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LInessential free product decompositions

Definition (Slicing)
The slicing affiliated with an R-invariant partition HjeJ V; of the
domain D(R) is the free product decomposition

R= x R|V;.
jed

Definition (Sliding)

Let U C D(R) be a complete section of R.

A sliding of R to U consists in

— a smooth treeable subrelation T < R defined on D(R) with
fundamental domain U and in

— the corresponding free product decomposition

R =R|U*T.
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LInessential free product decompositions

Definition (Inessential Free Product Decomposition)
A free product decomposition R = ;¢ R, of a (countable)
standard p.m.p. equivalence relation on X is called inessential if
there is

H an R-invariant partition X = ngJ

in each V; a complete section U; for R| Vi s.t.

R|U; = Ry|U;

Definition (FZ Equivalence Relation)

A countable standard Borel equivalence relation R is freely
indecomposable (FT) if any free product decomposition
R=Ri*Ro*---xR;*--- is inessential.
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LInessential free product decompositions

Example

If R is treeable (for instance hyperfinite) and FZ then it is smooth.
Definition

A countable group is called measurably freely indecomposable
(MFT) if all its free p.m.p. actions are freely indecomposable
(FI).

Proposition (SOE/ME Invariance)

Being FI is an SOE invariant. Being MFZ is an ME invariant.

(obvious for OE)



Free products and Bass-Serre rigidity

LInessential free product decompositions

Theorem (Alvarez-G.)
Every non-amenable countable group T" with 3, (I") = 0 is MFZ.

For instance infinite property (T) groups (It is worth noting that
infinite Kazhdan's property (T) groups also are MFZ from
Adams-Spatzier 90), direct products of infinite groups, lattices in
SO(p, q) (p.q # 2), lattices in SU(p, q) groups with an infinite
finitely generated normal subgroup of infinite index, groups with an
infinite normal subgroup with the relative property (T),
amalgamated free products of groups with §; = 0 over an infinite
subgroup, mapping class groups,...

Theorem (Alvarez-G.)

If R is a nowhere hyperfinite p.m.p. standard equivalence relation
on (X, ) with 51(R) =0, then it is FI.
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=== Theorem (Alvarez-G.) —

Infinite countable MFT groups

- (Fi)z‘eb I = {1727 t ,TL}

- (Aj)jes, I ={1,2,--- ,m}, n,m € N*U {oo}
Two p.m.p. free stably orbit equivalent actions

Assume the restrictions a|I'; and 3|A; are ergodic, Vi, j,
THEN n = m and there is a bijection of the indices 6 : [ — J s.t.
the restrictions are SOE

Compare corollaries in [IPP05], [CHO8]
Kazhdan-like + ICC-like [loana-Peterson-Popa 2005] (F7)
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Measure Equivalence rigidity
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Theorem (Alvarez-G., ME Bass-Serre rigidity)

Infinite countable MFT groups
_(F’L')ZIEII I= {1727 ,n}
- (A)jes, J={1,2,--- ,m}, n,m € N* U {o0}

- FOI\LEFP, AOMNEFq ME w. some free groups p, q € NU {oc}

If their free products are measure equivalent,
ME
* I'yxDg ~ * A;xA
er b0 T ey
then there are two maps 0 : I — J and 0’ : J — I such that:

ME ME
F,L' ~ AG(@) and Aj ~ Fel(j)

Observe: we do not assume the index k = 1. Would we do so, we would
not get kK = 1 in the conclusion. The groups I'g, Ag do not appear in the
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Bass-Serre rigidity
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Theorem (Alvarez-G., Bass-Serre rigidity)

Assume © witnesses

w. each factor R, and R/, is 1 and aperiodic on its domain; and
w. T and T’ are treeable.
then 3 s/icings of the factors:

R= = ( |Xk)*T and R'= x ( Ryl X)) * T
peP keK( ) pEP k’eK’ (p)
and 3 bijection 6 : H K(p) — H K'(p) between index sets s.t.,
pEP pEP

vk € ]_[pep K(p), via some f[Ofy), with fi € [[R]], fé(k) e [[R].
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Playing with non-ergodicity
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Combine with Monod-Shalom's ME result for direct products.

Corollary

Assume T is either

i) a finite direct product of non-trivial free products of torsion-free
MFT groups T';, or

ii) a free product of non-trivial finite direct products of torsion free
groups I'; in the class Ciey.

IfT" is ME with A a group of the same kind, then the elementary
pieces I'; of I define the same set of ME-classes as those of A.

This contruction can be iterated by taking free products of finite
direct products of free products of finite direct products of free
products of torsion-free MFZ groups.

And similarly for ... of free products of finite direct products of ...
of free products of finite direct products of torsion free groups in
the class Cpey.
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Corollary
Assume (31 (I',)= 0, Vp.

Assume I'; l\;éE I'y (Vp#1)and 5,.(I'1) # 0,00 (for some r > 2).
If o and o/ are two SOE p.m.p. free actions of (xpcpT'p*Fy,),
then they are in fact OE and the restrictions to I'y are OE.

In particular, they have the same measure space of ergodic
components.

Example

Let 'y = Fy and I'y = F3 x F3. Consider a one-parameter family
of free p.m.p. action Ig* 'y /3 (X, 1), s.t. the restriction T
has two ergodic components of respective measures s,1 — s. The
actions a5 are mutually non-stably orbit equivalent for s € [0,1/2].
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By using [IPP05] F7 theorem:

Theorem (sample)

Let Ty, Ty be non-ME, MFT groups. Assume [3,.(I'1) # 0,00 for
some r > 1. The crossed-product Il; factors

My x M-
11;2

associated with the various ergodic relative property (T) free
p.m.p. actions Ty %y A (X, 1) are distinguished by the pairs

A C M

and in part. by the isomorphism class of the centers (Z (M), T).
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Relative property (T) and Outer automorphisms
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Theorem (Toérnquist 2006)

There is a free action of the free product #;c ' (X, p) whose
restriction to the components is conjugated with any prescribed
free action T'; ~ (X, 1)

Theorem (G.)

Every non-trivial free product of countable infinite groups *;cI';
admits uncountably many von Neumann inequivalent free ergodic
p.m.p. actions (o) S.t.

m they all have relative property (T)

m the restrictions to each factor I'; are conjugated with a
prescribed free action

m Out(R,,) = {1}

Compare Popa-Vaes: groupes of the type Fo * A
~ first examples of actions of F, w. Out(R,) = {1}, p € 2,-
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e Lemma (Replacement lemma)

Let S1, Sy be p.m.p. aperiodic countable standard equivalence
relations. For every integer p € N\ {0, 1}, there is a p.m.p.
equivalence relation on X that decomposes as a free product of

s R

where: S} % S, in such a way that there is a Borel subset Y C X
of measure % s.t. for any ¥,_1-action 3 on Y whose orbit
equivalence relation T is in free product with S1|Y x S}| Y, the
equivalence relation S := (S1,S5|Y, Tg) admits free product
decompositions:

where S3 g is orbit equivalent with Sy: S5 5 X' s,

In particular, if the F,_j-action [ has the relative property (T)...
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