorem 4. Let v be a real analytic unit vector field on R?. Suppose gy is
sufficiently small. Then for all0 < 6 <1 and all 0 < w < ey, My 5., 15 of
weak type (1,1) with norm bounded by Co~ (1 +logd™t).

This concludes the summary of the first part of the paper. In the second
part of the paper, Lacey and Li went on to prove the following theorem about
the truncated Hilbert transforms associated to vector fields.

Theorem 5. Assume v is a Lipschitz unit vector field on R? for which the
conclusion of the Conjecture 3 holds. Then H,. o Py maps L? to L* with
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norm < 1 whenever N > |v||p;, and e = (K|v||Lyp)~", where Py is the

Littlewood-Paley projection onto frequency |§| ~ N. Furthermore, if in ad-
dition v € C for some n > 0, then H,. maps L* to L*, with norm
< (1 +log ||v||cin)?, whenever e = (K||v||c1+n) 7.

In particular these hold for all real analytic unit vector fields v. This will
be the subject of the second talk on this paper by Kovac.

19.2 Backgrounds

The Hilbert transform associated to a unit vector field is a kind of Radon
transform, and these have been extensively studied by various authors. Other
versions of maximal functions, where the maximal averages are taken over
very thin sets or over lower dimensional submanifolds, have also been in-
vestigated in the literature. Listed below are some of the relevant earlier
papers.

1. Christ, Nagel, Wainger and Stein [3] proved the boundedness of a
general class of maximal and singular Radon transforms on L (R"),
1 < p < co. Note there they were working in the smooth setting inte-
grating over general submanifolds (not just over straight line segments),
and in this general formulation some kind of curvature conditions are

necessary (contrary to Conjecture 1).

2. Stromberg [9] proved a quantitative bound on L? for maximal functions
associated to rectangles pointing in N uniformly distributed directions
in R? while A. Cérdoba and R. Fefferman [4] proved the boundedness
of an analogous maximal function for lacunary directions on L?(R?).
Their methods relied on a covering argument. Nagel, Stein and Wainger
8] later extended the latter result to LP(R?), p > 1, using Fourier
analysis. See also Katz [5], where he proved a quantitative bound for
the maximal function associated to an arbitrary set of N directions in
R2.

3. In [9], Stromberg also obtained, as an easy consequence of the result of
his stated above, quantitative bounds of the maximal function

1
Mif@) = sp /R F()ldy

z€R, |[EX(R
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on L? in dimension 2. See also the work of Bourgain [2], where he ob-
tained quantitative bounds for an analogous Nikodym maximal func-
tion in dimensions n > 3 when 2 < p < py(n) for some 2 < py(n) < n.
The Kekeya conjecture is the conjecture that the Nikodym maximal
function maps L? to LP on R"™ with norm < 6~¢ when p > n, n > 3,
and this remains an outstanding open problem in harmonic analysis.

In view of Stromberg’s result, it is quite remarkable that the Lipschitz
Kekeya maximal function is of weak-type (2,2) as in Theorem 2, since
in the definition of the Lipschitz Kekeya maximal function rectangles
of arbitarily small eccentricity is allowed (as long as they align substan-
tially with the given vector field and are not too long).

. Katz [6] proved that discretized maximal functions associated to a Lip-
schitz vector field are of weak-type (2,2) in R? with a quantitative
bound (depending on the number N of uniformly distributed discrete
directions used to approximate the given Lipschitz vector field) that is
better than the one in [5].

. Bourgain [1] proved, among other things, the boundedness on L2 . of
the following maximal function associated to real analytic vector fields
v in R?: L g
M, .f(x) = sup —/ |f(z + tu(x))]dt.
0

o<r<a T

Here a is any sufficiently small parameter. Compare with Theorem 4.

It should be noted that the construction of the Besicovitch set in 2 dimen-
sions shows that the truncated Hilbert transform H, . cannot be of weak-type
(2,2) for vector fields that are only C* for some a < 1. Furthermore, if we
had ||Hy1l/z2—z2 < 1 for all C? vector fields v with [|v||c2 < 1, then it can be
deduced from this that Carleson’s maximal operator is bounded on L*(R).

19.3 Sketch of Proofs

There have been two main ways to prove boundedness of maximal operators.
One is by using covering lemmas (as in Cérdoba-Fefferman [4]), the other is
by using Fourier analysis (to exploit the notions of curvature using oscillatory
integrals, and orthogonality using square functions, as in Christ-Nagel-Stein-
Wainger [3]). In this paper, Lacey and Li took the former approach.

To prove Theorem 2, the key covering lemma is the following:
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Lemma 6. Let R be any finite collection of rectangles satisfying L(R) <
(100|v]| zip) ™" and V(R) > 6| R| for all R € R. Then there is a subcollection
R’ of R such that

/(Z Xr)> S67' ) IR and

ReR! ReR!

Ur

ReR

< D IR

ReR!

The proof of this lemma is long. Let’s just say in brief that the hardest
part is in choosing R’ correctly and in estimating

/(Z xp)>= > IR+ )  [pnR

ReR’ ReR/ 0, RER’, p#R

The latter involved a case-by-case analysis of the areas of pN R that appear

in the second term, and a careful estimate of their overlaps. Two maximal

functions were exploited in this connection: the ordinary maximal function

associated to squares (using the key observation of Stromberg [9]) and a

maximal function associated to a fixed set of uniformly distributed directions.
To prove Theorem 4, the following covering lemma was used instead.

Lemma 7. Let v be a real-analytic vector field. Let R be a finite col-
lection of rectangles satisfying L(R) < (100||v||ziy) ", V(R) > 6|R| and
w < W(R) < 2w for all R € R. Let s ~ logd~'. Then we can partition
R into s subcollections such that any 2 rectangles in the same subcollection,
say Ry and Ry where L(Ry) > L(Ry), satisfy either

L(RQ)E%L(Rl) or L(Ry) < 2*L(Ry).

Write this decomposition as R = Ry U---UR,. Then among each R, there
is a subcollection R, such that at any point, the rectangles in R overlap at
most < 0~ times, and

U B[ <Y IRl
ReR; RER/

In fact Bourgain [1] proved that if a vector field v in R? is real ana-
lytic, then writing w,(t) = |det [v(z),v(x + tv(x))] |, we have the following
estimate: there exists C',c¢ > 0 and a small g > 0 such that

[{t € [—e,€]: walt) < Tllwa||Lo—e,q}| < CT%
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for all z € R?, 7 € (0,1) and € € (0,&p). It was the latter geometric fact that
enters into the proof of Lemma 7, and Theorem 4 also holds for vector fields
v that satisfy this condition.
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