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Orbit equivalence superrigidity

Theorem (Popa - V, 2008)
Letn=5andl [SI(n, R) a lattice.

Any stable orbit equivalence of the linear action [R and an
arbitrary free, non-singular, a-periodic action A [(YLn) is
[—either, a conjugacy of T [ RTand A Y]

[ar, a conjugacy of I /{+1} [ RV/{x1}and A LY, (if—1 CT}

e Stable orbit equivalence of I CX"hnd A [Y1

Isomorphism A : Xo - Yo between non-negligible subsets such
that AXo nT - x) = Yo n A - A(X) a.e.

e N\ [Ys a-periodic = not induced from A1 [Y3l
with Ay <A and Yy, [Y]
= no factor Y - Yo with Y, discrete.
~—» At the end of the talk :

other actions with such orbit equivalence superrigidity.
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Cocycle superrigidity

Zimmer 1-cocycle : Suppose that A: X - Y is an orbit equivalence
of I [ Xhnd A LY 1dThen, w: T xX - A:A(g - x) = w(g,x) - AX)
is a 1-cocycle for I [X“With target group A.

Cohomology of 1-cocycles : w; [Cads if there exists p : X - A
satisfying w2(g,x) = $(g - x)w1(g, )P ()"

Cocycle superrigidity for I X Itargeting U : every 1-cocycle with
target group in U is cohomologous to a group morphism.

Theorem (Popa - V, 2008)

The following actions are cocycle superrigid with countable target
groups (and, more generally, targeting closed subgroups of U(N)).

N [RIforn=5andl [CSO(n,R) a lattice.

CAxH LMJk(R) forn=4k+ 1, CSI(n,R) a lattice and
H [CGL(k,R) an arbitrary closed subgroup.

N [Z1 CRAforn=5,T [SI(n,Z) of finite index.
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Property (T) for equiv. relations and group actions

Group I Countable measured Group action
equivalence rel. R r CCXLp)
Unitary representa- | 1-cocycle 1-cocycle
tiontt : T - U(H) c:R - UMH) w:IxX 5 UH)
w(gh,x) =

mt(gh) = t(g)m(h)

c(x,z) =c(x,y)c(y,2)

w(g,h - x)w(h,x)

Invariant vector

Invariant vector

Invariant vector

E LHI E X - H E X - H

(& =¢ E(X) =c(x,¥)&() &€(9 - x) = w(g,x)&(X)
Almost inv. vectors Almost inv. vectors Almost inv. vectors
En [HI EAF 1 En X o H, EAX)= 1] &§,: X > H, A= 1

[m(g)én — &3 O

LEA(X) —c(X,¥)&n(y)
- 0 a.e.

1 LEA(G - X) — (g, X)&n(X) [

- 0 a.e.

Property (T) : every ... with almost invariant vectors admits a
non-zero invariant vector.

4/15



Some properties of property (T)

The following results were proven by Zimmer and
Anantharaman-Delaroche.

o If I (X1 1) is probability measure preserving, then the action
has property (T) i Cthe group has.

o If I (X1l ) is a non-singular, ergodic, essentially free action,
the action has property (T) i CThe orbit equivalence relation has.

¢ If R is an ergodic, countable, measured equiv. relation on (X, 1)
and Xo [Xlis non-negl., then R has property (T) i CR|x, has.

Furman, Popa : property (T) is a measure equivalence invariant.

If N [Glis a closed normal subgroup, G [(XI 1) a non-singular
action such that N acts freely and properly, then G [X"has
property (T) i CG/N [XAN has.
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Example of a property (T) action

Let [SI(n,R) be a lattice and k < n.

The diagonal action I ["R{l x - ;< R'-has property (T) i CAl= k + 3.

k times

Proof. Write e; [CRY', the standard basis vectors and
H:={A SI0(n,R) | Aej =¢; forall i=1,...,k}.

e Identify I TR X - < Rwith I [SL(n, R)/H.
k times
e The action I [S[n, R)/H has property (T) i 1
' xH [CSLIn, R) has property (T) i 1
H [SLIn, R)/T has property (T) i 1
H has property (T).

e But, H [SI(n—k,R) CRT X, QED
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Application : property (T) and fundamental groups

Recall : the fundamental group of a ll; equivalence relation R on
(X, ) consists of the numbers p(Y)/u(2) where Ry [CHi|z.

Theorem (Popa - V, 2008)

Letn=4 and ' CSI(n,R) a lattice.

Define R as the restriction of the orbit relation of T R to a
subset of finite measure.

[—The equivalence relation R has property (T), but nevertheless
fundamental group R+.
L_The equivalence relation R cannot be realized
e as the orbit relation of a freely acting group,
e as the orbit relation of an action of a property (T) group,
(and neither can the amplifications Rt, t > 0).
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Proving cocycle superrigidity: Popa’s malleability

Definition (Popa, 2001)

The finite or infinite m.p. action ' [ (X1 ) is called malleable if
there exists a m.p. flow R Txxx satisfying
[—di; commutes with the diagonal action ' [ Xk X,
o (x,y) L} =< X,
We call the action s-malleable if there is an involution 3 on X x X :
B commutes with the diagonal action,

CPeoar=a-—=P and P(x,y) CPF =Y.

Examples.
e The Bernoulli action T [[0]11]" is s-malleable.

e When [CSI(n,R), the action T [CR'is s-malleable, through
ai(X,y) = (cos(mtt/2)x + sin(1tt/2)y, —sin(1tt/2)x + cos(mtt/2)y).
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Cocycle superrigidity for malleable actions

Theorem (Popa, 2005)

Let [ (X1l p) be s-malleable and finite measure preserving. Assume
that H [Tis a normal subgroup with the relative property (T) such
that H (X1 p) is weakly mixing.

Then, [ [XTds cocycle superrigid targeting closed subgr. of U(N).

Theorem (Popa - V, 2008)

Let [(XIp) be s-malleable and infinite measure preserving.
Assume that the diagonal action I [ X"k X has property (T) and that
the 4-fold diagonal action [ X'k X x X x X is ergodic.

Then, I [XTls cocycle superrigid targeting closed subgr. of U(N).

~~— What follows : a proof for countable target groups, in the
spirit of Furman’s proof for Popa’s theorem.
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Exploiting property (T)

Fix a non-singular action A [(Yl n) and a countable group G.
C—We may assume that n(Y) = 1.

“Denote by Z1(A [Y,1G) the set of 1-cocycles for A Y With
values in G.

CTurn ZY(A LY, G) intolﬁPolish space by putting Wn— W i Cfor
every g [CAAl we have n {x CX]J] wn(g,x) # w(g,x)} - O.

—Remember : equivalence relation on Z1(A [CY,)G) given by
cohomology.

Lemma

If A [(Yln) is an action with property (T), then the cohomology
equivalence classes are open in Z1(A [Y,1G).
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Exploiting malleability

The theorem that we want to prove

Let [ (Xl p) be s-malleable and infinite measure preserving.
Assume that the diagonal action I [ X"k X has property (T) and that
the 4-fold diagonal action I [ Xk X x X x X is ergodic.

Then, I [XTIs cocycle superrigid with countable target groups G.

Take a 1-cocycle w : I x X - G.
e Consider the diagonal action [ [ Xk X and the flow o; X7k X.
e Define a path of 1-cocycles in Z1(I [ Xk X,G):
wo(9,X,y) =w(g,x) and (g, X,y) = wo(g, at(X,y)).
By the Lemma, wo a1 : w(g,x) = d(g-x,g-y)w(g,y)p(x,y)™
Writing F(X,y,z) = d(x,y)P(y,z), we have
F(9-%9-Y,9-2) =w(g,x)F(xy,2)w(g,2)"*.
Ergodicity of I [ Xk X x X x X implies : F(X,y,z) = H(x, 2).
But then, d(x,y) = YX)p(y).
~— w follows cohomologous to a group morphism.
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Cocycle superrigidity for a few concrete actions

All cocycle superrigidity statements : arbitrary targets in U(N).

Forn=4k+1landl [SI(n,R), the action I [ R - 1< R'Hs
cocycle superrigid. k times

A general principle
If the 1-cocycle w : I x X - G is a group morphism on A <T and if

the diagonal action of A n gAg™* on X x X is ergodic for every g [T
then w is a group morphism.

The following actions are cocycle superrigid.

o [ xH [CMJk(R) forn=4k + 1, [CSI(n,R) a lattice and
H [CGL(k,R) an arbitrary closed subgroup.

e [ [Z1 [CRAforn=5,T [CSI(n,Z) of finite index.
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OE superrigidity for actions on flag manifolds

Real flag manifold X of signature (d4,...,dj,n) is the space of
flags Vi [V} [1- V) (R with dimV; = d;.

Note : PSL(n,R) [X1
P""1(R) is the real flag manifold of signature (1, n).

Theorem

Let X be the real flag manifold of signature (di, ..., d;, n) with
n=4d + 1. Let <PSL(n,R) be a lattice.

Then, I [XOs OE superrigid.

More precisely, any stable orbit equivalence of I [ X"&nd an
arbitrary non-singular, essentially free, a-periodic action A [Yis

a conjugacy of /¥ [XAF and A [Y for some subgroup X < 3.

Notations : X-is the space of oriented flags, >, [(4/27) "4cts by
changing orientations and Ii§ generated by I' and .

We havee - > - LT e and (IO - (T X

13/15



OE superrigidity for SL(n,Z) 1M

We find back a slightly more precise version of a theorem of Furman
(but only for n = 5).

Let n=5 be odd and ' < SL(n, Z) of finite index.

Any stable orbit equivalence of I [T7and an arbitrary non-singular,
essqﬂiallydj'ee, ﬁ)erictﬁlj'c action /A [Y lIs a conjugacy between
r 4a/kz [ B/kZ and A LY Ifor some k [{0,1,2,...}.

Questions : Fix a compact abelian group K and n = 3.

e Which group actions are stably orbit equivalent to SL(n,Z) [KM?

e Can one describe all cocycles for SL(n,Z) [ KM with ... targets ?

14/15



Weak relation morphisms

Definition
Let R on (X, ) and S on (Y, n) be countable, ergodic, measured
equivalence relations.

A weak morphism from R to S is a measurable map
0 : X rx1- Y™ Ylbetween non-negligible subsets such that
6 xo [Cnlyoand (B6(x), 6(y)) [CSior almost all (x,y) [(Hl|xo

A result that could very well be true

Letn=5and R = R(SL(n,Z) [ TM).

Any weak morphism from R to R(A [Y)l where A [Y 1s a free,
ergodic, nﬁ-singﬁlar qc_tfon, ﬁsmes from an embedding of
SL(n,Z) [4/kZ [ R/kZ into A Y1

or an embedding of everything mod {1} into A [ Y.

Missing ingredient : the only globally SL(n,Z) [Z1 invariant von
Neumann subalgebras of L (R") are the obvious ones.
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