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Properties of δ(G )

You can think of Γ(G ) as an analog of the set
A(G ) = {homomorphisms G → Aut(X , µ)}.
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[K.Jung]Γ(G)/(conjugationbyunitariesin∏ω
Mn×n)={pt}characterizes

amenability.
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More on δ(G )

Theorem
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.
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+
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.]
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1
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)
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if

Γ
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)
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δ(
Γ
)

=
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P
ro
o
f.

Γ(S)/(conjugation)isdiscrete.

Question.Istheconversetrue?DoesGhave(T)i�Γ(G)/(conjugation)is
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Vanishing results.

There are by now many theorems that imply that under some conditions, δ must
be 1.

In other words, Γ(G )/(conjugation by unitaries in G ) is �small�.
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δ(G ) = β
(2)
1 (G ) − β

(2)
0 (G ) + 1.

To prove the conjecture one needs:
1 δ(G ) ≤ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has many
non-cojugate �actions� in Γ(G ), then there are non-trivial cocycles)

2 δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has non-trivial
cocycles, to produce many non-conjugate �actions� in Γ(G )).

Theorem

[A
.
C
on
n
es

+
D
.S
.]

δ(
G

)
≤

d
im

L
(G

){
sp
ac
e
of

ℓ2
(G

)-
va
lu
ed

co
cy
cl
es
}

L
o
ok
s
h
ar
d
at

�
rs
t:

h
ow

d
o
es

on
e
pr
o
d
u
ce

co
cy
cl
es

fr
om

kn
ow

in
g
th
er
e
ar
e
m
an
y

el
em

en
ts

in
Γ
(S

)?
Id
e
a
:
d
im

L
(G

){
sp

a
ce

o
f
ℓ2

(G
)-
va

lu
ed

co
cy

cl
es
}
sm

a
ll
⇔

th
er
e
a
re

m
a
n
y
cy

cl
es

in
(o
rd

in
a
ry

!)
h
o
m
o
lo
g
y.

V
er
y
va
gu
el
y:

th
e
re
as
on

β
(2

)
1

(G
)
is
sm

al
l
is
th
at

th
er
e
ar
e
m
an
y
re
la
ti
on
s
am

o
n
g

ge
n
er
at
or
s
of

G
=
⇒

re
st
ri
ct
io
n
s
o
n
h
ow

m
an
y
el
em

en
ts

th
er
e
m
ay

b
e
in

Γ
(G

).
R
ea
l
pr
o
of

u
se
s:

la
rg
e
d
ev
ia
ti
on
s
u
p
p
er

b
ou
n
d
s
fo
r
ra
n
d
o
m

m
at
ri
ce
s
(B

ia
n
e,

C
ap
it
ai
n
e,

G
u
io
n
n
et
)
+

n
on
-m

ic
ro
st
at
es

fr
ee

en
tr
op
y
d
im

en
si
o
n
+

..
..
.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

7
/
1
6



δ(G ) = β
(2)
1 (G ) − β

(2)
0 (G ) + 1.

To prove the conjecture one needs:
1 δ(G ) ≤ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has many
non-cojugate �actions� in Γ(G ), then there are non-trivial cocycles)

2 δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has non-trivial
cocycles, to produce many non-conjugate �actions� in Γ(G )).

Theorem

[A
.
C
on
n
es

+
D
.S
.]

δ(
G

)
≤

d
im

L
(G

){
sp
ac
e
of

ℓ2
(G

)-
va
lu
ed

co
cy
cl
es
}

L
o
ok
s
h
ar
d
at

�
rs
t:

h
ow

d
o
es

on
e
pr
o
d
u
ce

co
cy
cl
es

fr
om

kn
ow

in
g
th
er
e
ar
e
m
an
y

el
em

en
ts

in
Γ
(S

)?
Id
e
a
:
d
im

L
(G

){
sp

a
ce

o
f
ℓ2

(G
)-
va

lu
ed

co
cy

cl
es
}
sm

a
ll
⇔

th
er
e
a
re

m
a
n
y
cy

cl
es

in
(o
rd

in
a
ry

!)
h
o
m
o
lo
g
y.

V
er
y
va
gu
el
y:

th
e
re
as
on

β
(2

)
1

(G
)
is
sm

al
l
is
th
at

th
er
e
ar
e
m
an
y
re
la
ti
on
s
am

o
n
g

ge
n
er
at
or
s
of

G
=
⇒

re
st
ri
ct
io
n
s
o
n
h
ow

m
an
y
el
em

en
ts

th
er
e
m
ay

b
e
in

Γ
(G

).
R
ea
l
pr
o
of

u
se
s:

la
rg
e
d
ev
ia
ti
on
s
u
p
p
er

b
ou
n
d
s
fo
r
ra
n
d
o
m

m
at
ri
ce
s
(B

ia
n
e,

C
ap
it
ai
n
e,

G
u
io
n
n
et
)
+

n
on
-m

ic
ro
st
at
es

fr
ee

en
tr
op
y
d
im

en
si
o
n
+

..
..
.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

7
/
1
6



δ(G ) = β
(2)
1 (G ) − β

(2)
0 (G ) + 1.

To prove the conjecture one needs:
1 δ(G ) ≤ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has many
non-cojugate �actions� in Γ(G ), then there are non-trivial cocycles)

2 δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has non-trivial
cocycles, to produce many non-conjugate �actions� in Γ(G )).

Theorem

[A
.
C
on
n
es

+
D
.S
.]

δ(
G

)
≤

d
im

L
(G

){
sp
ac
e
of

ℓ2
(G

)-
va
lu
ed

co
cy
cl
es
}

L
o
ok
s
h
ar
d
at

�
rs
t:

h
ow

d
o
es

on
e
pr
o
d
u
ce

co
cy
cl
es

fr
om

kn
ow

in
g
th
er
e
ar
e
m
an
y

el
em

en
ts

in
Γ
(S

)?
Id
e
a
:
d
im

L
(G

){
sp

a
ce

o
f
ℓ2

(G
)-
va

lu
ed

co
cy

cl
es
}
sm

a
ll
⇔

th
er
e
a
re

m
a
n
y
cy

cl
es

in
(o
rd

in
a
ry

!)
h
o
m
o
lo
g
y.

V
er
y
va
gu
el
y:

th
e
re
as
on

β
(2

)
1

(G
)
is
sm

al
l
is
th
at

th
er
e
ar
e
m
an
y
re
la
ti
on
s
am

o
n
g

ge
n
er
at
or
s
of

G
=
⇒

re
st
ri
ct
io
n
s
o
n
h
ow

m
an
y
el
em

en
ts

th
er
e
m
ay

b
e
in

Γ
(G

).
R
ea
l
pr
o
of

u
se
s:

la
rg
e
d
ev
ia
ti
on
s
u
p
p
er

b
ou
n
d
s
fo
r
ra
n
d
o
m

m
at
ri
ce
s
(B

ia
n
e,

C
ap
it
ai
n
e,

G
u
io
n
n
et
)
+

n
on
-m

ic
ro
st
at
es

fr
ee

en
tr
op
y
d
im

en
si
o
n
+

..
..
.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

7
/
1
6



δ(G ) = β
(2)
1 (G ) − β

(2)
0 (G ) + 1.

To prove the conjecture one needs:
1 δ(G ) ≤ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has many
non-cojugate �actions� in Γ(G ), then there are non-trivial cocycles)

2 δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has non-trivial
cocycles, to produce many non-conjugate �actions� in Γ(G )).

Theorem

[A
.
C
on
n
es

+
D
.S
.]

δ(
G

)
≤

d
im

L
(G

){
sp
ac
e
of

ℓ2
(G

)-
va
lu
ed

co
cy
cl
es
}

L
o
ok
s
h
ar
d
at

�
rs
t:

h
ow

d
o
es

on
e
pr
o
d
u
ce

co
cy
cl
es

fr
om

kn
ow

in
g
th
er
e
ar
e
m
an
y

el
em

en
ts

in
Γ
(S

)?
Id
e
a
:
d
im

L
(G

){
sp

a
ce

o
f
ℓ2

(G
)-
va

lu
ed

co
cy

cl
es
}
sm

a
ll
⇔

th
er
e
a
re

m
a
n
y
cy

cl
es

in
(o
rd

in
a
ry

!)
h
o
m
o
lo
g
y.

V
er
y
va
gu
el
y:

th
e
re
as
on

β
(2

)
1

(G
)
is
sm

al
l
is
th
at

th
er
e
ar
e
m
an
y
re
la
ti
on
s
am

o
n
g

ge
n
er
at
or
s
of

G
=
⇒

re
st
ri
ct
io
n
s
o
n
h
ow

m
an
y
el
em

en
ts

th
er
e
m
ay

b
e
in

Γ
(G

).
R
ea
l
pr
o
of

u
se
s:

la
rg
e
d
ev
ia
ti
on
s
u
p
p
er

b
ou
n
d
s
fo
r
ra
n
d
o
m

m
at
ri
ce
s
(B

ia
n
e,

C
ap
it
ai
n
e,

G
u
io
n
n
et
)
+

n
on
-m

ic
ro
st
at
es

fr
ee

en
tr
op
y
d
im

en
si
o
n
+

..
..
.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

7
/
1
6



δ(G ) = β
(2)
1 (G ) − β

(2)
0 (G ) + 1.

To prove the conjecture one needs:
1 δ(G ) ≤ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has many
non-cojugate �actions� in Γ(G ), then there are non-trivial cocycles)

2 δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has non-trivial
cocycles, to produce many non-conjugate �actions� in Γ(G )).

Theorem

[A
.
C
on
n
es

+
D
.S
.]

δ(
G

)
≤

d
im

L
(G

){
sp
ac
e
of

ℓ2
(G

)-
va
lu
ed

co
cy
cl
es
}

L
o
ok
s
h
ar
d
at

�
rs
t:

h
ow

d
o
es

on
e
pr
o
d
u
ce

co
cy
cl
es

fr
om

kn
ow

in
g
th
er
e
ar
e
m
an
y

el
em

en
ts

in
Γ
(S

)?
Id
e
a
:
d
im

L
(G

){
sp

a
ce

o
f
ℓ2

(G
)-
va

lu
ed

co
cy

cl
es
}
sm

a
ll
⇔

th
er
e
a
re

m
a
n
y
cy

cl
es

in
(o
rd

in
a
ry

!)
h
o
m
o
lo
g
y.

V
er
y
va
gu
el
y:

th
e
re
as
on

β
(2

)
1

(G
)
is
sm

al
l
is
th
at

th
er
e
ar
e
m
an
y
re
la
ti
on
s
am

o
n
g

ge
n
er
at
or
s
of

G
=
⇒

re
st
ri
ct
io
n
s
o
n
h
ow

m
an
y
el
em

en
ts

th
er
e
m
ay

b
e
in

Γ
(G

).
R
ea
l
pr
o
of

u
se
s:

la
rg
e
d
ev
ia
ti
on
s
u
p
p
er

b
ou
n
d
s
fo
r
ra
n
d
o
m

m
at
ri
ce
s
(B

ia
n
e,

C
ap
it
ai
n
e,

G
u
io
n
n
et
)
+

n
on
-m

ic
ro
st
at
es

fr
ee

en
tr
op
y
d
im

en
si
o
n
+

..
..
.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

7
/
1
6



δ(G ) = β
(2)
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(2)
0 (G ) + 1.

To prove the conjecture one needs:
1 δ(G ) ≤ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has many
non-cojugate �actions� in Γ(G ), then there are non-trivial cocycles)

2 δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles} (i.e., if one has non-trivial
cocycles, to produce many non-conjugate �actions� in Γ(G )).
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δ(G ) = β
(2)
1 (G ) − β

(2)
0 (G ) + 1.

On the other hand, the second direction:

δ(G ) ≥ dimL(G){space of ℓ2(G )-valued cocycles}

looks constructive/easy.
Given c : G → ℓ2(G ) construct elements in Γ(G ).

c : G → ℓ2(G ) gives rise to ∂ : CG → ℓ2(G )⊗̄ℓ2(G ).
Idea: use free stochastic calculus to �exponentiate� ∂ to a deformation in the
sense of Popa:
Let M = L(G ) and let M = M ∗ L(F∞). Then

ML2(M)M ∼= L2(M) ⊕
[
L2(M) ⊗ L2(M)

]⊕∞

Given ∂ : CG → [L2(M)⊗̄L2(M)]⊕m, hope to �nd αt : M → M ∗ L(F∞) so that

αt(X ) = X + ∂(X )t + O(t2)

Dima Shlyakhtenko (UCLA) Some appications of free stochastic calculus to II1 factors. 8 / 16
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Deformations and estimate on δ.

Let S1, . . . ,Sm be a free semicircular family in L(F∞).
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Stochastic Calculus

Main input: Brownian motion process: family of random variables B([s, t)),
t > s ≥ 0 so that B([s, t)) are Gaussian, B([s, t)) + B([t, r)) = B([s, r)) if
s < t < r and B([s, t)) is independent from B([s ′, t ′)) if [s, t) ∩ [s ′, t ′] = ∅.
Then one can write

B([0, t)) =

ˆ t

0

dBt .

Furthermore, for nice enough probability measures µ, there exists a process Xt

with the properties that:

Xt is stationary, i.e., Xt has distribution µ for all t

Xt satis�es the stochastic di�erential equation dXt = ϕ(Xt) · dBt − ζ(Xt)dt

(Note: dBt ∼ O(t1/2)).

Dima Shlyakhtenko (UCLA) Some appications of free stochastic calculus to II1 factors. 10 / 16



dXt = ϕ(Xt) · dBt − ζ(Xt)dt

Very roughly, this means that

Xt+ϵ = Xt + ϕ(Xt)B[t, t + ϵ]︸ ︷︷ ︸
O(ε1/2)

−ζ(Xt)ϵ + O(ϵ3/2)

In particular, the map
f (X ) 7→ f (Xt2)

gives rise to an isomoprhism αt : L∞(R, µ) → W ∗(Xt) ⊂ W ∗(X ,B[s, t] : s < t)
which satis�es

αt(f (X )) = f (X ) + ϕ(X )f ′(X )B([0, t2))︸ ︷︷ ︸
O(t)

+O(t2)

(i.e., it �exponentiates� the derivation ∂(f ) = ϕf ′, ∂ : polynomials → L2(R, µ)).

Dima Shlyakhtenko (UCLA) Some appications of free stochastic calculus to II1 factors. 11 / 16



Free Stochastic Di�erential Equations

Main fact: L(F∞) is generated by a family of self-adjoint elements

S⃗([0, t)) = {Sk([0, t))}nk=1 associated to intervals [0, t) ⊂ R, t ≥ 0. For all t,

S⃗([0, t)) is a free semicircular family and S⃗([0, t)) is free from

S⃗([0, t ′)) − S⃗([0, t)) if t ′ > t.

S⃗([0, t)) is the free analog of Brownian motion on Rn measured at time t.

One can write

S⃗([0, t)) =

ˆ t

0

dS⃗t

One can consider the free SDE

dX⃗t = Φ(Xt)#dS⃗t − ξ(Xt)dt

Here Φ(Xt) ∈ Mn×n(W
∗(Xt) ⊗W ∗(Xt)). For A ∈ Mn×n(W

∗(Xt) ⊗W ∗(Xt)),

A#dS⃗ =
∑

Aij#Sj , and for A = a⊗ b ∈ W ∗(Xt)⊗W ∗(Xt), A#dSj = a · dSj · b.

Dima Shlyakhtenko (UCLA) Some appications of free stochastic calculus to II1 factors. 12 / 16
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Stationary solutions.

If Xt is a stationary solution (this means that ∂tτ(f (X⃗t)) = 0 for all
non-commutative polynomials f ), then the map

αt2 : f (X⃗ ) 7→ f (X⃗t2)

extends to an isomorphism from W ∗(X⃗ ) to W ∗(Xt) ⊂ W ∗(X⃗ , S⃗([s, t)) : s < t).
Moreover,

αt(Xj) = Xj + ∂(Xj)#dS⃗t2 + O(t2).

so we can apply the estimate on δ.

Theorem

L
et

X⃗
b
e
a
se
t
of

se
lf
-a
d
jo
in
t
el
em

en
ts
.
A
ss
u
m
e
th
at

d
X⃗
t
=

Φ
(X⃗

t
)#

d
S⃗
t
−

ξ(
X
t
)d
t
h
as

a
st
at
io
n
ar
y
so
lu
ti
on

so
th
at

X⃗
0

=
X⃗
.
T
h
en

δ(
X⃗

)
≥

d
im

M
⊗̄
M

o
(i
m
ag
e
of

th
e
m
at
ri
x

Φ
(X⃗

))
.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

1
3
/
1
6



Existence of stationary solutions.

.... is a somewhat subtle problem in the non-commutative case.

The commutative case relies on equivalence between SDE and PDE + properties
of elliptic PDEs.
Not clear what happens in the non-commutative case.
Best result so far:
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Group case.

As a corollary you get:
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0
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rather than arbitrary elements of ℓ2).

Examples

F
re
e
gr
ou
p
s;
gr
ou
p
s
w
it
h

β
(2

)
1

=
0;

fr
ee

pr
o
d
u
ct
s,
�
n
it
e-
in
d
ex

ex
te
n
si
on
s/
su
b
g
ro
u
p
s,
..
..

C
an

pr
ob
ab
ly

h
an
d
le
g
ro
u
p
s
w
h
er
e

P
:
ℓ2

(G
)N

→
{v
al
u
es

of
ℓ2

co
cy
cl
es

on
ge
n
er
at
or
s}

∈
M

N
×
N

C
G

h
o
lo
m
.

T
h
er
e
is
h
op

e
to

im
pr
ov
e
th
e
an
al
ys
is
n
ee
d
ed

fo
r
ex
is
te
n
ce

of
st
at
io
n
ar
y
so
lu
ti
o
n
s.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

1
5
/
1
6



Group case.

As a corollary you get:

δ(G ) = β
(2)
1

(G ) − β
(2)
0

(G ) − 1

provided that H1(G ; ℓ2(G )) can be generated by a cocycle whose values at the
generators of G are �analytic� (i.e., are convergent non-commutative power series
rather than arbitrary elements of ℓ2).

Examples

F
re
e
gr
ou
p
s;
gr
ou
p
s
w
it
h

β
(2

)
1

=
0;

fr
ee

pr
o
d
u
ct
s,
�
n
it
e-
in
d
ex

ex
te
n
si
on
s/
su
b
g
ro
u
p
s,
..
..

C
an

pr
ob
ab
ly

h
an
d
le
g
ro
u
p
s
w
h
er
e

P
:
ℓ2

(G
)N

→
{v
al
u
es

of
ℓ2

co
cy
cl
es

on
ge
n
er
at
or
s}

∈
M

N
×
N

C
G

h
o
lo
m
.

T
h
er
e
is
h
op

e
to

im
pr
ov
e
th
e
an
al
ys
is
n
ee
d
ed

fo
r
ex
is
te
n
ce

of
st
at
io
n
ar
y
so
lu
ti
o
n
s.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

1
5
/
1
6



Group case.

As a corollary you get:

δ(G ) = β
(2)
1

(G ) − β
(2)
0

(G ) − 1

provided that H1(G ; ℓ2(G )) can be generated by a cocycle whose values at the
generators of G are �analytic� (i.e., are convergent non-commutative power series
rather than arbitrary elements of ℓ2).

Examples

F
re
e
gr
ou
p
s;
gr
ou
p
s
w
it
h

β
(2

)
1

=
0;

fr
ee

pr
o
d
u
ct
s,
�
n
it
e-
in
d
ex

ex
te
n
si
on
s/
su
b
g
ro
u
p
s,
..
..

C
an

pr
ob
ab
ly

h
an
d
le
g
ro
u
p
s
w
h
er
e

P
:
ℓ2

(G
)N

→
{v
al
u
es

of
ℓ2

co
cy
cl
es

on
ge
n
er
at
or
s}

∈
M

N
×
N

C
G

h
o
lo
m
.

T
h
er
e
is
h
op

e
to

im
pr
ov
e
th
e
an
al
ys
is
n
ee
d
ed

fo
r
ex
is
te
n
ce

of
st
at
io
n
ar
y
so
lu
ti
o
n
s.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

1
5
/
1
6



Group case.

As a corollary you get:

δ(G ) = β
(2)
1

(G ) − β
(2)
0

(G ) − 1

provided that H1(G ; ℓ2(G )) can be generated by a cocycle whose values at the
generators of G are �analytic� (i.e., are convergent non-commutative power series
rather than arbitrary elements of ℓ2).

Examples

F
re
e
gr
ou
p
s;
gr
ou
p
s
w
it
h

β
(2

)
1

=
0;

fr
ee

pr
o
d
u
ct
s,
�
n
it
e-
in
d
ex

ex
te
n
si
on
s/
su
b
g
ro
u
p
s,
..
..

C
an

pr
ob
ab
ly

h
an
d
le
g
ro
u
p
s
w
h
er
e

P
:
ℓ2

(G
)N

→
{v
al
u
es

of
ℓ2

co
cy
cl
es

on
ge
n
er
at
or
s}

∈
M

N
×
N

C
G

h
o
lo
m
.

T
h
er
e
is
h
op

e
to

im
pr
ov
e
th
e
an
al
ys
is
n
ee
d
ed

fo
r
ex
is
te
n
ce

of
st
at
io
n
ar
y
so
lu
ti
o
n
s.

D
im

a
S
h
ly
a
k
h
te
n
k
o

(U
C
L
A
)

S
o
m
e
a
p
p
ic
a
ti
o
n
s
o
f
fr
e
e
st
o
c
h
a
st
ic

c
a
lc
u
lu
s
to

II
1
fa
c
to
rs
.

1
5
/
1
6



�Deformations�

The lower estimate we get this way on δ is (with few exceptions) the best known
so far.
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