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A wide variety of problems in Discrete Optimization and Integer Programming can be natu-
rally phrased in the language of Presburger Arithmetic (PA), which is the first order logic on
the integers with only additions and inequalities. Understanding the exact computational
complexity of PA is a classical topic in both logic and computer science. In this dissertation,

we give answers to several open questions in this area.

Most important in PA are the numbers of variables and inequalities involved. The main
question addressed in Part I of the dissertation is: By restricting the number of variables
and inequalities in PA, do we obtain polynomial complexity? We give a negative solution
to this, which also settles two questions by Kannan and Barvinok—Woods on Parametric
Integer Programming and Short Presburger Arithmetic, respectively. Our argument combines
elements from Number Theory and Discrete Geometry. As applications, we apply our tools
to analyze the VC-dimensions of PA formulas, as well as a variant theory, called Parametric

Presburger Arithmetic.

In Part II, we investigate the related theory of Short Generating Functions developed by
Barvinok and Woods. First, we first extend their polynomial time algorithm for enumerating
projected integer points in polytopes to the unbounded polyhedra case. Then we demon-

strate several limitations of their general theory under simple point set operations such as
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projection and union, in the sense that the lengths of the generating functions do not remain
polynomially bounded. The reasoning here parallels with Part I, and crucially exploits the

structures of PA definable sets.

In Part ITI, we present two different problems. The first one concerns an extension of PA
with scalar multiplications by algebraic irrationals. We show that it has high non-elementary
complexity far exceeding that of classical PA, even with a restricted number of variables and
inequalities. The second problem is about minimizing the number of integer points in a
polytope under translation. We show that it is NP-hard by embedding arbitrary polynomial
functions as integer point counting functions of polytopes. We derive from this a consequence

about the universality of Fhrhart quasi-polynomials.
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NOTATIONS AND TERMINOLOGY

e Weuse N={0,1,2,...},Z, ={1,2,...} and R, = {z € R: 2 > 0}.

e The first coordinate vector (1,0,...) is denoted by €.

e Half-open intervals are denoted by [a, 5), (a, (], etc.

e Variables are denoted by x,y, z, etc.; tuples/vectors of variables are denoted by x,y, z, etc.
e We write x <y if z; <y, for every ¢, and x < N if z; < N for every .

e Constant vectors are denoted by @, b, %, 7,%,7,7, 0 etc.

e We use 0 to denote both zero and the zero vector. Similarly for 1.

e Matrices are denoted by A, B, C, etc.

e The usual matrix-vector multiplication is denoted by Ax, By, C'z, etc.

e A system of linear inequalities is written in the form Ax < b.

e For € R, we denote by {{z}} the distance from x to the closest integer.

e The usual floor function is denoted by |-].

e The the vector y with coordinates y; = |z;] is denoted by y = |x].

e The /,,—norm of x is denoted by ||x||« or simply |x|.

e For two tuples x and t both of length n, we denote by t* the monomial ¢7* ... ¢%".
e Universal/existential quantifiers are denoted by V/3.

e Unspecified quantifiers are denoted by Q1, (), etc.

e Presburger expressions are denoted by &, ¥, etc.

e The symbols —, A, V denote negation, conjunction and disjunction, respectively.

e We sometimes write [§] for a disjunction (a V b), and {§} for a conjunction (a A b).
e A polyhedron is an intersection of finitely many closed half-spaces in R™.

e A polytope is a bounded polyhedron.

e Polyhedra and polytopes are denoted by P, (), R, etc.



e P + 1 denotes the translation of P by vector .

e The affine dimension of P is denoted by dim(P).

e The convex hull of several sets S, ..., Sk is denoted by conv (S, ..., Sk).

e For a bounded set S C R™, we denote by |S| the cardinality of S NZ".

e Integer lattices are denoted by L, 7 ,U, W, etc.

e A pattern, i.e., a union of some cosets of a lattice, is denoted by L,T,S,U, W, etc.
e The rank of lattice £ is denoted by rank(L).

e GF is an abbreviation for “generating function.”

e Multivariate GF's are denoted by f(t), g(t), h(t), etc.

e The support of a GF f(t) is denoted by supp(f).

e We use /(+) denotes the binary length of a number, vector, matrix, GF, or a logical formula.
e If a polyhedron @ given by a system Ax < b, its length £(Q) is £(A) + £(b).

o If a lattice £ generated by the columns in a matrix A, its length ¢(L) is ¢(A).

e When the ambient space R" is clear, we use {z; =¢§;,...,z; = £;} to denote the subspace

with specified coordinates z; = &, ..., 1; = &;.
o We write f(t) = O(g(t)) if f(t)/g(t) < c for some ¢ € R, as t — co.
o We write f(t) = Q(g(t)) if g(t) = O(f(?)).

o We write f(t) = O(g(t)) if f(t) = O(g(t)) and g(t) = O(f(?)).

o We write f(t) > g(t) or g(t) = o(f(t)) if g(t)/ f(t) = 0 as t — oc.

o We write f(t) ~ g(t) for f(t)/g(t) — 1 as t — oco.

e Ost(X) denotes the set of convergents g, with non-zero coefficients in the Ostrowski rep-

resentation of X € N.

e We write v € Ost(X) if v is a convergent with a non-zero coefficient in the Ostrowski

representation of X.



Part I

Presburger Arithmetic



CHAPTER 1

Background

The goal of this dissertation is to understand in detail the computational complexity of
Presburger Arithmetic (PA). This logic theory was started by Mojzesz Presburger in 1929,
and studied extensively later on by many other researchers, notably Skolem. Formally, PA
is the first order theory of the natural numbers with additions and the natural ordering,
denoted by PA = (N; +, =). One can show that PA is equivalent to (Z; +, <), i.e., the first
order theory on integers with addition and inequalities. The most important properties of

PA are its completeness and decidability ([Pre29]).

Example 1.1. Observe that any integer greater than 12 can be written as a non-negative

combination of 3 and 7. In PA| this simply reads Vz > 13 Jyi,y2 >0 : x = 3y; + Tys.

Note that we can always express an equality by a pair of inequalities. As a first order
theory, PA also allows arbitrarily many V and 3 quantifiers. Being decidable, PA admits a
decision algorithm to decide the truth of any sentence in it. More generally, PA has quantifier
elimination, i.e., there is an algorithm to repeatedly eliminate all quantifiers from a given
PA sentence or formula. This raised the question: How effective can such an algorithm be,

measured with respect to the input length of a PA sentence?

General Complexity
Fischer and Rabin showed in 1974 that PA has very high complexity in the general case:
Theorem 1.2 ([FRT74]). Any non-deterministic decision algorithm for PA runs in time at

least doubly exponential, i.e., Q(?QCZ), where £ is the length of the sentence ® to be decided,

and ¢ > 0 is a constant.



At the same time, a corresponding upper bound is known:

Theorem 1.3 ([Opp78|). There is a deterministic triply exponential quantifier elimination
algorithm for PA. In particular, PA sentences can be decided in deterministic time triply

dal
exponential time, i.e., 0(222 ), for some constant d > 0.

This algorithm was originally described by Cooper in [Coo72|, and its complexity later
analyzed by Oppen [Opp78|. It eliminates all quantifiers from a PA sentence/formula, at
the cost of introducing extra congruence relations of the form x = a (mod b) for a,b € Z,
which are much easier to verify. Many subsequent improvements to this algorithm were
made, notably by Reddy and Loveland |[RL78], who showed that the deterministic upper
bound drops to doubly exponential if one restricts the number of alternations in PA, i.e.,
the number of times quantifiers switch between V and 3 in a sentence. Correspondingly, a
nondeterministic exponential lower bound was shown in [Fi82] for restricted alternations

(see also [Sca8&4]).

In fact, completeness results are known for restricted alternations: For every k& > 1, the
class PAy,; of sentences with k + 1 alternating quantifier blocks is complete for the k-th
level ZEXP UTIEXP of the Weak Exponential Hierarchy [Haal4]. For the class PA;, i.e., when
quantifiers are all 3 or V, it is complete for NP U coNP [BT76]. So overall, the complexity of

PA still remains intractable even when alternations are controlled.

Restricted number of variables

As we see from above, it makes sense to reduce the complexity of PA by further restricting
the number of variables and inequalities in its sentences. In this direction, progress has been
slow. The simplest sentences in PA are those coming from Integer Programming (IP), i.e.,
when all quantifiers are 3, and the rest is a system (conjunction) of inequalities Ax < b in n

variables x € Z". In 1983, Lenstra proved a pioneer result:

Theorem 1.4 ([Len83|). Fiz the number n of variables. There is a polynomial time algorithm

to decide if IAx € 7" : Ax < U, where A € Z™*" and v € Z™ are given as input.



Hereafter, the sentence’s length is measured by the total binary length of all integer
coefficients and constants (in this case the entries of A and v). The polynomial degree of
this algorithm crucially depends on the dimension n. Geometrically, it says that given a
rational polyhedron P in fixed dimension R", an integer solution x € P can be found in
polynomial time, or we can conclude that PNZ" = &. As a consequence, Scarpellini [Sca84]
showed the system Ax < b in Theorem [[.4] can actually be replaced by a general Boolean
combination of linear inequalities in x. This means that existential PA in a fixed number of

variables is always polynomial time decidable.

In |Gra87, [Gra88], Gradel considered PA sentences with at least two alternating quanti-
fiers and a fixed number of variables. He showed that the problem of deciding such sentences
lies in the Polynomial Hierarchy (PH). He also gave, for every level in PH, such a class of sen-
tences which is complete in it. Those results were later strengthened by Schéning in [Sch97].

They can be summed up as follows:

Theorem 1.5 ([Sch97]). Let Q1,...,Qk+1 € {V,3} be k+ 1 alternating quantifiers. Then:

i) For every fivzed k > 1, PA sentences of the form:

Q11 €Z ... Qpar€Z Qruy€Z : V(ry,...,71,y)
are XX -complete if Q1 = 3, and I} -complete if @, = V.

ii) 2-variable PA sentences Jx Yy : ¥(x,y) are NP-complete; and similar VY3 sentences

are coNP-complete.

iii) 4-variable PA sentences 3z Vy 21, 20 : U(x,vy, 21, 22) are X5 -complete.

Here the input ¥ is a Boolean combination of linear inequalities in the variables it
contains. So compared to the existential case, already Vd sentences in two variables are
intractable. However, note that WU here contains both conjunctions and disjunctions of in-
equalities. If we restrict ¥ to only a system of inequalities, then an analogue of Theorem [I.4]
for V4 is in fact possible. It was a breakthrough when Kannan showed in 1990 that Para-
metric Integer Programming is polynomial in fixed dimensions:
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Theorem 1.6 ([Kan90]). Fix ny; and ny. There is a polynomial time algorithm to decide
the sentence Vx; € Z™ dx, € 7™ : Axy + Bxy <, given A € "™ B € Z"™*"™ and

veZ™ as input.

Compared to Theorem [[.4] this adds one more alternating quantifier to the sentence.
Note that the number m of inequalities is still unrestricted. The proofs of theorems [1.4]
and both rely on geometric ideas, namely the ellipsoid method. The set of integer points
in both problems lies in a polyhedron, whose convexity is of crucial importance. A natural

way to generalize Theorem was also posed by Kannan in 1992:

Question 1.7 ([Kan92]). Fix ny,n; and ns. Is there a polynomial time algorithm to decide,

given A € Z™*™ B e Zm ™ C € Z™*™ and U € Z™, whether

dx; € Z™ Vxy € 7™ dxs € 7" : Axy+ Bxo + CXg <7 ? (11)

In Chapter 2] we prove that deciding (I.1]) is NP-complete, thus giving a negative answer
to this question. For more alternating quantifiers, we also show that analogous sentences
are in fact complete for every level of PH. Thus, restricting PA sentences to systems of
inequalities does not improve their complexity beyond two alternating quantifiers. The

geometric intuition mentioned earlier with polyhedra is now completely powerless.

Restricted number of variables and inequalities

Short Presburger Arithmetic consists of the most restricted PA sentences that we will study,
whose numbers of alternations, variables and inequalities are all bounded. Woods proved in

his PhD thesis [Woo04] that:

Theorem 1.8 (Woods). Fiz ni,ny and m. Given V(xy,Xs2) a Boolean combination of at
most m inequalities in the variables x, € Z™ and X € 7™, then we can decide in polynomial
time whether ¥x; € Z™ Ix9 € 7" : V(xy,X3). Moreover, we can also count in polynomial

time the set {X1 € Z™ : Ixy € 7™ \If(xl,x2)}.

Note that this result also applies to 3V sentences via a simple negation operation. One
should compare between theorems and [[.8 In the former, the expression ¥ is a con-

junction of an arbitrary number of inequalities, whereas in the latter it could contain both
7



conjunctions and disjunctions of inequalities, though only in fixed number. One can see that
fixing m does restrict the geometric complexity of our formula quite severely. Indeed, now
the set {(x1,x2) € R™2 : U(x;,Xy) = true} is determined by at most m halfspaces, which
means it is a union of at most a constant number of polyhedral regions So one might
suspect that such short PA sentences, even with more than two alternating quantifiers, are
always polynomial time decidable. The following conjecture was our original motivation for

this dissertation:

Conjecture 1.9 (Barvinok-Woods). Fix k, ny,...,ng and m. There is a polynomial time

algorithm to decide short PA sentences of the form.:
O1x1 €Z™ ... Qpxy € L™ : \I/(Xl,...,Xk). (12)

Here Q1,...,Q € {3,V} are k alternating quantifiers, and V is a Boolean combination of

at most m linear inequalities in Xq,...,Xp.

We emphasize that the input to (L2) is just a fixed number of integer coefficients and
constants in W. Conjecture was proposed in [Woo04], Bar06b], and has remained open
since 2003. If true, it would in fact imply both theorems [I.4] and as special cases.

In Chapter 3] we disprove Conjecture by showing that short PA sentences do become
complete for every level of PH, with the first intractable case being NP-hard for k = 3.
Our proof relies on the arithmetics of continued fractions, which is rich enough to allow
embedding of classical NP-hard problems. Geometrically, we exploit the structure of the sail
of a rational cone C', which consists of the extremal integer point that lie inside C'. Such
extremal integer points are very well understood in the two dimensional case. They can
in fact be obtained directly from the continued fraction expansion of C’s slope, via a very

simple linear recursion.

For the rest of Part I (chapters @ and [Hl), we present two applications of our result in
Chapter Bl The first one concerns the VC-dimensions of PA formulas, which is certain

statistical measure of a logical formula’s expressiveness. The second one studies Parametric

!The number of such regions is at most O(m™ T"2).
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Presburger Arithmetic, which is a variant of PA that allows two sort of variables. The

implications of our result are in the negative direction for both problems.

Prerequisite

We will be using basic concepts and notations from logic and computational complexity,
such as quantifier elimination, undecidability, halting problem, polynomial time reduction,
NP-completeness, the complexity classes P, NP, #P, etc., and the polynomial hierarchy. We
refer to the standard references |[MMII| Pap94] for these. See |[AB09] for a more modern

treatment of computational complexity, and [Aal6| for a recent survey on the topic.



CHAPTER 2

Complexity of Integer Programming with alternations

In this chapter, we answer Question [L.7] in the negative: Integer Programming with three
alternating quantifiers is NP-complete, even for at most six variables. This complements
earlier results by Lenstra and Kannan, which together say that Integer Programming with
at most two alternating quantifiers can be done in polynomial time for any fixed number
of variables. As a byproduct, we show that for two polytopes P,Q C R3, counting the
projections of integer points in Q\ P under a linear map is #P-complete. This contrasts
the 2003 result by Barvinok and Woods, which allows counting in polynomial time the
projection of integer points in P and () separately. This chapter is a version of the published

paper [NP17d].

2.1. Introduction

2.1.A. Integer Programming. In a pioneer paper [Len83], Lenstra showed that Integer
Programming in a bounded dimension can be solved in polynomial time (Theorem [[L4]). The

next breakthrough, Parametric Integer Programming, was obtained by Kannan in [Kan90]:

Theorem 2.1 (Th. restated). Fiz ny and ny. Given A € Z™™, B € "™, v € Z™

and a polyhedron P C R™ | the sentence:
Vxl e PNnz™ Eng € 7" : AXl + Bxy < 7. (21)

can be decided in polynomaial time. Here P is described by another system Wx; < 7, with

W ezZm™*™ and7 € Zm™ .

Until recently, this remained the most general result in the positive direction (see [Eis10]).
10



In [Kan92|, Kannan asked if Theorem 2] can be extended to three alternating quantifiers

(Question [[7)). We give a negative answer to this, even with ny = 1,ny = 2,n3 = 3:

Theorem 2.2. Given A € Z"™*Y, B € 2%, C € Z™3, v € Z™, a segment I C R and a

rectangle J C R?, then deciding the sentence:
dr, €1 ﬂZl Vxq € JQZ2 dxs € YA . Axi+ Bxy + CXg < (22)

is an NP-complete problem. Here I = [a,b] and J = [c,d] X [e, f] with a,b,c,d, e, f € Z being
part of the input.

Let us emphasize that in both theorems 2.1l and 2.2] there is no bound on m, the number
of inequalities involved. Nevertheless, by an easy application of the Doignon-Bell-Scarf
theorem (§2.7.Al), the sentence (2] is in fact polynomial time reducible to the case with a
fixed m. The same cannot be said about (2.2]), which leaves us with the complexity of (2.2])
for a fixed m. This will become the focus of Chapter Bl

For now, recall Theorem [[L5]by Schoning, which says that deciding PA sentences with k+1
alternating quantifiers in a fixed number of variables is X /TIP-complete. For two quantifiers
V3, theorems [[L5Hi) and 2.1 point to drastically different directions. This is because PA sen-
tences in Theorem allow both conjunction and disjunction of many inequalities, whereas
Integer Programming sentences contain only conjunctions. This flexibility of PA sentences
allows very effective reductions of classical hard decision problems such as QSAT. For some
time, it remains open whether such reductions can be carried out using only conjunctions.

Our Theorem can actually be generalized to:

Theorem 2.3. Analogues of (2.2) in a fixred number of variables with k + 2 alternating
quantifiers are 3F /TIY -complete, depending on whether k is odd or even. Here the sentence

1s allowed to contain only a system of inequalities.

We refer to Theorem [2.17] for the precise statement. This result says that for a bounded
number of variables, Integer Programming requires only one extra alternation to achieve the
same complexity as PA sentences. In other words, we are trading one extra quantifier for a

sentence that contains only conjunctions of inequalities.
11



On can also consider a “hybrid” version of (2.1 and Theorem [[5Hi) with only two
alternating quantifiers 3V and two disjunctions in the sentence. In Section 2.6 we show this

is still NP-complete to decide.

2.1.B. Projections of integer points in non-convex polytopes. For polytopes of ar-
bitrary dimensions, counting the number of integer points is classically #P-complete, even
for those with 0/1 vertices. In a fixed dimension n, Barvinok famously showed this can be

done in polynomial time:
Theorem 2.4 ([Bar93]). Fiz n. Given a rational polyhedron P C R™ (possibly unbounded),
the number of integer points in P can be computed in polynomial time.

Here the polyhedron can be described either by its facets or by its vertices. This was
later generalized by Barvinok and Woods to count the number of projected integer points:
Theorem 2.5 ([BWO03]). Fiz m and n. Given a rational polytope Q C R™ and a linear map

T:7" — 7", the number of points in T(Q NZ™) can be computed in polynomial time.

For a bounded set S C R", denote by |S| the cardinality of SNZ". Also denote by E;(5)

the projection of S N Z" on the first coordinate, i.e.,
Ei(S) ={x€Z : 3z€Z" " st. (v,2) € S}.

Now consider two polytopes P C Q C R". We clearly have |Q\P| = |Q|—|P]. So the number
of integer points in the complement Q\ P can also be computed effectively by Theorem 2.4
In the spirit of Theorem 25, we can ask whether the projections of integer points in Q\P

can also be counted efficiently. We prove the following result:

Theorem 2.6. Given two polytopes P C Q C R3, computing |E1(Q\P)| is #P-complete.

In other words, it is #P-complete to compute the size of the set
Ei(Q\P) ={2€Z : 3zcZ* (v,z)cQ\P}. (2.3)

Note that the corresponding decision problem |E;(Q\P)| > 1 is equivalent to |Q\P| > 1,

and thus can be decided in polynomial time by applying Theorem 2.4l
12



The contrast between Theorem and our negative result can be explained as follows.
The proof Theorem depends on the polytopal structure of P and exploits convexity in a
crucial way. By taking the complement Q\ P, we no longer have a convex set. In other words,
we show that projection of the complement Q\P is complicated enough to allow encoding

of hard counting problems, even in R? (see also §2.7.D)).

P P

Figure 2.1: Three examples of convex polygons P, Q C R2.

Remark 2.7. To understand Theorem 2.6, consider three examples of polygons P, Q) C R?
as in Figure 2.1l Note that the sets of integer points of the vertical projections of P,(Q and
P U@ are the same in all three cases, but the sets number of integer points of the vertical

projections of Q\ P are quite different.

2.1.C. Outline of the chapter. We begin with a geometric construction of certain poly-
topes based on Fibonacci numbers (Section [2.2). In Section we use this construction to
prove Theorem 2.2] via a reduction of the GOOD SIMULTANEOUS APPROXIMATION (GSA)
problem in Number Theory, which is known to be NP-complete. The proof of Theorem
is via a reduction of QSAT (Section 2.4]). The proof of Theorem follows a similar route
via reduction of #GSA (Section [2.H). Then we show that a “hybrid” version of (2.2)) and
Theorem [[.5Hi) with only two quantifiers and two disjunctions is still NP-complete to decide
(Section 2.6). We conclude the chapter with final remarks and open problems (Section [2.7]).

2.2. Geometric constructions and properties

13



2.2.A. Fibonacci points. We consider the first 2d Fibonacci numbers:
Fo=0Fi=1F=1,...,Fy ;.
From these, we construct d integer points:
¢1 = (F1, Fo), g2 = (F3,Fy), ..., da = (Foa—1, Faq—2). (2.4)

Let
F = {¢1, .. ~>¢d} C 7> and J = [1, F2d—1] X [0, ng_g] N 72, (25)

We have F C J. Denote by C the curve consisting of d — 1 segments connecting ¢; to ¢;11

fore=1,...,1— 1.

We also define the following two polygons. Their properties will be mentioned later.

Ry = {y = (yi,12) €ER* 1 y1 > 1, yo < Foga, Y2Foa1 — y1Foa2 > 1}, (2.6)

Ry = {y ER® : yy < Fog1, Y2 >0 and yoFy — y1Foq < =2 for i = 1>--->d}- (2.7)
The following properties are straightforward from the above definitions:

(F1) The points ¢4, ..., ¢q are in convex position. The curve C connecting them is convex

(upwards). See Figure 221

(F2) Each segment (¢; ¢;11) and each triangle A; = (0 ¢; ¢;11) has no interior integer points.
This can be deduced from the facts that two consecutive Fibonaccl numbers are co-

prime, and also

FiFi+3 — E+1Fi+2 = (—1)i_1 for all ¢ Z 0.

(F3) The set of integer points in J\F can be partitioned into two parts: those lying strictly

above the convex curve C, and those lying strictly below it.

(F4) The part of J\F lying above C is exactly Ry N Z* This can be seen as follows. The

line I connecting 0 and ¢, is defined by:

Yolog_1 — y1Fr3-2 = 0.
14



So every integer point y = (y1,y2) lying above [ satisfies:

Yalog—1 — y1Fog—o > 1.

By property (F2), there are no integer points y between C and I. The other two edges
of Ry come from J. See Figure

F5) The part of J\F lying below C is exactly Ry N Z2. This can be seen as follows. The
( ying y

line connecting ¢; and ¢, is defined by

Yo b — y1 Foiy = —1.
So all integer points below that line satisfies:

YoFo —y1Fo 1 < —2.

This gives d — 1 faces for Ry, one for each 1 < ¢ < d — 1. The other two faces of Ry

come from J. See Figure 2.2

Y2 / Pa

Ry

Ry

0 ¢1- (25

Figure 2.2: The points ¢, ..., ¢q € F form a convex curve C (blue).

2.2.B. The polytopes. Given a = (ay,...,aq) € QP and € € (0,3)NQ, for each 1 < < d,

we define a polygon:

Pi={(z,w)eR® : 1<z <N, iz —e<w<ax+e} (2:8)

15



Next, for each 1 < i < d, we define a new polygon
P ={(z,¢;,w) : (z,w) € P} CR". (2.9)
Finally, we define the convex hull:
P =conv(P],...,P;}) C R (2.10)
The following properties are straightforward from the above definitions:

(P1) Each P; is a parallelogram with vertices {(1,0; +¢), (N, ;N £ ¢)}.

(P2) Each P/ is a parallelogram in R?* (i.e., a Minkowski sum of two intervals), with vertices

{(1, gbi,ai + 5), (N, ¢Z,QZN + E)}

(P3) The set of all vertices from Pj,..., P, are in convex position. Each P/ forms a 2-

dimensional face of P. This follows from (2.9) and (F1).
(P4) The polytope P has 4d vertices, which are all the vertices of P, ..., Pj.

(P5) For every vertex (x,y,w) of P, we have y = ¢; € F for some 1 < i < d. Conversely,

for every ¢; € F, we have:

{(z,w) e R*: (z,¢;,w) € P} = P

We will be using these properties in the latter sections.

2.3. Proof of Theorem

2.3.A. For convenience, will refer to the variables in (2.2)) as (z,y, z) instead of (z1, X2, X3).
By a boz in Z", we mean a set of integer points in [aq, 51] X - - - X [, 5,] for some «;, 5; € Z.
Theorem can be restated as: Given a polyhedron U C R® and two finite boxes I C Z,

J C 72, deciding the sentence

Jzel VyeJ 3zeZ® : (v,y,z2)eU (2.11)
16



is an NP-complete problem. In fact, we will prove this for a polytope U, i.e., a bounded

polyhedron.

For a vector a = (a,. .., aq) € Q% and an integer x € Z, we define

{ra = maxf{aa} (212)

where for each rational § € Q, the quantity {{5}} is defined as:

{BY = min |8 — | = min{g - 5], [] - B}.
Consider the following problem in Computational Number Theory:

GOOD SIMULTANEOUS APPROXIMATION (GSA)
Input: A rational vector a = (ay,...,aq) € Q?and N € N, ¢ € Q.
Decide: Is an integer = € [1, N] such that {{za}} <e?
Here we measure the input by the total binary lengths of the numerators and denominators

in the a;’s. Note that GSA is only non-trivial for € < 1/2. We need the following result by

Lagarias:

Theorem 2.8 (|[Lag85]). GSA is NP-complete.

Let us emphasize that in GSA, the number d is part of the input. If d is fixed instead,
then the problem can be decided in polynomial time (see [Lag85] and [GLS89, Ch. 5]). What
follows is a reduction of GSA to a sentence of the form (2.I1]). First, GSA can be expressed

as an Integer Programming problem:
dz,wy,...,wg€Z : 1<x<N, —-e<qr—w <ec. (2.13)

The inequalities on w; can be expressed as (z,w;) € P;, where P; was defined in (2.8)). Letting

I =[1, N]NZ, we see that GSA is equivalent to deciding:

drel ;\(EIwEZ:(:z,w)GP,). (2.14)

1=1
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Lemma 2.9. Let F = {¢1,..., ¢4} be as in 20) and P be as in 2I0). We have:

{za}} <e <<= VyeF JwelZ: (z,y,w)eP (2.15)

Proof. Indeed, assume {{zxa}} < e, i.e., x satisfies GSA. By ([2.14), for every i = 1,...,d,
there exists w; € Z with (z,w;) € P;. Now (P5) implies that (z, ¢;, w;) € P. Since this holds
for every ¢; € F, the RHS in (2.17)) is satisfied. For the other direction, assume the RHS
in (2.I5)) holds. Then for every ¢; € F, there exists w; € Z with (z, ¢;, w;) € P. By (P5),
we have (z,w;) € P;. By [214)), = satisfies GSA, i.e., {{za}} <e. O

By the above lemma, GSA is equivalent to:
drel VyeF JweZ:(x,y,w)e P (2.16)
Consider J from (2.5)), which contains F. We can rewrite the above sentence as:
dJrel Vyeld [(yeJ\F)V IweZ:(z,y,w)e€ Pl (2.17)

Recall the polygons R; and Ry defined in (2.6]) and (2.7). By properties (F3), (F4) and (F5),
we can rewrite y € J\F as (y € Ry) V (y € Ry). Now, we can rewrite (ZI7) as:

dzel Vyeld [(yeR)V (yER) V IweZ: (z,y,w)€P]. (2.18)

Next, define two polytopes R} and R, as follows:
R, :={(z,y,00eR*:0<2<N,yeR} CR' for i=12. (2.19)

Polytopes R} and R/, are defined in such a way so that for every x € I and y € J, we have
y € R; if and only if there exists w € Z such that (z,y,w) € R; Now, it is clear that (2.I8])

is equivalent to:

i=1

2
drel VyelJ [(\/EIwEZ:(x,y,w)ERg) V (EIwGZ:(:E,y,w)GP)

which is equivalent to:
drel VyeJ JweZ : (v,y,w)e R, UR,UP. (2.20)

The difference between (2.20) and (2.I7) is that we have three polytopes instead of just one.

1Such a w must automatically be 0 by the definition of R!.
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2.3.B. The final step is two compress three polytopes R, R, and P into one polytope.
Recall from (P4) that P has 4d vertices, which correspond to the vertices of all P; for
1 <4 < d. The vertices of R; and Ry can be computed in polynomial time from systems (2.6])
and (2.7). From there we easily get the vertices of R} and R). Since P, R} and R/, are in the
fixed dimension 4, we can write down all their facets in polynomial time using their vertices.

So we can represent:

P:{(x,y,w)€R4 s Al (z,y,w SE}
Ry = {(z,y,w) e R" : Ay(z,y,w) < by}, (2.21)
Ry = {(z,y,w) e R* : Az(x,y,w) <bs}.

Here each A; is a matrix of four columns, and A;(x,y,w) denotes matrix—vector multiplica-
tion. The above three systems all have lengths polynomial in the input ¢, N and €. Next,

we need the following lemma:

Lemma 2.10. Fiz n and r. Given r polytopes Ry, ..., R, C R"™ described by r systems
Ry ={x eR": A;x < b;},

there is a polytope U € R where { = [log,r], such that

xel| JrinzZ" = FteZ':(xt)eUnz (2.22)
=1

Furthermore, the system A(x,t) < b that describes U can be found in polynomial time, given

A;’s and b;’s as input.

Proof. Let { = [log, 7], we have 2° > r. Pick #1,...,%, € {0,1}* as r different vertices of the

f-dimensional unit cube. Define

Uy ={(x,t;) eER"™:xe R} for j=1,....r,

and

U= conv(Uy,...,U,).
In other words, we form U; by augmenting each R; with ¢ coordinates of ¢;. Since ..., ¢,
are in convex position, so are the new polytopes Uy, ..., U;. So the vertices of U are all the
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vertices of all U;. Note that for every t € conv(?y,...,,), we have t € Z if and only if t = ¢;

for some j. This implies that the only integer points in U are those in U;’s. In other words:
(x,t) eUNZ"™ <<= x€R;NZ" and t=1; forsome j=1,...,r

So we have ([2.22).

For each R;, its vertices can be computed in polynomial time from the system A;x < b;.
From these, we easily get the vertices for each U;. Thus, we can find all vertices of U in
polynomial time. Note that U is in a fixed dimension n+/, since n and r are fixed. Therefore,
we can find in polynomial time all the facets of U using those vertices. This gives us a system

A(x,t) < b of polynomial length that describes U. O

Applying the above lemma for three polytopes R}, R, and P with n = 4 and r = 3, we
find a polytope U C R*** such that:

(z,y,w) € (RI{URLUP)NZ' <= 3JtcZ':(z,y,wt)ecUnZ* (2.23)

Here we have ¢ = [log, 3] = 2, which means t € Z? and U C R°. The lemma also allows us

to find a system A(xz,y,w,t) < b that describes U, which has size polynomial in the systems

in (Z21I). Now, we can rewrite (2.20) as:

dJeel VyeJ JweZ : FIteZ® (ry,wt)cl,
which is equivalent to
Jrel VyeJ 3zeZ® : A(zx,y,z) <b.

Here z = (w,t) € Z3. The final system A(x,y,z) < b still has size polynomial in the original
input a, N and e. Therefore, the original GSA problem is equivalent to (2.11]). This implies
that (ZII) is NP-hard.

It remains to show that (2.I1]) is in NP. We argue that more general sentence (2.2]) is
also in NP. From the results in [Gra87, [Gra8s], if (2.2)) is true, there must be an x satisfying
it with logz at most polynomial in the input lengths of P, A and b. For such an x, we can
apply Theorem 2.1lto check the rest of the sentence, which has the form Vydz, in polynomial

time. This shows that deciding (2.2)) is in NP, and thus NP-complete. [
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2.4. Proof of Theorem

Recall the definition of boxes from Section 2.3l In this section, we prove:

Theorem 2.11. Fiz k > 1. Given a polytope U C R**7 and finite boves I,..., I, C Z,
J CZ?, K CZ5, then the problem of deciding:

Qe ... Qrep€ly Vyed JzeK : (xy,z) € U (2.24)

is 3F complete if k is odd, and IIY complete if k is even. Here Q1,...,Qx € {3,V} are k

alternating quantifiers with Q) = 3.

For the proof, we work with the canonical problem Q3SAT. Let ¥ a Boolean expression

of the form:
U(uy,..ow) = N v ve). (2.25)
i=1
Here each u; = (uji,...,ujy) € {true, false} is a tuple of ¢ Boolean variables, and each

a;, b;, ¢; is a literal in the set {uj, —ujs : 1 <j <k, 1 <s</{}. From ¥, we construct a

sentence:
Qiu; € {true, false}’ ... Qruy € {true, false}’ : U(uy,...,u). (2.26)

Here Q1,Qo, ..., Q) € {V,3} are k alternating quantifiers with @y = 3. The numbers ¢ and

n are part of the input.

QUANTIFIED 3-SATISFIABILITY (Q3SAT)

Input: A Boolean expression ¥ of the form (225).

Decide: The truth of the sentence (2.20)).

For clarity, we use the notation Q3SAT, to emphasize problem (2.26) for a fixed k. It is
well-known that Q3SAT, is 3F-complete k is odd and IT}-complete if k is even. We proceed

to reduce (226) to [224). In fact, by representing each Boolean string u; € {true, false}‘

as an integer z; € [0,2%), we will only need to use Iy = Iy = --- = [, = [0,2°) N Z.
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For every string u; = (uj1,...,uj) € {true, false}*, let z; € [0,2%) be the corresponding
integer in binary. In other words, ;s is true or false respectively when the s-th binary digit
of z; is 1 or 0, or equivalently, when |z;/2°7!] is odd or even. Observe that t = |z;/2°7!|
is the only integer that satisfies z;/2°71 — 1 <t < z;/2°"*. Now, each term u;s or —wu;s can

be expressed in z; as follows:

ow+1 > x;/2 1
uj, <= Iwer :
2w+1 < z;/27! (227
2.27

2w > x;/25 -1
s = Jw e :
2w S xj/QS_l

Let x = (z1,...,21) € [0,29*. Recall that each term a;, b;, ¢; in ([228) is u;s or —u;, for

some j and s. So each clause a; V b; V ¢; can be expressed in x as:

Here the three systems D;(x,w) < d;, Ei(x,w) <@, F;(x,w) < f, are of the form ([2.27).
Note that the strict inequalities in (2.27)) can be sharpened without losing any integer solu-
tions (see Remark 2.14]). We define the polytopes:

Ki = {(Xaw) S Rk+1 DXy, TR W E [0a2£)a Di(xaw) S az}
Li = {(X,U)) < Rk+1 DXy, TR W E [0726)7 Ei(wi) < Ei}a
Mi:{(xaw)eRk+l : zla-'-azkawe[OaQZ)a E(X,UJ)STZ}

So the RHS in (Z.28) can be rewritten as:
dweZ : (X,U)) € K;UL; UM,.

Let [} = I, = -+ = I, = [0,2°) N Z, we see that ([2.26) is equivalent to:

Quuiel, ... Quan€ly - /\(EIwEZ:(x,w)eKiULiUMi) (2.29)

i=1
For each 4, we apply Lemma 210 (with n = k+1, r = 3) to the polytopes K;, L;, M; C RFL.
This gives us another polytope G; C R*¥*3 that satisfies:

(x,w) € K;UL;UM; <= 3veZ®: (x,w,v)edqG;
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Substituting this into (2:29), we have an equivalent sentence:
Qiziel, ... Quuipcl, /\ <3w cZ® : (x,w) € Gi>, (2.30)
i=1

where w = (w,v) € Z3, and each G; C RF+3,

Notice that apart from the quantifiers Q, ..., Q, [230) is a direct analogue of (2.14)),
with G; playing the role of P; and (x, w) in place of (z,w). The proof now proceeds similarly
to the rest of Section 23] after (2Z.14]). Along the proof, we need to define G; and G in similar
manners to (2.9) and (2.I0). The variable y € Z? is again needed to define G}. F and J
from (Z.H) are reused without change. This gives us G}, G C R*">. At the end of the proof,
we also need to apply Lemma 2.101 one more time to produce a single polytope U, just like
in (2.23). The dimension 4 in (2.23)) is now k£ + 5. As a result, the final polytope U has
dimension k + 7. In the final form ([2.24)), we will have x € Z¥,y € Z? and z = (w,t) € Z°.

We have converted (2.20]) to an equivalent sentence (2.24]) with polynomial size. This
shows that (2.24) is XF /II -hard. For each tuple x = (x1,...,2;), we can check in poly-
nomial time whether Vy € J 3z € K : A(x,y,z) < b by applying Theorem 2.1l This
shows the membership of ([224) in XF /ITY. We conclude that ([224) is XF /TIF-complete,

depending on the parity of k.

2.5. Proof of Theorem (2.6l

2.5.A. Now we prove Theorem 2.6l We use the same construction as in the proof of
Theorem Recall the definition of {{za}} from Section 231 We reduce the following
counting problem to a problem of the form (2Z3)):

#GOOD SIMULTANEOUS APPROXIMATIONS (#GSA)

Input: A rational vector a = (ay,...,aq) € Q?and N € N, ¢ € Q.

Output: The number of integers x € [1, N| that satisfy {{ra}} <e.

The argument in [Lag83] is based on a parsimonious reduction. Namely, it gives a

bijection between solutions for #GSA and the following problem:
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#WEAK PARTITIONS

Input: An integer vector @ = (ay,...,ay) € Z°.

Output: The number of y € {—1,0,1}¢ for which @ -y = 0.

It is well known and easy to see that #WEAK PARTITIONS is #P-complete. The de-

cision version WEAK PARTITION was earlier shown by [vEB8I|] to be NP-complete with a

parsimonious reduction from KNAPSACK. Together with Lagarias’s reduction, we conclude:

Theorem 2.12. #GSA is #P-complete.

2.5.B. Now we proceed with the reduction of #GSA to (2.3)).

Just like the decision version, #GSA is only non-trivial for ¢ < 1/2. Define:
Qi={(z,w)eR® : 1<z<N, mrt+e<w<oz—e+1}. (2.31)
Let I =[1, N]NZ. We have:

Observation 2.13. An z € [ satisfies {{za}} < ¢ if and only if for every 1 < i < d, there

is no w € Z such that (z,w) € Q;.

Indeed, consider # € I. By (213), we have {{za}} < ¢ if and only if for each i, there
exists w; € Z with w; € [ayx — €, 042 + €|. This interval of length 2¢ is contained in
la;x — e, c;x — e+ 1). The latter is a half-open unit interval, which always contains a unique
integer w;. So w; € [z — e,z + €] if and only if w; ¢ (a;x + &, — e + 1). In other
words, for each 1 < ¢ < d, there should be no w € Z with (x,w) € @Q;. The converse is also

straightforward.

Remark 2.14. Note that each ); has two open edges. They can actually sharpened without
affecting the integer points in @);. Indeed, we can multiply each inequality with the denom-
inators in «; and e, which have polynomial length. Each resulting inequality is of the form
a < b, with a and b having integer values. This is equivalent to a < b — 1. Therefore, we can

replace ; with a (smaller) closed parallelogram containing the same integer points.
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By the above observation, #GSA asks for:
N—#{xé[:ﬂlgz’gd Jwez (:)s,w)EQi}. (2.32)

We convert the union of Q; into a complement V\U of two polytopes U,V C R3.

2.5.C. Let T'=1+4 N max; o;. Pick d integers 0 < m; < mg < --- < myg so that

mi—1 + Miyp1

5 +2T <m; for 2<i<d-1. (2.33)

We embed each parallelogram @; into R? as
Ri={(z,y,w) €R® : (w,w—m;) € Qs, y=1i}. (2.34)

In other words, we translate (); by m; in the direction w, and embed it into the plane y =i

inside R? (see Figure 2.3). The following is obvious:

Observation 2.15. For each z € I and 1 < i < d, there exists w € Z with (z,w) € Q; if

and only if there exists (y,w) € Z* with (z,y,w) € R;.

Denote by A;, B;, C; and D; the vertices of R;. Let K; = (N,4,0) and L; = (1,4,0) for
each 1 < i < d. Define:
U=conv{4;, B, K; L; : 1<i<d} CR%

(2.35)
V =conv{C;, D;, K;, L; : 1 <i<d} CR’

s
4?J
S A,
Y W/

III / _________________ Rd

A T
K .
g
(o R,

w

Figure 2.3: The parallelograms R;.
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Since conv(A;, B;, K;, L;) C conv(C;, D;, K;, L;) for each 1 < i < d, we have U C V. It is
also clear that:
R; = conv(Cy, Dy, K;, L;)\conv(A;, By, K;, L;). (2.36)
Denote by {y =i} the plane y = 1.
Observation 2.16. We have (U N {y = i}) = conv(4;, B;, K;, L;). Similarly, we have

(V N{y = Z}) = conv(Cy, Dy, K, L;).

Indeed, from (235)), it is clear that conv(A;, B;, K;, L;) lies in both U and the plane y = 1.
On the other hand, if (x,i,w) € U, it must be a convex combination of A;, B;, K, L; for

1 < j < d. First, assume that
(z,i,w) € conv{A;, B;, K;,L; : j #i}. (2.37)

From (2.31]) and (2:34]), the w-coordinates of A;, B;, C;, D; are within the range [m;, m;+T].
For K; and L;, their w-coordinates are 0. Therefore, by the convexity condition (2.33)), any
point (z,y,w) as in (2.37) must have w < m; — T < m;. This implies that (z,i,w) €

COHV{A,', B;, K;, Li}, because the w-coordinates of A; and B; are at least m;. So we have
conv{A;, B;,K;,L; : j #i} N{y =i} C conv{A;, B;, K;,L; }.
Adding A;, B;,C; and D; to the LHS, we have
conv{Aj,Bj,Kj, Li:1<;< d} N{y=i} = conv{Ai, B;, Ki,Li}.
This proves the observation for U. The same argument works for V.
By Observation 2.16] for (z,y,w) € Z3, we have (x,y,2) € V\U if and only if
(x,y,w) € conv(C;, Dy, K;, L;)\conv(A;, B;, K;, L;)
for some 1 < i < d. Combined with (2Z30) and Observation 215, for every = € I, we have:
Iy, w) € Z® (z,y,w) e V\Q <= 3IN<i<d JweZ (r,w)eEQ;.
From (2.32), we conclude that #GSA is exactly:
N — #{:c el : 3y2) €2 (v,yw)e V\U} = N — [E,(V\U).

Let P =U,Q =V we have Theorem 2.6
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2.6. Another hard decision problem

Our construction with Fibonacci points also yields the following completeness result with

only two quantifiers:

Theorem 2.17. Given three polytopes Uy, Us,Us C R* and two bozes I C Z,K C Z3,

deciding the sentence:
drel Vze K : (SL’,Z) ce U, UU, U U3 (238)

1s NP-complete.

In Theorem [[L5Hi), we needed many conjunctions and disjunctions in the expression W
for NP-completeness. Here, the condition (z,z) € U; UUs U Us is a disjunction of only three
linear systems in four variables z, z1, 22, z3. So in this perspective, Theorem 217 can be

viewed as an intermediate result between theorems [[LEHi) and 211

Proof of Theorem[2.17. We again find a reduction of GSA. Let T'= 1+ N max; c;. Recall
P; from (2.8). For every 1 < i < d, define two new polygons:

Li={(z,w)eR? : 1<2 <N, -1<w<ax+e—1},
M;={(z,w) €R? : 1<z <N, aqx—e<w<T}
Observation 2.18. For every x € [1, N] and 1 < i < d, we have:
JweZ: (z,w)elP <<= VNYwel[-1,TINZ : (z,w)e L;UM,. (2.39)
Indeed, by ([2.8), we have Jw € Z : (z,w) € P; if and only if [ayx — €, a;x + €] contains
an integer point w. Also notice that [z — ¢,z + €] C (jz + e — 1, a;x + €] and
[—1,T] = [—1,062'.1’ +e&— 1] (] (Oéil'—'—g — 1,0@25“"6] LJ (Oéil' +€,T].

Since (a;x + ¢ — 1, a;x + €] is a half-open unit interval, it contains a unique integer point w.
So w lies in [z — &, aux + ] if and only if
-1, TINZ = ([-l,az+e—1] U [z — e, sz + €] U (yz+¢,T))NZ

= ([Fl,uz+e—1] U [z —e,T]) N Z.
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This last condition is exactly the RHS in (2:39).

Recall the Fibonacci points F = {¢1,...,¢q}. We construct L, M| similarly to (2.9)

and L, M similarly to (2.10]) using the same Fibonacci points. As a direct analogy to (2.16]),

GSA is equivalent to:

drel VyeF VYwel|-1,TINZ : (z,y,w)eLUM. (2.40)

Recall J from ([25). Let K = J x ([~1,T]NZ), which is a box in Z?. Let z = (y,w) € K.
Also recall Ry and Ry from (2.6]) and (2.7). Define

Ulz[l,N]XR1X[—1,T], UQICOHV([LN]XRQX[—LT], L), U3:M
From properties (F3)—(F5), it is not hard to see that (240) is equivalent to:
drel Vze K : (x,z) €U UUyUUs.

This completes the proof. O

2.7. Final remarks

2.7.A. It isin fact sufficient to prove Theorem 2.1l for the case when m, m’ are also bounded.
In the system Ax; + Bxy; < 7, we view x; € Z" as the parameters and x, € Z™ as the
variables to be solved for. For a fixed ny and m > 2"2, the Doignon—Bell-Scarf theorem
[Sch86l §16.5] implies that the system Ax; + Bxy < ¥ is solvable in x5 € Z" if and only if
every subsystem A'x; + B'xy < ¥ is solvable in xo € Z™. Here (A’, B';v’) is a subsystem

with 2"2 rows taken from (A, B,7). In other words, for each x; € Z™, we have:

Ixy € 7™ Axi+ Bxy < T = A (3x2 €7 Ax + B'xy < v/).
(A/,Bl,ﬂl)

The total number of subsystems (A’, B',7') is (2”:2), which is clearly polynomial in m.

Note that the conjunction over all subsystems (A’, B',7") commutes with the universal
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quantifier Vx;. Therefore:
Vx; € PNZ™ dxy € Z™ Ax;+ Bxy < T

= A (wePnzh 3xpez” Axi+Bx < 7).
(A", B'7)
Thus, it is equivalent to check each of the smaller subproblems, each of which has m = 22,
Recall that the number of facets in P is m/, which can still be large. However, given the

system Wx; <7 describing P, we can triangulate P into to a union of simplices PyU- - -U P.

Since the dimension n; is bounded, such a triangulation can be found in polynomial time

(see e.g. [DRS10]). Now for each subsystem (A’, B',7"), we have:

Vx; € PNZ™ Ixy€Z™ A'x; +B'xy < ¥
k

— A (le EPNZ" Ix, €7 A'xy+ B'xy < @').
=1

Each simplex P; C R™ has n; + 1 facets. Now each subsentence in the RHS has m = 2™
and m’ = n; + 1, both of which are fixed. Note that the total number of subsentences is still

polynomial, so it suffices to check each of them individually.

For three quantifiers 3x; Vx, dxj3, this argument breaks down because the existential

quantifier 3x; no longer commutes with a long conjunction.

2.7.B. The GSA Problem plays an important role in both Number Theory and Integer
Programming, especially in connection to lattice reduction algorithms (see e.g. [GLS89]).
Let us mention that via a chain of parsimonious reductions one can show that #GSA is
also hard to approximate (cf. [ER09]). Note also that GSA has been recently used in a

somewhat related geometric context in [EHI12].

2.7.C. By Lemma 210 we easily get the first part of the following result:

Proposition 2.19. Every set S = {p,,...,D,} C Z?* is a projection of integer points of some

convez polytope P C R?*4, where d < [logyr]. Moreover, the bound d < [log, 1] is tight.

Proof of tightness. Consider a set S = {py,...,p,} of integer points in convex position and

with even coordinates. Assume there is a polytope P C R** with ¢ < [log,r] so that S
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is exactly the projection of P N Z?* on Z2. Then there are integer points q,,...,q, € Z*
so that (p;,q;) € P. Since r > 2°, by the pigeonhole principle, we have g, — q; € 27¢ for
some 7 # j. Then the midpoint of (p;,q;) and (p;,q;) is an integer point in 7>, which also
lies in P by convexity. The projection of this midpoint on Z* is (p; + P,)/2, which must lie
in S. However, the points in S are in convex positions and thus contain no midpoints, a

contradiction. O

2.7.D. Let us give another motivation behind Theorem and put it into context of our
other works. In this chapter, we bypass the short generating functions (short GFs) technology
developed by Barvinok and Woods to prove theorems 2.4 and (see Chapter [f)). Note,
however, that for X = Q\P as in the theorem, the corresponding short GF fx(t) is simply
the difference fo(t) — fp(t), which can still be computed in polynomial time. Thus, if one
could efficiently present the projection of fx(t) on Z as a short GF of polynomial size, then
one would be able to compute |E;(Q\P)|, a contradiction. In other words, Theorem
is an extension of a result of Woods, which shows that computing projecting short GF's is
NP-hard (see Theorem [7.23)). It is also an effective but weaker version of our main result in
Chapter [1, which deals with the size of short GF's of the projections rather than complexity

of their computation.

2.7.E. Dimension 3 in Theorem is optimal. Indeed, assume P,Q C R2%. Then one can
decompose Q\P = Ry U---U R,., where each R; is a polygon, so that the projection E;(R;)
onto the z-axis of each R; intersects at most one other E;(R;). This can easily be done
by drawing vertical lines through vertices of P, which together with OP will divide Q\P
into Ry, ..., R,. By Theorem (see also Theorem [6.14]), we can find a generating function
gi(t) for each E;(R;) in polynomial time. From Theorem [7.14] the union g(t) of all g;(t) can
also be found in polynomial time, because each of them intersects at most one another in

support. Evaluating g(1), we get the count for |E;(Q\P)|.
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CHAPTER 3

Complexity of short Presburger Arithmetic

In this chapter, we answer Conjecture in the negative: Deciding short Presburger sen-
tences with k+2 alternating quantifiers is 3F /TIf -complete. Counting versions and restricted
system of inequalities are also analyzed. Applications are given for two natural problems
in Integer Optimization. As a byproduct of our proof, we are also able to sharpen the
dimensions in Theorem by Schoning to best possible. We also discuss about the valid-
ity of Kannan’s Partition Theorem at the end. This chapter is a version of the published

paper [NP17h].

3.1. Introduction

3.1.A. Statements of results. To repeat the definition, for every fixed m, k,nq,...,n,

we consider short Presburger sentences:

dxy € Z™ Vxo € Z™ ... V/3Ixy, € Z™ (ID(xl, . ,xk), (Short-PAy)
where ®(xy,...,X;) is a Boolean combination of at most m linear inequalities in the form:
k  n;
2D @iy < b,
i=1 j=1

Here, the coefficients a;; and constant term b are integers. In other words, everything is fixed
in (Short-PAg]), except for the input a;; and b in each inequality, encoded in binary. We also
call the quantifier-free ®(x1,...,xy) a short Presburger expression. Hereafter, we will simply

write 3x; instead of dx; € Z™, and similarly for Vx;.

Recall Theorem [I.8 which says that short PA sentences with & < 2 can be decided and
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counted efficiently. For k = 3 alternating quantifiers, we have the first hard instance:
Ix; Vxe Ixz @ D(xq, X2, X3). (Short-PAj)
The corresponding counting problem is:
#{Xl : Vxo dxg P(x1,X9,X3) } (#Short-PAs3)

Theorem 3.1. Deciding is NP-complete, even for ® with at most 10 inequalities
in 5 variables v1 € 7, xo € 72, x3 € Z2. Similarly, computing (#EShort-PA3)) is #P-complete.

For restricted systems of inequalities, we consider:

dx1 € R Vx, €@ dxz Ax; + Bxy, + Cx3 < b, (GIP)

where R and () are two given polyhedra, described by facets. Here x; and x5 are restricted

to integer points in R and @), respectively. The corresponding counting problem is:
#{Xl ER : Vxo€@Q dx3 Axy + Bxy + Ux3 < E} (#GIP)

Theorem 3.2. i) Deciding (GIP) is NP-complete, even when z, € Z, xo € 7Z?, x3 € 75,
the system Az + Bxy + Cx3 < b has at most 24 inequalities, R is an interval and Q is a

triangle. Similarly, computing (#GID)) in this case is #P-complete.

ii) The same conclusions hold when x3 € 73, but the system Axy + Bxy + Cx3 < b has

at most 8400 inequalities.

Note that Theorem [B.2]is substantially strengthen Theorem 2.2, because this earlier result
imposed no bound on the length m of the linear system. So in the language of Chapter 2, our
new results say that at the level of three quantifiers, both Integer Programming and short
Presburger Arithmetic quickly saturate to the same level of complexity. As one can expect,

we need very different techniques compared to Chapter [2lin order to prove these statements.

The decision part of Theorem [B.I] can naturally be generalized to short Presburger sen-

tences of more than three quantifiers:
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Theorem 3.3 (Main result). Fiz k > 1. Let Q,...,Qri2 € {V,3} be k + 2 alternating

quantifiers with ()1 = 3. Deciding short Presburger sentences of the form

Qo oo Qrzr Qui1Zitr QrioZrrs © P(21, ..., 2k, Zig1, Zito)

is 3P -complete. Here the short Presburger expression ® contains at most 10 inequalities in
k + 4 variables 2y, ...,z € Z and zy41, Zpo € Z2. Similarly, when Qi =V, deciding short

Presburger sentences as above is I, -complete.

3.1.B. Proof features. The proof of the above results uses a chain of reductions. We
start with the AP-COVER problem on covering intervals with arithmetic progressions. This
problem is NP-compete by a result of Stockmeyer and Meyer [SM73] (see Section B.8]). The
arithmetic progressions are encoded via continued fractions by a single rational number p/q.
We use the plane geometry of continued fractions and “lift” the construction to a Boolean
combination of polyhedra in dimension 5, proving Theorem B.I. We then further lift the
construction to convex polytopes Q; C R? and Q, C RS, which give proofs of the two parts in
Theorem While both constructions are explicit, the first construction gives a description
of ()1 by its 24 facets, while the second gives a description of () by its 40 vertices; the bound
of 8400 facets then comes from McMullen’s Upper bound theorem (Theorem B.I1]). Finally,

we generalize the problem AP-COVER and the chain of reductions to £ > 3 quantifiers.

3.1.C. Applications. The first application of our construction is the following hardness

result on the bilevel optimization of a quadratic function over integer points in a polytope.

Theorem 3.4. Given a rational interval J C R, a rational polytope W C R® and a quadratic

rational polynomial h : R® — R, computing:

max min h(z, w) (3.1)
2€JNZ  weWnZs

1s NP-hard. This holds even when W has at most 18 facets.

The second application is to the hardness of the Pareto optima. Assume we are given

polytope Q C R"™, and k functions fi,..., fr : R® — R restricted to the domain @) N Z".
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For a point x € @ NZ", the corresponding outcome vector y = (f1(x),..., fr(x)) is called
a Pareto minimum, if there is no other point X € Q NZ" and y = (f1(X),..., fr(X)), such
that y < y coordinate-wise and y # y. The goal is to minimize the value of an objective

function g : R¥ — R over all Pareto minima y of (f1,..., fx) on Q.

Theorem 3.5. Given a rational polytope Q@ C RS, two rational linear functions fi, fo :
RS — R, a rational quadratic polynomial f3 : R® — R, and rational linear objective function
g : R® = R, computing the minimum of g over the Pareto minima of (fi, f2, f3) on Q is
NP-hard. Moreover, the corresponding 1/2-approximation problem is also NP-hard. This

holds even when @ has at most 38 facets.

Here by e-approximation we mean approximating up to a multiplicative factor of . Both
theoremsB.4land B.Hstill hold if the polytopes are described by their vertices instead of facets.
We prove these results in Section 3.7 See also §3.10.F and §3.10.Gl for some background and

open problems.

As another byproduct of main argument, we can also optimize all the dimensions in

Theorem to best possible (all equal to 1). This is done in Corollary 317

3.1.D. Kannan’s Partition Theorem. In [Kan90], Kannan introduced the technology of
test sets for an efficient solution of Parametric Integer Programming (PIP) (Theorem [B.18).
In that paper, he also gave the technical Kannan’s Partition Theorem (KPT). This result
claims that one can find in polynomial time a partition of the k-dimensional parameter space

P in PIP into polynomially many rational partially open polyhedra:
P=PURU...UPF, (3.2)

so that only a bounded number of tests need to be performed (see §3.9.Al for a precise
statement of KPT).

In another earlier work [NP17¢], we showed that KPT if valid would imply a polynomial

time decision algorithm for for every k, and in particular (GIP)). This apparently
contradicts our negative results in theorems B.1] B2 and B.3] which strongly suggests that

34



KPT may actually be erroneous. In fact, at the time of writing [NP17e|, the prevailing view
was that should always be in P (Conjecture[[.9]). Now that we can show hardness
of (Short-PAj|), our techniques here can be combined with some arguments in [NP17€] to

obtain the following quantitative result, which strongly contradicts KPT:

Theorem 3.6. Fiz m,n and let k = 1. Let £ be the total binary length of the matriz
A € 72" in KPT. Then for the number r of pieces in Kannan’s partition (o), we must

have r > exp(el) for some constant € = £(n,m) > 0.

Here k = 1 refers to the dimension of the parameter space W in (3.24)). By this, we can
conclude that no polynomial size partition (3.2)) exists as claimed by KPT. See Section
for a detailed presentation of Theorem and its implications, §3.10.A] for our point of view
on the matter, and §3.10.Bl for the gap in the original proof of KPT.

3.2. Basic properties of finite continued fractions

Every rational number o > 1 can be written in the form:

1
a = [ag; ay, ..., an] = ag+——r,
1
ay + ———
. 1
S
Qn,
where aq,...,a, € Z,. If a, > 1, we have another representation:
1
a = lag; a1y ...y a0, — 1, 1] = ag+
1
ay +
1
"
1
anp — 1)+ =
(00— 1)+ 5
On the other hand, if a,, = 1, then we also have:
o = [CLQ; A1y o ooy Ap_1, 1] = [CLQ; al, ..., Qp—1 —I—l]
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It is well known that any rational o > 1 can be written as a continued fraction as above
in exactly two ways (see e.g. [Karl3 [Khi64]), one with an odd number of terms and the

other one with an even number of terms.

If a continued fraction [ag; a1, ..., a,] evaluates to a rational value p/q, we identify it

with the integer point (g, p). We write:
(¢,p) < laos a1, ..., an].
From now on, we will only consider continued fractions with an odd number of terms:
a = lag; a1, ..., Ggpml.
To facilitate later computations, we will relabel these 2m + 1 terms as:
a = [ag; b, a1, by, ..., Gme1, bn—1, Q).

The convergents of o are 2-dimensional integer vectors, defined as:

Co=(1,0), Dy = (0,1),
Ci=a;i_1D;_1+Cs_q, fori=1,...,m+1, (3.3)

D;=b_1C;+D;_1, fori=1,...,m.
We call Cy, Dy, ...,Cp, Dy, Criq the convergents for a. If C; = (¢, p;) and D; = (s;,7;)

then we have the properties:

P1) po=0,q9=1,179=1, 5= 0.

P2) p; = ai1ric1 +pic1, ¢ = aic18i-1 + Gio1-

P3) ri =biipi +1ic1, 8i = bi1gi + i1

P4) Civ1 = (Giv1,piv1) ¢ [ao; bo, ar, by, .., bimy, ail.

P5) The quotients p;/¢; form an increasing sequence, starting with pg/qo = 0 and ending
with pm+1/qm+1 = Q.

36



P6) Diyy = ($i+1,7“i+1) A [ao; bo, a1, by, ..., a;, bi]‘

P7) The quotients r;/s; form a decreasing sequence, starting with ro/sy = 0o, and ending

Wlth ’f’m/Sm = [ao; b(), ay, bl, ey Qp—1, bm—1]~
Y2
A Cm+1
D o
Dy o)
CO > U1

Figure 3.1: The curves C (bold) and D.

Denote by O the origin in Z2. The geometric properties of these convergents are:

s
G1) Each vector O?Z and OD; is primitive in Z2, meaning ged(p;, ¢;) = ged(ry, s;) = 1.

G2) Each segment C;C;,; contains exactly a; + 1 integer points, since C;C;11 = a;0D;.

G3) Each segment D;D;;; contains exactly b; + 1 integer points, since D;D; 1 = b;0C;41.
G4) The curve C connecting Cy, C1, . .., Cpyqq is (strictly) convex upward (see Figure B.1)).
G5) The curve D connecting Dy, Dy, ..., D,, is (strictly) convex downward.

—
G6) There are no interior integer points above C and below OC,, ;1. In other words, C is

the upper envelope of all non-zero integer points between OCy and OC,,,1.

3.3. From arithmetic progressions to short PA

37



3.3.A. Covering with arithmetic progressions. For a triple (g, h,e) € N3, denote by
AP(g, h,e) the arithmetic progression:

AP(g,h,e) = {g+je : 0<j <h}.
We reduce the following classical NP-complete problem to (Short-PAj)):

AP-COVER
Input: An interval J = [u,v] C Z and m triples (g;, hi,e;) for i =1,... m.
Decide: Is there z € J such that z ¢ APy U---UAP,,, where AP, = AP(g;, hs, €;)?

The problem AP-COVER was shown to be NP-complete by Stockmeyer and Meyer
in [SM73]. A short proof of this is included in §3.8.Al for completeness. We remark that the
inputs u, v, g;, h;, e; to the problem are in binary. We can assume that each h; > 1, i.e., each
AP; contains more than 1 integer. This is because we can always increase v < v + 1 and
add the last integer v + 1 to any progression AP; that previously had only a single element.
Note that AP-COVER is also invariant under translation, so we can assume that u, v and

all g;, h;, e; are positive integers.
Next, let:
M =1+ VHgi(gi + hie;).

i=1

We have:
M >v and M > max(g; + he;).

i.e., the interval [1, M — 1] contains J and all AP;. Moreover, we have:

Note that M can be computed in polynomial time from the input of AP-COVER, and

logM = O (Z log g; + log h; + logei> .

i=1

Let us construct a continued fraction

a = [&0; bo, ay, bl> c ooy Aom—2, bam—2, azm—l]

with the following properties:
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(1) All a;,b; € [1, M].
(2) For each 1 <17 < m, we have ag; = 1.
(3) For each 1 <7 <m, we have ag;_1 = h;.
(4) For each 1 <i <m, if
Cai—1 = (q2i—1,P2i-1) <> [ag; bo, ..., azio]
then we have py;_1 = ¢; (mod M).
(5) For each 1 <7 <m, if
Coi = (qai, P2i) < [ao; bo, - .., azi1]
then we have py; = g; + hie; (mod M).

(6) For each 1 < i < m, the segment Cy_1C5; contains exactly h; + 1 integer points.
Moreover, the set

A; = {yomod M : (y1,y2) € C2i—1C%}

is exactly AP;.

(7) For each 1 < i < m, the segment Cy;Cy;,1 contains no integer points apart from the

two end points.

We construct « iteratively as follows. We say an integer vector Y = (y,y2) is congruent
to z mod M, denoted Y = z (mod M), if yo = z (mod M). As in [B3), let Cy = (1,0) and
Dy = (0,1).

Step 1: Let agp = ¢g;. Then
Cy =apDy+ Cy=(1,91) and C; = g1 (mod M).

Step 2: Take by so that

Dy = byCy + Dy = (by, bog1) + (0,1) = ey (mod M),
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Step 3:

Observation:

Step 4:

Step 5:

ie.,

bog1 + 1 = €1 (mod M).

We can solve for by mod M because ged(M, g1) = 1 from ([B4). So there
exists by € [1, M] s.t. Dy = ey (mod M).

Take a; = hy. This implies
02 = alDl + Cl = hlel + g1 (IIlOd M)
By Property (G2), we also have exactly hy + 1 integer points on C1Cs.

After these steps, we have hy + 1 integer points on C7C5. Every two such
R
consecutive points differ by OD;. Reduced mod M, they give:

g1, g1+ €1, ..., g1+ hieq.
Thus, we have A; = AP;. Conditions (1)—(7) hold so far.

Take by so that Dy = go — (g1 +hie1) (mod M). Since we have the recurrence
Dy =0,Cy + Dy = bi(g1 + hier) + €1 (mod M)

this is equivalent to solving
b1(g1 + hier) + e1 = g2 — (91 + hieq) (mod M).

Again we can solve for b mod M because ged(M, g1 + hier) = 1 from (34).
So there exists by € [1, M] s.t. Dy = g2 — (g1 + hie1) (mod M).

Take ay = 1. This implies
Cs=asDy+Co=go — (g1 + hier) + g1 + hiey
= g (mod M).

This satisfies condition (4) for i = 2. Now we can start encoding AP, with
C5 (mod M).
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Observation:

Step 6:

Step 7:

Step 4;5:

Step 45+41:

Step 45+2:

Step 47+3:

Observation:

One can see that by in Step 4 was appropriately set up to facilitate Step 5. It
is conceptually easier to start with Step 5 and retrace to get the appropriate
condition for b;. Taking as = 1 also implies that there are no other integer

points on C5C5 apart from the two endpoints.

Take by so that D3 = byC3 + Dy = e5 (mod M). This is similar to Step 2.

Again we use condition (3.4]).
Take a3 = ho, which implies
04 = a3D3 + Cg = 02 + h262 (mod M)

After this, we again get exactly hso + 1 integer points on C3Cy. Reduced mod
M, they give A = AP,. Note that conditions (1)—(7) still hold.

The rest proceeds similarly to Steps 4-7, for 2 < 57 <m — 1:

Take by;_; so that
Dyj = gj1 — (95 + hye;) (mod M).
Take ay; = 1, which implies
Cajr1 = Dyj + Cy; = gj41 (mod M).
Take by; so that Dyj 1 = e;11 (mod M).
Take agj41 = hji1, which implies
Cajt2 = g1 + hjaejpn (mod M).
The segment Cyj41C;42 contains exactly h;4; + 1 integer points.

After these four steps, we get A,;;; = AP,4;. Conditions (1)-(7) hold

throughout.
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All modular arithmetic mod M in the above procedure can be performed in polynomial

time. The last Step 4m — 1 gives:
Com = (@2m;P2m) <> [ao; bo, ar, by, ..., Gzm1].

Observation 3.7. All terms a; and b; are in the range [1, M], so the final quotient po,,/gom
can be computed in polynomial time using the recurrence ([83)). This implies that ps, and

Gom have polynomial binary lengths compared to the input u, v, g;, h;, e; of AP-COVER.

The curve C connecting Cy, C4, ..., Cs,, is shown in Figure

C12m

@) C'fo
Figure 3.2: The curve C.

Here each bold segment Cy;_1C5; contains h; + 1 integer points. Each thin black segment
C5;Cs;11 contains no interior integer points. The dotted segment CyC' contains g; + 1 integer
points, the first g; of which we will not need. Let C' be C minus the first g; integer points
on CyCy. For brevity, we also denote Cs,,, = (Gom, Pom) = (¢, p)-

Remark 3.8. Note that we have |p/q| = ag = ¢1.
3.3.B. Analysis of the construction. By condition (7), every integer point y = (y1, y2)

on (' lies in one of the segments C1Cy, C3CYy, ..., Cop_1C5,. Moreover, by condition (6),

for 1 <7 < m we have:

AP, = {Z € [0,M) : Jy € Cy-1C5 st. z=ys(mod M)}
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Taking union over all i, for each z € [0, M), we have:
z€ AP U---UAP,, <= 3dyel z=yy(mod M). (3.5)
So AP-COVER can be restated as:

dzeJ Vyel z#y,(modM). (3.6)

Next, we express the condition y = (y1,y2) € C’ in short Presburger Arithmetic. Let

v = (p, —q) and @ be the cone between OC’E) and OCy,,, i.e.,
0 = {y€R2 sy >0, V-yEO}.

For each y = (y1,y2) € 6, denote by P, the parallelogram with two opposite vertices O and

y and sides parallel to OCj and OC,, (see Figure[33)). We also require that horizontal edges

in P, are open, i.e.,

P={xeR?: ° = -4 (3.7)

O

Figure 3.3: The parallelogram Py .

Note that the upper and lower edges of P, are open (dotted). Here Cs,, = (g2m, Pom) = (¢, p)-

Lemma 3.9. Fory € Z?, we have'y € C' if and only if v € 6 and P, contains no integer

points. In other words:

V-
yel <= v-y>0Ayp>qg AVx- - - . (3.8)
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Figure 3.4: y' is the reflection of y across the midpoint of xx’'.

Proof. First, assume y := (y1,92) € C'. Recall that C’ is C minus the first g; integer points
on CyCy. Therefore, we have y, > ¢;. Since C sits inside €, we also have y € 6, which
implies v -y > 0. Let R be the concave region above C and below OT>2m By property
(G6), R contains no interior integer points. Since y € C, we have P, C R. Therefore, the
parallelogram P, in (3.7)) contains no integer points. We conclude that y satisfies the RHS
in (3.8]).

Conversely, assume y satisfies the RHS in ([B.8) but y ¢ C’. The following argument is
illustrated in Figure3.4l First, v-y > 0 A y2 > ¢; implies y € . Also, the parallelogram P,
contains no integer points. By property (G6), if y ¢ C’, it must lie strictly below C’. Let x
and x" be the integer points on C that are immediately above and below y (see Figure B.4).
In other words, x € C is the integer point immediately above the intersection of C with
the upper edge of Py, and x’ € C is the integer point immediately below the intersection of
C with the right edge of P,. Since Py contains no integer points, particularly those on C,
the points x and x’ must be adjacent on C, i.e., they form a segment on C Now we draw
a parallelogram D with two opposite vertices x,x’ and edges parallel to those of P, (the
dashed bold parallelogram in Figure B.4]). It is clear that D lies inside # and also contains
y. Take y’ to be the reflection of y across the midpoint of xx’. Since x,x’ and y are integer
points, so is y’. We also have y' € D C 6. Note also that y’ lies on the opposite side of C
compared to y. Therefore, we have y’ € R, contradicting property (G6). O

!Note that x and x’ are not necessarily two consecutive vertices C; and C;;1 of C. They could be two
consecutive points on some segment C;C;1.
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Remark 3.10. There is a subtle point about the existence of x’ in the above proof. It is
clear that x exists because y lies below C. However, if y lies too low, the right edge Py
might not intersect C. For example, in Figure 3.5, we have g; = 1 and y lies on the line
y2 = 1. This this case, Py contains no integer points and its right edge does not intersect
C. Thus, we have no x’ and the geometric argument in Figure [3.4] does not work. However,
this can be easily fixed by requiring ay = g; > 2, noting that AP-COVER is invariant under

a simultaneous translation of J and all AP;.

OQm

Figure 3.5: An exception.

To conclude, by combining (8.5]) and (3.8) we have:

zeJN(AP,U---UAP,,) <= ze€J A Jdy Vx <z5y2(modM)

v.y>v-x2>0
AV-y>0Ay>g N :
y2>x2>0

(3.9)

Here v = (p, —q).

3.4. Proof of Theorem 3.1

3.4.A. Decision. The variables z,y, x in the below sentences play the roles of x;, x5, x3 in

(Short-PAj)), respectively. Recall that AP-COVER asks whether:

dzeJ z¢ APy U---UAP,
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By negating ([3.9), the above sentence equivalent to:

v.y>v-x2>0
dzeJ Vy 3dx <z§éy2(modM)\/v-y<O\/y2<g1\/{ })
’y2>l’2>0

(3.10)
The condition z # ys (mod M) can be expressed as:

dt 0<z—yy— Mt < M.

This existential quantifier 4¢ can be absorbed into dx because they are connected by a

disjunction. The restricted quantifier 3z € J with J = [, v] is just
dz p<z<w.

Overall, we can rewrite (B.10) in prenex normal form:

Jz Vy dx p<z<v A <O<z—y2—Mx1<M\/

v.y>v-x2>0
Vvy<0Viyu<aqgV .
y2>ZL'2>0

(3.11)

All strict inequalities with integer variables can be sharpened. For example yo > x5 is

equivalent to y, — 1 > x5. This final form contains 5 variables and 10 inequalities.

In summary, we have reduced AP-COVER to (B.I11]). This shows that (3.I1]) is NP-hard
to decide, and so is (Short-PAj). We still need to check that lies in NP. By
Theorem 3.8 in [Gra8s], if is true, there must be a satisfying x; with binary
length bounded polynomially in the binary length of ®. Given such a polynomial length
certificate x;, one can substitute it into and verify the rest of the sentence,
which has the form Vx, Ix3 W(x9,x3). Here U is again a short Presburger expression. By
Theorem [L.8], this can be checked in polynomial time. Thus, the whole sentence
is in NP. This concludes the proof of the decision part. O

3.4.B. Counting. Notice that the above reduction from AP-COVER to (8.I1]) is parsimo-

nious. At the same time, by Remark [3.14] the reduction from 3SAT to AP-COVER given in
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§3.8.Al can also be made parsimonious, i.e., every satisfying assignment u for 3SAT corre-
sponds to a unique z € J\(AP;U---UAP,,) and vice versa. Since #3SAT is a #P-complete,
so is counting the number of z satisfying the negation of (8.9]), which has the V3 form. This

proves the counting part.

3.5. Proof of Theorem

This is straightforward from the k-AP-COVER problem in §3.8.Bl Here we have two con-
ditions 721 + -+ + Tz € J and 7z + -+ TRz € AP U -+ U AP,,. Again, we can use
a short formula Vy 3x (721 + -+ + Te2p,y,X) with y,x € Z? to express the condition
T2+ + Rz € APy U---UAP,,, as similar to (8.I0). This takes only 8 inequalities. We
also need 2 inequalities p < 121 + - - - + Tp2r < v to express J. The final sentence with the
quantifiers Q;z; has k + 4 variables 21,...,2; € Z, Z4p1 =y € 72, Zp1o = X € Z* and 10

inequalities. O

3.6. Proof of Theorem

We will recast ([B.I1) into the form (GIP). For the two polytopes R and @ in (GIP), let
R =J = [u,v] and
Q:{yER2:yQZgl,ylgq,v~yZO}, (3.12)
see Figure B.6
We can rewrite (B.11]) as:
J:eR WyeQ Ix 0<z—y—Mn <M V {V'YZV'XZO}. (3.13)

y2>x2>0

Here instead of letting y range over Z?, we can restrict y to Q because C’' C Q (see (3.6)).

To remind ourselves, the inequalities 0 < z — yo — Mx; < M say that z # ys (mod M). The
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Y2 Com = (¢,p)

g1
O

Co

Y1

Figure 3.6: The triangle @) (shaded).

remaining step is to covert the expression

v.y>v-x>0
1<z—yo—Mz; <M-1V (3.14)
Yyp—12>1292>1
into a single system. Here we sharpened all inequalities.

First, observe that for 2 € R and y € @, there exists x satisfying ([B.I4) if and only if
there exists such an x within some bounded range. Indeed, both R and () are bounded,

and (3.I4) imply boundedness for x. Therefore, we can take an N large enough so that
— N <2z y1, Yo, ¥1, T2 < N. (3.15)

For instance, N = (M + p + ¢q)? suffices.

Now we convert (B.14]) into a single system. This can be done with two slightly different
arguments, leading to parts i) and ii) separately. Both arguments are parsimonious, which

automatically imply the corresponding #P-complete statements for counting.

3.6.A. Proof of Part i). Applying the distributive law on (BI4]), we get an equivalent

expression:

1<z—y—Mxry < M-—-1 1<z—y—Mxry < M-—-1
A Ao (3.16)
v-x<v:y 0<v-x

Here each [{] stands for a disjunction a V b of two terms. In total, there are four such

disjunctions.
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Now we convert each of the above disjunctions into a conjunction. WLOG, consider the

first one in (3.I6). By the bounds ([B.I3), it is equivalent to:

1§z—y2—M:c1§M—1

(3.17)
0<v-y—v-x<2N(p+q)
Let t; =2z —ys — Mxy and ty = v -y — v - x. By (B.13]), we always have
] < 2N+ MN, [t2| <2N(p+q).
Define two polygons in R?:
Pp={(ti,tz) eR* : 1<t <M —1,[to) <2N(p+q)},
Py = {(ti,ts) €R® : |t1] 2N+ MN, 0<t, <2N(p+1)}.

Then ([B.I7) can be rewritten as:

(t1,t2) € P U Py. (3.18)

Next, define:
P{ = (P,0), P,=(P,1) and P = conv(Py,P;).

In other words, we embed P; into the plane t3 = 0 and P, into the plane t3 = 1, all inside
R3. As 3-dimensional polytopes, the convex hull of P| and Py is another polytope P C R3.
It is easy to see that P has 6 facets, whose equations can be found from the vertices of P

and P,. Also observe that for (¢;,s,t3) € Z3, we have:

(tl,tg) € Pl, t3:0, or
(tl,tg,tg) € P +—
(tl,tg) c Pg, t3:1

From this, we have:
(tl,tQ) e PLUP, — Eltg : (tl,tQ,tg) e P (319)
Combined with (3.I8)), it implies that ([B.17) is equivalent to:

It ¢ (2 —yo — May, py1 — qya — pr1 +qaa, t) € P.
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The above condition is a linear system with 6 equations. Doing this for each disjunction
in (B.16]), we get four new variables t € Z* and a combined system of 24 inequalities. Thus,

the original disjunction (3.I4)) is equivalent to a system:
JteZ* . Ax + By + Cz + Dt < b.

The inner existential quantifiers 3x € Z? and 3t € Z* can be combined into Ix € Z9.

Substituting everything into (3:13]), we obtain part i). O

3.6.B. Proof of Part ii). Another way to convert (B.I4]) into a system is to directly
interpret its two clauses and two separate polytopes. The same bounds (B.I5]) still apply.
We will need the following special case of the Upper Bound Theorem (see e.g. Theorem 8.23
and Exercise 0.9 in [Zie95]).

Theorem 3.11 (McMullen). A polytope P C R with n vertices has at most

fld,n) = n=[d/2] + n—ldf2] =1 facets.
n—d n—d

Similarly, a polytope Q C R® with n facets has at most f(d,n) vertices.

The first polytope we consider is given by:
{(z1,92,2) €R® 1 1 < z—yp— May < M —1, =N <y,5,2 < N}.

This is a 3-dimensional polytope with 8 facets. Applying Theorem B.I1], we see that it has
at most 12 vertices. To interpret it as a polytope in z,y and x we need to form its direct
product with the interval —N < yy < N also embed it in the hyperplane x, = 0. This

produces a polytope P, C R® with 24 vertices.

The second polytope we consider is given by:
{(x,y)€R4 vy > vex >0, 0—1 > 19 > 1, yEQ}.

As a 4-dimensional polytope it has only 8 vertices. These 8 vertices correspond to the cases

when y lies at one of the three vertices of (). Two of these vertices give two degenerate
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parallelograms Py, each of which is a segment with two vertices. The lower right vertex
of ) gives a non-degenerate parallelogram P, with four vertices. To interpret this as a 5-
dimensional polytope in z,y and x, we need to form its direct product with the polytope

R = [p, v] for z. This results in a polytope P, C R® with 16 vertices.

Altogether, we have two polytopes Py, P, C R® with 40 vertices in total. We reapply the
“lifting” trick in (3I9) to produce another polytope P C RS with 40 vertices so that:

(z,y,x) € P, UP, <— 3t : (z,y,x,t) € P.

By Theorem B.11] the resulting polytope P has at most

£(6,40) = @D + (gi) = 8400

facets, which can all be found in polynomial time from the vertices. Therefore, the disjunc-

tion (B.14) is equivalent to a system:
dt : Ax + By + Cz +Dt <b

with at most 8400 inequalities. The existential quantifiers 3¢ and Ix € Z? can be combined

into dx € Z3. Substituting all into (3.13)), we obtain part ii). O

3.7. Bilevel optimization and Pareto optima

3.7.A. Proof of Theorem [B.4l. First, we characterize the convex chains C and D from

Figure B using a quadratic function:

Lemma 3.12. Let a = p/q € Q.. Ifu,v € Z? satisfy Z—i <a< f}—f and vouy — viug = 1

then both Z—i and f}—f are “weak” convergents of a, i.e., u € C and v € D.

Proof. Assume u ¢ C, then u = (uy,us) lies strictly below C. By the argument from

Lemma [3.9] the parallelogram P, contains another point v’ = (u},u}) € Z* with Z—% < a.

Draw a line I parallel to v and passing through u. Since o > «a, Py lies completely to the

left of I (See Figure B.7). From this, we conclude that 1 = vou; — viug > vou) — vyuh, > 0.
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In other words, the triangle Ouv has larger area than that of Ou’v. This is impossible,
because vou} — vyul, € Z. Therefore, we must have u € C. By the same argument, we have
O

veD.
Yo = Y1

O
Figure 3.7: The points u and v.

Conversely, for any weak convergent u € C, we can find v € D with vou; — vyus = 1.
This comes from the fact that any two consecutive convergents Z—Z and ‘Z—f of « satisfy

Pi+1¢i — Pigit1 = (—1)°
Proof of Theorem[3.]). We use the same reduction from AP-COVER as earlier. With the

same rational number oo = p/q, let
uy > g1, uy < q, puy — qup >0},

Q = {(Ul,UQ) € R? .
P:{(Ul,U2)€R2 U2§p—1, ’0120, pvl_q/UQSO}.
Recall (3.6]), where C’ is the part of the convex chain C lying inside (). Now let w = (u, v, 1),
+  (ug— 2z —tM)>

W =@ x P x[0,T] and
K(Ugul — V11U — 1)

h(z,w) =
Here T and K are two appropriately chosen constants. Specifically, let 7' = p/M so that
with ¢ = #22%. For K, we pick it

if 2 = up (mod M) then there always exists ¢ € [0, 7]
sufficiently large so that K > (uy — z — tM)? for every u € Q, z € J and t € [0, T]. Clearly

K = (2T'M + p)? suffices.
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L& (,q)

0] | Y1

Figure 3.8: P and Q.

With u € QNZ? and v € PNZ?, we have vou; —v1us > 1. Furthermore, by Lemma 3.12],
equality happens if and only if u € ¢’ and v € D. For a fixed z € J consider the w € W
that minimizes h(z,w). Since K > (z — tM — uy)?, the first term in h always dominate the
second one. So we must have vou; — v1up = 1 when h is minimized, which implies u € C’.
Furthermore, among all y € C’, u must be the one for which uy mod M is closest to z, so
that the second term in h is minimized. Thus,

min _ h(z,w) > 0,
weWwnzs

and equality holds if and only if there is some y € C’ with z = y, (mod M). Therefore,

max min  h(z,w) > 0
z€JNZ  weWnZb

if and only if there exists some z € J for which no y € C’ satisfies z = y, (mod M). We
conclude that computing (3.1]) is NP-hard, as it implies AP-COVER. O

3.7.B. Proof of Theorem First recall the definition of Pareto optima defined in
§3.1.Cl To summarize §3.7.Al we showed that computing

max min Az, w) (3.20)

z€JNZ  weWnzs

is NP-hard for I C R! an interval, W C R® a polytope with 18 facets and h : R® —+ R a
quadratic function. Let @ = I x W C R®, which has 38 facets. For x = (z,w) € Q NZ5, let

fix) =2, fo(x)=—2z and f3(x)=h(z,w).
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Consider the set of Pareto minima of (fi, f2, f3) on Q. For convenience, we denote an
outcome vector y = (f1(x), fo(x), f3(x)) by y = f(x). Consider two points x = (2, w) and
x' = (z,w) in QNZO. If h(z,w) < h(z,w') then fi(x) = fi1(X'), f2(x) = f2(X), and f3(x) <
f3(x'). Then y’ = f(x') is not a Pareto minimum in this case. Therefore, all Pareto minima

must be of the form y = f(x), where x = (2, Wpin) With A(z, W) = mingewnzs h(z, w).

Furthermore, if x = (2, Wpn) and x’ = (2/,wl, ) are two such points with z # 2/, then
the outcome vectors y = f(x) and y’ = f(x’) are incomparable, simply because either

fi(x) < fi(x') and fo(x) > fo(x'), or the other way around.
We conclude that the set Pareto minima of (f1, f, f3) on @ is given as:

P = {y = (z, —z, h(z,wmm)) : 2€ JNZ, h(z,Wpin) = min h(z,w)}.

weWnzs

For y € R3 let g(y) = —ys. Then minimizing ¢g(y) over y € P is the same as computing
the negated value of (B.:20). This proves the first part of Theorem B.5

To show the hardness of approximating minyep g(y) within a multiplicative factor of 1/2,
recall from §3.7.A] that the value of (3.20) determines the AP-COVER. To be precise, (3.20)
is equal to the largest squared distance of an integer z € J from the union AP, U---UAP,,,

which is 0 if and only if J N Z is entirely covered by these APs.

In Theorem B.I13] where we reduce 3SAT to AP-COVER. There, we pick the first ¢
odd primes pq, po, ..., pe. We can modify this construction by also including py = 2, and
require that z = 1 (mod 2). In other words, now we have J = [0, N), where N = pop; .. . pe,
and we add in an extra APy = {# € Z : 2z = 0(mod 2)}. Then the final condition is
z € J\(APoUAP;U---UAP,,). So all even numbers in J are covered by APy, which implies
that the largest squared distance of an z € J to APy U ---U AP,, is at most 1. Therefore,
the value of (B.20) is either 1 or 0. So getting a 1/2-approximation is equivalent to deciding
AP-CoOVER, and thus NP-hard. O

3.8. Covering with arithmetic progressions

3.8.A. NP-completeness of AP-Cover. Let us restate the problem:
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AP-COVER
Input: An interval J = [u,v] C Z and m triples (g;, hi,e;) for i =1,... m.

Decide: Is there z € J\(AP, U---UAP,,), where AP, = AP(g;, h;, e;)?

Theorem 3.13 ([SMT73]). AP-COVER is NP-complete.

Proof. We reduce 3SAT to AP-CovER. Consider a 3-CNF Boolean formula:

n

() = N(@VvbVve) (3.21)

i=1
where u = (u1,...,u;) € {true, false}* are the Boolean variables, and each a;, b;, c; literals

from the set

{ug, 7ug : 1< s < (}.
Deciding if there exists u satisfying ®(u) is NP-complete.

Let p1,...,p be the first £ odd primes. We have p, = O(¢log{) by the Prime Number
Theorem (see [HW]), so pi,...,pe can all be found in time poly(¢). Let N := p;---p, and

J =0, N). We encode all the Boolean variables us by an integer variable z € J such that:

us =true <= 2z #Z0(modps), us="false <= 2z =0(mod p;). (3.22)

Now for each clause a; V b; V ¢;, we consider its negation. Say a; V b; V ¢; = u, V =g V uy
for some 1 < r,s,t < £. Then its negation is —u, A us A ~u;. Now in the interval J, we

exclude all z for which:
z=0(mod p,), 2z Z0(modp,), z=0(modp,). (3.23)

By Chinese Remainder Theorem, the set of such z € J is periodic modulo p,psp;. Thus,
they can be decomposed into a union of no more than p,psp; APs, each lying inside J with
period p,psp;. The first and last term of each such AP can also be found easily from (3:23)).
Denote these APs by AP;y, ..., AP;,,, with m; < p.p.p; = O(flog®¢). Then we have
a; V b; V ¢; = true if and only if 2 ¢ AP;; U---UAP, ,,,.,. Therefore, by Chinese Remainder

Theorem, we have:
Ju € {true, false}’ W(u) =true <= 3JzecJ : z ¢ U U AP; .
i=1¢=1
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The RHS is exactly AP-COVER. In total, we have m = Y1 m; < O(n¢® log®¢) APs. O

Remark 3.14. Compared to the original proof in [SM73], our reduction here is not parsi-
monious, in the sense that each satisfying tuple u € {true, false}* can correspond to several
z € J. This is because of condition ([B:22]), which says that z (mod ps) can be 1,2,...,p—1
in case ugs = true. To make it parsimonious, we simply need to exclude the cases when
z2=2,3,...,p—1(mod py), i.e., for each ps, we require that z does not lie in (ps — 2) extra
progressions AP, = {z € J : z = t(mod p,)} with 2 <t < p, — 1. In other words, the

parsimonious reduction should be:

¢ (U0 ) o (U v

i=14¢=1 s=1 t=2

Our simplified non-parsimonious argument has the advantage that it is directly generalizable

to k quantifiers (see below).

Remark 3.15. In [GJ79, §A7], the problem AP-COVER is phrased differently under the

name SIMULTANEOUS INCONGRUENCES problem.

3.8.B. Generalization of AP-Cover to k quantifiers. We consider the following direct
generalization of AP-COVER.

k-AP-COVER

Input: The following elements:

e an intervals J = [u, v,

e L integers 1, ..., 1, € Z.

e AP, = AP(g;, h;, e;), with 1 <i < m,

Decide: Q121 €Z ... Qrzk €Z : Tiz1+ ...+ Tmzm € J\(APLU---UAP,,).

Here Q4,...,Q) € {V,3} are k alternating quantifiers with Q@ = 3.

Theorem 3.16. k-AP-COVER is X% -complete for k odd and IIY -complete for k even.

Proof. This is similar to Theorem [B.13[s proof, but instead of 3SAT we use Q3SAT in (2.20).

Now we need the first k¢ odd primes pi1,...,01, .-, Pri,---,Pre- Here £ is the length of
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each Boolean tuple u; € {true, false}’ in ([226). Again we have p;; = O(¢log/) for each

such prime. We associate to each tuple u; an integer variable z; € Z such that:
ujs = true <= z; # 0(mod pjs), u,s="false <= 2z, =0(modpj;), 1<s</.
By Chinese Remainder Theorem, we can pick 7q,..., 7, such that:
7 =1(mod pjs) and 7; =0 (mod p;rs) forevery 1<j#j <k 1<s</.
Let z .= 12z +...72,. Then we have:
ujs = true <= 2z # 0(mod pjs) , wujs="false <= 2z =0 (mod p,s).

Let N == 7Ny and J := [0, N). Observe that by adding/subtracting from z, a suitable
multiple of N, we can guarantee that z € J, meanwhile still keeping all the congruences
z mod pj, the same for 1 < 5 <k,1 < s < (. So since the last quantifier in k-AP-COVER is

Jzp, we can always assume that z € J.

Now for each clause a; V b; V ¢; in the Q3SAT statement, we again consider its negation
—a; V —b; V —¢;. Then a; V b; V ¢; is not satisfied if and only if 2 € AP;; U --- UAP; ,,,
where the progressions AP; ; C [0, N) are chosen as in Theorem [B.I3s proof. The period
of each such AP, ; is still a product of at most three primes among {p;s}1<j<k1<s<¢, which
is at most O(¢3log® ¢). Doing this for all clauses, the original Q3SAT sentence in (Z26) is
then equivalent to:

Q1z1€J1 kakEJk C T2+ Tz € J\ (UUAPZ’Z,) .

1=14¢'=1

This is exactly k-AP-COVER with m = >""  m; APs. O

3.8.C. An improvement of Theorem Here is an easy consequence of k-AP-Cover:

Corollary 3.17. For every fized k, Theorem[1.3-1) still holds when all dimensions are 1. In

other words, deciding PA sentences of the form:

Q21 €L ... Q21 €Z 0 = W(z1, ..., Zep1)

is XF /TIF -complete. Here W is a Boolean combination of arbitrarily many linear inequalities.

Furthermore, this still holds when the coefficients and constants of ¥ are encoded in unary.
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Proof. Observe that in Theorem B.16's proof, the finite condition z € J can be removed at the
cost of making all progressions AP;’s infinite. So now we have a congruence z = «; (mod £;)
instead of a finite progression AP; for each 1 < i < m. The “infinite” k- AP-COVER sentence

simply reads:
Q€L ... Quar €L - /\lel—l—---—l-szk # a; (mod ;)
i=1

with @, = 3. All have to do is express each condition 7121 + - -+ + Tp2zx Z «; (mod ;) in

Presburger Arithmetic. This can be easily done with one extra variable 2z, € Z as:
/\7'12’1 + o+ Tz £ o (mod ;) = VZk+1/\ (7'121 + e TR #aiﬂLﬁizkﬂ)-
i=1 =1

Here each inequality is a disjunction of two inequalities.

To see why unary input is also hard, we need to look again at Theorem [3.16s proof.
There, we picked each AP; so that its period at most O(¢*log®f), where ¢ is the length of
the original Q3SAT sentence. So here each «; and f3; is also at most O(¢*log®¢), which
means they can be input in unary. Also, each incongruence 7121 + -« - + 7,2 Z «; (mod [3;)

can be written as:
(11 mod B3;)z + - - - + (7 mod B)z, Z o (mod f3;).

Here each coefficient (7; mod (3;) is again of order O(¢*log® £), and can be input in unary. [

3.9. On Kannan’s Partition Theorem

3.9.A. Validity of KPT. By Parametric Integer Programming (PIP), we mean the follow-
ing problem. Given an integer matrix A € Z™*" and a k-dimensional polyhedron W C R™,

is the following sentence true:
VbeW 3IxeZ" : Ax <b. (3.24)

We think of b as a parameter varying over W. For every fixed b, this gives an Integer

Programming problem in fixed dimension n. Kannan proved that:
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Theorem 3.18 ([Kan9(]). For every fized n, [B:24) can be solved in polynomial time.

Note the similarity between this and Theorem R.Il which considered an “integer ver-
sion” of (B.24]). Also in [Kan90], Kannan claimed the following much stronger result, which
implies both theorems 2.1] and B.I8 From here on, we use RA to denote rational affine

transformations. Also let K := {x € R" : Ax < b} for every b € W.
Theorem 3.19 (Kannan’s Partition Theorem). Fiz n and k. Given a PIP problem, we can
find in polynomial time a partition
W=PUPU---UP, (3.25)

where each P; is a rational copolyhedTmH, so that the partition satisfies the following prop-
erties. For each P;, we can find in polynomial time a finite set T; = {(S:;,Ti;)} of pairs of
RAs T;; : R™ — R" and S;; : Z" — 7", so that for every b e P, we have:

KgﬁZn 7A g < E'(SZ],EJ) eT; : Sij L{E]EJ c Kg.
Furthermore, for each P;, the set T; contains at most n*" pairs (S;;, T;;). The number of all

Pisr < (mnﬁ)k”&l, where £ is the binary length of A and d is a universal constant.

KPT claims that in order to solve for an x € Z" satisfying Ax < b with b varying over W,
we only need to preprocess the matrix A in polynomial time and obtain a polynomial number
of regions P;. When queried with b € P;, we only need to check for a fixed number (n*") of

candidates of the form x = S;;|T;;b] to get an integer solution in K (if any exists).

Let us prove that KPT, if true, would imply far stronger statements for a PIP problems
that involves only a matrix of fixed length m. From now on, fix m,n and k. By KPT and

the observation mn < ¢, the number of regions P; in (3.23]) can be bounded as:
< k) (3.26)

Here v(n, k) is a constant which depends only on n and k. The following structural result is

an implication of KPT when the parameter space W is 1-dimensional, i.e. when k =1 :

W = {fly) eR™ : yel} (3.27)

2A copolyhedron is a convex polyhedron with possibly some open facets.
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where f:R! — R™is a RA, and I C R a bounded interval.

Lemma 3.20. Assume ([3.26) holds. Given a PIP problem with a 1-dimensional parameter
space W (3.21), there exists a finite set T = {(S;,T;)} of pairs of RAs T; : R* — R™ and
S; 1 Z" — Z" so that the following hold. For everyy € INZ and b= f(y) € R™, we have:

KEDZ"%Q <~ EI(SJ,ZTJ) eT : S]LT‘]yJ GKE.

Furthermore, the set T contains at most c¢(n) pairs (S;,T;), where ¢(n) is a constant which

depends only on n.

Remark 3.21. The above lemma says that the bound (3.20) as implied by KPT would guar-
antee a small set of candidates for any “short” PIP problem Ax < f(y) with 1-dimensional

parameters y. The number of candidates ¢(n) depends only on the dimension n.

Proof of Lemma[3.20. WLOG, assume [ = [0, N) and A = (a;;) € Z™*". Let
M =N H(|aij| +1) H(|kak| +1), (3.28)
ij k

where pg/q, runs over all rational coefficients in f. Let J = [0, MN). Consider the following

PIP problem with one parameter ¢ € J and n + 2 integer variables x € Z", y1,y2 € Z:
Nyi+yo=v9y', 0<y; <M, 0<y, <N, Ax— f(y2) <0. (3.29)

Observe that when (3.29) is feasible, the values of y; and ¥y, are uniquely determined. Indeed,
we should have y; = |y//N] and y2 = ¥ — Ny;. So as y’ varies over J N Z, the solutions
of (3:29) correspond bijectively with the solutions of the original PIP problem Ax < f(y)
where y = |¢y//N| € 1.

Clearly, (329) can be put into the form Bz < g(y') where z = (x,y1,%2) € Z""? are
variables and g is an RA. Let b= g(y'), then the problem takes the form Bz < b. Also let
W' = {5/ =g(v') : v € J}. Applying KPT to the PIP problem Bz < b with a 1-dimensional
parameter space W', we have a partition of W’ into polynomially many intervals. Since
b = g(y') and g is an RA, this partition induces another partition on J (the space for /)

into intervals:

J = JiU---UJ. (3.30)
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By (3:28]), the number r of all intervals in this partition is polynomial in the binary length
of the matrix B. From (3:28)) and (3:29)), it is clear that B has no more than 2mn entries,

each bounded by M. Therefore, we have:

r < (Z [1ogb,.j1> < (2mnlog M)” L M. (3.31)

ij
Here v = 7(n, k) is some constant degree guaranteed by KPT. Since LM, some interval .J;
from (B.30) must contain an entire subinterval I’ = [kN, (k+1)N) for some 0 < k < M. For
simplicity, assume I’ = [kN, (k + 1)N] C J;.

Also by KPT, for the interval .J;, there is a set of candidates Ty = {(S1;,71;)} of size at
most c(n) == (n+2)4+2) for the PIP problem Bz < b . For every y/ € I' C J;, each solution
of (3:29)) should have y; = k and y, = ¢y’ — Nk. By a translation y = ¢y’ — Nk, we can map [’
back to I. Accordingly, we can modify each candidate (S;;,T;;) € T; to be a pair of RAs in
y. Clearly, they serve as candidates for the original PIP problem Ax < f(y) withy € I. O

Lemma can be easily boosted to a k-dimensional parameter space W for a fixed k:
W = {f(y)eR" : ye R} (3.32)
with f : R¥ — R™ an RA and R C R* a rectangular box.

Lemma 3.22. Assume ([3.26]) holds. Given a PIP problem with a k-dimensional parameter
space W ([B.32), there ewists a finite set T = {(S;,T;)} of pairs of RAs T; : R* — R™ and
S; 1 Z" — Z™ so that the following hold. For everyy € RNZF and b= f(y) € R™, we have:

KgﬂZ”#@ <~ EI(S],T]) eT : S]LEYJ GKE.

Furthermore, the set T contains at most c(n, k) pairs (S;,Tj), where c¢(n, k) is a constant

which depends only on n and k.

Proof. WLOG, assume R = [0,7r1)x...x[0,7). We “flatten” the k-dimensional parameter y.

For every y = (y1,...,yx) € R, let:

y' = y1+y27°1+y3(r1r2)+...+yk(r1---rk_1) c [O, Tl-'-Tk). (333)
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This RA maps the integer points in R bijectively to those in I = [0, ry---rg). We rewrite
Ax < f(y) as another PIP problem with a 1-dimensional parameter 3y’ € I and n+k variables
X €L", y €7k

Y = g1+ yers Fys(rire) + ooy omee),

(3.34)
0<y;<r for 1<i<k, Ax-— f(y) <0.

Note that (3.34) has a solution if and only if the original PIP problem Ax < f(y) has a
solution. Furthermore, in every solution of (B:34]), the variables y are uniquely determined

by y' via the RA ([3.33). Applying Lemma B.20, we get a set 7' = {(57,T})} of at most
c(n, k) = (n+ k+ 2)*t+2) candidates for [334), where T/ : R! — R"™* and S} : Z"* —
Z"F are pairs of RAs. Using (3.33), we can re-express each pair (95,T7) as a pair (55, 7))
with 7 : R¥ — R™ and S; : Z" — Z" so that ([3.34) has a solution if and only if x = S;| T}y |
satisfies Ax < f(y) for some j. In other words, 7 = {(5;,7;)} is a finite set of at most

c¢(n, k) candidates for the original PIP problem Ax < f(y). O]

Remark 3.23. Since the dimensions of A are fixed, each condition S;;|T;;y| € K; can be
expressed as a short Boolean combination of linear inequalities, at the cost of introducing
a few extra 3 or V quantifiers. For example, a condition 5 + |y/5] < 3 for y € Z can be

expressed as either

t < y/s t > y/5
gt > y/5-1 or Vt| t < y/5-1|. (3.35)
1+t <03 T+t <03

Here {-} is a conjunction and [-] is a disjunction.

Now we relax the parameter space W to an arbitrary k-dimensional polyhedron, i.e.,

W = {f(y) eR" : y € Q} (3.36)
with f: R¥ — R™ an RA and Q C R* a polyhedron.

Corollary 3.24. Assume ([B3.26]) holds. Then for every fivred m,n and k, there is a constant

d(m,n, k) so that the following holds. For a PIP problem with a k-dimensional parameter
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space W ([B30), let:
Q = {y cQNZF . Ax < f(y) has no solutions x € Z"}.

If |Q'| > d(m,n, k), then it contains three distinct points y1,ys,ys with y3 = (y1 +y2)/2.

Proof. Let R be a large enough box that contains . Applying Lemma to the PIP
problem Ax < f(y) with y € R, we get a set of candidates 7 = {(S;,T})} of size at most
c(n, k) so that:

Ax < f(y) has no solutions <= V(5;,1;) € T : S;|L;y] £ f(y).

By the argument in Remark B.23] each condition S;|T;y| £ f(y) can be expressed by a
short Presburger formula 3t ®;(y,t) with length bounded in m (fixed). Taking conjunction

over all such formulas for 1 < j < ¢(n, k), we have:
Ax < f(y) has no solutions <= 3t @(y,f)H (3.37)

Here & is still a short Presburger expression in a bounded number of variables. Denote by
A and p the total number of variables and inequalities in @, respectively. Both of these are
constants in m,n and k. Let d = d(m,n,k) = 2**#. The p inequalities in ® determine

hyperplanes in R*. These hyperplanes partition R* into polyhedral regions:

R = WyU---UW,,

with n < 2#. Observe that as (y,t) varies over a single region W;, the value of ®(y,t)
is always true or always false. Since |Q’| > d, we have at least d + 1 distinct pairs
(yl,fl), cee (yd+1,fd+1) for each of which q)(yi,fi) = true. By the pigeon hole principle,
some region W, contains at least 2* + 1 of these pairs. Each such pair is a point in Z*,
so at least two of them must have coordinates equal modulo 2 pairwise. Assume (Y1,€1)
and (y2,€2) are two such two pairs. By convexity, (y; + Vo, t1 + t3)/2 is another integer
point in W;. Since ® is always true over W, this pair also satisfies ®. By (B8.31), the point
y3 = (y1 +y2)/2 also lies in )'. We conclude that yi,ys,y3 € Q'. O

3Separate variables t for different ®; must be concatenated into t.
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Theorem 3.25. The bound ([3.28) as claimed by KPT does not hold in full generality. In
other words, even for k = 1 and fized m,n, the number of pieces r in the partition (B.25])

must be at least exp(el) for some constant ¢ = (m,n) > 0.
Proof. Assume (3.26]) holds. Consider the following continued fraction of length (2s¢ + 1):

a, = [2;1,...,1] = p/q,

where p = Fy,.43, ¢ = Fy,41 are the Fibonacci numbers. From Properties (G1)—(G6) in

Section B.2] we see that the lower convex curve C for o connects s + 2 integer points:
Co = (Oa 1)7 C, = (2> 1)a Cy = (5a2)> vy O = (p> Q)H

Here C; = (Fyii1, Fo—q) for 1 <14 < s+1. Let C’ be the convex curve connecting C, ..., C,14
(see Figure B]). Property (G2), for every 1 < ¢ < s, the segment C;C;,; has exactly two
integer points, C; and C;, ;. In other words, we have C'NZ* = {C},...,C,41}.

Let @ be the triangle defined in (B.12]). By Lemma 39, an integer point y = ﬁ% Y1) € Q
lies on C" if and only if P, is integer point free, where P, was defined in (1) In other

words, we have:

PY1 — qy2 = pri—qra > 0

Q = y€QﬂZ2:{
y2—1 = 9 > 1

} has no solutions x € 72

= C' Nz

The above is a PIP problem with parameters y € @ and variables x = (2, 15) € Z.
Note that the system has fixed length m = 4. By Corollary [3.24] there exists a constant d,
so that if |C' N Z?% = s + 1 > d then there are three distinct points yi,y2,y3 € C' N Z?2
with y3 = (y1 + y2)/2. However, by the previous paragraph, the only integer points on C’
are C1,...,C,1, which are in convex position, see Property (G4). Thus, none among them
can be the midpoint of two others. We get a contradiction. Therefore, ([B:28]) cannot hold in

general.

4Recall that the vertical coordinate is put in the first position.

5We take the first term in « to be 2 because of Remark [B.10]
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Recall the PIP problem (3.29) with a 1-dimensional parameter ¢/, i.e., k = 1. From (3.20),
we deduced rLM in (B.31]). This led to the observation that at least one interval I’ must lie
in a single piece J;. The chain of deductions continued from there through Lemma and
Corollary and led to the above contradiction. Therefore, we must have r > M, which

implies 7 > 2¢¢ for some constant ¢ = ¢(m,n) > 0. O

3.9.B. Implications. To summarize, Theorem [3.25 shows that a polynomial size decom-
position into polyhedral pieces as in ([8.25) does not exist. If one is willing to sacrifice the
polyhedral structure of the pieces, then a polynomial size partition similar to (3.25]) does in

fact exist [ESO8] (see also [Eisl0]):

Theorem 3.26 (Eisenbrand-Shmonin). Fiz n and k. Let Ax <b be a PIP problem with a

k-dimensional parameter space W. Then we can find in polynomial time a partition
W=5USu..uUus, (3.38)
where each S; is an integer projection of another polyhedron S, C R™*  defined as:
S; = {beR™: 3teZ (bit)e S}

Here ¢ = {(n) is a constant that depends only on n. All polyhedra S can be found in
polynomial time. The partition [B38)) satisfies all other properties as claimed in KPT.

Note that the integer projection of a polyhedron defined in the theorem is not necessarily

a polyhedron as the following example shows.

Example 3.27. Consider the polytope S' = { (y2,y1) € R? : 0 <ys <1, 0 <y1—3ys < 2}.
The integer projection of S on the coordinate y; is S = [0, 2] U [3, 4] (see Figure [3.9).

We emphasize that theorems [[.§, 2.1 and [B.I8 remain valid, because their proofs still
hold true if KPT is substituted by Theorem [3.26] (see [ES08]). Overall, the only discrepancy
between KPT and Theorem [3.26] is about the structures of the pieces in the partition. This

does not at all affect all known results about decision with two quantifiers or less. Also
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Figure 3.9: A polytope S (shaded) and is integer projection (bold).

worth mentioning is Theorem by Barvinok and Woods for counting projections of integer
points in a polytope. This algorithm uses a weaker (valid) partitioning procedure also due
to Kannan [Kan92, Lem. 3.1]. However, as we pointed out in §3.1.D| for three quantifiers or

more, the structural discrepancy between KPT and Theorem [3.26] is of crucial importance.

3.10. Final remarks and open problems

3.10.A. Niels Bohr, the inventor of quantum theory, is quoted saying:
“It is the hallmark of any deep truth that its negation is also a deep truth.”

This roughly reflects our attitude towards KPT. A pioneer result at the time, it only slightly
overstated the truth compared to the Eisenbrand—Shmonin theorem (Theorem B.26). In fact,
for many applications, including Kannan’s Theorem 2.1l and Barvinok—Woods algorithm

[BWO03], Kannan’s weaker result in [Kan92] is sufficient.

Let us emphasize that, of course, it would be natural to have a partition into convex
(co)polyhedra rather than general semilinear sets, since convex polyhedra are much easier
to work with. The fact that it took nearly 30 years until KPT was disproved, shows both

the delicacy and the technical difficulty of the issue.

3.10.B. The gap in the proof of KPT (Theorem 3.1 in [Kan90]) could be traced to the

following lines:

“...for each (b,x) € S; (with b € P, z € Z"), there is a unique y € Z' so that (b, z,y)

belongs to SI. In fact, each component of y is of the form F'|Fz], where F' F are
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affine transformations. This is easily proved by induction on n, noting that (4.5) of

8], the z is in fact forced to be o +1— §].”

Here [8] refers to the conference proceedings version of the paper [Kan92]. In equation (4.5)
of [Kan92], variable z is in fact forced to be |a + 1 — 3]. However, the quantity « in (4.5)
actually depends on b, which makes |a + 1 — /3] a function of b instead of a constant. This
implies that y in the above quoted paragraph could also depend on b. This technical error
was perhaps due to the unclear notation «, which does not reflect its dependence on b, or

due to the complicated cross referencing between [Kan90] and [Kan92).

3.10.C. There is a delicate difference between the treatment of (PIP) in §3.9.A] versus
that in the Integer Programming literature (see e.g. [CL98, [V+07, VWO0g|). In the latter,
the parameter space W is also partitioned into convex polyhedra P;, and over each P; the
number of solutions X is given by a quasi-polynomial p;(b) in b. However, since there are
no test sets, this does not allow us to solve (PIP) for all b. In other words, even though a
quasi-polynomial p;(b) is obtained, which evaluates to |Kz NZ"|, there is no easy way to test

whether p;(b) # 0 for all b within P;. In general, we prove in Chapter [7lthat there are strong

obstacles in using (short) generating functions to decide feasibility of Presburger sentences.

3.10.D. Now that we have Theorem [3.1], one can ask if the dimension 5 is tight. Observe
that for three variables and three quantifiers, there is essentially a unique form of short

Presburger sentence:

dz Yy Jx : O(z,y, 2).

Despite Theorem B.6] KPT actually holds for a PIP problem az < f(y,z) with a single
variable z, i.e., when n = 1. Therefore, this sentence can be decided by the approach

in [NP17¢]. The only remaining special case of (Short-PAj]) is
Jz Vy 3x : ®(x,y,2), where x € Z* y,z € Z.

It would be interesting to see if this case is also NP-complete.
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Similarly, for sentences (GIP)), one can ask if dimension 6 in Theorem [B.2}i) can be

lowered. We believe it can be, at least for the counting part.

3.10.E. Motivated in part by the Hilbert’s tenth problem, Manders and Adleman [MATS]

(see also [GJT9, §A7.2]) proved the following classical result: feasibility over N of
ax® + by = c

is NP-complete, given a,b,c € Z. One can view our Theorem as a related result, where
a single quadratic equation and two linear inequalities x,y > 0 (over Z) are replaced with a

system of 24 linear inequalities.

3.10.F. Minimizing polynomial functions over integer points in a convex polytope is an
interesting problem of Integer Programming. Already for polynomials of degree 4 in two
variables this is known to be NP-hard [DHKWOG], but for lower degree polynomials some
such problems can be solved in polynomial time [DHWZI16]. The survey paper [Kopl2]
contains extensive background on various related problems. Curiously, the following natural

problem remains open:

Question 3.28. Let n be fixed. Given a polytope P C R™ and a rational quadratic function

f:R"™ = R, can the optimization problem minyepnz» f(x) be solved in polynomial time?

The case n = 2 was resolved positively in [DW14]. Note that the case n = 3 with f
homogeneous is known to have an FPTAS [HWZ17].

3.10.G. Our Theorem strongly contrasts with the positive results in [DHEKO09|, which
require that all f;’s are linear. There, it is proved that optimizing over the Pareto minima
can be done in polynomial time when ¢ is linear. Furthermore, if g is non-linear then an
FPTAS also exists. Here, we say that having even one f; quadratic is enough to make the

problem hard.

Note that in Theorem we use three polynomial functions, two or which are linear. It

would be interesting to see if just two polynomial functions suffice for the hardness.
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CHAPTER 4

VC-dimensions of Presburger formulas

We study VC-dimensions of short Presburger formulas, defined similarly to short Presburger
sentences in Chapter Bl 'We give both lower and upper bounds, which are tight up to a
polynomial factor in the binary length of the formula. This chapter is a version of the

preprint [NP17al.

4.1. Introduction

The notion of VC-dimension was introduced by Vapnik and Chervonenkis in [VCT1]. Al-
though originally motivated by applications in probability and statistics, it was quickly
adapted to computer science, learning theory, combinatorics, logic and other areas. We
refer to [Vap98] for the extensive review of the subject, and to [Chel6] for an accessible

introduction to combinatorial and logical aspects.

4.1.A. Definitions of VC-dimension and VC-density. Let X be a set and S C 2% be
a family of subsets of X. For a subset A C X, let SN A :={SNA:S €S} be the family
of subsets of A cut out by S. We say A C X is shattered by S if SN A =24, i.e., for every
subset B C A, thereis S € S with B = SN A. The largest size |A| among all subsets A C X
shattered by S is called the VC-dimension of S, denoted by VC(S). If no such largest size
|A| exists, we write VC(S) = oo.

The shatter function s is defined as follows:

Ts(n) = max {|SNA|: AC X,|A| =n},
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The VC-density of S, denoted by vc(S) is defined as

inf {r eR" : limsupnﬁooﬂs(n) < oo}.

nT
The classical theorem of Sauer and Shelah [Sa72| [Sh72] states that
ve(S) < VC(S).

In other words, ms(n) = O(n?) in case S has finite VC-dimension d. In general, VC-
density can be much smaller than VC-dimension, and also behaves a lot better under various

operations on S.

4.1.B. NIP theories and bounds on VC-dimension/density. It is of interest to dis-
tinguish the first-order theories in which VC-dimension and VC-density behave nicely. Let
L be a first-order language and M be an L-structure. Consider a partitioned L-formula
F(x;y) whose free variables are separated into two groups x € M™ (objects) and y € M™

(parameters). For each parameter tuple y € M™, let
Sy ={xeM":MEF(xy)}.

Here M = F(x;y) means F(x,y) evaluates to true in M. Associated to F' is the family
Sp = {Sy 'y € M"} We say that F' is NIP, short for “F' does not have the independence

property”, if Sg has finite VC-dimension. The structure M is called NIP if every partitioned
L-formula F' is NIP in M.

One prominent example of an NIP structure is our familiar Presburger Arithmetic. The
main result of this chapter are the lower and upper bounds on the VC-dimensions of PA

formulas. These are contrasted with the following notable bounds on the VC-density:

Theorem 4.1 (J[A+16]). Given a PA formula F(x;y) with y € Z", ve(Sr) < n holds.

In other words, VC-density in the setting of PA can be bounded solely by the dimension
of the parameter variables y. It cannot grow very large when we vary the number of object
variables x, quantified variables or the description of F'. This follows from a more general
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result in [A+16], which says that every quasi-o-minimal structure satisfies a similar bound
on the VC-density. We refer to [A416] for the precise statement of this result and for the

powerful techniques used to bound the VC-density.

Karpinski and Macintyre raised a natural question whether similar bounds would hold
for the VC-dimension. In [KMO97], they gave upper bounds for the VC-dimension in some
o-minimal structures (PA is not one), which are polynomial in the parameter dimension n.
Later, they extended their arguments in [KMO0] to obtain upper bounds on the VC-density,
this time linear in n. Also in [KMO0], the authors claimed to have an effective bound on the
VC-dimensions of PA formulas. However, we cannot locate such an explicit bound in any
papers. To our knowledge, no effective upper bounds on the VC-dimensions of general PA

formulas exist in the literature.

4.1.C. Statements of results. For fixed k£ and ¢, denote by Short-PA(k,t) the family of
PA formulas with at most k£ variables (both free + quantified) and t linear inequalities.
When £ and ¢ are clear, a formula F' € Short-PA(k,t) is simply called a short PA formula
(see §3.1.A]). Denote by £(F) the length of F', which is essentially the total binary length of a
fixed number of integer coefficients and constants in its linear inequalities. Our main result

is a lower bound on the VC-dimensions of short Presburger formulas:
Theorem 4.2. For every d, there is a formula F(x;y) = Ju Vv V(z,y,u,Vv) in the class
Short-PA(10, 18) with
((F) = O(d®) and VC(F)>d.
Here z,y are singletons and u € Z%,v € Z%. The expression U is quantifier-free, and can be

computed in probabilistic polynomial time in d.
So in contrast with VC-density, the VC-dimension of a PA formula F crucially depends
on the actual length ¢(F'). For the formulas in the theorem, we have:
VC(F) = Q(¢F)?), and ve(F) <1,

where the last inequality follows from Theorem 4.1l Note that if one is allowed an unrestricted

number of inequalities in F'| a similar lower bound to Theorem can be easily established
71



by an elementary combinatorial argument. However, since the formula F' is short, we can

only work with a few integer coefficients and constants.

The proof of Theorem (.2 directly uses the AP-COVER construction from Chapter[3l The
probabilistic feature of Theorem comes from picking a prime number roughly as large as
44 (explained in proof). By the Prime Number Theorem, this can be done in probabilistic
polynomial time in d. We can actually modify this to a deterministic algorithm with run-time

polynomial in d, at the cost of increasing ((F'):

Theorem 4.3. For every d, there is a formula F(x;y) = Ju Vv V(z,y,u,v) in the class
Short-PA (10, 18) with
((F) = O(d®) and VC(F)>d.

Here z,y are singletons and u € Z%,v € Z%. The expression U is quantifier-free, and can be

computed in deterministic polynomial time in d.

We conclude with the following polynomial upper bound for the VC-dimensions of all

(not necessarily short) Presburger formulas in a fixed number of variables:

Theorem 4.4. For a PA formula F(x;y) with at most k variables (both free and quantified),

we have:

where ¢ and the O(-) constant depend only on k.

This upper bound implies that Theorem is tight up to a polynomial factor. The
proof of Theorem 4.4 uses an algorithm from Chapter [6] for decomposing a semilinear set,
i.e., one defined by a PA formula, into polynomially many simpler pieces. Each such piece is
a polyhedron intersecting a periodic set, whose VC-dimension can be bounded by elementary

arguments.

We note that the bounded number of quantified variables is vital in Theorem [£.4l
In §4.3.C] we construct PA formulas F(z;y) with free singleton variables z,y and many

quantified variables, for which VC(F') grows doubly exponentially compared to ¢(F').
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4.2. Proofs

We start with Theorem [£.3] and then show how it can be modified to give Theorem

Proof of Theorem @3l Let A = {1,2,...,d} and & = 2%, Since S contains all of the
subsets of A, we have VC(S) = d. We order the sets in S lexicographically. In other words,
for S,5" € S, we have S < S if 3y, 42" < 3. 2. Thus, the sets in S can be indexed as
So < Sp << Sya_y, where Sp = @, 51 ={1},..., 54 = A. Next, define:

T:= || {i+dj:ies;} (4.1)

0<j<2d

We show in Lemma .5 below that the set T is definable by a short PA formula Gr(t) with
only 8 quantified variables and 18 inequalities. Using this, it is clear that the parametrized

formula
Fr(z;y) = Gr(z +dy)
describes the family S (with y as the parameter), and thus has VC-dimension d. We remark

that G has only 1 quantifier alternation (see below). O

Lemma 4.5. The set T is definable by a short PA formula Gr(t) = Ju Vv VY (t,u,v) with
uecZbveZ® and ¥ a combination of 18 inequalities with length ((¥) = O(d?).

Proof. Our strategy is to represent the set T as a union of arithmetic progressions (APs). In
Chapter 3, we gave a method to define any union of APs by a short PA formula of polynomial
length. For each 1 <i <d, let J;={j:0<j<2%i€S;} From [@I), we have:
d
T=| |(i+adJ). (4.2)
i=1
From the lexicographic ordering of the sets S;, we can easily describe each set J; as:
Ji={m+27 42 0<m <27 0<n <27 (4.3)
So each set J; is not simply an AP, but the Minkowski sum of two APs. However, we can

easily modify each J; into an AP by defining:

J={2m+27) +2n : 0<m <27 0<n<29) (4.4)
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It is clear that J/ is an AP that starts at 24+~! and ends at 247" — 2¢ with step size 2¢. Let
AP, =i+ dJ] and
d
T =| |AP.. (4.5)
i=1

This is a union of d arithmetic progressions. Using the construction from Sections B3] we

can define 7" by a short PA formula:
el <+ 3w Vv @(t/,w,v),

where t' € Z, w,v € Z? and ® is a Boolean combination of at most 10 inequalities. Recall
that this construction works by finding a single continued fraction oo = [ag; by, a1, b1, . . . , G2q-1]
whose successive convergents encode the starting and ending points of our APy, ..., AP4. For
each 4, the first and last terms in AP; are respectively 3; = i+d2%~! and ; = i+d (2411 —27),
which have binary lengths O(d). By Observation B.7], each term a; and by, in « is at most the
product of these 5; and ~;. Since Hle Bi7y; has binary length O(d?), and so does each term
ar and by. Therefore, the final continued fraction « is a rational number p/q with binary

length O(d®). This implies that ¢(®) = O(d?) as well.
To get a formula for 7', note that from (A.2]), ([A3]), (44]) and (L5), we have:

teT <« 3tirs : teT, 1<i<d 0<s<?2¢
t'=i+d?2% +5s), t=i+d(r+s)
Here r and s respectively stand for m + 207! and 2'n in ([£3)). Using 3w Vv &(f', w,v) to
express t' € T', we get a formula Gr(t) defining 7" with 8 quantified variables t',i,7, s € Z,

w,v € Z? and 18 inequalities. Note that t',7,r, s and w are existential variables, so G has

the form Ju Vv ¥(t,u,v) with u € Z% v € Z? and ¥ quantifier-free. O

Proof of Theorem Note that the above construction of F7r and Gp is determin-
istic with run-time polynomial in d. For Theorem (2] only the existence of a short PA

formula with high VC-dimension is needed. In this case, our lower bound can be im-

proved to VO(F) > c\/{(F), for some ¢ > 0, as follows. Recall that 8; = i + d2¢+~1

'Here each equality is a pair of inequalities.
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and 7; = i + d(2%"" — 2%) are the smallest and largest terms of AP; in (&H). Pick the
smallest prime p larger than max(vyi,...,74) ~ d4%. This prime p can substitute for the
number M in Section B3, which was (deterministically) chosen as 1+ [, B, so that
it is larger and coprime to all of them. The rest of the construction follows verbatim as
before. Note that logp = O(d) by Chebyshev’s theorem. So the final continued fraction
a = [ag; by, ay, by, . . ., asq—1] has length O(d?), because now each term ay, by has length at

most log p. This completes the proof. O

Proof of Theorem [4.4. Let F(x;y) be any PA formula with free variables x € Z™,
y € Z" and n’ other quantified variables, where m,n,n’ are fixed. In Theorem [6.17], we give

the following polynomial decomposition for the semilinear set defined by F':
Sp o= {(x,y) €Z™" : F(x;y)=true} = | |R;NTj (4.6)
j=1

Here each R; is a polyhedron in R, and each T; C Z™*" is a periodic set, i.e., a union
of several cosets of some lattice 7; C Z™™. In other words, the set defined by F is a union
of r pieces, each of which is a polyhedron intersecting a periodic set. Our decomposition is
algorithmic, in the sense that the pieces R, and lattices 7; can be found in time O(E(F )C),
with ¢ and O(-) depending only on m,n,n’. The algorithm describes each piece R; by a
system of inequalities and each lattice 7; by a basis. Denote by ¢(R;) and ¢(7;) the total

binary lengths of these systems and basis vectors, respectively. These also satisfy:
ST UR,) +UT;) = O(U(FY). (4.7)
j=1

Each R; can be written as the intersection Hj; N --- N H;y, where each Hj; is a half-

space in R™™ and f; is the number of facets of R;. Note that f; < ¢(R;) = O(¢(F)°). We

rewrite (4.0) as:
j=1

Therefore, the set Y is a Boolean combination of f; 4+ --- + f,. half-spaces and r periodic

sets. In total, there are

fit o+ fotr=O(UF)) (4.9)
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of those basic sets.

For a set I' € R™™ and y € Z", denote by I'y the subset {x € Z™ : (x,y) € I'}
and by Sr the family {I'y : y € Z"}. For a half-space H C R™*™, it is easy to see that
VC(Sy) = 1. For each periodic set T; with period lattice 7;, the family Sz, has cardinality
at most det(7; N Z") < 207) . Thus, we have

VC(Sr,) < log|S,| = O(U(T))). (4.10)

Let I'y,..., 'y C Z™*" be any t sets with VC(Sr,) = d;. By an application of the Sauer-
Shelah lemma ([Sa72 [Sh72]), if ¥ is any Boolean combination of I'y,...,I';, then we can
bound VC(Sy) as:

VC(Ss) = O((dy + -+ -+ dy) log(dy + - - - + dy)).

Applying this to (4.8), we get VC(Sx,.) = O(Llog{), where

r fi r
0= (VC(ST].)JrZVC(SHﬁ,)) < ZIVC(STJ.)%—fj.

=1 =1

By (£7), (9) and (£I0), we have ¢ = O(¢(F)%). We conclude that VC(F) = O (¢(F)*).

O

4.3. Final remarks and open problems

4.3.A. The proof of Theorem is almost completely deterministic except for finding a
small prime p larger than a given integer N. This problem is considered to be computation-

ally very difficult in the deterministic case, where only exponential algorithms are known

(see [LOS7, TCHI12]).

4.3.B. Our constructed short formula F' is of the form 3V. It is interesting to see if similar
polynomial lower bounds are obtainable with existential short PA formulas. For such a

formula F(x;y) = 3z ®(x,y, z), the quantifier-free expression ®(x,y,z) captures the set of
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integer points I' lying in a union of some polyhedra P;’s. Note that the total number of
polyhedra and their facets should be bounded, since we are working with short formulas.
Therefore, F' simply capture the pairs (x,y) in the projection of I' along the z direction.
Denote this set by proj(I'). By Theorem [L8 proj(I") has a short generating function, and
can even be counted efficiently in polynomial time. In our construction, the set that yields
high VC-dimension is a union arithmetic progressions, which cannot be counted efficiently
unless P = NP (Theorem [B.13)). This difference indicates that proj(I') has a much simpler

combinatorial structure, and may not possess high enough VC-dimension.

4.3.C. One can ask about the VC-dimension of a general PA formula with no restriction
on the number of variables, quantifier alternations or atoms. By the famous Theorem of
Fischer and Rabin, PA has decision complexity at least doubly exponential in the general
setting. For every ¢ > 0, they constructed a formula Prod,(a, b, ¢) of length O(¢) so that for
every triple

YA
0<a,bc < 222,

we have Prody(a,b,c) = true if and only if ab = ¢. Using this “partial multiplication”
relation, one can easily construct a formula F,(z;y) of length O(¢) and VC-dimension at
least 22°. This can be done by constructing a set similar to 7" in (1)) with d replaced by 22

using Prod,. We leave the details to the reader.

Regarding upper bound, by Theorem [I.3] of Oppen, any general PA formula F of length
¢ is equivalent to a quantifier-free formula G of length 22265, where ¢ > 0 is a universal
constant. This implies that VC(G), and thus VC(F), is at most triply exponential in ¢(F').
We conjecture that a doubly exponential upper bound on VC(F') holds in the general setting.
It is unlikely that such an upper bound could be established by straightforward quantifier
elimination, which generally results in triply exponential blow up (see [Wei97, Thm 3.1]).
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CHAPTER 5

Parametric Presburger Arithmetic

We consider k-parametric Presburger Arithmetic, which allows multiplication by k parame-
ters t = (t1,...,t;). A formula in this language defines a parametric set Sy C Z? as t varies
over Z*, and we examine the cardinality |S;| as a function of t. For k = 1, i.e., a single param-
eter ¢, it is known that |S;| always has a nice eventual quasi-polynomial form, which implies
that | S| is a polynomial-time computable function of ¢. Our main result (Theorem [5.10)
says that such a nice expression is likely impossible with & > 2: Assuming P # NP, we
construct a 2-parametric set Sy, 4, such that |Si ¢, | is not polynomial-time computable on
input (¢1,t3). In contrast, for any k-parametric set Sy C Z9 defined in a similar language
without the ordering relation, we show in Theorem that |Si| is always polynomial-time
computable in t, and in fact can be represented using ged and similar functions. This chapter

is a version of the preprint [BGNWIS].

5.1. Introduction

5.1.A. Formulations and examples. We study the difficulty of counting points in para-

metric sets of the form

Se={x€Z : Qiy1 QY ... Quym Ve(x,¥)}. (5.1)

Here x = (x1,...,x4) are the free variables, y = (y1, ..., yn) are the quantified variables and
t = (t1,...,t) are the parameters, all ranging over Z; Q; € {V, 3} are the quantifiers; and

Ui(x,y) is a Boolean combination, in disjunctive normal form, of linear inequalities in x,y
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with coefficients in Z[t]. That is,

Vo(x,y) = [A(t)- (x5, y)7 < Bi®)] V...V [Adt) - (xy)" <h(t)],  (5.2)

where each A;(t) is a r; x (d + m) matrix, each b;(t) is a length 7; column vector, all with
entries in Z[t], and the concatenation (x,y) of the x and y variables is treated as a row
vector. If there are k parameters t,,...,1, we say that the family of sets {S; : t € Z*} is a

k-parametric Presburger family. A general expression of the type

(I)t(x> = Qlyl Q2y2 ce mem \I]t(xv Y> (53>

with Uy(x,y) as in (51 is called a formula in k-parametric Presburger Arithmetic (often
abbreviated as k-parametric PA). Classic Presburger Arithmetic corresponds to k = 0. Below

is the main question addressed in this.

Question 5.1. Given a k-parametric Presburger family defined by S; = {x € Z¢ : ®;(x)},

under what conditions on @y is the counting function |S¢| a “nice” function of t7

Of course, “nice” is a vague qualifier, so let’s start with some nice examples. We will assume
that the parameters t; are nonnegative in the following examples, which simplifies the number

of cases:
Example 5.2. If we define Sy, ,, ={x € Z: >0 AN tyz <ty}, then
‘Stl,tz‘ = Lt2/tlj + 1.

Example 5.3. The set S;, 4, = {(:cl,x2) EZ%: x1,09 >0 A tixy +toxe = tltg} consists

of the integer points on a line segment with endpoints (t2,0) and (0, ¢;), and so
|St1,t2| = ng(tl, tg) + 1.

Example 5.4. If Sy, 4, = {(z1,72) €Z*: 21,20 >0 AN z1+a9=1 A 2x1+ 33 < ta},

then the equality forces xo = t; — z1 (which is only valid if x; < t;) and substituting into

79



the inequality shows that

1Stt,l = Ho1 €Z: 0 <y <min(ty, ty — 1)}
)

t+1 if 2t < to,

= ta—t1 +1 ift1§t2<2t1,

0 lftg < 1.

\

Example 5.5. If S = {z € N : Vy,z€ N 1z # (t* +2)y + (3t)z}, then we have:

s { oo if 31t or 2|t
(2 +1)(3t —1)/2 otherwise

We are seeing many types of “nice” functions in these examples, and the question is now
how to generalize. In fact, Example generalizes to any family in 1-parametric PA by the
result in [BWGIT], as described below.

5.1.B. 1-parametric Presburger Arithmetic. In the case of a single parameter ¢, our

perspective means studying families {S; : t € Z} of subsets of Z? of the form

St = {X € Zd : Qlyl Q2y2 s mem \Ilt(xv Y>}7 (54>

where W,(x,y) is exactly as in (5.2) except that the entries of the A;’s and the b;’s come
from the univariate polynomial ring Z[t|. The study of such I-parametric PA families was
proposed by Woods in [Wool4]. These families were further analyzed in [BWGI17], in which

the main result is that they exhibit quasi-polynomial behavior:

Definition 5.6. A function g : Z — Z is a quasi-polynomial if there exists a period m and

polynomials fo, ..., fin_1 € Q]t] such that
g(t) = fi(t), for t =i mod m.

We allow special cases when some f;(t) = co. A function g : Z — Z is an eventual quasi-

polynomial, abbreviated FQP, if it agrees with a quasi-polynomial for sufficiently large |t|.

Example is a family where |S;| is an EQP.
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Theorem 5.7 ([BWGIT]). Let {S; : t € Z} be a 1-parametric PA family. There exists an
EQP g : Z — N such that g(t) = |S|. The set of t such that S; has finite cardinality is

eventually periodic.

Remark 5.8. In [BWGIT], the parameter ¢t takes values in N instead of Z. However, one

can see that the same proofs and conclusions also hold when ¢ ranges over Z.

Note that any fixed EQP is a polynomial-time computable function, so we easily get:

Corollary 5.9 ([BWGIT]). Let S; be any fived 1-parametric PA family. Then there are

polynomial time algorithms to: i) check if |S;| = oo, ii) compute |Sy| if |Si| < o0.

There are several other forms of quasi-polynomial behavior that 1-parametric PA families
exhibit (such as possessing EQP Skolem functions; see [BWGI1T]). Here we focus on the

cardinality, |S;|. We hope the reader agrees that EQPs are relatively “nice” functions.

5.1.C. Statements of results. Abusing the notation, we also denote a parametric PA

family {S; : t € ZF} just by Sy when the dimension k is clear.

Theorem 5.10. Assume P # NP. Then there exists a 2-parametric 3V PA family Sy, 4,
for which |Sy, +,| is always finite but cannot be expressed as a polynomial time computable

function in t, and ts.

Here, by an 3V PA family, we mean S;, 4, is of the form (5.I)) where the quantifiers are
J...3V...V. We also remark that technically, only the weaker assumption #P # FP is

needed. Two consequences of this result are:

Corollary 5.11. There is a 2-parametric PA family Sy, +, such that the set of (t1,ts) € Z*

for which |St, +,| is positive cannot be described using polynomial-time relations in t1,ts.

Corollary 5.12. Any extension of 2-parametric PA with only polynomial-time computable

predicates cannot have full quantifier elimination.
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5.1.D. Structure of the chapter. We will present what amount to two different proofs
of Theorem [B.10] in the following two sections. In each case, we leverage the main result of
Chapter [3, which gives a “hard” 3-parametric 3V PA formula, and then show how this can be
reduced to a 2-parametric 3V PA formula. For the first reduction presented in Section [5.2] we
use a trick due to Glivicky and Pudlék [GP17] to encode multiplication with three different
parameters by multiplications with only two parameters. This reduction has the advantage of
not increasing the number of free variables in the formula. Next, in Section [5.3] we present a
more general counting-reduction technique which is less ad hoc and reduces any k-parametric
PA formula to a 2-parametric PA formula with the same number of quantifier alternations;
the idea here is a little more transparent than in Section B.2] but it has the disadvantage
of introducing many more new free and quantified variables to the formula, so we consider

that it is interesting to present both reductions.

In Section [5.4] we consider a variant of Question [5.J] in which there is no order relation
in our language; that is, we can only express linear equations but not linear inequalities.
Quantifier-free formulas in this language define finite unions of lattice translates. This set-
ting was studied in detail from a model-theoretic perspective by van den Dries and Holly
[vdDHO92], and we apply their results to show that, in contrast to Theorem 510, the count-
ing functions in the unordered setting can be computed in polynomial time, regardless of
the number of parameters and of quantifier alternations. Indeed, these functions can be

expressed using ged and related functions.

Finally, in Section we discuss the optimality of Theorem [5.10] by explaining what

happens when we weaken or modify some of the hypotheses.

5.2. Proof of Theorem (.10 and its corollaries

Recall from Chapter [3] that a short PA sentence is a sentence in classical PA whose numbers
of alternations, variables and linear inequalities are all bounded. We proved in Theorem [3.1]

that 3V3 short PA sentences of at most 5 variables and 10 inequalities are NP-complete to
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decide by reducing the NP-complete problem AP-COVER to them.

Recall the statement of AP-CoOVER from §3.3.Al Tt asks whether there is some integer
in a given interval J = [u, v], which is not covered by several given arithmetic progressions
AP; = AP(g;, hi,e;). The problem is clearly invariant under a translation of both J and
the AP;’s, so we can assume p = 1. Also without affecting the complexity, we can assume
that gy = v,hy = 1 and e; = 0, i.e., AP; = {v}. The main argument in §3.3.A] constructs
an integer M and a rational number p/q such that the convergent of p/q encode |J;_, AP;
modulo M. A nice feature of p/q is that |p/q| = g1 (Remark B.8)), which combined with
our choice of g; = v implies that [u,v] = [1,p/q]. The formula in (B9) can be rewritten

equivalently as:

Ppom(2) = 1<z2<p/g N3y ya=2(mod M) A |[p/q] <ya<p A qua <pyr A

PY1—qy2 = pri—qra > 0
A Vx — Y1 Y2 1 2 7 (5.5)

y2>9§2>0

which satisfies the property:
{z€Z:P,,m(2) =true} = [p,v] N (UAPZ-). (5.6)
i=1

So the original AP-COVER problem is not satisfied if and only if |S, , v = |1, V]| = |[p/4q].

We emphasize that p,q, M can be computed in polynomial time from u, v, g;, h;, €;.

From here, a hardness result for 3-parameter PA immediately follows.

Proposition 5.13. Assume P # NP. There exists a 3-parametric 3V PA family Sy 4 m
such that |Spq M| is always finite but cannot be expressed as a polynomial-time computable

function in p, q, and M.
Proof. We can clear the integer denominators in (5.5]) by cross multiplications. The condition
Y2 = z (mod M)

can be expressed with existential quantifiers. Thus we obtain a 3-parametric 3V PA formula

®, ;. a1, which defines a family S, , 2. The set of satisfying values z is finite by 1 < z < p/q.

1See Section for basic concepts of continued fractions
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Now assume |5, 4| is a polynomial-time computable function f(p,q, M). Then given any
AP-COVER instance, we can compute p, q, M in polynomial time from the AP,’s, and then
evaluate f(p, ¢, M) in polynomial time to check whether f(p,q, M) = |p/q|. This contradicts
P £ NP. O

It remains to reduce the three parameters p, ¢, M to two. To do this, we will adapt a trick
of Glivicky and Pudldk [GP17]. Their context is slightly different from ours in that they
use nonstandard integers rather than parameters that range over Z, and that their results
involve computability rather than complexity. However their key idea and its proof apply in

our context. The two parameters that will be involved are

ty = pM, ty=pgM?+ M. (5.7)

For convenience, we will assume for the rest of this section that all the parameters in our
formulas (t1,t2,p, q, and M) only take nonnegative integer values. Although in other parts
of this chapter the parameters are assumed to range over Z, this restriction does not affect

the hardness results we are proving here.

Proposition 5.14 ([GP17] §3.2). For 0 < j < p, the three multiplications j — pMj, j —

qgM 3y, 7 — M7y can be defined by using just two multiplications 7 — t1j and j — ta].

Proof. By definition, we have t;7 = pMj for all 7, so it remains to define the multiplications
by ¢Mj and Mj for 0 < 5 < p. By the division algorithm, for every 57 > 0 we can uniquely
write

(pgM? + M)j = (pM)r 4+ s, where 0<7 and 0<s < pM.

If 0 <j < p, then s = Mj (mod pM) = Mj and we can then solve to obtain r = ¢Mj.

Thus for 0 < j < p, the formula
Divtl,tz(jurv S) = (t2,] =tr+ S) ANOLZ<r AN0<s<t

is satisfied by the triple (j, ¢Mj, M j). Furthermore, for such j this formula cannot be satisfied

by any other values of the second and third arguments. O

84



We now prove some additional capabilities of the parameters t; = pM, ty = pgM? + M
that will be required in order to transform the entire formula (5.5) into a formula in ¢; and

to alone.

Lemma 5.15. The congruence relation modulo M is definable using just the multiplications

by t1 and ts.
Proof. Consider the formula

Cong-M,, ,, (b, c,w,ws) = (b—c—tiw; — tawy = 0).
Since ged(tq,t2) = M, the condition b = ¢ (mod M) is expressed as:

Jwi,wy  Cong-M,, 4, (b, c,wy, ws).

Lemma 5.16. The constant p is definable using just the multiplications by t1 and t».

Proof. Since ty/t; = ¢M + 1/p, p is the smallest positive integer v such that t;[tov. Since
top/t; = to/M = pgM + 1, we can express that a pair of variables w, v satisfy (u,v) =
(pgM + 1,p) by the formula

Equal-p, ., (v,u) == u>0 A too =tiu A (Vo',u' 0 <0 <v—t0 #td).
]

Lemma 5.17. Suppose p, q, and M are positive integers such that p/q ¢ 7. If t; = pM and
ty = pgM? + M then [t3/t2] = |p/q].

Proof. First, we have
t/ts = p*M?/(pgM? + M) = p/(q + 1/pM) < p/q,
so |t2/ta] < |p/q]. On the other hand, since p/q ¢ Z we have:
p=Ip/ala+1> p/ala+ p/a)/pM = |p/ql(q+1/pM).

This means t?/to = p/(q+ 1/pM) > |p/q|, and thus [t3/t2] = |p/q]. O
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Proof. Theorem 510 In order to apply Proposition [5.14] we must first multiply by M every
inequality in (5.5]) that involves multiplication by p or ¢. This works because multiplications
by p, q, and M appear separately in (B.5). After doing so and clearing some denominators,

we obtain the equivalent formula:

L m(2) = 3y 1 0<2<p/q (5.8)
A y2 = z (mod pM) (5.9)
Aplg<ys+1<p (5.10)
A qMyz < pMy, (5.11)

My, — gMys > pMxy — qgMzy > 0
Ay, zy - pMYyr — qMyz = piMIy — qMIy = . (5.12)
Yo > To > 0

Here (B.I0) is equivalent to |p/q] < y2 < p in (B.5) because yo € Z. Now consider the

formula:
Upi(2) = Fy,y, wi,wa,u, 0,78 0 0 <tpz <1 (5.13)
A Cong-M,, 4, (y2, 2, w1, wo) (5.14)
A Equal-p,, , (u,v) A 8] <ta(y2 + 1) < tov (5.15)
A Divy, 4, (y2, 7, 8) A r < tiy; (5.16)
AVxy, xo (O < 29 < Yo A Divy, g, (22,7, s')) — —|(O <tz —r' <ty — 7’). (5.17)

It only remains to show that @ ,/(2) and Wy, 4,(z) are equivalent. We have:

o (5.8) < (B5.I3) This follows by rounding down both equations to the nearest integer

and applying Lemma [5.17
e (5.9) < (5.14) This is Lemma [5.15

e (5.10) + (5.15) We can again apply Lemma 51T to replace p/q in (5.10) by t2 /¢, since
every other quantity in £.I0 is an integer. By Lemma [5.T6, the formula Equal-p, ,, (v, u)

fixes the value of v to be p, so we can now replace p by v to obtain .15l

e (51I0) — [(BII) «+ (5I6)] By (BI0), we have 0 < yp < p, so by Proposition 514, the
condition Divy, 4, (y2, 7, s) fixes the value of r to be ¢My,. Here we modify (5.11]) by replacing
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qMys by r and pMy, by t1y; to obtain (5.16).

e (510) — [(B12) < (BI7)] Using (5.16) which we have already shown to be equivalent
to (5.I1]), we can replace ¢gMyy by r. Using the definition of ¢;, we can also replace pMy; by

ty; and pMzy by tix1. So (B.12) is equivalent to

tyl —-T Z tlxl — qM.CL’Q Z 0
vxlaxQ - )
Yo > To > 0

or in another form
Vxl,xg 0<ay < Yo — _|[ty1 —r 2 tix1 — qM.CL’Q > O]

Since the hypothesis xo < ys along with yo < p from (EI0) implies x5 < p, we can (by
Proposition [5.14)) insert the condition Divy, 4, (z2,7’, s) into the hypothesis to fix r’ equal to
qMxy. Accordingly substituting in ' for ¢M o, we obtain (5.17)).

So @y, gar, @),y and Wy, 4, are all equivalent. Note that since all variables are integers,
all strict inequalities can be sharpened, e.g., x5 < ys is just x5 + 1 < y9. This finishes the
proof of Theorem [G.10. O

Proof of corollaries [5.11 and (212 The formula W} , (2) == (0 < z < 7/t2) A =Wy, 4,(2) is
satisfied only by those z € [u, ]\ J;_, AP; (see (5.6))). This formula defines a 2-parametric
family Sy, +,. So the condition |S, 4| > 0, which is equivalent to AP-COVER, cannot be
expressed using polynomial-time relations in ¢; and t5. Similarly, any expansion of parametric
PA with polynomial-time predicates cannot have full quantifier elimination. For otherwise
we can apply it to the sentence 32 Wi , (2) and get an equivalent Boolean combination of

polynomial-time relations in ¢y, 5. O

5.3. Counting-universality of 2-parametric PA

Consider a k-parametric PA formula:

(I)u(x> = Qlyl Q2y2 cee mem @u(X7 Y> (518)
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Here u € Z* are the k scalar parameters, x € Z¢ are the free variables, y = (y1,...,%n) € Z™
are the quantified variables, Q1, ... Q,, € {V,3} are the quantifiers, and ©,(x,y) is a Boolean
combination of linear inequalities in x,y with coefficients and constants from Z[u]. This

formula defines a parametric family S,,.

Definition 5.18. We say that a ki-parametric family S, counting-reduces to an ks-parametric
family S if there exists f = (f1,..., fx,) : Z" — ZF with f; € Z[u] such that for every

u € Z" we have:
|Su| =00 = [Shyl =00 and [Su| < o0 = [Su| = [Sjuyl-

Theorem 5.19. Every k-parametric PA family Sy counting-reduces to another 2-parametric
PA family Fs; with the same number of alternations. In other words, 2-parametric PA

families are counting-universal.

First we prove the following lemma.

Lemma 5.20. For every formula ®, of the form (B.I8)), there exist u,p' 11, ..., v, € Z[U]

such that for every value u € ZF we have:
i) |Sul = 00 if and only if
3 [t < Il <) A (Qu(ln] < ) . @l < vl Oulxy)]
i) If |Su| < 00 then for cvery x € Z¢:
5u6) = true <= [l < ) A (Q1(1n] € 14 (0) - Qunllel < (1)) Oulx.y)).

Here || - ||oo is the loo—norm. So p(u) < ||x||s stands for \/L_, (zi < —p(u) V plu) < ;)
and ||x[lse < p/(0) stands for N\, (— () < a; < W(a)). Each restricted quantifier

Qi(Jyi| < vi(u)) means exits/for all y; in the interval [—v;(a), v;(u)]

2Here we understand that u, i’ v; have positive values for all u € ZF.
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Proof. Consider a usual, non-parametrized PA formula:

P(x) = Quyr Qo .. Quym O(x,y), x€Z7,

which defines some set S C Z". Recall Cooper’s quantifier elimination procedure for Pres-
burger Arithmetic (see [Opp78]). Applying it to ®(x), we obtain an equivalent quantifier-
free formula ®’(x), which may contain some extra divisibility predicates. By Theorem 2

of [Opp78|, after eliminating all m quantifiers from ®, we obtain the following bounds:

m 4™ m 4m
J < C4 : s < 8(40) ’ a < a4 8(40) 7

where:

e ¢ is the number of distinct integers that appeared as coefficients or divisors in @,

e sis the largest absolute value of all integers that appeared in ® (coefficients + divisors

+ constants),
e a is the total number of atomic formulas in ¢ (inequalities + divisibilities),

and ¢, ', a’ are the corresponding quantities for . Now assume ¢, m and n are fixed. Then
we have:

C/ S COIISt, S, S S , a < aconStSCOHSt’

where const = const(c, m) is fixed. So in this case ®" has at most a fixed number of coefficients

and divisors.

Denote by D the common multiple of all divisors in ®. We have D < s™'  Let
L = (Dey,...,De,) be the lattice of Z" consisting of x € Z" whose coordinates are all
divisible by D. Fix some particular coset C of £ and restrict x to C. Then in ®'(x), all
divisor predicates have fixed values (either true or false) as x varies over C. So over C, the
formula @’(x) is just a Boolean combination of linear inequalities in x, which represents a
disjoint union of some rational polyhedra in R™. Each such polyhedron P can be described

by a system of fized length, because there are only at most ¢ different coefficients for the x
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variables. The integers in the system are also bounded by s°"*. We consider PN C. By the

fundamental theorem of Integer Programming? (see [Sch86, Th. 16.4 and Th. 7.1]), we have:

PNC = conv(vy,...,0y) + Z(W,...,W,)

! .
const” - Here const’ = const/(¢, m,n) is fixed. From

for some v;, w; € Z" with ||T;|| o, [|W) |0 < s
this, it is easy to see that there is const” = const”(c, m, n) such that for every polyhedron P

in the disjoint union, we have:

IPNC|=00 <= thereisxe PNC with s < ||x]||s < s,

|P N C| <o =— PNCC [_Sconst”’ Sconst”]n.

Since this holds for every coset C of L, we conclude that there is constg = constg(c, m,n)

such that:

S| =00 <= Ix with s < [|x]|oe < 2% and &'(x) =true  (5.19)

IS|<oo = Vx (P(x)=true = [|x[s < ). (5.20)

This gives us a bound for x. Now for every x with [|x[[, < s°°™% by the same argument,
it is enough to decide the (substituted) sentence ®(x) over those y; with |y;| < st In
other words, for every such value for x, we may replace Qqy1 by Q1(|y1] < s°™") in ®(x)
to obtain a new formula ®;(x), which is equivalent to the original formula ®(x). Working
inwards, we can likewise bound |ys| by s |ys| by s etc. Therefore, in case |S| < oo,
the whole formula ® is equivalent to one with bounded quantifiers on all y;. Also by (5.19),
we have | S| = oo if and only if some 5% < ||x||o, < 52"t gatisfies it. For x in this range,
we can again bound ¥, y9, etc., accordingly by some other powers of s. Note that we can

bound each y; by a common larger power of s for both cases (5.19) and (5.20).

In a k-parametric PA formula ®,(x), we consider m,n and ¢ to be fixed. Since all

coefficients and constants of ®,, are in Z[u], we can bound s by some polynomial in u. Thus,

const

every s is also bounded by some polynomial in u. This proves Lemma [5.20L O

3We are rescaling £ to Z before applying this bound.
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Remark 5.21. In the above application of Cooper’s elimination, if only m, n are fixed but

const — Tnstead, we would have ¢, log s’ <

not ¢, then we no longer have the bound s’ < s
poly(e,logs). A bound of this type is important for showing that the decision problem
for classical PA with a bounded number of variables falls within the Polynomial Hierarchy
(see e.g. [Gra87, [Gra88]). However, it would not be strong enough for our argument, which

crucially needs log s’ = O(log s).

From Lemma [5.20, it is easy to see that S, counting-reduces to the family Sy defined by

the following formula ®y(x, 7):

bu(x,7) = [7 =07 (Qulmnl < 1(w) - Q] < (W) Oulxy) A e < pa(u))]
v [z 0n (@il £ wi() .. Qullyml < vm(w) Oulx,y) A plu) < x| < p(w))].

Here the bounds on ||x||« can be placed after the quantifiers @); without affecting the mean-

ing. The dummy variable 7 is used to make sure that |§u\ = 00 in the second case.

Proof of Theorem[5. 19 We show that Sy counting-reduces to a 2-parameter family Fj,,
defined by a new formula WU, ;. First, we list all the different scalar terms that appear in (T)u,
either as coefficients or constants (including all u, i/, v;) as dg(u),...,d,.(u). Now suppose

we need to multiply some z € N by dp(u),...,d,.(u) and also know that
—t/2 < dp(u)z, ..., 6 (u)z < t/2 (5.21)

for some t € Z. The following base-t concatenation, which is similar to (5.7]), can be used.

Essentially, we encode the “multi”’-product (dg(u)z,...,d.(u)z) as a single product:
do(u)z + to(u)z + ... +t"0.(u)z = (dp(u) +td(u)+---+10.(u)) 2.
In other words, if s = dp(u) +t61(u) + - - - +t"6,(u) and the formula
Divgi(2, 20,...,2) = (sz2=20+tz1 4+ +t'2) N (t/2<20,...,2 < —t/2)

is true, then we must have zg = dp(u)z, ..., 2, = 0,.(u)z. Indeed, by subtracting we have
20 — 6o(u)z = 0(mod t), so zg = dg(u)z because —t/2 < zy, dp(u)z < t/2. The same

argument applies to other z;.
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Observe that in a)u, all variables x and y are bounded by polynomials in u. Hence, we
can pick n(u) € Z[u] so that for every value u € Z*, the condition (5.2I)) is always satisfied
when t = n(u) and z is either the constant 1 or any of the possible values of the x, y variables.

Our reduction map f : Z* — Z? can now be defined by letting
t=n(u); s=dp(u)+td(u)+---+to.(u).
Now we can define W, ,(x, Z) from ®,(x,Z) using (m + d + 1)(r + 1) extra variables:
W = (wij)i<i<d,0<j<r W = (Wj;)i<i<m,0<j<r  and v = (v))o<j<r

Assuming the last quantifier @,, in D, is 3, we insert

d
/ . .
dw,w',v Divg,(1,v0,...,0,) A /\Dle,t(!L'z',wio,---,wz’r)

()

m
. / /
A /\ Dlvs,t(yiu Wy - - - 7wir>
=1

right before Oy (x,y), i.e., replace Oyu(x,y) by (*) A Ou(x,y). Then in ®, we replace every
term d;(u) x; by wij, every term d;(u)y; by w;; and every term §;(u) by v;. Now ®,, becomes

the desired U, ,. In case @),,, =V, we insert:

d
Vw,w',v =Divg(1,v0,...,0,) V \/ —Div (s, wig, - - -, Wir)
i—1
- (%)
% \/ —Divg (yi, Wy, . . ., wh,)
i=1

right before ©,(x,y), i.e., replace O4(x,y) by (xx) V O4(x,y). Again, replace every term
dj(u) z; by wy;, every term d;(u)y; by wj; and every term d;(u) by v;. This gives U, ;.

Note that W, still has the disjunctive form [ : } Y [ . } with each disjunct containing
m alternations @) ...Q,,. This formula is equivalent to a formula in prenex normal form

with m quantifier alternations, so we are done. O

Remark 5.22. In case S, is defined by a quantifier-free formula, i.e., m = 0, we only need

to insert (%), without the 3 quantifiers, before ©,(x,y). This is because Div,(z, 2o, . . ., 2)
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uniquely determines zg, ..., z, in z. So in this case Sy also counting-reduces to a quantifier-
free F;,, although the latter has many more free variables. Thus, the study of integer point
counting functions on k-parametric polyhedra reduces to the case of 2-parametric polyhedra

in higher dimensions.

5.4. Counting in parametric unordered PA

In this section, we consider the reduct of multi-parametric Presburger Arithmetic to the
language without ordering, so that basic quantifier-free formulas are equivalent to Boolean
combinations of equations of the form fi(t)zy + ...+ f,.(t) = g(t), where t = (¢1,...,t;) is a
tuple of parameters and fi,..., fi, g € Z[t]. As always, we are allowed to quantify over the
variables x; but not over the parameters t. Note that if there is no parameter t, this would

correspond to studying the first-order logic of the additive group (Z;+). More precisely:

Definition 5.23. A k-parametric unordered PA family is a collection
{St 1t = (tl,...,tk) € Zk}
of subsets of Z¢ which can be defined by an equation of the form

St = {X S VAR Qi1 Q2y2 - .. QumYm @t(X, Y)}>

where the Q); € {V, 3} are quantifiers for variables y; ranging over Z and O4(x,y) is a Boolean

combination of linear equations with coefficients in Z]t].
For example,
1 =0 A 3y, Y2 (Yits +yata = 1)

defines a 2-parametric unordered PA family {S; C Z : t € Z?} such that Sy = {0} if
ged(ty, t2) = 1 and Sy = @ otherwise.

Theorem 5.24. Suppose that Sy C Z¢ is a k-parametric unordered PA family. Then:

(1) There is a polynomial-time algorithm to decide whether Sy is nonempty.
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(2) There is a polynomial-time algorithm on input t which decides whether or not Sy is

finite or infinite.

(3) There is a polynomial-time computable function g : Z¥ — N such that whenever Sy is

finite, g(t) = |S|.

In fact, the proof of Theorem [5.24] will show that the decision algorithms for (1) and (2)
rely upon only a few basic, concrete number-theoretic operations on t, such as gcd and a

couple of related functions.

To prove Theorem [5.24] we need to recall some notation from [vdDH92]. To eliminate
quantifiers, they work in a two-sorted language Lo in which variables z; and parameters
in t are assigned to objects of distinct domains, called the group sort and the ring sort,
respectively. For our purposes, the group sort and the ring sort are two disjoint
copies of Z. The variables x; and y; will always range over values in the group sort, and the
parameters t; will always range over values in the scalar sort. In other words, we can think of
the parameters ty,...,t; as “typed variables” ranging over a domain of possible parameter
values in the scalar sort (a copy of Z), and 1, xs, ... as variables of a distinct type ranging
over values in the group sort (which is a different copy of Z), and the parameters ¢; act upon

the group sort by scalar multiplication.

The language Ly consists of the following nonlogical symbols (in addition to equality):

e Within the scalar sort, constant symbols for 0 and 1, a unary operation — for negation,
ring operations + and -, and four additional binary operations g, «, 5, and v (whose

interpretation is explained below);

e Within the group sort, a constant symbol for 0, a unary operation — for negation, and

a symbol + for addition;

e A binary operation - such that s -z is a value in the group sort whenever s is a value
in the scalar sort and z is a value in the group sort, denoting multiplication by s in

the usual sense; and
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e A binary relation symbol | to be interpreted such that whenever s is in the scalar sort

and z is in the group sort,

sl <= Jy(s-y=ux).

The binary operations g, «, 3, and v between values in the scalar sort are interpreted so that

g(r,s) = ged(r, s) and the following axioms hold for all values r, s in the scalar sort:
r=n(rs)-g(rs),
L=a(r,s)-y(r,s)+ B(r,s)-y(s,7).

For distinction, we will denote the variable tuple by Z, and the parameter tuple by t. We
will use the following fact, proved in [vdDH92|:

Theorem 5.25. Any formula ¢¢(x) in k-parametric unordered Presburger Arithmetic is
logically equivalent to a quantifier-free Lo-formula (T, t): that is, with the natural interpre-

tations of the symbols from Lo given above, then we have
©0o(T) <> (T, t)  for every TEZ* and teZF,

where (T, t) is a Boolean combination of equations s1(T,t) = s2(T,t) and divisibility rela-
tions s3(t)|s1(T, t), where s1(T,t), so(T,t), and s3(t) are Lo-terms, i.e. expressions built up

using only the operations in Ly and the displayed parameters and variables.

Proof of Theorem[5.2]: Say ¢4(T) defines a k-parametric unordered PA family in Z¢<.

Note that (1) follows almost immediately from quantifier elimination: by Theorem [5.25]
the formula 37 ¢, (T) is equivalent to a quantifier-free Lo-formula ¢ (t) in only the scalar
sort of t, which is a Boolean combination of equations and divisibility relations | in the k
parameters using ring operations and the functions g, o, 5, and v, but all of these operations

are polynomial-time computable.

For (2), let us assume (by Theorem [5.25]) that ¢¢(T) is a quantifier-free Lo-formula, and

that ;(7) is in disjunctive normal form:

M@ZV@@W
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where each 6;(Z, t) is a conjunction of litemlsH

Claim 5.26. For any fixed value of t € Z* and 1 <i < m, if S; := {T € Z¢: ,(%, t) = true},

then |S;| is either 0, 1, or oo.

Proof of claim. By rearranging terms, we may assume that all atomic Lo-formulas in 6;(7, t)
have the form

(A) r|s@t) or (B) s@t)=0.

where s(Z,t) = ro + Zle r; - x; and 19,71,...,7,, and 7 are terms in the scalar sort. The
terms r and r; may involve the parameters t and the operations g, a, 5,7, but the details of

this are irrelevant since t has a fixed value.

Write
0;(T,t) = 04(7,t) N Op(T,t)

where 04(T,t) is the conjunctions of all literals of type (A) and 0z(7,t) is the conjunction

of all literals of type (B).

First we consider the atomic formulas of type (A). Each one defines some coset of a finite-
index subgroup of Z?, and so the negation of such a formula defines a finite union of cosets
of finite-index subgroups. Since the intersection of finitely many finite-index subgroups is of
finite index, there is a single subgroup H < Z% such that [Z¢ : H| < oo and 04(T, t) defines

a Boolean combination of cosets of H.

Now consider the atomic formulas of type (B). We decompose 05 (7, t) further as

where 0%(T,t) is the conjunction of all positive (non-negated) atomic formulas of type (B)
and 05(7,t) is the conjunction of all negative literals of type (B). Note that the set of
solutions to 04(Z,t) is of the form (¥ + S) N Z? where S is a vector subspace of R? and

v e 7%

4A literal is an atomic Lo-formula, i.e. one containing no logical operations A, V or —, or the negation
of an atomic formula.
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Finally, suppose that there are at least two distinct elements Z;,7Z, € Z? in S;, and to
finish the proof of the Claim we will show that S; has infinitely many elements. In particular,
both Z; and Ty are solutions to 04(T, t), so there are cosets Cy,Cy of H such that 7; € Cf,
Ty € Cy, and any element T € C; U O, satisfies 04(Z,t). Let L C R? be the line passing
through T; and Ty, and observe that since T; and T, satisfy 6}(Z,t) (which defines the
intersection of an affine subspace with Z9), any other element of L N Z% will also satisfy

6% (T, t).

For any j € Z, let Z(j) :=T1 + j - (T2 — T1) and
X :={j € Z:%(j) satisfies 6;,(%,t)}.

Since H is a finite-index subgroup of Z¢, adding successive copies of the element (T — 7;)
to T; causes the T(j) to cycle through cosets of H, and the set of j for which 64(Z(j),t)
is true is infinite (and periodic). As observed in the previous paragraph, every T(j) lies on
the line L, and hence 03 (Z(j),t) is always true, and we need only worry about the truth
of 05(Z(j),t). Now 05(Z(j),t) is true whenever Z(j) avoids every one of a finite number
of affine subspaces A, ..., A, of R, but given that L is a line which contains some points
satisfying the formula 6;(7,t), each A; can only intersect L in at most one point. Therefore

X is infinite, as we wanted. O

The Claim shows that we can define the set of values of the parameter t for which any

given 0;(Z, t) has infinitely many solutions (for ) by the formula
371, % (T1 £ T2 A 6;(T1,8) A 6;(To, b)),

and as before this is equivalent to a quantifier-free Lo-formula 1;(t) whose truth can be
decided by a polynomial-time algorithm in t. Finally, our original formula \/;_, 6;(Z,t) has

infinitely many solutions just in case any one of the formulas 6;(Z, t) does, establishing (2).

By the argument above, for any k-parametric unordered PA family S, there is a finite
partition Z¥ = X; U ... U X, which is definable by quantifier-free Lo-formulas in t and such
that |Sy| is constant as t varies over any of the sets X;. Since deciding whether t € X; is

polynomial-time decidable, this establishes (3). O
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5.5. Summary of complexity results

To conclude, we summarize the complexity results which suggest that Theorem [5.10 may be
the best we could hope for: weakening or changing various assumptions results in problems
which can be resolved in polynomial time, or else (with unrestricted multiplication) have no

algorithmic solutions at all.

Recall that Theorem [G.10 states that, if P £ NP, then there is a 3V parametric PA family
Sy with two parameters t = (¢1,%5) such that |Sy| cannot be computed in polynomial time

given t as input.
However:

e If we allow only a single parameter ¢t € N (or t € Z), then for any PA family S;, we can

compute |S;| in polynomial, by Corollary 5.9l

e If S; is a k-parametric PA family defined by an 3 or V formula, then Theorem [L.§
implies that there is a polynomial time algorithm to evaluate |Sg|, for any finite number k of
parameters. If S; is defined by a quantifier-free formula, then a polynomial-time algorithm

was earlier given in Theorem 2.4l

e If S; is any k-parametric PA family defined by a formula with no inequalities (only
equations), as in Section [.4] then |Sg| can be evaluated in polynomial time, regardless of

the number of quantifier alternations in the defining formula or the number of parameters.

e In k-parametric PA formulas, we allow a restricted version of multiplication: the non-
quantified parameters in t can be multiplied by terms containing the variables x and y,
but no multiplication between the x and y variables is allowed. Permitting unrestricted
multiplication amongst the x and y variables in a parametric PA formula would obviously
be bad, since the full first-order theory of (N, +,-) is undecidable (by theorems of Church
and Turing — see, e.g., [Chu36]). In fact, the Matiyasevich-Robinson-Davis-Putnam theorem

[Dav73| states that there is a single multivariate polynomial p(¢,xy,...,2z4) such that if
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Oy (xq,...,xq) is the formula expressing
p(tvxh s 7:1:d) = 07

then the set of t € N for which ®;(z,...,74) defines a nonempty subset of Z¢ is not
computable (much less in polynomial time). Note that here we have only a single parameter

t, no quantifiers in the formula ®;, and mere equations rather than inequalities.

e On the other hand, if we allow no multiplication, even by parameters (cf. Example [5.4)),
then |S¢| will be computable in polynomial time; in fact, it has a nice form as a piecewise-

defined quasi-polynomial [Wool5].
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Part 11

Short generating functions
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CHAPTER 6

A strengthening of the Barvinok—Woods theorem

We extend the Barvinok—Woods algorithm for enumeration of integer points in projections of
polytopes to unbounded polyhedra. For this, we obtain a new structural result on projections
of semilinear subsets of the integer lattice. We extend the results to general formulas in
Presburger Arithmetic. We also give an application to the k-feasibility problem. This chapter

is a version of the published paper [NP17{].

6.1. Introduction

6.1.A. Statements of results. Barvinok famously showed in [Bar93] that the number of
integer points in a possibly unbounded polyhedron of a fixed dimension n can be computed

in polynomial time:

Theorem 6.1 (Th. 24l restated). Let n € N be fized. Given a (possibly unbounded) rational

polyhedron P = {x € R" : Ax < b}, there is a polynomial time algorithm to write:

M C.tai
tx — _ 7 _ ’ (96)
xe;m ; (1 —thin) ... (1 —thin)

where ¢; € Q, @;,bi; € Z", bij # 0 for all i and j. Furthermore, the total binary length of all

ci, @; and by; in the RHS is polynomial in the input length of A and b.

The RHS expression in (X)) called a short generating function (short GF), which fully
enumerates the integer points in P. By taking limit t — 1 in (3¥]), one can count the number

of integer points P if it’s finite, or conclude that |P N Z"| = oo. Hence, it also implies
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Lenstra’s result on Integer Programming (Theorem EIEI)

Barvinok’s algorithm was extended to count projections of integer points in polytopes
by Barvinok and Woods [BW03] (Theorem [6.14]). This theorem in turns implies Kannan’s
result on Parametric Integer Programming (2.1I]). Even though this result has found many
other applications, there is a major technical drawback: on the enumeration level, it only
applies to polytopes, i.e., bounded polyhedra. The main result of this chapter is an extension

of the Barvinok—Woods algorithm to the unbounded case:

Theorem 6.2. Let m,n € N be fized dimensions. Given a (possibly unbounded) polyhedron
Q = {x € R™: Ax < b} and an integer linear transformation T : R™ — R™ which satisfies
T(Q) CRY, let g(t) be the generating function for T(Q NZ™), i.e.,
gty = > .
y € T(QNZ™)

Then there is a polynomial time algorithm to compute g(t) in the form of a short GF ().

Here by an integer linear transformation we mean that the linear map 7' is presented by

a matrix T € Z™™. To illustrate our theorem, consider:

Example 6.3. Let Q = {(z,y,2) € R} : @ = 2y + 5z} and T be the projection from Z?
onto the first coordinate Z'. Then T'(Q N Z?) has a short GF:

1 th

— =14+ 4+t 45+ + ...
I—o) (=) (-o)i—p ~rrrrsts

To prove Theorem [6.2] our main tool is a structural result describing projections of semi-
linear sets, i.e., sets definable by formulas in Presburger Arithmetic. Geometrically, such
a set is always a disjoint union of intersections of polyhedra and lattice cosets (see Defini-
tion [6.6). We first prove that the image of a semilinear set under a linear transformation
is also semilinear, and give bound on the complexity of the projection (Theorem [6.8)). This
is done purely by geometric arguments, without resorting to classical results on quantifier

elimination for Presburger Arithmetic. Combined with the Barvinok—Woods theorem, this

I'Though the run-time cost of Lenstra’s algorithm is lower.
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gives the extension to unbounded polyhedra (Theorem [6.2)). Our geometric argument can in
fact be generalized to arbitrary formulas in Presburger Arithmetic (Theorem [6.17 and [G.19).

We illustrate the power of our generalizations in the case of the k-feasibility problem (Sec-

tion [6.5]).

6.1.B. Connections and applications. After Lenstra’s algorithm (Theorem [[4]), many
other methods for fast Integer Programming in fixed dimensions have been found (see [Eis03],
ET87]). Kannan’s algorithm (Theorem 21]) for Parametric Integer Programming was also
strengthened in [ESO8]. Barvinok’s algorithm (Theorem [6.1]) has been simplified and im-
proved in [DK97, [KV08]. Both this and Barvinok-Woods’ algorithm (Theorem [6.14]) have
been implemented and used for practical computation [DHTY04, [K6p07, V+07].

Let us emphasize two main reasons to study unbounded polyhedra:

(1) Working with short GF's of integer points in unbounded polyhedra allows to compute to
various integral sums and valuations over convex polyhedra. We refer to [B+12| [Bar08, BV07]

for many examples and further references.

(2) In the context of Parametric Integer Programming (2.1]), the higher dimensional poly-
hedron @ = {(x1,x2) € R™*™2 : Ax; + Bxs < U} could be unbounded. One would like to
count the projections of points in @ N Z™ ™2 which fall within a lower dimensional poly-
tope P C R™. To apply the Barvinok-Woods algorithm, one needs to intersect ) with
a big enough box B C R™*"2 and then project it. When P varies, the Barvinok-Woods
algorithm needs to be called multiple times for different boxes, depending on the size of P.
Our approach allows one to call the Barvinok-Woods algorithm only once to project the
entire set Q N Z™*"2 (unbounded), and then call a more economical algorithm to compute

its intersection with P. See Section for an explicit example.

In conclusion, let us mention that semilinear sets are well studied subjects in both com-
puter science and logic. The fact that the category of semilinear sets are closed under taking
projections is not new. Ginsburg and Spanier [GS64] showed that semilinear sets are exactly

those sets definable in Presburger Arithmetic, which are closed under Boolean operations
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and projections. Woods [Wool5] also characterized semilinear sets as exactly those sets with
rational generating functions, which also implies closedness under Boolean operations and
projections. In this chapter, we prove the structural result on projections of semilinear sets
by a direct argument, without using tools from logic (e.g. quantifier elimination). By doing
so, we obtain effective polynomial bounds for the number of polyhedral pieces and the facet

complexity of each piece in the projection.

6.2. Structure of a projection

6.2.A. Semilinear sets and their projections. In this section, we assume all dimensions
m,n, etc., are fixed. We emphasize that all lattices mentioned are of full rank. All inputs

are in binary.

Definition 6.4. Given a set X C R""! the projection of X onto R™, denoted by proj(X),
is defined as

proj(X) = {(xg,...,z,) : (x1,22,...,2,41) € X} CR™
For any y € proj(X), denote by proj *(y) € X the preimage of y in X.

Definition 6.5. Let £ C Z"™ be a full-rank lattice. A pattern L with period L is a union of
finitely many (integer) cosets of £. For any other lattice £, if L can be expressed as a finite

union of cosets of L', then we also call £" a period of L.

Given a rational polyhedron () and a pattern L, the set Q N L is called a patterned
polyhedron. When the pattern L is not emphasized, we simply call Q) a patterned polyhedron
with period L.

Definition 6.6. A semilinear set X is a set of the form
k
i=1

where each ); N L; is a patterned polyhedron with period £;, and the polyhedra @); are
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pairwise disjoint. The period length 1¥(X) of X is defined as

k

Y(X) =D 0(Q) + (L)

i=1

Note that ¢(X) does not depend on the number of cosets in each L;. Define

where each 7(Q;) is the number of facets of the polyhedron @;.

Remark 6.7. In Theoretical CS literature, semilinear sets are often explicitly presented
as a finite union of linear sets. Each linear set is a translated semigroup generated by a
finite set of vectors in Z". This explicit representation by generators makes operations like
projections easy to compute, while structural properties harder to establish (see e.g. [CH16]

and the references therein). The equivalence of the two representations is proved in [GS64].

Our main structural result is the following theorem.

Theorem 6.8. Let m € N be fized. Let X C Z™ be a semilinear set of the form (6.1)). Let
T :R™ — R" be a linear map satisfying T(Z™) C Z". Then T(X) is also a semilinear set,

and there exists a decomposition
T(X) = | | BN, (6.2)
j=1

where each R; NTj is a patterned polyhedron in R™ with period T; C Z". The polyhedra R;

and lattices T; can be found in time poly(¢(X)). Moreover,
r=n(X)?" and p(R;) = n(X)7"™, 1< <

Remark 6.9. The above result describes all pieces R; and periods 7; in polynomial time.
However, it does not explicitly describe the patterns Tj. The latter is actually an NP-hard
problem (see Remark [6.20]).

Remark 6.10. In the special case when X is just one polyhedron ) N Z™, the first piece

Ry NT in (62)) has a simple structure. Theorem 1.7 in [AOW14] identifies and describes
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RiNTy as Ry =T(Q), and Ty = T(Z™). Here T(Q), is the y-inscribed polyhedron inside
T(Q) (see [AOW14], Def. 1.6]). However, their result does not characterize the remaining
pieces R;NTj in the projection T'(X'). Thus, Theorem[6.8 can also be seen as a generalization

of the result in [AOW14] to semilinear sets, with a complete description of the projection.

For the proof of Theorem [6.8, we need a technical lemma:

Lemma 6.11. Let n € N be fivred. Consider a patterned polyhedron (Q N L) C R™ with

period L. There exists a decomposition
proj(@NL) = | | RN, (6.3)
5=0
where each R; NTj is a patterned polyhedron in R™ with period T; C Z". The polyhedra R;
and lattices T; can be found in time poly(¢(Q) + ¢(L)). Moreover,

r=00(Q)?) and n(R;) =0n(Q)*), foral 0<j<r.

We postpone the proof of the lemma until §6.2.Cl

6.2.B. Proof of Theorem We begin with the following definitions and notation.

Definition 6.12. A copolyhedron P C R? is a polyhedron with possibly some open facets.
If P is a rational copolyhedron, we denote by | P| the (closed) polyhedron obtained from
P by sharpening each open facet (ax < b) of P to (ax < b — 1), after scaling @ and b to
integers. Clearly, we have P NZ = |P| N Z<.

WLOG, we can assume n < m and the linear map 7" : R™ — R™ has rank(7") = n. Also
denote by T" the integer matrix in Z™*™ representing this linear map. We can rearrange the
coordinates in R™ so that the first n columns in T form a non-singular minor.

Recall that X has the form (6.1]) with each @; N L; having period £;. For each i, define

the polyhedron
Q; = {(x,y):y=Tx and x€Q;} CR™™" (6.4)
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Consider the pattern U; = L; ® Z" C Z™™ with period U; = L; ® Z™. Then @Z NU,; is a
patterned polyhedron in R™*" with period ;. Define the projection S : R™™" — R"™ with
S(x,y) =y. By (€4), we have:

T(Q;NL;) = S(@z NU;) and T(X)=S (lil @z N Ui) = O S(@z nU;),
i=1 i=1

We can represent S = S,, o --- 0 S;, where each S; : Rmtn=itl s R™+"~i i5 3 projection

along the z; coordinate.

Let H C R™™ be the subspace defined by y = Tx. First, we show that the initial n
projections F' = S, o ---0 Sy are injective on H. Indeed, assume (x,y), (x',y’) are two
points in H with F(x,y) = F(x',y’). Since F projects along the first n coordinates of x and
x', we have (Tpq1,..,%m, y) = (@)1, ., 2,,, y'). Thus, y =y, which implies Tx = Tx".
Let B € Z"™™ be the first n columns in 7T, which forms a non-singular minor as assumed
earlier. Since Tx = Tx' and (Tpi1,...,Tm) = (Thi1,--.,2),), We have B(xq,...,2,) =
B (2, ...,2)). This implies (xy,...,2,) = (2, ...,2),). We conclude that (x,y) = (¥, y'),

and F'is injective on H.

By (6.4]), we have @Z NU; C H for every i. Because F : R™*" — R™ is injective on H,
the semilinear structure of (|_| @ N U,-) is preserved by F'. For convenience, we also denote
by ( L] CA)Z N Ui) the semilinear set after applying F', which is now a subset of Z™. Now we
repeatedly apply Lemma to the remaining projections S,, o --- 0 S,41. Starting with
the projection 1 applied on each piece Q; NU; C Z™, we get:

S (QiNU;) = |_Z|RijmT,~j for 1<i<k,1<j<n, (6.5)
=0
where each R;; NT}; is a patterned polyhedron in Z™ ! with period 7;;. Note that two
polyhedra R;; and Ry can be overlapping if ¢ # . However, we can refine all R;; into
polynomially many disjoint copolyhedra P, ..., P. C R™ ! so that
koo e
UUR, =|]r (6.6)
i=1 j=1 d=1
For each Py, there is a pattern Wy with period W; C Z™~! which fits with those T;; for which

P; C R;;. The (full-rank) period W; can simply be taken as the intersection of polynomially
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many (full-rank) periods 7;; for which P; C R;;. Taking intersections of lattices in a fixed
dimension can be done in polynomial time using Hermite Normal Form (see [KB79]). We
also round each P, to | P;] (see Definition [6.12). From (6.5]) and (6.6]) we have:
k R k R e
Sn+l(|_|Qi N Ui) = JSun(@inUy) = | | [Pa) "W,
i=1 i=1 d=1
The above RHS is a semilinear set in Z™~!. A similar argument applies to S,, o --- 0 .S, 9.

In the end, we have a semilinear decomposition for T'(X) C Z", as in (6.2)).

Using Lemma [6.11] we can bound the number of polyhedra r; in (6.H), and also the
number of facets n(R;;) for each R;;. It is well known that any ¢ hyperplanes in R™ partition
the space into at most O(q"™) polyhedral regions. This gives us a polynomial bound on e,
the number of refined pieces in (6.6). By a careful analysis, after m projections, the total

o(m!

number r of pieces in the final decomposition (6.2)) is at most 7(X)°™). Each piece R; also

has at most n(X)°) facets. O

6.2.C. Proof of Lemma [6.11l. The proof is by induction on n. The case n = 0 is trivial.

For the rest of the proof, assume n > 1.

Let L C Z™! be a full-rank pattern with period £ as in the lemma. Then, the projection
of L onto Z™ is another pattern L’ with full-rank period £’ = proj(£)d Since £ is of full
rank, we can define

v =min{x € Z, : (2,0,...,0) € L}. (6.7)

Let R = proj(Q). Assume @ is described by the system Ax < b. Recall the Fourier—
Motzkin elimination method (see [Sch86, §12.2]), which gives the facets of R from those of Q.

First, rewrite and group the inequalities in Ax < b into
Aly —|—(_)1 S xy, 1 S Agy + 52 and Agy S 53, (68)

where y = (23, ...,7,41) € R". Then R is described by a system Cy < d, which consists of
(Asy < b3) and (@yy + by < Gy + by) for every possible pair of rows @,y + b; and @y + by

2Here a basis for £’ can be computed in polynomial time by applying Hermite Normal Form to a basis
of £, whose first coordinates x; should be set to 0.

108



from the first two systems in (6.8)).

In case one of the two systems A;y + b; < 27 and 2; < Ayy + by is empty, then R is
simply described by Asy < bs. Also in this case, the preimage proj~'(y) of every point
y € R is infinite. By the argument in Lemma below, we have a simple description
proj(Q@ N L) = RN L', which finishes the proof. So now assume that the two systems

A1y + by < 7 and 21 < Ayy + by are both non-empty. Then we can decompose
R=|]|P, (6.9)
j=1

where each P; is a copolyhedron, so that over each P;, the largest entry in the vector Ay +b

is @;1y + b;1 and the smallest entry in the vector Asy + by is Gjoy + bjs. Thus, for every
y € P, we have proj ' (y) = [a;(y), 8;(y)], where a;(y) = Gy +bji and B5(y) = Ty +bjo
are affine rational functions. Let m = n(Q). Note that the system Cy < d describing R
contains at most O(m?) inequalities, i.e., n(R) = O(m?). Also, we have r = O(m?) and

n(P;) =O0(m) for 1 < j <r.

For each y € R, the preimage proj *(y) C @ is a segment in the direction x;. Denote by

Iproj~!(y)| the Euclidean length of this segment. Now we refine the decomposition (6.9) to

R=RyUR U---UR,, where (6.10)

a) Each R; is a copolyhedron in R™, with n(R;) = O(m?) and r = O(m?).
b) For every y € Ry, we have the length |proj~'(y)| > 7.

¢) For every y € R; (1 < j < r), we have the length |proj~*(y)| < 7. Furthermore, we

have proj~!(y) = [a;(y), 3;(y)], where a; and f3; are affine rational functions in y.

This refinement can be obtained as follows. First, define

Ry = proj[Q N (Q +971)] C R,

where 77 = (1,0,...,0). The facets of Ry can be found from those of @ N (Q + 771) again

by Fourier-Motzkin elimination, and also n(Ry) = O(m?). Observe that |proj~'(y)| > v if
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and only if y € Ry. Define R; := P;\R, for 1 < j <r. Recall that for every y € P;, we have

proj ' (y) = [o;(y), Bi(y)]. Therefore,
R; = P\Ry = {y € P;: |[proj "(y)| <7} = {y € Py : a;(y) +7 > Bi(y)}.

It is clear that each R; is a copolyhedron satisfying condition c). Moreover, for each 1 <

J <r, we have n(R;) <n(P;)+1=0O(m). By (6.9), we can decompose:
R = RyU (R\Ry) = Ry U | |(P\Ro) = | | R;.
j=1 J=0

This decomposition satisfies all conditions a)—c) and proves (6I0). Note also that by con-
verting each R; to |R;|, we do not lose any integer points in R. Let us show that the part

of proj(Q N L) within Ry has a simple pattern:

Lemma 6.13. proj(Q NL)NRy = RyNL'.

Proof. Recall that proj(L) = L', which implies LHS C RHS. On the other hand, for every
y € L', there exists x € L such that y = proj(x). If y € RyNL’, we also have |[proj ' (y)| > v
by condition b), with ~ defined in (6.7). The point x and the segment proj~'(y) lie on the
same vertical line. Therefore, since |proj~'(y)| > 7, we can find another x’ such that
x' € proj *(y) € Q and also x’ —x € L. Since L has period £, we have x’ € L. This implies
x' € QNL, and y € proj(Q N L). Therefore we have RHS C LHS, and the lemma holds. [

It remains to show that proj(QNL)NR; also has a pattern for every j > 0. By condition
c), every such R; has a “thin” preimage. Let Q; = proj '(R;) C Q. If dim(R;) < n, we
have dim(@;) < n + 1. In this case we can apply the inductive hypothesis. Otherwise,
assume dim(R;) = n. For convenience, we refer to R; and @; as just R and (). We can write

R =R + D, where R' C R is a polytope and D is the recession cone of R.

Consider y € R, v € D and A > 0. Since y + A\v € R, from c) we have proj ' (y + Av) =
la(y + Av), B(y + Av)]. Denote by a and E the linear parts of the affine maps o and 5. By

a property of affine maps, we have:

proj ! (y + Av) = [a(y + Av), By + Av)] = [a(y) +Aa@(v), B(y) + AB(v)].  (6.11)
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Therefore,
Iproj ™! (y + Av)| = B(y) — aly) + A(F — @)(v).

Since (y + Av) € R, by ¢) we have:

0 < |proj 'y + Av)| = B(y) —a(y) + A(B — a)(v) <.

Because A > 0 is arbitrary, we must have (B — a)(v) = 0. This holds for all v € D. We

conclude that E — « vanishes on the whole subspace H := span(D), i.e., for any v € H we

have a(v) = B(v). Thus, we can rewrite (G.I1]) as
proj ' (y +Av) = [a(y), B(y)] + A@(v) = proj ' (y) + Aa(v). (6.12)

Define C' == a(D) and G = a(H). Note that span(C') = G, because span(D) = H.
Recall that R = R'+ D with R" a polytope. In (612), we let y vary over R, A vary over R,
and v vary over D. The LHS becomes @ = proj '(R). The RHS becomes proj ' (R') + C.
Therefore, we have Q = proj ! (R') + C'. Since proj *(R’') is a polytope, we conclude that C'

is the recession cone for Q).

Because proj *(y) = [a(y), B(y)] for every y € R, the last n coordinates in a(y) and
B(y) are equal to y. This also holds for a(y) and S(y), i.e., proj(@(y)) = proj(a(y)) = y.
This implies proj(G) = H, because G = a(H ). In other words, & is the inverse map for proj
on G. In Figure 6.1, we illustrate R and Q = proj—'(R), with R’ and proj '(R’) shown in

blue. The cones C' and D span GG and H, respectively.

Figure 6.1: R and Q.
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Recall that @ N L is a patterned polyhedron with period £, and proj(Q)) = R. Define
S=LNG and T =proj(S) C proj(G) = H.

Since £ is full-rank, we have rank(S) = dim(G). Since & and proj are inverse maps, we have
S = a(T). We claim that proj(QNL) C R is a patterned polyhedron with period 7. Indeed,
consider any two points yi,ys € R with yo —y; € 7. Assume that y; € proj(Q N L), i.e.,
there exists x; € Q N L with proj(x;) = y1. We show that y, € proj(Q N L). First, we have

proj~'(y1) = [a(y1), B(y1)] and proj~'(y2) = [a(y2),B(y2)]. Let v =y» —y1 € T C H.
Since y, = y1 + v, we can apply (6.12) with A = 1 and get:

[a(y2), B(y2)] = proj_l(y2) = Pfoj_l()ﬁ +v) = [a(y1), B(y1)] + a(v). (6.13)

Thus, we have a(y1) — B(y1) = a(yz2) — B(y2). In other words, the points a(y1), 8(y1), a(y2)

and [(y2) form a parallelogram inside (). Since proj(x;) = yi, we have:

x1 € proj ' (y1) = [a(y1), B(y1)] € Q.

So x; lies on the edge [a(y1), B(y1)] of the parallelogram mentioned above. Therefore, we

can find another point x, lying on the other edge [a(y2), B(y2)] = proj *(y2) with
Xo — X1 = aly2) —a(y1) =a(ya —y1) =a(v) ea(T) = S.

This xo satisfies proj(x2) = y2. Recall that x; € L, with L having period £. Since
Xy — X1 € S C L, we have xo € L. This implies xo € Q N L and y, € proj(Q N L).

So we have established that proj(Q N L) C R is a patterned polyhedron with period 7.
Note that
rank(7) = rank(S) = dim(G) = dim(H) = dim(D).

If dim(D) = n then T is full-rank. If dim(D) < n, recall that R = R’ + D where R’ is
a polytope, and span(D) = H. Let H* be the complement subspace to H in R", and Rt
be the projection of R’ onto H*. Since R' is bounded, we can take a large enough lattice
T+ C H* such that there are no two points z; # z, € R* with z; —z, € T+. Now the

lattice T+ @ T is full-rank, which can be taken as a period for proj(Q N L).
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To summarize, for every piece R; and @; = proj '(R;), 1 < j < r, the projection
proj(Q; N L) C R; has period 7;. Thus proj(Q; N L) is a patterned polyhedron. This

completes the proof. [

6.3. Finding short GF for unbounded projection

6.3.A. The Barvinok—Woods algorithm. In this section, we are again assuming that
dimensions m and n are fixed. We recall the Barvinok-Woods algorithm from [BW03], which

finds in polynomial time a short GF for the projection of integer points in a polytope:

Theorem 6.14 (Th. restated). Let m,n € N be fired dimensions. Given a rational
polytope Q = {x € R™ : Ax < b}, and a linear transformation T : R™ — R™ represented

as a matriz T € Z"*™, there is a polynomial time algorithm to compute a short GF for

T(QNZ™) as:

v M ¢t
o)) = >, _;(1—1;@1)...(1—1;%)’ (6.14)

y € T(QNZ™)
where ¢; = pi/q; € Q, G;,by; € Z", bi; # 0 for all i,j, and s is a constant depending only
on m. Furthermore, the short GF g(t) has length {(g) = poly(¢(Q) + ¢(T')), where

(2

Ug) = [logy piasl +17 + Z [logy aij +17 + Y [logy biji + 1. (6.15)

irjk
Clearly, our main result Theorem is an extension of Theorem [6.14L The proof of
Theorem is based on Theorem and uses the following standard result:

Proposition 6.15 (see e.g. [Mei93]). Let n € N be fired. Let R={x € R" : Cx < d} be a
possibly unbounded polyhedron. There is a decomposition
t
R=|| Re® Dy, (6.16)
k=1
where each Ry, is a copolytope, and each Dy, is a simple cone. FEach part Ry, & Dy is a direct

sum, with Ry and Dy affinely independent. All Ry, and Dy can be found in time poly(¢(R)).

Before proving Theorem [6.2] we make an important remark:
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Remark 6.16. The extra condition 7'(Q) € R’ in Theorem is to make sure that the
power series »_ t¥ of T'(Q N Z™) converges on a non-empty open domain to the computed

short GF. In general, without the condition 7'(Q) C R?, we can still make sense of the

infinite GF (see §6.6.C).

6.3.B. Proof of Theorem [6.2. WLOG, we can assume dim(Q)) = m and dim(7(Q)) = n.
Clearly, the set X = Q NZ™ is a semilinear set, and we want to find a short GF for T'(X).

First, we argue that for any bounded polytope P C R", a short GF for T'(X) N P can be
found in time poly(4(Q) + ¢(P)). Assume P is given by a system Cy < d. For any ¥ € P,

we have 7 € T'(X) if and only if the following system has a solution x € Z™:

{ Ax < b
. (6.17)
T(x) = ©

By a well known bound on Integer Programming solutions (see [Sch86, Cor. 17.1b)), it is
equivalent to find such a solution x with binary length at most polynomial in the binary
length of the system (6I7)). The parameter v lies in P, which is bounded. Therefore, we
can find a number N with log N = poly(¢(P) + ¢(Q)), such that (6.17) is equivalent to:

Ax < b
CT(x) < d
-N<x < N

This system describes a polytope @ C R™. Applying Theorem to CA), we obtain a short
GF g(t) for T(Q NZ™) = T(X) N P.

Now we are back to finding a short GF for the entire projection T'(X). Applying Theo-

rem to X, we have a decomposition:

T@pﬂj&mﬂ. (6.18)

We proceed to find a short GF g; for each patterned polyhedron R; NT; with period 7;.

For convenience, we refer to R;, T}, T}, g; simply as R, T', 7 and g. By Proposition [6.15]
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we can decompose
2 tj
R=||R®D; and RNT =| |(Ri®D;)NT. (6.19)
i=1 =1
Recall from Theorem that 7 has full rank. Let d; = dim(D;) and @,...,5% be the
generating rays of the (simple) cone D;. For each o!, we can find a n, € Z, such that
wt = nyvt € T. Let P, and 7; be the parallelepiped and lattice spanned by w}, ... wh

) 70

respectively. We have D; = P, + 7; and therefore

Ri®D;i=R®(P+T)=(R&P)+T. (6.20)
Each R; & P; is a copolytope. Note that Theorem is stated for (closed) polytopes. We
round each R; & P; to | R; ® P;|, where |.] was described in Definition [6.12l By the earlier
argument, we can find a short GF h;(t) for T(X)N(R;® F;) = (R; ® P,)NT. Since 7, C T,
the pattern T" also has period 7;. By (6.20), the short GF f;(t) for (R; & D;) N T is:

)= > = ( > tY) : (Zty> = hy(t) H - _1%. (6.21)
)T )T t=1

yE(R;®D; YE(R:®F; yeT;

By (619]), we obtain
glt)= Dt = > fit) (6.22)

yERNT 1<i<ty
In summary, we obtained a short GF g¢;(t) for each piece R; NT; (1 < j <r). Summing
over all j in ([6.I8), we get a short GF for T'(X), as desired. [

6.4. Generalization to Presburger formulas

Now we employ Theorem to analyze the structure of general semilinear sets, i.e., those
definable by formulas in Presburger Arithmetic (PA). Recall that such formulas have the
form:

F = {X1 S/ QQXQ ez ... Qkxk € 7" (I)(Xl,...,Xk)}, (*)

where ® is a Boolean combination of linear inequalities in the form:

kK n;
Zzaij zi; < b,

i=1 j=1
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Here, ()3, ..., Q € {V,3} are quantifiers, and a;;,b € Z. The length ((F") of F is the total

binary length of its symbols, coefficients a;; and constants b.

By a classical result of Ginsburg and Spanier [GS64], semilinear sets (Definition [6.6]) are
exactly those definable in PA, i.e., representable by some PA formula F' of the form (x).
Below is our main result for this section, which generalizes Theorem Roughly speaking,
it allows us to compute in polynomial time the “periods” of a semilinear set when represented
as a PA formula. We fix k¥ € Z; and the dimensions 7 = (ny,...,n;) € Z%. Denote by
PAj 7 the class of PA formulas ().

Theorem 6.17. Fiz k and m = (ny,...,n;). Given a formula F € PAy 5, there exists a
decomposition

F:|L|ijTj,
j=1

where each R; NT} is a patterned polyhedron in R™ with period T; C Z™ . The polyhedra R;
and lattices T; can be found in time poly(¢(F)).

Proof. Hereafter, we abbreviate x; € Z™ to just x;. Consider any F' € PAy 7

F={x1 : QaXa...Qrxr P(x1,...,Xx)}

Let X = (x1,...,%X;) and n = ny + ... + ng. First, we show that X = {x € 2" : ®(X)}
is semilinear, i.e., satisfies Definition 6.6l Recall that ® is quantifier-free, i.e., a Boolean
combination of linear inequalities. We need the following very useful result about quantifier-

free PA expressions:

Proposition 6.18 ([Woo04, Prop. 5.2.2]). Fiz n. Let ®(x) be a Boolean combination of

linear inequalities in integer variables x = (z1,...,x,). Then we have:

O(x) =true <« \/xeRNZ"
i=1
where Py, ..., P. CR" are disjoint polyhedra and r < poly(¢(®)). The system defining each

P; can be computed in time poly(¢(P)).
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Using this, we can rewrite ® in a disjunctive normal form of polynomial length:
P(X) = A;x<b V...V AXLD,.

Here, each A;X < b; is a system of inequalities, describing a polyhedron P, C R". Moreover,
all polyhedra Py, ..., P, are pairwise disjoint, and > ;_, ¢(P;) = poly(¢(F)). In other words,
the set X consists of integer points in a disjoint union of r polyhedra. Thus, X is a semilinear

set with (X)) = poly(¢(F)), in the notation of Definition

The proof goes by recursive construction of sets X®), X*=D X0 Let X*) = X,
If Qx = 3, we consider the set

X k=1~ {(Xl,...,Xk 1) 3%, @ } = { X1, .., Xpo1) X [KGX(k)]}.

This set X *~1 is obtained from X * by projecting along the last variable xy, i.e., the last n;
coordinates in X. By Theorem [6.8] we can find in polynomial time a decomposition of the

form (6.2) for X*~Y. Moreover, we have ¢(X*~1) = poly( (X ®)).

Similarly, if Q. =V, we consider
X k=D = {(xl,...,xk 1) Vx, @ } = —.{ (X1, ..oy Xpoy) 23Xy [X € ﬁX(k)]}.

Here — denotes the complement of a set. Observe that the complement =X of a semi-
linear set X is also semilinear, and ¥(—X) = poly((X)). Indeed, assume that X has a
decomposition

X = |i| PNL;.
i=1
Recall that the polyhedral pieces P; are pairwise disjoint, but do not necessarily cover R".
Let us prove that the complement (R"\ LP, PZ-) can also be partitioned into polyno-
mially many pairwise disjoint polyhedra. Indeed, we can represent | |, P; by a Boolean
expression of linear inequalities in x. Therefore, the complement can also be represented by
a Boolean expression. By Proposition mentioned above, we can rewrite the complement
as a disjoint union of polynomially many polyhedra Pj,..., Pé. From here, we obtain the
decomposition:
p q
-X=||pPnL;u||Pnz",
i=1 j=1
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where L is the complement of L;, with the same period £;. Therefore, we have (=X ®)) =
poly(y»(X®)). Applying Theorem 6.8, we can obtain X *~1) by projecting =X *),
Applying the above argument recursively for quantifiers Q5_1, ..., QJ2, we obtain a poly-

nomial length decomposition for the semilinear set

XM = {x1: Qoxs...Qrx; O(x)} = F.
This completes the proof. O

Theorem 6.19. Fiz k and 7 = (ny,...,ng). Given a formula F € PAyy and a positive
integer M, denote by fu(t) the partial GF
fut)y= >t (6.23)
xeFN[—M,M]™
Suppose there is an oracle computing fi(t) as a short GF () in time u(F, M). Then there
is an integer N = N(F) with log N = poly({(F)), such that the GF f(t) = > . t* for the
entire set F' can be computed as a short GF in time poly(u(F, N)). The integer N = N (F')

can be computed in time poly(¢(F)).

In other words, Theorem says that the full GF f(t) can be computed in polynomial
time from the partial GF fy(t) for a suitable N.

Proof. Let n = ny. By Theorem [6.17, we have a decomposition
F = |i| R,NT;.
j=1
We proceed similarly to the proof of Theorem[6.2l Denote R; and T} by R and T respectively,
for convenience. We have the decomposition ([6.19) for R and RN T, which leads to (6.20).
Eventually, we can compute a short GF ¢(t) for R NT using (6.21)) and (6.22). The only
difference is that the GF h; for each patterned polytope (R;® P;)NF, which was (R;® P;)NT
in (€.21]), cannot be obtained from Theorem [6.14] since F' is no longer the result of a single

projection on a polyhedron.
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Recall that each R; @ P; is a polytope, with facets of total length poly(¢(F')). Therefore,
the vertices of R; @ P; can be found in polynomial time given /. This holds for all 1 <1 <'¢;

and all 1 < j <r. Thus, we can find a positive integer N = N(F'), for which
log N =poly(/(F)) and R;® P, C[-N,N|]" foralll<i<t,.

Given the partial GF fy(t), the GF h;(t) for each (R; ® P;) N F' can be computed as follows.

Theorem allows us to compute in polynomial time a short GF
)= 3 ¢
x€(R;®P;)NZ"
for each polytope R; ® P;. Theorem [[.14] allows us to compute in polynomial time a short

GF for the intersection of two finite sets, given their short GFs as input. Since (R; & P;) N F
is the intersection of (R; @ P;) N Z" and F N [—N, N|", we can compute

ZCEND YR (I SIS N (N o) EPIEOATY
x€(R;®F;)NF x€(R;®P;)NZ™ xeFN[—N,N]™

in time poly(u(F,N)). Here x is the Hadamard product of two power series (see Defini-
tion [[.9). The short GF fy(t) is obtained by a single call to the oracle in time u(F,N).

This completes the proof. O

Remark 6.20. We emphasize that Theorem [6.19 does not directly compute the GF f(t)
in polynomial time, for a general F. It only claims that f(t) can be computed in time

poly(u(F, N)) given the oracle. In fact, computing f(t) directly from F is an NP-hard
problem, even for F' € PAy 11y (Theorem [Z.23).

6.5. The k-feasibility problem

We present an application of Theorem Let n,d and k be fixed integers and A € Z%*".
In [ADL16], the authors defined a set Sg,(A) € Z? of k-feasible vectors as

Sgxp(A) = {yeZ: 3Ixy,...,.xp eEN", y = Ax;, x; Zx; if i #j, 1 <4,5 < k}. (6.24)
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In other words, Sg;(A) consists of vectors that are representable in at least k different ways
as a non-negative combination of columns of A. In addition to some results about Sg-(A),

the authors also gave an algorithm to compute a short GF for Sg-;(A) within a finite box:

Theorem 6.21 ([ADL16, Th. 5]). Fiz n,d and k. Let A € Z4", and let N be a positive

integer. Let

fn(t) = > t*

X € Sg> (A)N[-N,N4
be the partial GF for Sg,(A) within the bor [—N, N]. Then there is a polynomial time

algorithm to compute fn(t) as a short GF.

Using Theorem [6.T9] we can extend Theorem [6.21] as follows:

Theorem 6.22. Fizn,d and k. Then there is a polynomial time algorithm to compute

for the entire set Sg,.(A), as a short GF.

Proof. From the definition (6.24]), we see that Sg-;(A) is a PA formula in the variables y and
Xi,...,X, with only an existential quantifiers. Indeed, each condition y = Ax; is a system
of 2d inequalities. Each condition x; # x; is a disjunction of 2n inequalities (z; < ;)
or (zy > xj) for 1 <t < n. Therefore, we have Sgs; (A) € PAy; 15, where 7 = (d,n,...,n).

Applying Theorem [6.19, we can compute in polynomial time a short GF f(t) for Sg-,(A)

given the partial short GF fy(t). Finally, Theorem allows us to compute fy(t) in

polynomial time. O

Theorem [6.2T] was stated in [ADLI16] for fixed n and k, but arbitrary d. The follow-
ing result is a straightforward consequence of the previous theorem and an argument by

P. van Emde Boas described in [Len83|, §4].

Theorem 6.23. Fix n and k, but let d be arbitrary. Then there is a polynomial time

algorithm to compute



for the entire set Sg-,(A), as a short GF.

Proof. This can be easily reduced to the case when d is also fixed. Indeed, let £4 C Z? be the
lattice generated by the n columns of A € Z¥™. We have rank(L4) = rank(A) < n. Hence,
we can find a d X d unimodular matrix U so that UA is non-zero only in the first n rows.
Let B € Z™*™ be the first n rows of UA, and Lg be the lattice generated by the columns
of B. Observe that L and L4 are isomorphic. Therefore, the set of k-representable vectors
in £, are in bijection with those in Lg. Now we apply Theorem to get a short GF
g(t) for Sg.,(B). Finally, the GF for Sgs,(A) is easily obtained from g(t) by a variable

substitution via U~!. O

6.6. Final remarks

6.6.A. To summarize, we extended the Barvinok—Woods algorithm to compute short GF's
for projections of polyhedra. The result fills a gap in the literature on parametric Integer
Programming which remained open since 2003. We also proved a structural result on the
projection of semilinear sets by a direct argument. Let us emphasize that we get effective
polynomial bounds for the number of polyhedral pieces and the facet complexity of each

piece in the projection, but not on the complexity of the pattern within each piece.

6.6.B. The study of semilinear sets has numerous applications in computer science, such as
analysis of number decision diagrams (see [Ler05]), and context-free languages (see [Par66]).
We refer to [Gi66] for background on semilinear sets with their connections to Presburger

Arithmetic, and to |[CH16] for most recent developments.

6.6.C. Without the extra condition 7'(Q) € R" in Theorem we can still treat the GF
of T(Q NZ™) as formal power series. In some cases, this power series might not converge

under numerical substitutions. For example, if ) = R™ and T projects Z™ onto Z, then
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every y € Z lies in T'(Q NZ™). In this case, we have

oot = T Lt P
yeT(QNZ™)

which is not convergent for any non-zero t. However, when T'(Q)) has a pointed characteristic
cone, for example 7'(Q)) C R}, then the power series converges on a non-empty open domain.
For any t in that domain, the power series converges to the computed rational function g(t).
For the general case when T'(Q)) could possibly contain infinite lines, we can resort to the
theory of valuations (see [Bar08, BP99]) to make sense of the GF. Alternatively, one can
always decompose any such () into a finite union of at most n + 1 polyhedra @);, each of
which projects within a pointed cone in R™. Then the GF for the projection of ) N Z™ can
be thought of as a formal sum of at most n + 1 short GFs, each with its own domain of

convergence and a rational representation g;(t).

6.6.D. Our generalization of the Barvinok-Woods theorem also simplifies many existing
proofs in the literature when one needs to compute a short generating function for un-
bounded sets. See for example the computation of Hilbert series in [BW03|, Sec. 7.3] and the

computation of optimal points for Integer Programming in [HS07, Lem. 3.3].
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CHAPTER 7

Complexity of short generating functions

We give complexity analysis for the class of short generating functions (short GFs). Assuming
#P ZFP /poly, we show that this class is not closed under taking many intersections, unions
or projections of GFs, in the sense that these operations can increase the binary length of
coefficients of GFs by a super-polynomial factor. We also prove that truncated theta functions

are hard in this class. This chapter is a version of the published paper [NP17d].

7.1. Introduction

7.1.A. Combinatorics and complexity of GFs. A univariate short generating function

(short GF) is a rational generating function written in the form

(%)

il ¢t
f(t):Z . Z bik, \
— (1 —tbin) - (1 — t7iki)
where ¢; = p;/q; € Q, a;,b;; € Z and b;; # 0 for all ¢, j. The index(f) == max{ky,..., kp} is
the maximum number of terms in the denominators. This is always assumed to be bounded
by some constant. The length ((f) is defined as the total binary length of all constants

a;,¢; and b;; in (x). Of course, the same rational generating function f can have many

presentations as a short GF'

In this chapter we study of complexity of short GFs with bounded index and polynomial
lengths. For a finite set S C N, denote by fs(t) = >, _ot" the GF of S. We are interested

in deciding if it is possible to write fg as a short GF with polynomial length for a variety of

'We also caution the reader that in general, the word short in “short GF” only means that the GF is
given in the form (x). It does not necessarily mean the GF has polynomial length.
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sets S coming from Combinatorics, Number Theory and Discrete Geometry. Showing that
some sets do not have short GFs of polynomial lengths turns out to be a surprisingly difficult
problem. We are also interested in operations on short GFs and how they affect the short

GFs’ lengths.

Our approach is motivated by ideas from the study of integer points in convex polyhedra
in fixed dimension (see §.11.Al). All such polyhedra turn out to have (multivariate) short GFs
of polynomial lengths (see Barvinok’s Theorem and Chapter [6). We refer to [BarO6b)
Bar(8] for a thorough review of past and recent work on short GFs in Discrete Geometry,

and to Section [(_1]] for connections to Arithmetic Combinatorics and other areas.

7.1.B. Squares. Define the truncated theta function to be the GF over squares < 2" :
or/2
0n(t) = Yt
n=0
Conjecture 7.1 (=Conjecture [(.50). For every fized k > 1, the truncated theta function
J,(t) cannot be written a short GF' of length poly(r) and index(¥,) < k.

The following result is the most surprising in this chapter:

Theorem 7.2 (=Theorem [[.58)). If #P & FP/poly, then Conjecture[7.1] holds.

To put this in plain words, if truncated theta functions can be represented as short GF's
of polynomial lengths and bounded index, then any #P counting problem (e.g. number of
Hamiltonian cycles) can be solved with polynomial size Boolean circuits. See §Z.11.F] for

more on the complexity assumption, and Section [.§] for the related results on primes.

7.1.C. One variable operations. Recall that we only consider GFs of finite sets. We
define operations on GFs based on their supports. For example, taking the union of two
GFs f(t) and ¢(t) means finding another GF h(t) with supp(h) = supp(f) U supp(g). We

can similarly define other Boolean operations.

Short GFs are known to be very versatile and useful in applications. Notably, given a

bounded number of short GFs, it is known how to perform all Boolean operations on in
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polynomial time (Theorem [.T4]). The result is again a short GF with polynomial length.
However, when the number of short GFs is large, no such polynomial time procedures are

known. The following result gives a strong evidence against such possibility:

Theorem 7.3 (=Theorem [7.52)). If #P Z FP/poly, then taking intersection/union of many

short GFs does not preserve polynomaiality in length.

This says taking union of many short GF's is hard structurally. It should be compared
to an earlier result by Woods, which says that taking union of many short GFs is hard

algorithmically, assuming P # NP (see Theorem and the following remark).

Next, define the Minkowski sum f @ g of two GFs f(t) and g(t), to be the GF h(t) with

supp(h) = supp(f) @ supp(g) = {a+ b | a € supp(f),b € supp(g)}

Theorem 7.4 (=Theorem [I55). If #P ¢ FP/poly, then taking Minkowski sum of two

short GFs does not preserve polynomiality in length.

Giving precise formulations of these results requires some effort, see Section [[.7l Let
us mention that in both theorems we can substitute the complexity assumptions with Con-
jecture [[ Il These results show strong limitations of the “short GF technology” from a

geometric point of view (see L.1T.Al). Below we give further evidence of this phenomenon.

7.1.D. Projections. For multivariate short GFs, taking projections is a key operation.
Projection is crucial for applications such as Integer Programming (see Section [6.1]), and
theoretical considerations such as Presburger Arithmetic (see Section [6.4]). In a crucial
development, Barvinok and Woods [BW03] showed that given a polytope P in bounded
dimension, the projections of its integer points on some subspace have a short GF of poly-
nomial length, which can also be computed in polynomial time (Theorem [6.14]). This result
exploited the polytopal structure of P and its convexity in a crucial way. Unfortunately,
these are also the reasons that prevent their result to apply on a non-geometric level. In
other words, the algorithm by Barvinok and Woods cannot produce a short GF for the

projections if the input is presented only as short GF, without a polytope associated to it.
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An important negative result by Woods in fact shows that given only a multivariate short
GF f(t), computing its projection is NP-hard (see Theorem [[.23 and the Remark [[.24]). The
following theorem is the central result of the chapter. Roughly speaking, it both weakens

the assumptions and strengthens the conclusions of Woods’s theorem.

Theorem 7.5 (=Corollary [(48). If #P & FP/poly, then taking projection of a short GF

does not preserve polynomiality in length.

This says that in general not only we cannot compute the projection of a short GF in
polynomial time, any short GF that represents the projection must have a super-polynomial
length. In other words, the barriers of using the “short GF technology” in this case are

structural rather than algorithmic.

The next result can be viewed as a refinement of the previous theorem, giving a precise

characterization of complexity of projections.

Theorem 7.6 (=Theorem [[.46). Repeated projections of short GFs can encode every lan-
guage in the non-uniform polynomial hierarchy PH/poly. In fact, they form a hierarchy that
coincides with PH/poly.

We postpone the precise formulations of these results, especially of Theorem where
the technicalities are unavoidable. Let us also mention Proposition [7.49] which can be viewed

as a partial converse of Theorem H

7.1.E. Structure of the chapter. Our results are largely self-contained and require little
more than a few technical lemmas from [BP99], which are all stated in Section [[2] and can

be treated as black boxes. We do however employ a fair amount of definitions and notations
(Section [7.2]).

Our Section[7.3]is the key as it describes the connection between languages and short GFs.

From this point on, the reader can proceed to the development of the short GF hierarchy,

2By itself, Conjecture [T.1] does not necessarily imply that #P ¢ FP/poly, so a stronger assumption is
used in Proposition [7.49]
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culminating in the proofs of theorems [I.5] and (sections [TAHT.G). Alternatively, modulo
a few definitions in earlier section, the reader proceed directly to the proof of theorems [7.3]
and [(.4]in Section [T.7l Similarly, the reader can also proceed to study complexity of squares
and primes (Section [T.§)). In Section [7.9] we investigate more technical questions on relative
complexity of short GFs, and in Section we give a proof of a technical Lemma [7.34. We

conclude with final remarks and open problems in Section [.11]

7.2. Preliminaries on short GF's

7.2.A. Polynomial time operations. A power series f(t) = > axt™ is called a GF if
each coefficient oy is either 0 or 1. When needed, we will write f(t) = > t* to emphasize

that f is a GF.

Definition 7.7. The support of an n-variable GF ¢(t) = > t* is defined as:
supp(g) = {x € Z" : [t*]g(t) = 1}.

Here [t*] denotes the coefficient of the monomial t* in g(t).

Definition 7.8. Given a multi-variable GF f(t,u) = > t*u¥ with x € Z™,y € Z", the

x-projection g = proj,(f) is the unique GF ¢(t) = > t* with support satisfying

supp(g) = {x € Z" : Jy € Z" (x,y) € supp(f)}.

If f satisfies the extra property that for every x € Z™ there is at most one y € Z" such that

(x,y) € supp(f), then proj, (f) is called the x-specialization of f, denoted by spec,(f).

Definition 7.9. Consider two power series f(t) = > axt* and g(t) = > fGxt*. The
Hadamard product of f and g, denoted by f % g, is another GF h(t) = > 7, t* with

Vx = ax (Bx for every x.

If f and g are GF's then the above condition is equivalent to supp(h) = supp(f) N supp(g).
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Definition 7.10. For a rational function in n variables t = (¢1,...,t,) of the form

M Citai .
f(t) - ; (1_1;51'1)...(1_1;51'1@1-)’ (*)

the length £(f) of f is defined as

(f) = Z [log, |pigi| +1] + Z [logya;; + 1] + Z [logy b jm + 1],
,J

% 1,J,m

where C; :pl/ql S Q, Ei,l_)ij S Zn, Eij % 0 and tE: tclll cee t%" ifa= (al, .. .,an) e 7.

Definition 7.11. For a power series f(t) = Y axt* given in the form (), the indez of f
is defined as

index(f) = max{k; : i=1,..., M},
where k; is the number of factors in the denominator of the i-th summand.

Definition 7.12. For every number of variables n and integer s, we define two classes:
GFns = {GFs g(t) given in the form () with indg < s} (7.1)

and

GF, = {power series g(t) given in the form (3) with indg < s}. (7.2)
Members of GF, ; are called short GF's, while those of GF _ are called short power series.
We recall the following important results from [BP99] (see also [BW03]):

Theorem 7.13 ([BP99]). Fiz a class GF,,s. Given a short GF f(t) € GF s of finite
support. We can compute in time poly(¢(f)) the following:

1) The norm N = max{|x|:x € supp(f)}H
2) The cardinality M = |supp(f)|, which is equal to f(1),

3) The substitution q(u) = f(t(u)), where t is substituted by monomials in some other

variables u = (u1, ..., uy,). Furthermore, we have q(u) € GF, ..

3Here |x| can be any polyhedral norm on x, including x| and |x|;.
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Theorem 7.14 ([BP99)]). Fiz two classes GF s, and GFps,. Given f(t) € GF s, and
g(t) € GF s, of finite supports, we can compute in time poly(¢(f) + €(g)) the following:

1) A short GF h(t) with supp(h) = supp(f) Nsupp(g), i.e., h(t) = f(t) * g(t),
2) A short GF k(t) with supp(k) = supp(f) Usupp(g).

3) A short GF p(t) with supp(p) = supp(f)\supp(g).

Moreover, we have h,k,p € GF 1 5,45, -

Remark 7.15. In fact, a more general version of Theorem [[.14] part 1) was shown in [BP99],

which also allows taking f x g for short power series.

The following is the reason why we emphasized the bounded dimension n and index s in

Definition [[.12]

Proposition 7.16. Fiz n and s. Given a short power series f(t) =Y fxt* in GF, s and a
vector g € Z", the coefficient Bz, can be computed in time poly(¢(f) + €(ap)).

Proof. We let g(t) = t% and define h(t) = f(t) x g(t). Clearly, we have h(t) = S5, t*, which
implies gz, = h(1). Applying Theorem [T.14] we can compute h(t) (see also Remark [.15]).
By Theorem [7.13] we can compute h(1). All can be done in time poly(¢(f) + ¢(ap))- O

Remark 7.17. A similar result for n and s unbounded is unlikely to hold, considering the
fact that KNAPSACK is NP-complete. An instance of KNAPSACK asks if an equation a = bx
is solvable, where x = (x1,...,7,) € N are variables, and a € N,b € N" are given as input.
This is equivalent to checking if [t*]f # 0, where:

1
IO =gz

Here n is not bounded. Note that KNAPSACK has a polynomial time algorithm if a and b

are given in unary. In our case, short GFs are encoded in binary.

If f is a short GF, Proposition [7.16 allows us to decide in polynomial time whether
ao € supp(f). Now one may ask whether is it still easy to decide if a point @y lies in a

projection of f . The answer is still positive:
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Proposition 7.18. Fiz m,n and s. Given a short GF f(t,u) = > t*u¥ € GF,, s of finite
support and a vector ay € Z™, checking whether ay € supp(proj,(f)) can be done in time

poly(¢(f) + 4(ap)). Herex € Z™,y € Z™.

Proof. Let g(t) = f(t,1). Clearly, we have @y € supp(proj,(f)) if and only if the coefficient
of t% in g(t) is non-zero. By Theorem [T.I3] we can compute g in time poly(¢(f)). By
Proposition [[.16, we can compute [t%]g in time poly(¢(g) + £(ap)) < poly(¢(f) + ¢(ap)). O

7.2.B. Short GFs and Presburger formulas. We summarize known results relating

short GF's to Presburger formulas. Recall the definition of PA formulas from Section

Definition 7.19. For a set S C Z", denote by F(S;t) the GF
F(S;t) = ) t*
x€es

Theorem by Barvinok can be restated as:

Theorem 7.20 ([Bar93]). Fiz n. Let P C R™ be a rational polyhedron described by Ax < b.
Then we can compute in time poly(¢(Q)) a short GF f(t) = F(PNZ";t) with f € GF, .

A generalization of this to all quantifier-free PA formulas is:

Theorem 7.21 ([Woo04, Prop. 5.3.1)). Fizn. Let G = {x € Z" : ®(x)} be quantifier-free
PA formula, with ® a Boolean combination of linear inequalities in x. Then we can compute

in time poly(¢(®)) a short GF g(t) = F(G;t) with g € GF .

Proof. By Proposition [6.18, we can rewrite ® as a disjoint union of polyhedra Pi,..., P,
with 7 < poly(¢(®)). The system defining each P; can be computed in polynomial time.
Applying Theorem [7.20], we get a short GF f; € GF,,,, of polynomial length for each P;.
Summing up all f;, we get a short GF g € GF,,,, of length poly(¢(®)) for G. O

Next, we consider PA formulas with quantifiers. In the simplest case, an existential

formula F' encodes the projection of integer points in a polyhedron.
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Theorem 7.22 (Th. restated). Fiz m,n € N. Let Q@ C R™ be a rational polyhedron

given by a system Ax <b, and T : Z™ — Z™ a linear map. Consider the PA formula
G={yez":3IxeZ™ (xcQ)N(y=Tx)}.

Then we can compute in time poly(¢(Q) + €(T)) a short GF ¢(t) = F(G;t). Furthermore,

we have g € GF,, s, where s = s(m) is a constant.

However, for general 34 PA formulas, finding short GFs becomes hard:

Theorem 7.23 ([Woo04, Th. 5.3.2]). Let ®(x,y) be a quantifier-free Boolean combination
of linear inequalities in x and y (singletons). Let F = {y € Z : 3z € Z ®(x,y)}. Then
computing a short GF for F is NP-hard.

Remark 7.24. By Theorem [T.2T] we still can find a short GF of length poly(¢(®)) for
®(x,y). So this result says that projecting a short GF is hard algorithmically. This should
be compared to our Theorem [7.5] which says that projecting short GF is hard structurally.
Actually, by Proposition [6.I8, we can also decompose ®(x,y) into a union of polynomially
many polygons P; C R%. By Theorem [7.22] the projection of integer points in each P; on x
has a short GF, which can be found in polynomial time. So taking union of these short GF's

is again hard algorithmically. This should be compared to Theorem [7.3]

7.3. Short GFs and the class P/poly

7.3.A. Encoding languages in P/poly as short GFs. For technical reasons regarding
the convergence of GFs under numerical evaluation, we consider only GF's with support in

N" from this section onwards. Theorem [7.14] still applies to short GF's supported on N".

Definition 7.25. For every language £ € {0,1}*, and every r > 0, we denote by L, the

segment

L,={Fe{0,1}) FeL) (7.3)

For x € L,, let x be the corresponding integer with binary representation . We will also

use L, to denote the set of all such x with x € L,.
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Lemma 7.26. For every language L € P/poly, and every r > 0, the segment L, can be

characterized in PA as:
TeLl, << x€[0,2") A [Fyel0,2?)Vze0,29)®: D (z,y,2)], (7.4)

where ®, is a quantifier-free PA expression in x,y € N and z € N3. Moreover, we have
p,q, L(®,) < poly,(r)A If in addition L € P, then there is an algorithm to compute p,q and
®,. in time poly,(r).

Proof. By definition of the class P/poly, there is a Boolean circuit C,. such that:
L, ={z€{0,1}" : C\(T) = true}.

Here the circuit C, has r input gates, and as many as p < poly,(r) non-input gates, each
with in-degree at most two. We encode the values of the non-input gates as a Boolean
string y € {0,1}?. Let * = (21,...,2,) and ¥ = (y1,...,¥,). By a standard reduction
(see e.g. [MM11l [Pap94]), we can encode the computation of C,. by a Boolean formula F in

3-Conjunctive Normal Form. Explicitly, we have:
L.={xe€{0,1}" : Fy € {0,1}* F(z,y) = true}, (7.5)

where
FE.g) = NlaxVbeVe). (7.6)
k
Here each ay, by, ¢ is a literal in the set {z;, ~x;, y;,~y; : 1 <i<r, 1 <j<p}

Let z € [0,2") and y € [0,2P) be the integers corresponding to = and y, respectively.
Every literal x; corresponds to the ¢-th digit in x being 1, and —x; corresponds that digit
being OH In other words, z; is true or false respectively when |[z/2°7!] is odd or even.
The same applies to y; and y. Observe that ¢ = |x/2°7!] is the only integer that satisfies
/271 —1 <t < /271 Let ¢ = max(r,p) < poly(r). Each term x; or =z; can be coded

with an extra Jz quantifier as follows:

4We denote by £(®,) the total length of all symbols ®,., written in binary. The notation poly . (r) denotes
a polynomial in r, with the polynomial degree depending on the language L.

>The least significant digit in = corresponds to zg in Z.
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2241 > z/271 -1
xr; <= Jz€[0,29): ' ,
224+1 < x/2071
(7.7)
2z > z/271 -1
—x; <— 32€10,29): '

2z < x/2!

Here {-} denotes a system (conjunction) of inequalities. Analogously, each y; or —y; can be

coded using 3z. Note that the two strict inequalities in (Z7) can be sharpened by multiplying
both sides with 2i=! to make all coefficients integer, and add 1 to the RHS.

Now we show how to code (Z.6]) using Vz with z € N3. For each clause (ay V by V ), we
consider its negation (—ay A —bp A ¢y ). Each term —ay, =by, —¢y is still one of x;, ~z;, ys, —y;.

By (7.1), we have
(—|ak A _'bk N _‘Ck) — dz € [07 2(1)3 : (I)k(xv Y, Z)v

where z € N2, and ®,, is a conjunction of 6 inequalities. Taking negation, we have:

(G,k V bk V Ck) <~ Vz € [0, 2q)3 : _'(I)k(x> Y, Z)>

=  Vz€[0,29°: Uy(m,y,2),

where Wy is a disjunction of 6 inequalities. Taking conjunction over all k in (6], we have:

F(z,7) <= Vzec[0,29°:®.(v,y,2), (7.8)
where
ér(xai%z) = /\\Ifk(x,y,z). (79)
k

Substituting (7.8) into (7.5]), we have (T.4]). If we assume in addition that £ € P, then the
circuit C, can be built from a Turing Machine in time poly,(r), so the expression @, can

also be found in time poly,(r). This completes the proof. O

Recall that for a set S C Z" we defined F(S;t) = > ot~

Definition 7.27. Given f(t) = F(S;t), where S is a subset of a finite box B C N". The
finite complement B\ f is F(B\S;t).
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Definition 7.28. Given fi(t) = F(S1;t), ..., fu(t) = F(Sk;t) with S1,...,S, € N", the
intersection fyN-+-N fr is F(S1N---NSk;t). The union fU---U fi is F(S;U---US; t).

Theorem 7.29. For every language L € P/poly and r > 0, there exist a finite box B, and
short GF f,(t,u,v) € GF55 with supp(f,) C B,, so that

F(L,;t) = spec,(B,\proj, ,(f+)) (7.10)

and U(B,), U(f.) < polyﬁ(r)H Furthermore, there exists p.i, ..., prr, € GFas of finite

supports, with k, < poly,(r) and ¢(p.;) < poly.(r), so that:

projx,y(.fr) = Pra U---u Prk,- (711)

Here GF5 5 is some fized class that does not depend on L. If we assume in addition that

L € P, then there is also an algorithm to compute B,, f. and each p,; in time poly,(r).

Proof. For the notations proj, spec, U and \, we refer back to definitions [Z.8| [7.27 and [T.28]

By the previous lemma, there is a PA expression ®, satisfying (T4]). First, define

B, ={(z,y): 2 €[0,27), y € [0,2")},

D, ={(z,y,z): 2 €[0,2), y €[0,27), z € [0,29)},

where r,p and ¢ are from (T4)). Define:

fltuv)y = ) " u v (7.12)

(z,y,2)€D,

-, (z,y,2)
Recall that &, is a quantifier-free PA expression with length poly,(r). Applying Theo-
rem [7.2]]to ~®,., we can write f, as a short GF in GF5 5 of finite support, which has length
0(f,) < poly({(®,)) < poly,(r). For the rest of the proof, we always assume (z,y,z) € D,.

We will simply write 3z instead of 3z € [0,29)3. Projecting f, on (z,y), we have:

proj, ,(f;) = Z t*u?. (7.13)

(x,y) 13z P, (xvyvz)

6 Here ¢(Br) denotes the total bit length of all sides in B,., written in binary.
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Taking the complement of proj, ,(f,), which lies within the box B,, we have:

B,\proj,,(f,) = > £ uY. (7.14)

(x7y) :vz ¢7"(x7y7z)
Recall that in the proof of Lemma [7.26] the variable y describes the values of non-input
gates in the circuit C,, with input gates coming from z. Since the values of non-input gates

are uniquely determined by the input gates, for every x that satisfies C, we have a unique

y. Substituting u <— 1, the RHS in (TI4]) becomes F(L,;t). We obtain (Z.10).

We proceed to show ([LIT]). Since —®, is quantifier-free with 5 variables, we can apply
Proposition [6.18 on it and get:

kr.
D, (z,y,2) <= \/(:c,y,z) € P, NN,

i=1
where P,.1, ..., P, C R® are disjoint polytopes (in the box D,) and k, < poly(¢{(®,)) <
poly,(r). Each polytope P,; also satisfies (P, ;) < poly(r). Therefore:

kr
Az =0, (x,y,z) <— \/ Jz [(z,y,2) € P, NN]. (7.15)

i=1
Combined with (Z.13), we see that (z,y) € supp(proj,,(f-)) if and only if it lies in the
projection of some P, ;AN°. By Theorem [T.22], for each i, we can find a short GF p,; € GF,

for the projection of P,.; N N°. In other words, we have Dri € GF s that satisfies:

supp(pr,;) = {(z,y) : Iz (z,y,2) € P,; NN}

Here s is an absolute constant because each P,; has (fixed) dimension 5. We also have

U(pr;) < poly(£(P.;)) < poly(r). The union of all short GFs p,; contains exactly all (z,y)

satisfying (ZI5)). From (7I3) and (7Z.I5)), we have:
projx,y(f?“) = pﬁl U--- UpT’,k:T-'
This proves ((T.I1]) and completes the proof. O

Example 7.30. Since SQUARES and PRIMES are both in P, we can represent all squares or

primes up to 2" in the form (7.I0), with f, and B, computable in time poly(r).
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Remark 7.31. Even though spec, (B, \proj, ,(f;)) may seem complicated, the specialization
and complement are “inexpensive operations”, which can be performed in polynomial time

by theorems [7.13] and [[.T4l The main complexity resides in taking the projection of f.

Remark 7.32. The same representation (7.I0) applies to every language £ in the complexity
class UP/poly. Such a language is characterized as follows. For every r, there is a non-
deterministic polynomial-time Turing machine that accepts only x € L,., each with a unique
accepting path. Given £ € UP/poly, we can obtain (.I0) by the same argument as above.
In fact, (CI0) is an equivalent characterization of the class UP/poly. Indeed, assume L, can
be represented as ((C.I0). Given f,, for any x € L, there should be a unique certificate y such
that (x,y) € B,\proj, ,(f.), which is checkable in polynomial time by Proposition [Z.T8

7.3.B. Compressing short GFs of finite supports. We describe a technical tool which

will be useful later. This section can be skipped at first reading.

Definition 7.33. Consider N = 2" and a vector x = (z1,...,24) € N" with z; € [0, N) for

all 1 <17 < d. We define the 7y map on x as:
Tn(X) = 1+ Nag+ -+ N" 'y €0, N).
For an array of vectors X = (Xy,...,X,) with x; € [0, N)" we define:
™w(X) = (7v(%1),. .., 78 (%)) € [0, N™) x -+ x [0, N").
Finally, for a set S C [0, N)" x --- x [0, N)™, we define 7y (S5) = {7y (X) : X € S}.
The following technical tool allows us to reduce the number of variables in a short GF of
finite support.

Lemma 7.34. Fiz k,s andny,...,np € N. Let n =ny + ...+ ng.

a) Compressing: Given a short GF g(t) = Yt ...t3F of finite support in the class
GF,s, there exist an N = 2" with supp(g) C [0, N)" x --- x [0, N)™ and a short GF
f(u) =>"uit...u;* in the class GFy s so that

supp(f) = 7w (supp(g)) € [0, N™) x --- x [0, N"*). (7.16)
136



Both f and N can be computed in time poly(¢(g)) with ¢(f),log N < poly(£(g)).

b) Decompressing: Conversely, given f(u) => ui'...u* € GFys and N = 2" such that
supp(f) C [0, N"') x -+ x [0, N"*),

there exists g(t) = > 7 ... t3* € GF,nrs with supp(g) C [0, N)™ x --- x [0, N)™ which
satisfies (T16). The short GF g can be computed in time poly(¢(f) + log N).

Proof for the lemma is technical and is postponed until Section [[.10. We note that the
compression map 7y in Definition is similar to that used in the polynomial identity
testing algorithm of Klivans and Spielman [KS01]. Using Lemma [[.34, we can reduce the
number of variables of f, in (ZI0) down to three.

Corollary 7.35. For every language L € P/poly and r > 0, there exist a finite box B, and
short GF f.(t,u,v) € GF35 with supp(f,) C B,, so that (TI0) holds. The rest is identical
to Theorem [7.29.

Proof. We have (TI0) with f,.(t,u,v) = > t*u¥v* € GF;55 a short GF of finite support
in five variables (¢, u, vy, v9,v3). Using part a) of Lemma [(.34] we can compress z into a
single-variable w, leaving both z and y unchanged. In other words, t*uYv* becomes t*uYv".

Note that proj, , is not affected by compression. This gives us a short GF ﬁ, € GF35 with

proj,., (fr) = proj,,(f;) and £(f;) < poly(£(f,)) < poly(r).

So we can substitute f, for f, in (Z10). O

7.4. Short GFs and the hierarchy PH/poly

The non-uniform polynomial hierarchy PH/poly starts with P/poly = XF /poly = TIF /poly at
the Oth level. For k > 0, a language £ is in ¥ /poly if for every r > 0, there is a circuit C,

of size poly,(r) so that for every string z of length r we have:

5e‘Cr — Elgl \V/gg ngk:cr(zayl>"'ayk):1'
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Here @4, ..., Q) are k alternating quantifiers with )1 = 3, and ¥y, ..., y, are binary strings
of length polynomial in 7. For II} /poly the alternating quantifiers are reversed (Q; = V).

We have a the following analogue to Lemma [7.26] for each level in PH/poly:

Lemma 7.36. For every language L € XF /poly and r > 0, there exists a quantifier-free PA

expression in k + 4 variables v € N, y € N¥, z € N3, so that T € L, if and only if:
WSS [0,2r) A [Quyr € [072;171) o Qryr € [0,2‘%) Qri12z € [O,Qq)s : CI)r(x,y,z) . (717)

Here Qq,...,Qy1 are k + 1 alternating quantifiers with Q1 = 3. Moreover, we have

D1y Pk, G, (@) < poly,(r). For the case L € IIY /poly, the quantifiers Q; are reversed.

Proof. For simplicity, we prove the claim for £ € X7 = NP/poly. The higher levels ¥ /poly
and TIF /poly can be argued similarly. Since £ € NP/poly, for each r, there is a circuit C, of

size poly.(r) such that
rel, << dce{0,1}°: C.(z,0) =1, (7.18)

where s < poly,(r) is the certificate length. The circuit C, also has p non-input gates with
p < poly,(r). Let p’ = s+ p. Note that the certificate gates ¢ € {0,1}* and the non-input
gates 7 € {0,1}” can be coded by a single integer y € [0,2”). The argument now proceeds

similarly to Lemma [7.4] with p’ in place of p. a

Remark 7.37. In [Gra88, Lem. 5.2], Gridel gave a similar representation to (7.I7). In his
representation, each string ¥ = (z1,...,x,) € {0,1}" is not simply mapped to its binary

integer value, but to:

z=p" .t g
where p1,...,p,, q1, ..., q, are the first 2r prime numbers.

Definition 7.38. Let f = > t*u¥ = F(S;t,u), where S is a subset of a finite box I x J.
The anti-projection proj,(f) is F(I;t) — proj,(f), where the projection proj,(f) is from
Definition [Z.8l The box I x J is always specified before taking the anti-projection.
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Theorem 7.39. For every language L € XF /poly and r > 0, there exists a short GF
fr € GFkiogta of the form fo(t,uy, ... ug,v) =D t"ud* ... uj*v* such that

F(Lyit) = proj, (Pro,.y, (proj, 4o+ (£) ) ). (7.19)

where the k alternating projections and anti-projections are taken in a finite box
B, =10,2") x [0,2P') x --- x [0,2P%) x [0, 27).

Moreover, we have py,...,pr,q,L(f,) < poly(r). For L € IIY /poly, the projections and

anti-projections are reversed.

Proof. By Lemma [T.36, we can represent L, in the form (ZI7). Applying the same argu-
ment in Theorem [[.229, we get f,(t,u1,...,uk, v) = > t*uf" ... uj*v? € GFjyarta that sat-
isfy (C.19). Applying Lemma [7.34]a), we can compress the last three variables v* = v{'v3?v3?
into just one variable v" without affecting the projections (see the proof of Corollary [7.35]).

This reduces f, to a short GF in GF 42 j1a. O

Remark 7.40. If in addition L € PH, then both ®, and f, in Lemma [7.36] and Theorem
can be computed in time poly,(r). Indeed, if £ € PH, the circuit C, for £, in Lemma [[.36]'s
proof can be automatically generated by some polynomial time Turing Machine M. We can

convert C. to ®, in polynomial time, which allows us to find f,.

As a consequence, we obtain the following result.

Corollary 7.41. Assume we are given ag € N, a short GF f(t,u,v) = Y t"u¥v* € GF3s,
and a finite box B C N® with supp(f) C B. Then deciding whether ag € supp(h) is NP-

complete, where h = proj,(proj, ,(f)). Here the projection and anti-projection are taken

within B.

Proof. If ag € supp(h), there exists some by so that (ag, by) lies in the support of proj, ,(f).
Since projx,y( f) is taken within B, which is bounded, both @y and by must have polynomial

lengths. Given such a certificate by, we can verify if (aq, by) lies in the support of proj, ,(f)
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in polynomial time, by applying Proposition [[.I8 Taking a negation, we can also check

whether (ag, bo) lies in the anti-projection proj, ,(f). This shows the problem is in NP.

The problem is also NP-hard. Indeed, let £ be an NP language. Applying Theorem
for the case £ € NP, we have F(L,;t) = proj,(proj,,(f.)), where f, is supported inside
a box B,. By Remark [.40] we can compute f, and B, in polynomial time. So checking
r € L, is equivalent to checking x € supp(h,), where h, = proj,(B,\proj, ,(f-)). O

Remark 7.42. Compared to Proposition [[.18], we see that it is no longer easy to check for

membership after taking two separate projections on a short GF.

7.5. A hierarchy of generating functions

We introduce a hierarchy GH of languages expressible as projections of generating functions.

First, we define the lowest level G = X = II§.

Definition 7.43. For a language £ € {0,1}*, we say that £ € G if there is an s > 0 so that
for every r > 0, we can represent F(L,;t) = f,.(t) where f, € GF,, and {(f.) < poly.(r).
In other words, every segment L, can be represented as a short GF of polynomial length in

some fixed class GF ;.

We define higher classes 3¢ and II{ by taking repeated projections/anti-projections.

Definition 7.44. For a language £ € {0,1}*, we say that £ € X¢ if there is an s > 0 so

that for every r > 0, we can represent:

F(Ly5t) = proj, (pro,, (proi,, (- (1)), (7.20)

where f,(t,u1,...,ur) = > t"uf" ... u;* € GFpi1s is supported inside a finite box B,, with
both ¢(B,), ¢(f,) < poly.(r). The k alternating projections/anti-projections are taken within
B,.. The class IIY is defined similarly, with the projections/anti-projections in (Z.20) reversed.

Alternatively, £ € TI¢ if and only if the complement language =L is in X¢.

Definition 7.45. GH is the union of all ¢ and II¢ for all k > 0.
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We list some properties of GH:

o X IIF C X5 NIIF,, for all k> 0.

e G, X¢ II$¢ C P/poly (propositions [7.16] and [T.IS).

e P/poly C UII, the subclass of 3§ with only spec, and proj, , (Theorem [7.29).
e In fact, UIT¢ = UP/poly (Remark [7.32).

e X /poly C ¢ |, IIF /poly C IIf , for all k > 1 (Theorem [7.39).

The last property can actually be strengthened to:

Theorem 7.46. X} /poly = X7, and II}, /poly = II, | for every k > 1. So GH = PH/poly,

i.e., GH s exactly the non-uniform version of PH.

Proof. Theorem [1.39 already showed inclusion in one direction. For the other direction,

assume £ € X7, . From Definition [T.44] for every r > 0, we have:

F(L,;t) = proj, (pmjgc,y1 (Proj, gy o (- (fr) -+ ))),

where f,. is a short GF of length poly,(r) in some fixed class GF 12, Here we are taking
k + 1 alternating projections and anti-projections on f,(z,y1, ..., yrs1) = 2 t°uf' .. ultY
within some finite box B,.. Note that by Proposition [[.18, we can check in polynomial time
if (z,y1,...,yx) lies in the inner most projection/anti-projection. So given f,. as an advice
string, we can decide if € £, by calling a X¥ oracle for the remaining k projections/anti-

projections. This implies £ € X}, /poly. The case £ € II§, , is similar. O

7.6. Short GFs have long projections

7.6.A. Proof of Theorem [T.5l

Theorem 7.47. If #P < FP/poly, then G C P/poly.
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Proof. We saw in Section that G C P/poly. Now we show P/poly is strictly larger
than G. Let #L be an #P-complete problem (e.g. #3SAT), which is outside of FP/poly by
the assumption #P Z FP/poly. Associated to #L is a polynomial time Turing machine M.
Given T € {0,1}", #L asks for the number of certificates ¢ € {0, 1}" that satisfy M(z,¢) = 1.

Define a language:
M = {(z,¢) : length(z) = length(¢) and M(z,¢) = 1}H (7.21)
Since M runs in polynomial time, we also have M € P/poly. We show that M ¢ G.

Assume the contrary, i.e., M € G. Then there is a fixed s so that for every r > 0, we
have M, = supp(f,), where f, € GF, s and £(f,) < poly(r). Let z,c € [0,2") be the integers
corresponding to Z,¢ € {0,1}". Then the concatenated string (Z,¢) corresponds to x + 2"c.

We assumed that there is an fy, € GF; 5 such that

((far) Spoly(r) and Y 7= fo(t).

(iva EMay

Given 7 € {0,1}", we must compute the number of ¢ € {0,1}" which satisfy (7,¢) € Ma,.

Define

2 ]. - t22r
ga(t) = Z $Et2e _ g e (7.22)

0<ce<2m

We have ((g,) < poly(r). We also have fy, € GF; and g, € GF1 ;. Therefore, by Theo-

rem [[.14] the short GF h, = f5, * g, can be computed in time poly(¢( fa,) +¢(g.)) < poly(r).
The number of certificates ¢ for z is simply h,(1). This substitution can be computed in

time poly(r) by Theorem [7.13

To summarize, the short GF fs,. gives us a polynomial size circuit to solve #L for all

inputs = € {0,1}" in time poly(r). We conclude that #L € FP/poly, a contradiction. a

Now we can formulate Theorem in precise terms:

Corollary 7.48. If #P ¢ FP/poly, then GH does not collapse to its Oth level G. In other

words, there is a sequence {fr} in some fized class GFq s with ((f,) < poly(r) so that for

r>0
every d, proj,(f.) cannot be written as a short GF h, € GF1 4 with {(h,) < poly(r).

"In general, the instance & and certificate ¢ can have different lengths. However, the Turing Machine M
can always be modified to accept only ¢ and Z of equal lengths.
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Proof. Recall that G C P/poly C GH (Section [I.H). Now this follows from Theorem [747. [

7.6.B. A partial converse. One can ask if the above argument in the proof above can be
reversed, i.e., if #P C FP/poly, does it imply that GH collapses to G? We present below a

weaker result.

Recall from Section that UTI$ the subclass of 3§ that uses only spec, and Proj, .-
In other words, £ € UIIS if for every r > 0, we have F(L,;t) = spec,(proj, ,(f.)) for some
f+ in some fixed class GF3 , with ¢(f,) < poly,(r). We also know that UTI§ = UP/poly.

Proposition 7.49. If #P C FP/poly, then GH collapses to UITS.

Proof. Since GH = PH/poly and UTI¢ = UP/poly, it equivalent to show PH/poly = UP/poly.
In fact, we have a stronger collapse, namely PH/poly = P/poly. This follows easily from
Toda’s theorem, which says that PH C P#5AT Replacing the #SAT oracle by polynomial
size circuits, we have PH C PP/P?Y — P /poly. Taking the non-uniform version of PH, we still

have PH/poly C P/poly. O

Remark 7.50. The proposition implies that proving GH does not collapse to between its 1st
and 2nd levels is at least as hard as showing #P ¢ FP/poly. However, there might still be
hope of showing that GH does not collapse to its Oth level G, e.g., by proving Conjecture [T.1l

Remark 7.51. We do not claim that Proposition is a new collapse result assuming
#P C FP/poly. Here we are only putting things in the context of short GFs. Observe that
#P C FP/poly implies NP C P/poly. In turn, NP C P/poly implies PH = S} (see [Cai07]),
which is the strongest collapse currently known, assuming NP C P/poly. Note that the
classical Karp-Lipton theorem says that NP C P/poly implies PH = XF, which is weaker

because S5 C P N IT5.

7.7. Intersections, unions and Minkowski sums

7.7.A. Proof of Theorem [7.3. Below is the precise statement of Theorem [7.3]
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Theorem 7.52. Assume #P ¢ FP/poly. Then there is an s > 0 and a family of finite
subsets {S"}r>0 with each S, = {pr1,- .. Drr.} C GF1s so than the following hold:

a) The total length of all p,; in S, is poly(r).

b) For every fized d, the intersection/union of all p,; in S, cannot be written as a short

GF h, € GF5q with £(h,) < poly(r).

Proof. By Theorem [[47] there exists a language £ € P/poly which is outside of G. By

Theorem [7.29, for every r» > 0, we can represent:

F(L:w t) = Specx(Br\prij7y(.fr)) and projx,y(fr) = DPr1 U.-- Upr,km

where f. € GFs5, pri € GFasand U(B,), ((f,), > (p,;) < poly(r). Here s is some universal

constant.

Let S, = {pr1,.-.,Drk, }- This family {Sr} satisfies condition a). We show that the
union of p,; cannot be written as a short GF of length poly(r). Indeed, assume there is d
for which we can write proj, ,(f;) = pr1U---Uppg, as h, € GFy 4 with £(h,) < poly(r). By
Theorem [7.14] the complement B,\h, can be written as a short GF g, € GF544 of length
poly(r). Taking the specialization spec,(g,), we still have a short GF in GFj 94 of length
poly(r), which represents L,.. Since this holds for all » > 0, we have £ € G, a contradiction.
So the family {S,} also satisfies b).

Note that each p,; still has two variables z,y. By Lemma [(.34] part a), we can compress
each p,; into a single variable short GF p,; € GF, of polynomial length. Then the new
subsets S, = {Dras--sDrk.} C GFys still satisfy condition a). We show they still satisfy
condition b). Indeed, note that compressing/decompression preserves intersection and union.
So if p,; has a polynomial length union then Lemma [7.34] part b) allows us the decompress
it into a polynomial length union of p, ;. This completes the proof for the case of union. The

case of intersection follows by taking complements of p, ;. O

7.7.B. Proof of Theorem [7T.4]l
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Definition 7.53. Given two GFs a = F(S;;t) and b = F(Ss;t) with S;, 5, C N”, the
Minkowski sum a@®b is F(S; @ Sy;t), where S; @ S; is the usual Minkowski sum of two point

sets.

Example 7.54. Given b = (by,...,b,) € N, the semigroup N(bi,...,b,) consists of all
non-negative integer combinations of the b;’s. Its generating function is given by:

1 1

7)) = —— —_—

Given such b € N" and a € N, the KNAPSACK problem asks if a € supp(f;).

Below is the precise statement of Theorem [7.4

Theorem 7.55. Assume #P ¢ FP/poly. Then there is an s > 0 and two sequences
{ar}r>0, {br}rs0 C GF1 5 such that

a) ((a,) + {(b.) < poly(r).

b) For every fized d, the Minkowski sum a, @ b. cannot be written as a short GF h, in
GF1,4 of length £(h,) < poly(r).

Proof. By Theorem [[.52] there exists an s > 0, and for each r a subset

S ={prts - Pri} CGF1, with ) " U(p,;) < poly(r)

with the following property. For every fixed d, the union h, = p,; U---U p,;, cannot be
written as a short GF of length poly(r) in GF 4. Define

Ky
a,(tu) = Y pri(t)u’ € GFs,. (7.23)
=1
and
i 1 — ubr
_ 0,1 _
be(t,u) = Y 1o’ = —— € GF11 C G, (7.24)

i=0
Since Y ¢(p,;) < poly(r), we also have ¢(a,) + ¢(b,) < poly(r).

Consider the terms t*u*" in the Minkowski sum a, ®b,. From (Z.23) and (Z.24)), we have:

kr
{z: (2. k) € supp(a, @ b,)} = | Jsupp(prs) = supp(hy).
=1
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In other words, we have [u*r](a, @ b,)(t,u) = h,(t). Define

k

gr(t,u) = Zt:”ukr S

zeN 1-¢
Taking the intersection of g, with a, @ b,, we get:
[(a, ® b)) * g,] (t, u) = u* h,(2). (7.25)

Now assume there is d so that a, @ b, can be written as ¢, € GFa 4 with £(c,) < poly(r).
By Theorem [7.14] we can compute h, by taking the Hadamard product ¢, x g, and substitute
u < 1in (.25). This would imply that A, is a short GF of length poly(r) in the fixed class

GF1 a+1, which contradicts our first statement on h,.

So the two sequences {a,},~o and {b,},~0 C GFa2,s do not have Minkowski sums of
polynomial lengths. Note that each a, and b, still has two variables. By Lemma [7.34
part a), we can compress a,, b, into single variable short GFs &},gr € GF1,s. Note that
compressing/decompression preserves Minkowski sum. So @, @E does not have polynomial

length, because otherwise we can decompress it to get a, & b, of polynomial length. O

7.8. Squares, primes, and short GF's

7.8.A. Short GFs and squares. Recall the definition of the class G from Section [Z.5l. We
present a candidate for a language £ € P/poly which is outside of G. Let SQUARES be the

language consisting of all square numbers written in binary. Then
SQUARES, = {k*: k* < QT}H
Conjecture 7.56. SQUARES is not in G.

In other words, the conjecture says that for every fixed s, the segment SQUARES, cannot

be represented as supp(g,) for a short GF ¢, € GF;  of length ¢(g,) < poly(r). Note that this

8Strictly speaking, some numbers in SQUARES, have less than r digits. However, we can always pad them
with enough zeroes form a set of strings of the same length.
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conjecture is free of complexity assumptions. If true, Conjecture [[.56] shows unconditionally
that G C P/poly, which implies G C GH. We already know from Example[Z.30land Section [I.5]
that SQUARES € UTI¥ C GH. So Squares should be a candidate that separates G from UIT$

according to this conjecture.

We begin with the following attractive result.

Theorem 7.57. If Conjecture [7.50| is false, then INTEGER FACTORING € P/poly.

Proof. We build on an argument in Section 6 of [BarO6b]. Assume there is an s > 0 so that
for every N = 2", we can write F(SquaresT;t) = g.(t), where g,(t) is a short GF in GF 4
with ¢(g) < poly(r). Consider:

he(t) = g,(t)" = (Z W) = > ar(k)tt,

n2<N k>0
where

a.(k) = #{(nl,ng,ng,m) :n? < N, an = k:}
In particular, if & < N, then a,(k) is the number of ways to write k as a sum of four squares.
Since g, € GF1 4, we have h, = gt € GF14, and also £(h) < poly(¢(g)) < poly(r).
Applying Proposition [0, each coefficient a,.(k) can be computed in time poly(r). By
Jacobi’s formula (see e.g. [HW]), we also have:
a.(k) =8 Z d for k<N.
4d, d|k
Here d is a divisor of k which is not a multiple of 4. From this, we can compute in time

poly(r) the sum of divisors o(k) for every & < N = 2". By a standard argument (see

e.g. [BMS86]), given o(k), we can factor k in probabilistic polynomial time. O

Theorem 7.58. If Conjecture [7.50 is false, then #P C FP/poly.

Proof of Theorem [7.58 In [MATS], it is proved that the following problem is NP-complete:

Given «, 3,7 € N, decide whether there exists x € N such that

0<zr<~v and 2?=a(modp). (7.26)
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The argument in [MATS] actually gave bijection between the set of Boolean strings satisfying
a 3SAT formula and the set of x satisfying (.26]). Here «, 8 and v can be computed in
polynomial time from the 3SAT formula. Since counting the number of 3SAT solutions is

#P-complete, so is counting the number of solutions for (7.20)).

Now assume Conjecture [7.56] fails, then SQUARES € G. This means there is an s > 0
so that for every r > 0 we can write F(Squaresr;t) = ¢,(t) for some g, € GF;, with

U(g,) < poly(r). Given a, 3,7 € N, we define:

1_t’y+1

~?
T [
:Z 7 and k(t) = Z t_l—tﬁ'

z=a (mod B)

Let r = 2[log~y|. The number of solutions for (Z.26]) can be counted by taking g, * h * k and
evaluate at ¢ = 1, which are polynomial time operations by theorems [.13] and [T.14l So the

above #P-complete problem can be solved by polynomial size circuits, which are provided

by the g, for different r. This implies #P C FP/poly. O

By Theorem [[.29], we can represent SQUARES, as spec, (B, \proj,(f)) for some short GF
f of length poly(r). Conjecture [7.56] says that it is not possible to do so without using

projections.

In the domain of PA formulas, by Lemma[7.20] we can represent SQUARES, with a 9V PA
formula of length poly(r). A similar question can be asked: Are both quantifiers necessary?
The following result shows that two alternating quantifiers 3V are necessary in Lemma [7.26]

already in the case of SQUARES:

Proposition 7.59. SQUARES, cannot be represented by an 3 PA formula of length poly(r)

in a fired number of variables.

Proof. By AP) we mean a k-term arithmetic progression. It is well known that SQUARES
does not contain any non-trivial AP,. This was suggested by Fermat in 1640 and proved
by Euler in 1780 (see e.g. [Weil84, p. 115]). Also, the cardinality of SQUARES, is super-
polynomial in r. With these two observations, this proposition follows directly from the

next theorem when k = 4. O
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Theorem 7.60. For every fized n and k, there exists a polynomial P so that the following
holds. If an 3 PA formula
{z : Iy eZ" O(x,y)} (7.27)

determines a set of cardinality at least P({(P)), then it must contain a non-trivial APy.

Proof. By Proposition [6.I8, we know that there is a constant ¢ = ¢(n) > 0 so that any
quantifier-free expression ® in n variables describes a disjoint union of m polyhedra P, ..., P,
in R"* with m < £(®)¢. So the formula (7.27) can be rewritten as:

S = {x €z :Iyez'" \/(xy)e P,}. (7.28)

i=1

Let q(t) = k"t't°. Assume that |S| > q(¢(®)) > k"T'm. Select any (k"*'m + 1) different
integers from S. By the pigeonhole principle, one of the polyhedra, say Pj, contains in its
projection at least k"' +1 of these integers. Denote those integers in the projection of P; by
T1,...,Ts, where s = k"™ + 1. For every such x;, there exists y; € Z" so that (z;,y;) € P\.
So we have:

(zl?Y:l)? c (xS’ys) 6 Pl ﬂ Zn+1

By the pigeonhole principle, two different pairs (z;,y;) and (z;,y;) have coordinates equal

mod k pairwise. Since P; is convex, we also have

Az + (1= Nzj, Ayi + (1= XNy;) € PLNnZ"", where A € {4,..., 51}
The above points project to Az; + (1 — A\)z;. By (L28)), we get a non-trivial APy 4:

<LL’Z', %SL’Z + %l’j, ceey %l’j + %LL’Z‘, S(Zj),

a contradiction. O
Remark 7.61. Proposition [Z.59 combined with Lemma [7.26]implies that there is a sequence
of PA formulas {z : JyVz ®,(x,y,2)} of length poly(r) for which there are no equivalent PA
formulas {z : y ¥,(x,y)} of length poly(r). So the formulas {(x,y) : Vz ®,.(z,y,2z)} have
no equivalent quantifier-free formulas in z and y of length poly(r). Therefore, quantifier

elimination in PA necessarily increases the length of formulas by a super-polynomial factor,

even in a bounded number of variables (z,y € N, z € N3).
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Remark 7.62. From SQUARES, one can easily create another a language £ € P which £, be
represented neither by ¥V nor by 3 PA formulas of length poly(r). For r odd, we let £ contain
all squares between 2" and 2"+, For r even, we let £ contain all non-squares between 2" and
271 Tt is clear that £ € P. The above argument shows that £, cannot be represented by
3 PA formulas of length poly(r) when r is odd. Under a negation, the same argument also

works for V PA formulas when r is even. We denote this language by SQUARES'.

7.8.B. Short GFs and arithmetic progressions. Generalizing the above observation on
sets with no arithmetic progressions, we suggest another conjecture on short GFs. Again,

by AP, we mean a k-term arithmetic progression.

Definition 7.63. Fix ¢ > 0 and k& > 3. A short GF g is said to have the (c, k)-property if

either |supp(g)| < £(g)¢ or supp(g) contains an AP;.

Conjecture 7.64. For every s and k, there exists ¢ > 0 so that every short GF g(t) € GF

has the (c, k)-property.

Proposition 7.65. Conjecture implies Conjecture [7.50,

Proof. Assume Conjecture [7.64] holds but Conjecture fails, i.e., SQUARES € G. So
there is an s > 0 such that SQUARES, can be represented as supp(g,) with g, € GF; s and
((g,) < poly(r). Conjecture[7.64 applied to s and k = 4 gives us a ¢ > 0 so that all g € GF; 4
have the (c, 4)-property. We have supp(g,) = |SQUARES, | > r°. So if r is large enough, g,
contains an AP,4. This contradicts the fact that SQUARES is AP, free. O

7.8.C. Short GF's and primes. In a similar manner, we ask if primes can be represented
by short GFs of polynomial length. Let PRIMES be the language consisting of all primes
written in binary. Then

PRIMES, = {p prime : p < 2"}.

Conjecture 7.66. PRIMES is not in G.

In other words, the conjecture says that for every fixed s, the segment PRIMES,. cannot be
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represented as supp(g,) for a short GF g, € GF s of length ¢(g,) < poly(r). This conjecture,

if true, would also show G C P/poly unconditionally.

Proposition 7.67. Let w(n) be the number of primes between 1 and n. If Conjecture [7.60

is false then m(n) can be computed by circuits of size poly(logn).

Proof. Assume Conjecture [7.66] is false, i.e., there is an s > 0 so that for every r > 0 we

have F(PRIMES,;t) = g,(t), where g, € GF1, and {(g,) < poly(r). Given n < 2", we have:

F(PRIMES, N[0,n]; t) = g, (t) ¥ ——— =
By Theorem [T.T4] we can compute h,, in time poly(r). Substituting t < 1, we get 7(n). O
Remark 7.68. In [LOS8T|, using strong analytic tools, Lagarias and Odlyzko gave an algo-

rithm to compute 7(n) in time O(n'/?*¢), which is exponential in log n. If Conjecture [7.66] is

false, then for each r, a far better poly(r) algorithm exists for computing 7(n) for all n < 2".

7.9. Relative complexity of short GF's

7.9.A. PA complexity classes. We again revisit the relation between short GFs and PA
formulas. The most basic PA formulas are quantifier-free, i.e., Boolean combinations of

linear inequalities.

Definition 7.69. The class XA = IT{ consists of languages definable by quantifier-free PA
formulas of polynomial lengths. In other words, a language £ is in 3H* if for every r > 0,

there is a quantifier-free PA expression ®,.(x) of length ¢(®) < poly,(r) so that:

reLl, <+ O (x).

By Proposition 618 £ € XFA if and only if every initial segment £, is a union of

polynomially many intervals in N. By Theorem [7.21] we have 3{* C G.

Example 7.70. The language EVEN of even integers is not in XFA. However, EVEN € G,

because:
1—¢
1—1¢2

Yoot =04t =

rEEVEN,
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So we conclude that £{* C G.

Definition 7.71. The class X consists of languages definable by 3 PA formulas of poly-
nomial lengths. In other words, £ € X if there is an n so that for every r > 0, we can
represent

rel, <+= JyeN & (zy),

where ®,.(z,y) is a quantifier-free PA expression of length £(®,) = poly,(r). The class TITA is
defined similarly, but with V PA formulas. In other words, £ € TITA if and only if —£ € ZPA.

Conjecture 7.72. G C ZPANTITA.

To rephrase, this conjecture says that for every fixed s, there is an n = n(s) so that every

g € GF,, of finite support has an 3 PA formula representation:
G={z:3dy eN" @(z,y)}, F(G;t)=g(t) and {(®) < poly({(g)). (7.29)

Note that it would be enough to show G C XF”, because G is closed under taking complement

of short GFs.

Proposition 7.73. Conjecture[7.79 implies Conjecture[7.64), which implies Conjecture [7.56

Proof. Assume Conjecture holds. Then for every fixed s, we have n = n(s) for which
every g € GF;, has an 3 PA formula representation (7.29). The last condition means
there is a constant d = d(s) such that £(®) < ¢(g)¢. By Theorem [7.60, there exists v =
v(n,k) > 0 so that G contains an AP; whenever |G| > £(®)7. So if [supp(g)| > ¢(g)”¢ then
|G| = |supp(g)| > £(g)*® > £(P)", which implies that G contains an APj. So ¢ = ~d satisfies
Conjecture [.64], which should depend only on s and k. By Proposition [7.65, Conjecture [7.64]
implies Conjecture O]

Figure [[T] illustrates the relative relations between short GFs and PA formulas if Con-

jecture [[.72 holds. Here SQUARES' is the language defined in Remark [7.62

One can of course define analogues of 3% and ITP”* with more alternating quantifiers.

But it turns out that Xf%, = Xf , = X} /poly for every k& > 1. This was implicit in
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SQUARES’

Figure 7.1: Short GFs vs. PA formulas.

Lemma and theorems [7.39] For the sake of completeness, we call the hierarchy of
all classes P and TIPA as GPA. Obviously GPA = GH = PH/poly.

7.9.B. Complexity classes diagram. The following diagram summarizes various com-
plexity classes that appeared in this chapter and their relationships. An arrow X — Y
indicates X C Y. Known strict subset relations are decorated with #. Dashed arrows and

segments denotes conjectural relationships.

GPA = GH = PH/poly
ZE’A = E:? = X / poly
ZTSA = g% = ZT/T poly

UL? = UP/Tpoly

N -

P/poly > SQUARES
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?
X =38, =XF/poly, k > 1: sections [T5] SQUARES ¢ G: Conjecture [7.56]

UTT¢ = UP/poly: Remark [7.32. SQUARES ¢ XPA: Proposition [7.50)
3¢ C P/poly: Proposition [.I8. SPA C PA C 3PA Remark [T611

?
SPA € G C XPA: Section

7.10. Proof of Lemma [7.34

Let X = (x1,...,X;) be the array of multi-variables of dimension ny, ..., n;. We first prove
the result when k& = 1, i.e., when X = x3, g(t) = >_ " and f(u) = >_ ui'. For convenience,
we denote tq, X1, u1, 21 by t, X, u and z respectively. Also denote by n the dimension of the

multi-variable x. So g(t) = > t* and

TN(X) =T +N:L’2+"'+Nn_ll’n.

Part a). Assume we are given g € GF,, ;. By Theorem [T.I3] we can find the norm N of g
in time poly(¢(g)). By rounding N to the next power of 2, we still have log N < poly(¢(g))
and supp(g) C [0, N)". Let N = 2". We define f(u) be the specialization of g(t) under the
following substitutions:

n—1
t1 < u, t2<—uN,..., ty — u® ,

so that

tX — u-’E1+N"E2+~n+NTL71wn — uTN(X)'

Clearly, we have:

supp(f) = 7n(supp(g)).

By Theorem [[.13] polynomial substitutions can be performed in polynomial time and gives

f as a short GF in GF; s with ¢(f) < poly(¢(g)). This proves part a).

Part b). Given two power series A(t) = Y axt* € GF, ,, B(t) = > [B.,t* € GF1, and a

linear map 7 : Z" — Z, we define their 7-Hadamard product as

C(t) = A(t) %, B(t) = > axfrpt™. (7.30)
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Now assume f(u) = Y u®* € GF15, N = 27, and supp(f) C [0, N)". From the above
definition, it is clear that such a g(t) satisfying (ZI0]) can be obtained as:

g9(t) = a(t) xry f(1), (7.31)

where

NI 7 AR I 7
a(t) = Z tx = T
x€[0,N)"

with a € GF,,, and {(a) < poly(log N).

Here the map 7y is from Definition [Z.33l So it is enough to show that the T-Hadamard
product of two short GF's is a short GF of polynomial length. The proof follows Barvinok’s
argument in [Bar0O6b] (see also lemmas 3.4 and 3.6 in [BWO03]). First, notice that the 7-
Hadamard product is bilinear in A(t) and B(t). Therefore, we only need to show that C'(t)
is a short GF when A(t) and B(t) have only 1 term each, i.e., when:

At) = t—a_ and B(t) = ¢

ATy Mo @) (7:32)

Consider an (unbounded) polyhedron P C RP*Y with coordinates ((i, ..., Cps &1y ---,&),

defined as:
N S T > 0
R N | -
T@+ Gbr+ -+ Gby) = e+ &di+ -+ Ed,

By Theorem [7.20, we can write a short GF for P N ZP14:

Dw,v)i= Y wovi= > (w)" .. (w,)"(v1)% ... (vg)%. (7.34)
(

¢.8)ep (€.9eP
Furthermore, we have D € GF 14 p+q- By ([.32)), the expansions of A(t) and B(t) are:

A(t) _ Ztﬁ-i-ﬁl;l-i-“"f‘(pgp and B(t) = Z petérdit+&qdg (735)
¢=0 £>0
We substitute:
w1 etgl,...,wp%tgp,vl —1,...,v9, ¢ L

By (33), (.34]) and (733), we get:

ED(N Lt 1 1) = Y TR Eeh = A(t) « B(t) = CO(t).
(€.8)epP
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By Theorem [7.13] substitution can be done in polynomial time, and results in a short GF
C(t) of index at most p+ ¢. Hence, we have C(t) € GF,, ,+, and £(C) < poly(¢(A) + ¢(B)).
Note that by taking the 7-Hadamard product, the index of C is increased to p + ¢. This
pushes the index of g in (Z31]) to n + s. So we do not get back exactly the index s for g.

But n + s is still a constant, and ¢ is still a short GF in a fixed class GF, ;4.

This completes the proof for the case k = 1. The general case can be handled similarly.

7.11. Final remarks and open problems

7.11.A. As we mentioned in the introduction, much of this work is motivated by Barvinok’s

program implicit in his writing. Specifically, we were inspired by the following quote:
“It seems hard to prove that a particular finite, but large, set S C Z? does not
admit a short rational generating function: if a particular candidate expression
for fs(x) is not short, one can argue that we have not searched hard enough
and that there is another, better candidate.” [BarO6b]

In fact, the work in this chapter originally began as a followup to Chapter [ and [NP17e],
aiming to explain why the technology of short GFs was unable to directly derive Theorem [T.22]
from Theorem [7.20] without additional use of geometric tools. Our theorems [7.3] and are

strong versions of this claim.

Let us also recall the main results in chapters 2l and B which generally say that we
(algorithmically) cannot take projection of integer points in a polytope P C Z", followed by
an anti-projection. This implies that the short GF which contains the projections of P N Z"

cannot be easily projected again after we take its complement.

7.11.B. In notations of the introduction, a short GF fs(¢) of a set S C N can be viewed
as a presentation of S by an alternating sum of generalized (k-dimensional) arithmetic pro-
gressions. As such, there are many connections between short GFs and Arithmetic Combi-

natorics, which are yet to be explored (cf. [TV06]). For example, when k& = 1, taking the
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positive part of these arithmetic progressions corresponds to variants of Erdds’s covering

systems which received much attention in recent years (see [Guy04] Houl5]).

Conjecture[T.Tlhas an especially classical feel with its claim that squares and (generalized)
arithmetic progression are incompatible. There are of course both classical and recent works
on squares in arithmetic progressions, but no known results seem strong enough to apply in

this case (see [BGP92, [SzeT4), [Weil84]).

7.11.C. There are two ways to think of the results in this chapters. First and foremost,
they provide a very strong evidence in favor of non-polynomiality of projections and other
operations with short GFs. In the opposite direction, the apparent connection to arithmetic
progressions and a plethora of both analytic and combinatorial tools for working with them

suggest a possibility of some lower bounds.

We would like to caution the reader. Initially we were rather optimistic about removing
complexity assumptions in Theorem by finding a direct proof of Conjecture or some
other similar lower bound. However, Proposition and Remark seem to suggest
that this might be rather difficult. A sufficiently strong argument that shows G C GH could
potentially show UP/poly = UTI® C GH, which implies #P ¢ FP/poly, an important open
problem (see §T.1T.El below).

On the other hand, the two lowest level G and 3¢ in GH seems to behave quite differently

from higher ones. So an elementary approach to prove G C GH is not completely ruled out.

7.11.D. The idea of Section is to characterize all short GFs. Roughly, Conjecture [[.72]
says that every short GF is the projection of a union of polynomially many polyhedra of

bounded dimension. This can viewed as a converse of Theorem [7.22]

Conjecture is possibly a wishful thinking. Unfortunately, its validity is hard to
judge since we have so few explicit constructions of short GFs other than projections of
integer points in polyhedra. If true, Proposition implies Conjecture [.1] and removes
the complexity assumptions from all theorems in the introduction. Moreover, it implies

exponential lower bounds on the length of short GF for squares, projections and other
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theorems in the introductionH These are the same bounds the exponential time hypothesis

(ETH) implies.

7.11.E. It is worth comparing theorems [7.57 and [T.58] from the computational complexity
point of view. Technically speaking, these two results are not comparable. However, one

offers a much stronger evidence supporting Conjecture [.56] than the other.

Recall that INTEGER FACTORING is in NP N coNP. The experts seem to be split on
whether INTEGER FACTORING is in P or not. In fact, we do not even know if it is in P/poly.
Nor do we know of any collapse result if INTEGER FACTORING is indeed in P/poly. So

overall, Theorem [7.57] gives a rather weak evidence for Conjecture [7.56]

On the other hand, #P oracles are very powerful by Toda’s theorem, and thus very
unlikely to be in FP/poly. As mentioned in Remark [.5T] #P C FP/poly would lead to a
collapse of PH the second level. In other words, Theorem gives a very strong evidence

in favor of Conjecture [7.50

9In the chain of reductions, the exponential factor appears in the proof of Proposition [.65]
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Part III

Related problems
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CHAPTER 8

Presburger Arithmetic with algebraic scalar

multiplications

We consider the theory S, = (R, <,+,Z,z — ax), which is an extension of classical Pres-
burger Arithmetic. It is know that S, is decidable for quadratic «, and undecidable for
non-quadratic irrationals. We study complexity of deciding sentences in S,. When « is
quadratic and the sentence has k alternating quantifier blocks, we prove both lower and
upper bounds, as towers of height (k — 3) and k, respectively. We also show that for «
non-quadratic, already k = 4 alternating quantifier blocks suffice for undecidability. This

chapter is a version of the preprint [HNPI§].

8.1. Introduction

8.1.A. Statements of results. Let a be a fixed irrational number. The reader can always

assume that « is algebraic, although some of the results below also hold in full generality.

Let S, = (R, <,+,Z,x — «x). This is a first order theory over the reals, with a
predicate for the integers, which also allows addition and scalar multiplication by «. This is

an extension of Presburger Arithmetic. It is still decidable when « is quadratic [Hiel6], but

undecidable otherwise [HTy14] (see §8.1.1I).

An integer sentence in S,, is a sentence whose quantified variables are constrained to

integer values. Such sentences have the form:
S = (Q1x1 €Z™ ... Qpxy € L (I)(Xl,...,Xk), (81)

where Q1,...,Qr € {V,3} are k alternating quantifiers, and ® is a Boolean combination of
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linear inequalities of the form
n;
DD vy S0

i=1 j=1

with coefficients 7;; and constant term § in Z[a]. As the number £ of alternating quantifier
blocks and the dimensions (ng,...,n;) increase, such sentences become harder to decide,

and determining exactly how hard is an important problem in computational complexity.

The number o € Q is given by its minimal polynomial p(z) € Z[z] of degree d, with a
small enough rational interval to single out a unique root. We say that o € Q is quadratic
if d = 2. Each element v € Z[a] is represented in the form v = ¢y + cia + ... + cq_1a® L,
where ¢, ..., cq_1 € Z. For example, a = v/2 is quadratic, is given by {a? —2 = 0,a > 0},

so that Z[v2] = {a + b2, a,b € Z}.

For v € Z[a], the encoding length ¢() is the total bit length of ¢;’s defined above.
Similarly, the encoding length ¢(.5) is defined to be the total bit length of all symbols in S,
with integer coefficients and constants represented in binary. In the following results, the

constants K, C vary from one context to another.

Theorem 8.1. Let o € Q be a quadratic irrational number, and let k > 1. An integer

sentence S in S, with k alternating quantifier blocks can be decided in time at most

5 CL(S)

K22 (tower of height k).

Here the constants K, C > 0 depend only on «.

In the opposite direction, we have the following lower bound:

Theorem 8.2. Let o € Q be a quadratic irrational number, and let k > 4. Then, deciding
integer sentences in S, with k alternating quantifier blocks and at most ck wvariables and

imequalities requires space at least:

2CU(S)

K22 (tower of height k — 3),

Here the constants ¢, K, C' > 0 only depend on c.
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Theorem 8.3. Let a € Q be a quadratic irrational number. Then, deciding 3°v*3™ integer
sentences in S, with at most K inequalities is PSPACE-hard, where the constant K depends

only on o. Furthermore, for & = \/2, one can take K = 10°.

On the other hand, for non-quadratic irrationals, we have:

Theorem 8.4. Let o € Q be a non-quadratic irrational number. Then IEVEIEYE integer

sentences in S, are undecidable, where K = 20000.

Theorems and should be compared to our previous theorems 3.1l and B3] in the
setting of PA. The the sudden jump from polynomial hierarchy in PA to super-exponential
complexity in S, is due to the power of irrational quadratics. Specifically, any irrational
quadratic o has an infinite periodic continued fraction. From here, we can work with Os-
trowski representations of integers in base o, and code string relations such as shifts, suf-
fix/prefix and subset, which were not all possible in PA. Such operations are rich enough
to encode arbitrary automata computation, and in fact Turing Machine computation in

bounded space.

8.1.B. Decidability background. Hieronymi and Tychonievich showed in [HTy14] that
if an expansion of (R, <) can define a discrete set D C Rsq and also satisfies a certain
reasonable denseness condition, then it can actually define every subset of D" for every n.

As an application, they proved the following result:

Theorem 8.5 ([HTyl4]). For any «, 5,y € R that are Q-linearly independent, the structure
(R, <, +,aZ, BZ,VZ) defines multiplication, and thus its theory is undecidable.

2 are Q-linearly independent for a non-quadratic «, the theory of S, is un-

Since 1, a, «
decidable for such «. Indeed, a careful analysis of their work shows that this result can be

further specialized to give undecidability of integer sentences in S,:

Corollary 8.6 ([HTy14]). For any non-quadratic «, integer sentences [81l) of S, are un-
decidable.
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Neither Corollary nor an upper bound on k in (&) needed for undecidability was
stated explicitly in [HTyI14], but both can be obtained by careful analysis of the proof. In
Theorem R4 we not only give a proof of Corollary .6, but also explicitly quantify this
result by showing that 4 alternating quantifier blocks are enough for undecidability. While
our argument is based on the ideas in [HTy14], substantial extra work is necessary to reduce

the number of alternations to 4 from the upper bound implicit in the proof of Theorem .5

When « is quadratic, Hieronymi proved the following surprising result:

Theorem 8.7 ([Hiel5, Hiel6]). For a quadratic, integer sentences (81l) of S, are decidable.
More generally, the structure S, defines a model of Monadic Second Order Logic (MSO),

and vice versa.

By this result for av quadratic, to decide integer sentences (8.1, one can translate them
into corresponding sentences in MSO and then decide the latter. Thus, upper and lower
complexity bounds for decision in MSO can theoretically be transferred to S,. However, an
efficient direct translation between S, and MSO was not described in [Hiel5| [Hiel6]. Ideally,
one would like to translate a sentence from S, to MSO, and vice versa, with as few extra

alternations as possible. In theorems Bl and 8.2 we explicitly quantify this translation.

8.1.C. Proofs outline. The most powerful feature of S, is that we can talk about Os-
trowski representation of integers, which will be used as the main encoding tool. We first
obtain the upper bound in Theorem [B1] by directly translating (81]) into the language of
automata using Ostrowski encoding. Next, we show the lower bound for three alternating
quantifiers (Theorem [B3]) by a general argument on the Halting Problem with polynomial

space constraint, again using Ostrowski encoding.

We generalize the above argument to get lower bound for any k > 3 alternating quantifier
blocks (Theorem B.2)). This is done by first translating sentences from the weak Second Order
Monadic logic (WMSO) to S, sentences with only one extra alternation, and then invoke
a known tower lower bound for WMSO. Overall, the chapter make transitions between S,,
finite automata and WMSO, all of which are different incarnations of the same logic theory.
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Finally in the proof of Theorem B.4] we can again use the expressibility of Ostrowski
representation to reduce the upper bound of the number of alternating quantifier blocks
needed for undecidability in S, for non-quadratic . The use of Ostrowski representations
allows us to replace more general arguments from [HTy14] by explicit computations, and

thereby reduce the quantifier-complexity of certain integer sentences in S,.

8.2. Preliminaries

8.2.A. Continued fractions and Ostrowski representation. Let o = [ag;aq,as, .. .]

be any irrational, with a; € Z,. The convergents of « follow the recurrence relation:

(P-1,9-1) = (1,0); (po,q0) = (ao, 1);

(8.2)
Pn = @pPp-1 + Dn—2, @n = GnQn—1 + ¢r—o formn > 1.
This can be written as:
Pn DPn—1 _ FO Fn (83)
qn  Gn-1
a; 1
where I'; = . Let B8, = aq, — p,. They have the properties:
1 0
Bn >0 if 2|n, B, <0 if 24n. (8.4)
Bo > —p1 > Ps > —f3 > ... (85)
- 571 = a’n+2ﬁn+l + an+45n+3 + an+66n+5 +... VneN (86)

These can be easily proved using (82). We refer to [RS92] for the basics of continued

fractions.

Fact 8.8. Each X € N has a unique a-Ostrowski representation:

N
X = busign- (8.7)
n=0

where 0 < b; < ay, 0 < b1 < apyq and b, = 0 whenever b,,11 = a,41.
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Proof. See [RS92, Ch. II-§4]. O

From now on, when o and X are clear from the context, we refer to (87]) simply as the
Ostrowski representation of X. We also denote the coefficient b,y1 by [g,]. Denote by
Ost(X) the set of g, with [g,] > 0.

We set (, = [a;as,...], so that (o= =—— Let I, ::[ L 1—%%). Define

a—ag a—lal” - Ca1’

fo : N = [0,1] to be the function that maps X to aX — U, where U is the unique natural
number such that X — U € I,. In other words:
fa(X):aX—U@—C%gaX—U<1—C%. (8.9)

Define g,(X) = U, so that aX = f,(X) + g.(X).
Fact 8.9. Let 5, = aq, — p,. We have:

faX) = bapaBe and  ga(X) = bupapa, (8.9)

n=0 n—0

where the coefficients b,, are from (7). Also f,(N) = {fo(X) : X € N} is a dense subset

of the interval [—Cia, 1-— Cia)

Proof. See [RS92, Th. 1 on p. 25] and [RS92, Th. 1 on p. 33]. O

8.2.B. Periodic continued fractions. An irrational « is a quadratic if and only if it has

a periodic continued fraction oo = [ag; ay, ..., am,bo, b1, ..., be—1]. Let 5 = [bo;b1,. .., bs_1]
It is clear that § = (ca + d)/(ea + f) for some ¢, d, e, f € Z. Therefore, sentences in the
theory (R, <,+4,Z,z — ax) can be expressed in (R, <,+,7Z,r — fz) and vice versa. Thus,
for our complexity purposes, we can always assume that our quadratic irrational « is purely

periodic, i.e.,

a = [ag; ar, .-, Gp_1) (8.10)
with the minimum period ag, ..., an_1.

Fact 8.10. Let i € N. There exist ¢;, d; € Z such that for every n € N with x|n, we have:

(pn+i> Qn—i-i) = Ci(pna Qn) + dz (pn+1> Qn—i-l)-

The coefficients ¢;, d; can be computed in time poly(i).
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Proof. By (83), we have:

Prn+i+1  Pn+i Pn+1 DPn

=To...Thpi Tngo . Do = | ST S|
An+i+1  Qn+i dn+1 4n

Since 'y = I'y for every t € N and k|n, we have ', 1o ... Tyiipg = To ... Ty Let

d; d;
Iy ...l = (8.11)
oo
we have
Pn+i+1 Pn+i B Pn+1 Pn d; d;
Gn+i+1  Qn+i Gn+1  Qn C; C;

SO (PntisGnri) = ¢(Pn, @n) + di(Pns1, gni1) and ¢;, d; only depend on i. Note that ¢;, d; can
be computed in time poly(i) by (8II). O

Remark 8.11. For ¢ = 0, we have ¢ = 1,dy = 0. For ¢« = 1, we have ¢; = 0,d; = 1.
By (&I, if we let v;(v,v") == ¢;u + d;v’ then they follow the recurrence:

Yo(v,v') = v, 11(v,0) =0, %i(v,0") = aiyi-1(v, V) + vim2(v,0"), (8.12)
as similar to (82]).

Fact 8.12. There are fixed u,v, i/, € Q such that

Dn = Hqpn + IUIQn-i-m Gn = VDn + V/pn—i-n

for every n € N.

Proof. Again from (8.3), for every n > 0:

n 1
P == F(] Fl ‘e Fn
In 0
Since I';, . = I[';, we have:
pn—i—n 1 ]_
= (To...Tur1) (k... Thak) = (To...Tx1) (Tg...T)
Qn-‘rn 0 O
Pn Pr—2 DPr—-1 DPn
- (FO .Fﬁ_l) ==
dn drk—2 dr—1 dn
Note that px_1,Gx_1,Pr_1, ¢s—2 are constants. From here we easily get u, v,y and v/. O
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8.2.C. Logical formulas for working with Ostrowski representation. Let a be any
irrational, not just quadratic. The convergents {p,/¢,} can be characterized by the best

approximation property. Namely, u/v with v > 1 is a convergent p, /¢, if and only if
Vw,z (0 < z<v) = |w—az| > |u—av. (8.13)

From this, we have (u,v) = (pn, ¢,) and (v',v") = (Pps1, ¢us1) if and only if they satisfy

Cy(u,v,u/,v) = 1<v<v AVw,z(0<z<v —
(8.14)
lw—az| > Ju—av| > [u —ar]).
Note that Cy is a V-formula. More generally, consider the formula:
Cv(UQ,UQ,...,uk,’l}k) = l<y<y <~ <v A
k (8.15)
Vw, z /\ (0 <z <1 = |lw—az| > |u; — v > |uig — ozvi+1|).
i=0
Then Cy is true if and only if (ug, v0) = (Pny Gn), - - -5 (U, Vi) = (Pnsk, @uix) for some n with
¢n > 1, i.e., k + 1 consecutive convergents of a.
Remark 8.13. Hereafter, we assume Cy(u,v,u,v") = true, ie., (u,v) = (pn,q,) and
(u',v") = (Pns1, @ny1) for some n € N.
Define the following quantifier-free relations:
After(u,v,u' v, Z,Z') = (—av+u<aZ -7 < —av + )
(8.16)
V (—av' +u' <aZ - 7' < —av+u).
m(u,v,u',v', 2,7") =(~awtu—av +u <aZ -7 < —av' + ) 517)
8.17

vV (—ozz/+u/<ozZ—Z’<—ow+u—ow'+u’).

Fact 8.14. We have:

e Ost(Z) C {qn+1,Gnr2,---} if and only if After(u,v,u’,v', Z, Z’) holds for some Z'.

o Ost(Z) C{qn+1,@ns2,---} and [gns1] < @nyo if and only if m(u,v,u’,v’, Z,Z") holds

for some Z'.
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e~

Also 7' is uniquely determined by Z if After or After holds.

Proof. (Similar to lemmas 4.6, 4.7 and 4.8 in [Hiel6])

i) Assume n is odd. If Ost(Z) C {¢n+1,@ns2, - - -}, then its Ostrowski representation is
Z = ij:nﬂ ber1qy for some N > n+ 1. From Fact B9, we have f,(Z) = ij:nﬂ bit1 k-
By (84]), we have 5 > 0 if k is odd and i, < 0 if k is even. Combined with bxi1 < agyq, we

have:
N

an+3ﬁn+2 + a'n+56n+4 +... < fa(Z) - Z bk-i—lﬁk < a’n+2ﬁn+l + an+45n+3 + ...
k=n+1

By (B6), this can be written as —f,11 < fo(Z2) < —f,. By (B38), we have f,(Z) =
aZ — 7', where Z' € N is unique such that aZ — Z' € I,. Also note that 8, = av — u

and (3,11 = av’ —u'. So the above inequalities can be written as —av’ +u' < aZ — 7' <
—av + u. When n is even, the inequalities reverse to —av +u < oZ — Z' < —av’ + u'.

Thus Ost(Z) C {gn+1, @us2, - - - } implies After(u,v,u’,v', Z, Z"). The converse direction can
be proved similarly, using (81]) and (8.4]).

ii) The only difference here is that [¢,+1] = bn42 can be at most a,,o — 1. Details are left

to the reader. O

The relation v € Ost(X), meaning that v = ¢, appears in Ost(X), is 3-definable:

—_—

374, Zs, Zs (U <Zi < ’Ul> A After(u,v,u', ’U,, Lo, Z3) NX=7+2. (818)
and also V-definable:
V71, 7o, 75 |(Z1 <) A After(u, v, v, Zo, Zg)] ST+ T £ X, (8.19)

To see this, note that v ¢ Ost(X) if and only if X = Z; 4+ Z, for some 7, Z5 with Ost(Z;) C
{90, q1, - -+ g1} and Ost(Z2) C {qn+1, Gnr2, - }-

We will need one more quantifier-free formula:

Compatible(u,v,u’ v, X, Z, 7') = X <v' A After(u,v,u',v', Z, Z) (5.20)
8.20

A (X > v — After(u,v, v, v, Z, Z’)).

This is satisfied if and only if
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o OSU(X) € {dor-. .40} (by X <)
e Ost(Z) C {qns1,Gnr2,---} (by After),

o If g, € Ost(X), then [g,4+1] in Ost(Z) is strictly less than a,2 (by m)

In other words, Compatible is satisfied if and only if Ost(X) and Ost(Z) can be directly
concatenated at the point v = ¢, to form Ost(X + Z) (see (81)).

8.3. Quadratic irrationals: Upper bound

In this section we prove Theorem B.Il It should be emphasized that the tower height in
Theorem B.1] only depends on the number of alternating quantifiers, but not on the number

of variables in the sentence S. First, we consider the case of a quantifier-free formula.

Proposition 8.15. Let F(x) be a quantifier-free (integer) formula in S,, i.e., a Boolean
combination of linear inequalities in x € Z™ with coefficients/constants in Z[ca]. Then there

26Z(F)

1s an automaton of size recognizing the set of solutions of F'. The constant § only

depends on «.

Proof. Each variable x in F takes value over Z, but can be replaced by z; — x5 for two
variables x1, 7o € N. So we can assume that all variables take values over N. Recall that
coefficients/constants in Z[a] are given in the form ca + d with ¢,d € Z. So now each

inequality in F' can be reorganized into the form:

Here @, b,¢,d are tuples coefficients in N, and y,z,t, w are subtuples of x. Now, for each
homogeneous term ay, we add in an additional variable © = @y and replace each appearance
of @y in the inequalities by u. By doing so, we introduce extra variables, but still keep the
length ¢(F') linear. Now our formula splits into two parts. The first part consists of integer

linear equalities:

u=ay. ()



The second part consists of inequalities of the form:

u+av < w—+ az. (**)

We encode integer variables by their Ostrowski representations, and build an automaton
that recognizes the solutions of F. In other words, each x € N is encoded by the string
T =by by ..., where the b,’s are from (87). Here only a finite number of b,’s are nonzero,
so 7 is a finite string. Since a,,’s are periodic (81I0) and b, < a,, we are working with a finite

alphabet.

First, by the result in [HTel§], integer addition in Ostrowski representation is recognizable
by a finite automaton. In other words, the function (Z,9) — Z + y is regular. Now we
rewrite each equality © = @y into single additions, using the doubling trick. For example,

the equality u = by + 2z is equivalent to the following system:

N=Y+Y, Y= +Y, Ys=Y2+yY, zn=2+2, u=y3+ 2.

Again, we are introducing additional variables while keeping ¢(F’) linear. Each single addition
x = y + z is recognizable by a finite automaton. Taking product of all such automata, one
for each addition, we get a single automaton of size 27() that recognizes the first part ().

Here 7 is some constant dependent on a.

Now we build an automaton for each inequality (*x), and later take their product au-
tomaton. Recall f, and g, from (8.8)) and Fact 89 We have ax = f,(z) + go(z) for every
x € Z. Here g,(x) € Z and f,(x) always lies in the unit length interval I,,. For u,v,w,z € N,

we have u + av < w + az if and only if:
U+ ga(v) <w+ga(2), or u+ga(v) =w+ga(2), falv) < ga(Z)
So the proof is done if we can show that for input u,v € N:
i) The relation u < v is recognizable by a finite automaton.

ii) The relation f,(u) < fu(v) is recognizable by a finite automaton.

!The case of a sharp inequality can be handled similarly.
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iii) The function g, : Z — Z is recognizable by a finite automaton.

Tasks i) and ii) are straightforward from basic properties of Ostrowski representation. We
have x < y if and only if 7 is lexicographically smaller than i when read from right to left.

Also if T =0y by... and y =0} b, ... and n is the smallest index where b,, # b/, then:
nodd : b, <b, ifandonlyif fo(z) < fo(y),
neven : b, <U, ifand onlyif f,(z) > fu(y).

(see [Hiel6, Fact 2.13]). We have iii) left to show. O

Lemma 8.16. The function g, : Z — Z 1is recognizable by a finite automaton with Ostrowski

encoding.

Proof of Lemma[810. We can assume that « is purely periodic, with minimum period s

see . Also from Fact B12] there are fixed pu, i/’ € Q such that
o,
Dn = fGn + (' quyr  for every n > 0.

For x € N with Ostrowski representation = = ZN bni1qn we define:

n=0

N
Shift(z) = Y but1Gnsn-
n=0

—

In other words, if T = by by... then Shift(x) = 0" by by.... So x — Shift(x) is clearly
recognizable by a finite automaton. By Fact
9a(2) = D bnsrpn = > bupa(pgn + f'qnin) = px + o/ Shift(z).
n=0 n=0
Since ¢,(z) is a linear combination of x and Shift(x) and linear equations are regular

([HTel8]), we have an automaton for g, : Z — 7Z

2By clearing denominators in p, ¢/ and building automata for single additions.
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Proof of Theorem[81. Given the sentence (81]), by negation, we can assume @); = 3. First

204F) to recognize the quantifier-free part ®(xy, ... ,Xk)g

we build an automaton A of size
Then we apply the power set construction (see e.g. [HUMOG, §2.3.5]) to successively eliminate
the quantifiers QrXg, . .., Q2X2. This blows up the size of A by at most k—1 exponentiations.
Thus, the resulting automaton A’ has size at most a tower of height k in § £(F"). Now we still
have the outer quantifier (); = 3 remaining, i.e., we still need to decide if A’ has a solution.
This is doable by a simple reachability argument, which runs in linear time relative to the

size of A’. 0

8.4. Quadratic irrationals: PSPACE-hardness

In this section we prove Theorem We will first show the lower bound for a general
quadratic irrational o (Theorem B.IT), and then specialize to o = v/2 (Corollary 819). By
a short sentence, we mean one with an integer sentence in S, with a bounded number of

variables, quantifiers and atoms (inequalities).

Theorem 8.17. Let o be a fized quadratic irrational and S, = (R, <,+,Z,x — ax). Then
deciding short V3 sentences in the theory S, is PSPACE-hard.

The most important property for any quadratic irrational « is the periodicity of its
continued fraction. Before proving Theorem B.I7, we construct in §8.4.Al some explicit
formulas in S, to deal with the Ostrowski representation of an integer, in this case exploiting
the periodicity of a. Then we recall the definitions of Turing machine computations in
Subsection The proof of Theorem BI7is in Subsection R.4.C], which translates Turing
machine computations into Ostrowski representations of integers. An explicit bound on the
number of variables and inequalities for the constructed short sentences are given in §8.4.DI,

where we also treat the case a = /2.

3 Actually, we first need to make Q; = 3 so that additional variables in the proof of Lemma BIH can be
inserted after Q. After that we make Q1 = 3. Apply negations whenever necessary.
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8.4.A. Ostrowski representation for quadratic irrationals. We only need to consider

a purely periodic @ with minimum period & (see §8.2.B)). Let K = lem(2, k).

We can define the set of convergents (p,,, g,) for which K|n. Recall v; from Remark 1T
(also see Fact BI0). Now define the formula:
r+1
DE (u,v,u/,v") = 1<v<v A 0<av—u A Yuw,z /\ <O <z < Yip1(v,0)
i=0 (8.21)
= 2] 2 1) — 00,0 > s () — @ (0,09 ).
We claim that D\{f is satisfied if and only if (u,v) = (pix, @ix) and (v, v") = (Pi+1, Gr+1)

for some ¢ > 0. First, the condition Yw, z [0 < z < 7;41(v,v’) — ...] implies that the pairs

(i, u'), 7 (v, ,U,))O<i<n+1 are K+ 2 consecutive convergents (see (813) and (814)). In other

words, there is an n > 0 such that:

(%‘(Ua U/)a%'(vﬂ/)) = (PnrisGnei)y, 0<i<k+1.

Also by Remark B1T], we have (yo(u,u'),70(v,v")) = (u,v) and (1 (u, w'), 71 (v, ")) = (', v").
So (u,v) = (Pn, @n) and (v, V") = (Pna1, ne1). Then by (8I2):

(v2(u, u'), y2(v,0")) = (agu’ + u, agv’ +v) = (a2Pnt1 + Pr: G2Gns1 + Gn)-

must be the next convergent (p,i2,@n+2). Combined with (8.2), we have

DPn+2 = Qnt2Pn+1 + Pn = A2Pp+t1 + Pns

which implies a,, 19 = ao. Similarly, we have a,,; = a; for all 2 <1 < xk + 1. Since « is the
minimum period of «, we must have x|n. Also because 0 < av — u = «gq, — p,, we have
2|n (see (84)). Therefore, DX (u,v, v/, v") = true if and only if there is some ¢ > 1 such that

(u,v) = (pexc, @) and (W', v") = (pr+1, Qurc+1)- In prenex normal form, D\[f is a V2-formula.

Next, we can also define the set of convergents ¢, for which M|n, where M is a large

multiple of K to be specified later. To do this, we take a large enough prime P and define:

DY (u,v,u',0') = DE(u,v,0,0') A v=go(mod P) A ' =g (mod ). (8.22)
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Let M > 0 be the least multiple of K such that (g, qm+1) = (qo,¢1) (mod P). Then
DY (u,v,u',v") = true if and only if there is a ¢ > 1 such that (u,v) = (pur, gar). If P is
large then M should also be large. Note that congruences can be expressed by V with one

extra variabld]. So DY is a V3-formula in prenex normal form.
Remark 8.18. The multiple M = mK exists because we have:

PmK+1 DPmK m
= F() ---FmK—i-l = Forl(rg ...FK_lf‘OFl)

gmK+1 4dmK

and the matrix I'y ... T'g_1'gI'; is invertible mod P. So there is a smallest m > 0 such that:

PmKk+1 PmK —I,T, = Do D1 (mod P).

gmK+1 4dmK do 1

Also by the recurrence (8.2), we have (P i, Gmi+i) = (i, ¢;) (mod P) for ever i.
Recall from (R7) that every T" € N has a unique Ostrowski representation:

N
T = Z bn+1€lm
n=0

with 0 < by < ay, 0 < byy1 < apqq and b, = 0 if b, 41 = apq1. We denoted [g,] == b,41. For

the rest of the proof, we only consider numbers 7" that satisfy:

(8.23)
[¢,) = 0,1 if 2|n.
This is guaranteed by the following formula:
ZeroOneys(T) = Yu,v,u', v Cy(u,v,u' V") — 371, Zy, Z3
<O >av—u— [Z <v A After(u,v,u' v, Zs, Z3) N T =7y + ZgD (8.24)

(O <av—u— [Z; <2v A Compatible(u,v,u',v', 21,22, Z3) N T = Z; + ZQD.

Here [After] and [Compatible] were defined earlier. Note that ZeroOneys is a V*33-formula.

4We have 1 = x5 (mod P) if and only if Yw 21 — 22 — Pw =0 V |z — 29 — Pw| > P.
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For two natural numbers T" and X, the formula:

Prefys(X,T) = Vu,v,v',v" (Cy(u,v,v/,v") AN v<X A X <o) — (8.25)
8.25
3Z,7' Compatible(u,v,u',v' X, 2, Z') N T =X + Z.

is true exactly when Ost(X) forms a prefix of Ost(T) if viewed as 0/1 strings. Note that

Pref,5 is a V43%-formula in prenex normal form.

8.4.B. Turing machines. Consider any PSPACE-complete language £ C {0,1}* and a
1-tape Turing Machine M that can decide it. This means that given an input x € {0, 1}*
on its tape 7, M will run in space poly(|z|) and output 1 if z € £ and 0 otherwise. More
precisely, we have 7 = 20... at the beginning, and 7 = 10... or 7 = 00... at the end.

WLOG, we can also assume M has a unique halting state H.

In [NWO06], a small universal 1-tape Turing machine U = (Q, X, 01,0, ¢1, ¢2), with |Q| =8
states and |X| = 4 tape symbols!] Using U, we can simulate M in polynomial time and
space. More precisely, suppose M is a PSPACE-complete TM as describe above and x is an
input to M. Then we can encode M and x in polynomial time as a string (Mz) € 3*. Upon

input (Mz), U simulates M on z, and halts with one of the two possible configurations:

U((Mzx)) = “yes” if M(x)=1, U((Mzx)) = “no” if M(zx)=0. (8.26)

Here “yes” and “no” are the final state-tape configurations of U, which correspond to M'’s
final configurations (H, 10...) and (H, 00...), respectively. By the encoding in [NW0G],
these final “yes” /“no” configurations of U have lengths O(|M|), which are constant when
we fix M. Furthermore, the computation U({(Mz)) takes time/space polynomial in the
time/space of the computation M (x) [ Since M(x) runs in space poly(|z|), so does U upon
input (Mxz).

Consider the simulation U((Mz)). Denote by T; € 3*~! the contents of U’s tape on step

i-th. Here A\ = poly(|z|) is a polynomial bound on the tape length. Also denote by s; € Q

°Q — states, X — tape symbols, 07 € X — blank symbol, § : Q x ¥ — Q x X x {L, R} — transitions, q; € Q
— start state, g2 € Q — unique halt state.

6Tt actually takes linear space and quadratic time.
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the state of U on step i-th. The i-th head position of U is some number 1 < m; < A — 1.

Altogether, for step i, we can encode the tape content 7;, the state s; and the tape head
position m; by the string:

T = X, X T [ Ti(m= )] [se Ti(m)] [X, Ta(m+1)) 0 [x, Ti(A=1)]. (8.27)

Here X is a special marker symbol and 7;(j) € X is the j-th symbol of 7;. The marker block
[X, X] is at the beginning of each 7;, which is distinct from the other A — 1 blocks in 7;.
Note that 7, has in total A blocks. Now we concatenate 7, over all steps 1 < ¢ < p, where

p is the terminating step of the simulation. Let

T=T7 ..T.

p

We call T the transcript of U on input (Mz), denoted by T' = U((Mz)). The last segment

in 7, contains the “yes” configuration if and only if M(z) = 1. In total, T has Ap blocks.

Denote by B = {[x, X]}U({x} x £)U(Q x X) the set of all possible blocks in T, with
|IB| = 37. Let B; € B be the t-th block in 7. By the transition rules of U, the block By,
should only depend on B;_;, B; and B,,;. Thus, there is a function f : B> — B such that:

Biin = f(Bi—1, By, Byy1) forevery 0<t<A(p-—1).

Note that for the separator block [X, X], we should have f(B,[x, x|, B') = 0 for all B, B’.

8.4.C. Proof of Theorem [B.17. Recall the formulas @L ZeroOney3| [Pref,5] from
g8.4.Al We encode the transcript T by a number T € N satisfying (823]). To be precise, first

we view B as a set of 37 distinct strings in {0, 1}°, each containing at least one 1. Then we
pick a large enough prime P in @ so that M > 10. Recall the notation [¢,] in (823)). If
B; € B is the t-th block in T', then we should have:

[@ene)[@ines2] - - - [@ars0] = B and  [garqa2] - - - [qeenyp—2] = 0...0. (8.28)

For the rest of the proof, we view Ost(7") as a binary string, and use B; to denote its t-th

block.
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Let (u,v) = (pir, @ear) and (v, 0") = (pear+1, @ears1) for some ¢ > 1. For every triple
B, B, B” € B, we will construct a formula Readf’B/’B" (u,v,u',v',T) to check if the three
blocks B, 1, By, B;11 in T match with B, B’, B” in the sense of (828]). We will also construct
a formula NextEB’BI’B/ (u,v,u',v',T) to check if the block By, in T agrees with the transition

function f, i.e., Biyn = f(B, B'B”). For the rest of the proof, the meaning of ¢;, d;, a, b will

change depending on the context.

e Constructing Nextf’B,’B/: Let 1 = AM and ro = (A + 1)M. Then the block By
correspond to those [gas1;] with 1 < i < ry. By Fact B0, we can write each convergent
(Perrris Qiarss) With 71 — 1 < i < ry as a linear combination ¢;(u,v) + d;(u’,v’). Here the
coefficients ¢;,d; € Z are independent of ¢, but do depend on A\. They can be computed
explicitly in time poly(X). Let B = f(B,B',B"). Then we sum up all gas4r,42; for every
0 < j < 6 such that the j-th bit in B is ’1’. This sum can be expressed as av + bv’ for some
a,b € Z computable in time poly(A). Note that ¢;, d; and a, b depend on A and also the triple
B,B',B". Then By, = B if and only if we can uniquely write T = W, + (av + ') + W,
where Wi < qrar,—1 and Ost(Ws) C {q, : n > tM + ro}. Let Z; = Wi + (av + bv') and
Zy = Wy. They satisty:

i) 0< 7y — (av+bV') < Gargr -1
ii) Ost(Zs) C {gn : n>tM+r5}.
Then the formula we want is:
Next25 B (uv,u/ '\ T) = 32y, Zy, Z5 i) A i) A T = Zy + Zo. (8.29)

Here i) is written directly as linear inequalities in v,v" and Z;. By (8I€]), we can express
ii) as After(pisiry—1, Qrtry—1, PeMtre, QM +ry> 22, Z3), Which is again linear inequalities in

w,v,u’, v and Zy, Zs.

e Constructing Readg’B/’Bl: Note that the blocks B;_1B;B; 1 in T correspond to [gy]
with (t—1)M < n < (t+2)M. So we just need to express (pisvi, earsi) for —M—1 <i <2M
as linear combinations ¢;(u, v) + d;(u/,v"). Then we sum up all g4, that should correspond

to the ’1” bits in B, B’, B”, which is again some linear combination av + bv’. This time the
177



coefficients ¢;, d;, a,b do not depend on A and can be computed in constant time. Now we
have B;_1B;B;y1 = BB'B” if and only if we can uniquely write 7' = Z; + Z,, where Z; and

Zy satisfy two conditions i’-ii’) similar to i-ii) above. The formula we want is:
Read??" % (u, 0,0/, v/, T) = 32,2y, Zs V) N i) A T = Zy + Z. (8.30)

Again i’-ii") can be expressed as linear inequalities in u, v, ', v" and Z3, Zy, Z3.

So a single transition of T" from B, B', B” to f(B, B, B"”) can be written as:

Trang’B,’B” (u,v,u/, 0", T) = Readg’B/’B”(u, v,u', 0", T) 8.31)
8.31

B BI7BN
(

A Nexts w,v,u' 0 T).

Note that Trans is an 3%-formula. To ensure that T obeys the transition rule f : B — B
every where, we simply require:

Vu,v,u, 0" (DY (u, 0,0/ ,0") A co+dv’ <T) — \/ TranaB’B/’BN(u,v,u’,v',T). (8.32)
B,B/,B"cB

Here we write quiaym = cv + dv’, with ¢,d computable in poly()) time. DY (u, v, u/,v")
means v = ¢ is the beginning of some block By, and qaam = cv + dv’ is the beginning of

the block By, should it not exceed T

We need one last formula to say that 7" ends in the “yes” configuration (see (8.26])).
Recall that “yes” has fixed length. Assume “yes” starts at v = ¢;3,. Then just like before,
we can sum up all ga4; that correspond to 17 bits in “yes”. This sum can be written
as av + bv', with a,b € Z explicit constants independent of X. Also observe that g1 =

Gim+1 — a1qens = V' — aqv. So the formula:
Eavy(T) = 3u,v,u,v', Z DY (u,v,0/,v') N Z<v —av AN T=2+av+b' (833)

is true if and only if 7" ends in “yes”. Note that Egy is a 3°V3-formula.

Finally, given z € {0,1}¢, we can easily construct in time poly(f) the content of the
first segment 7, in T' (see (827))). Again, 7 is the starting configuration of the simulation
U((Mz)), which is basically just (Mx). Then we compute in time poly(¢) the X € N
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whose Ostrowski representation corresponds to 7. We also compute the tape length bound

A = poly(?) to be used in Trans. Now construct the sentence:

3T ZeroOneys(T) A Prefs(T,X) AN Eay(T) A [Vu,v,u’,z/

o (8.34)
(DY (u, 0,0/, ") A co+dv' <T) — \/ Tran?™"" (u,v,u', v/, T)|.
B,B/,B"cB

Here ZeroOneys(T) ensures condition (8.23)), Prefys(X,T') ensures that X is a prefix of T,
Esy(T) says that T ends in “yes”, and the rest says that T follows the transition rules
(see ([8.32)). So (B34]) is an IV3-sentence with total length poly(¢), which is satisfied if and
only if X € L. This proves Theorem RIT.

8.4.D. Analysis of the construction. We bound the number of variables in (8.34]). Con-
sider the last term [Vu,v...]. First, there are V* variables u, v, u’,v". Each Tranf’B,’B” is
an 3%formula, which also commutes with the big disjunction. Also =DJ' is an 33-formula,

which can be merged with the 3° partH Overall, the last term is of the form v*36.

Next, recall that [ZeroOneyq, [Pref,g in §8.4.Al are of the forms V%3 and V%32 and

respectively. Since we are taking their conjunctions with the last term V439, their outer V*
variables can be merged. However, their 3 variables need to be concatenated. Overall, we
have V43! for ZeroOneys, Pref,5 and the last term. The term Egy is 3°V3. Merging its
V3 variables with the other three terms, we have 3°V43%. Lastly, we add in 37 and get a

364311 sentence.

The number of inequalities in all constructed formulas is bounded in the table below.

Overall, the number of inequalities in (8.34]) is at most:
34426+ 14+ 10(k + 2) + 12+ 10(k + 2) + 16|B|* = 810534 + 20(x + 2).

Corollary 8.19. For o = /2 deciding 3°V*3" sentences with at most 10° inequalities in
S, is PSPACE-hard.

Proof. Note that v/2 4+ 1 = [2;2,...] has minimum period x = 1. O

"We need to rewrite every implication “a — b” as “-a V b”.
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rT=1 2
[ = [yl x| > |y] 4
After, Xf?c;" 4
Compatible 10
Cy 12
ZeroOneys 34
Prefs5 26
Reads 8
Nexts 8
Trang 16

DX 3+ 10(k +2)

DY 11+ 10(k + 2)

| DEW 14+ 10(k + 2)

8.5. Quadratic irrationals: General lower bound

In this section we prove Theorem Let us recall Monadic Second Order logic
MSO = (N, P(N), sy, €), where P(N) is the (monadic) predicate for subsets of N, and sy is
the successor function n — n + 1. Its weak variant is WMSO = (N, Pg,(N), sy, €), which
only quantifies over finite subsets of N. We refer to [GTW] for the equivalence between
WMSO and the theory of automata equipped with quantifiers. First, we prove a similar
lower bound for WMSO:

Theorem 8.20. Deciding a sentence S in WMSO with k + 2 alternating quantifiers and

O(k) variables requires space at least:
2"7[(3)

p2

Here the tower has height k, and p, n are absolute constants.

The proof is similar to that of Theorem [8. 17l Recall that in if v = gy and
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v" = quar41 then the shifted convergent g4 can be written as cv+dv’, with ¢, d € Z having
lengths poly(A). The resulting sentence (8.34]) has length poly(\), and is PSPACE-complete

to decide. To prove a tower lower bound, we need to construct a shift map

Skt QM = Qe4g(0)M 5

so that g(\) is a tower of height (K — 2) in A. Here the formula Sy is allowed to have length
poly(\) and at most k — 2 alternating quantifiers. The following construction is classical.
It was first used in [Mey75] to prove that WMSO has non-elementary decision complexity,
and was later improved on in [Sto74]. An expository version is given in [GTW]|, Ch. 13]. For
completeness, we reproduce it below in the setting of WMSO with some improvements on

the number of alternating quantifiers. Afterwards, we translate it back to S,.

We think of each subset X € Pg,(N) as a binary string of finite length. The relation
n € X simply means that the n-th bit in X is 1. Let

goN) =X and g (N) = gr(N) 2% k> 0.

The idea of the construction is as follows. We will iteratively define formulas Fy(z,y, A, C)

such that Fj,, is true if and only if:

Yy = x+gk+1(>‘)7
A = Om|100...O|100...0|100...0|100...0|...|100...O|10*,

C = 0%|000...0/100...0[/010...0[110...0|...|111...1|00*.

Here A, C have 29 blocks, each of length g(\). The blocks in C represent the integers
0,1,...,29%®™) — 1 in binary. The blocks in A mark the beginning of the blocks in C'. The
first ’1’ in A is at position x and the last ’1’ in A is at position yH In total, the difference

y —xis gp(N)29%W = g, 1 (N). First, we can define the basic quantifier-free case:

Fy(z,y, A, C) = Singleton(z) A Singleton(y) A y :x+)\H

8Position indexing starts at 0.

9Here = + ) represents ) iterations of the successor function sy.
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For this case A and C' do not matter. Now recall the carry rule for addition by 1 in binary.

If X =x¢x;... in binary then Y = X + 1 = yoy; . .. satisfies:

xo = Yo (the least significant digit always switches)
r;i=1,9,=0—= 2,1 = Y11 (carry rule)
Tix1 = Y;r1 Otherwise.
In the context of WMSO, these rules can be summarized as:

0EX < 0¢Y; (8.35)

e XNigY < (i+1eX < i+1¢Y). (8.36)
Observe that if we apply these rules on blocks of length gx()), starting with 0...0, we get:
00...0/10...0/01...0|...|11...1]00...0|10...0]...

So the blocks do cycle back to 0...0 eventually. This needs to be taken care of in the

definition of F}, 1, because we want each block of C' to be unique. We define:

Fei1(z,y, A, C) = Singleton(x) A Singleton(y) A z <y A (8.37)

Vz,w,t,D, E ( [Fi(z,w,D,E) A Singleton(t)] —

[z::v\/z:y—>z€A,z§éC';z<:17\/y<z—>z§éA,z§éC’; (8.38)
r=z,z<t<w - t¢At¢C,r<z<w<y = (z€ A weA), (839
zeA,w<y — (zeC+w¢l) (8.40)

r<z<w<y, z+1¢A - 2€Cwé¢C « (z+1eCow+1¢0)); (8.41)
r<z<w<y,z+1€eA = (z€C —-wel); (8.42)
w:y,z§t<w—>t€C]). (8.43)

For readability, we use A , and ; interchangeably to denote conjunctions. Lines (838)
and (839) set up the first block in A and C, and say that A and C' are all empty outside
the range [z, y]. Line (840) expresses the increment rule (835]) for every two consecutive
blocks in C'. Here w and z represent two corresponding digits in two consecutive blocks.
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Line (841]) expresses the carry rule (836]). Line (842) ensures that the blocks in C' do not
cycle back to 0...0, because their last digits cannot decrease from 1 down to 0. Line (843))
ensures that the last block is 1...1.

By induction, it is easy to see that [} has k alternating quantifier blocks, starting with
V. It is also clear that Fi,; has 5 more variables (z,y, A, C,t) than F}. Therefore, F}) has
at most 5(k + 1) variables. We can also bound their lengths:

U(Fo) =00\ and ((F) = 6(F,) + O(1) = O(A + k).

Here ¢(Fy) = O(N) instead of O(1) because we needed to iterate the successor function sy A

times to represent y = = + A.

Proof of Theorem[8.20. Consider the following decidable problem: Given a Turing machine
M and an input string X, does M halt on X within space gi(|M| + |X]|). By a basic
diagonalization argument, this problem requires space at least gy (|M|+ |X]) to decide. By
the same construction as in Theorem [B.34] we can write down a sentence S with length
O(JM|+|X]) so that S = true if and only if M halts on = within space gx(|]M|+|X]). Here
A= Q(M]+|X]|). The last part [Vu,v,u’,ov"...] in (834) should be replaced by:

Vr,y, A, C Fy(r,y, A,C) — transition rules. ..

Here z and y are bits in the transcript T = U((MX)), with y = x + gk()\) The resulting
sentence S has the form 4...V ... —F, V... Since F}, has k alternating quantifier blocks, S
has k+2 alternating quantifier blocks. The length ¢(S) is roughly the input length |[M|+|X|
plus ¢(F},), which is also O(|JM| + | X]). O

Proof of Theorem[82. We can easily translate the WMSO formula Fy(x,y, A, C) with k
alternating quantifier blocks to a S, formula Sy with (k + 1) alternating quantifier blocks.
To do this, we replace each singleton variable in (837), say z, by a separate quadruple
(Ug, Vg, b, v)), Where (ug, Vi) = (Porr, @err) and (ul, v2) = (Perr+1, @ear+1)- The Singleton(z)

predicate is replaced by @(um, Vg, UL, 5 ), and similarly for other singleton variables. Each

T Tx

10U is the universal TM used to emulate M(X).
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set variable, e.g. A, C| is replaced by an integer variable. The relation € is now 3/V-definable
in S, (see (BIR) and (8I9)). Recall from Fact that if v = ¢;y and v/ = @41 then
qu+1ym = cv + dv’ for some constants ¢,d € Z independent of . We replace every x + 1
term in (8.37) is replaced by cv, + dv}. Also quiaym = cxv + dyv’ for some ¢y, dy € Z with
log(cy),log(dy) = O(N). So the relation y = x + A in Fj is replaced by v, = c v, + d\v}.
Observe that Sy has just O(1) atoms (inequalities), instead of O(A) atoms like Fy. By
induction, Sy has O(k) inequalities and variables. The total length ¢(S;) (including symbols
and integer coefficients) is still O(k + A).

Because of the D\]y predicate, Sy now has V quantifiers. For k > 0, we can merge the V
quantifiers in D\J,W predicates with the Vz,w,t,... quantifiers in (837) (of course replaced
by quadruples). Because € is 3/V-definable in S, the body of the sentence Sy 1, consisting
of Boolean combinations in €/¢, can be written using only V quantifiers. These extra
V quantifiers can again be merged into the Vz,w,t part. This means Si;; has only one
more quantifier block than Si. So Sy(tUg, Ve, Uy, Vs, Uy, vy, Uy, vy, A, C') has (k+1) alternating
quantifier blocks.

Now we are back to encoding Turing machine computations. In (834]), we replace the

last part [Vu,v,u’,v"...] by:

!/ !/ !/ !/ !/ / / /
Ul uy, Uy, ), U A, C (S, Vg, ul, V), gy, vy, un, vy, A, C) = true A vy < 7)

\v/uI?USC?ux? x? y? y? x) Yx y? y?

— transition rules. ..

o B.B".B"] . . B,B".B
In these transition rules, [Read5"” ™ |is kept as before with wu,, v,,u.,v), but Next5" "

can be rewritten using the shifted convergents uy,vy,u;,v;. Altogether, this expresses
the transition rule for each jump y = x + gx(A). The resulting sentence S has the form
J...V...28, V... Since S, has k + 1 alternating quantifier blocks, S has k 4 3 alternating

quantifier blocks. The number of variables and inequalities used is just O(k). O
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8.6. Non-quadratic irrationals: Undecidability

8.6.A. Further tools. Now we are working with two different irrationals o and . Denote
by pn/qn and pl, /¢ the n-th convergent of o and 3, respectively. Let Ost, = {¢, : n € N}
and Ostg = {¢, : n € N}. For X € N, denote by Ost,(X) the set of ¢, with non-zero
coefficients in the a-Ostrowski representation of X. Then Ostg(X) is defined accordingly for
the 5-Ostrowski representation of X. All earlier notations can be easily adapted to a and
[ separately. For brevity, we define the remaining functions and notations just for . The

corresponding versions for  are defined accordingly, with obvious relabelings.

For X € N and d € Ostq, if Y7 by11¢, is the a-Ostrowski representation of X, then we
define

X[ =D buyige (8.44)

neN, ¢ <d
Fact 8.21. Let X € N. Then there is an interval I around f,(X) and d € Ost, such that

forall Y ¢ N
faV) el =Y =X

Proof. Let > ", bn+1g, be the a-Ostrowski representation of X. Without loss of generality,
we may assume that aq,, — p,, > 0. Then set
Zo =X+ @mio and Z; = X + @pus3.
Since a@mio — Pma2 > 0 and agmi3 — pmas < 0, we get from Fact that
fa(Z1) < fa(X) < fa(Z2).
Now it follows easily from [Hiel6l Fact 2.13] and Fact B9l that for all Y € N
fo(Z1) < [oY) < fo(Z2) = Y}Zm =X,
as desired. ]

Fact 8.22. Let X € N and let J be an open interval around f,(X). Then there is d € Ost,,
such that for all Y € N

Y[i=X= fu(Y) €
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Proof. Let > " by11g, be the a-Ostrowski representation of X. Let n € N be such that
e n>m-+1,
® aq, — p, >0 and
o (fa(X) 4 (Gni1 = Prs1), fa(X) + (agn — pn)) € J.

Let Y € N be such that YV Z+2 = X. It is left to show that f,(Y) € J. By Fact and

[Hiel6l, Fact 2.13] we get that

fa(X) + (O‘Qn—i-l _pn—i-l) = fa(X + Qn—i-l) < fa(Y) < fa(X + C.In) = fa(X) + (a(Jn _pn)'

Thus fa(Y) € J. O

8.6.B. Uniform definition of all finite subsets of N2. Let «, 5 be two positive irrational
numbers such that 1, «, 5 are Q-linearly independent. The goal of this section is to produce
a predicate Member C N such that for every set S C N? there is X € N* such that for all
(s,t) € N2,

(s,t) € S <= Member(X,s,t).

The Q-linear independence of 1, «, 8 is necessary as the existence of such an relation implies
the undecidability of the theory. The failure of our argument in the case of Q-linear depen-
dence of 1,a, B can be traced back to the fact that the following lemma fails when 1, a, 3

are Q-linearly dependent.

Here after, we let X = (X1, X,),Y = (Y,Ys) and Z = (Z4, Zs).

Lemma 8.23. Let X,Y € N2. Then

|fa(X1) = f3(Xo)] = [fa(¥1) — f3(V2)] = X =Y.
Proof. Then there are Uy, U,, V1, V5 € N such that
‘OéXl—U1+ﬁX2—U2‘ = ‘aYl—VleﬁYg—Vg‘.

By Q-linear independence of 1, «, 8, we get that X; = Y; and X5 = V5. O
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Definition 8.24. Define g : N* — R to be the function that maps (X,Y) to

[ £alX2) = fa(X0) = |fa(Y2) = fo(M)I]
Definition 8.25. Define Best C N x N x N2 x N to be the set containing all (d, e, X,Y})
for which there is a Y5 € N such that
oY) <d Y; <e,
e g(X)Y) < g(X,Z) for all Z € Ney x N, with Z #Y.
Observe that for given (d,e, X) € N x N x N? there is at most one Y; € N¢g such that

Best(d, e, X,Y;) holds. We will later see in Lemma that for given d € N we can take
e € N large enough such that for all X; € N and Y; < d the set

{X, €N : Best(d, e, X1, X»,Y)}

is cofinal in N.

Lemma 8.26. Best is AV-definable.

Proof. Observe that Best(d, e, X,Y;) holds if and only if

Yo, Uy, U, Vi, Vo Y21, Zo, Wi, Ws Vi <d A Ya<eA
Fa(X)) = aXy = Up A fa(Xo) = aXo—Us A fa(Yh) =aYi — Vi A f5(Ya) = BYs — Vo A
[(Z1 <d A Zy<e A fulZ)) = aZi — Wi A f5(Zs) = BZs— Wy

N (21, Z5) # (Y1,Ya)) = [(aXy = Uz) — (aXy = Uh) = |[(BY2 = V2) — (aYy = V)]
< |(@Xy = Up) — (aXy — Uy) — |(8Zs — Wa) — (aZy — Wl)l\]

This implies the result. H

The following lemma is crucial in what follows. It essentially says that for every subinterval
of I, N Iz and every d € Ost,, we can recover (Ost,)<q just using parameters from this

interval and Ostg. This should be compared to condition (ii) in [HTy14, Th. A].

Lemma 8.27. Let d € Ost,, ey € Ostg, X € N2 and s € N be such that
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1. fo(X1), fa(X2) € I,
2. fo(X1) < fa(X2),

3. s <d.

Then there is e € Ostg and an open interval J C (fa(Xl), fa(Xg)) such that e > ey and for
all Z € N
fo(Z) € J = Best(d, e, X1, 2, s).

Proof. Let e € Ostg be large enough such that for every w; € N4 there is wy € N, such
that

fa(wr) € Iy = | fa(wr) = fa(w2)] < fa(X2) = fa(X1).
The existence of such an e follows from the finiteness of N, and the density of f3(N) in /5.
Let w € N<. be such that

|[fals) = fo(w)] < falX2) = fa(X2).

By Lemma BZ3 we can find an & > 0 such that for all (wy, ws) € Neyg x Ne with (wy, ws) #
(s,w)
[1fa(wr) = fo(wa)] = |fa(s) = fo(w)]] > &.
Set
0= fa(X1) + | fals) = fo(w)].
Set J = (6 — 5,0+ 5). Let Z € N be such that f,(Z) € J. It is left to show that
Best(d, ¢, X1, Z, s) holds. We have that for all (w;,ws) € Neg x Ne, with (wr, ws) # (s, w)
9(X1, Z,wy, we) = | fa(Z) = fu(X1) = | falwr) = fa(ws)]]
= |fa(Z) = 6 + [ fals) = fo(w)] = | fa(w1) — fa(ws)]|
> [172) = 81 = 1fal8) = fo(w)] = |fulwr) = folwn)l]| > 5.

Moreover,

9(X1,Z,5,w) = |fa(Z) = fa(X1) = [ fa(s) = fo(w)]| < [fa(Z) = 4] <

DN ™M

Thus Best(d, e, X1, Z, s) holds, as desired. O
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Lemma 8.28. Let d € Ost,, s € N, X € N? be such that

1. fo(X1), fa(X2) € I,
2. fo(X1) < fa(X2),

3. s <d.

Then there are e; € Ostg, ea € Ost,, Y € N such that

(Z) fa(Xl) < fa(Y) < fa(X2);
(i1) d < e; < e

(i) for all Z € N
Z :2 =Y = Best(d,e1, X1, Z, ).

Proof. By Lemma there is an open interval J C (fa(Xl), fa(X2)) and e; € Ostg such
that e; > d and for all Z € N

fa(Z) € J = Best(d,e1, X1, 7, s).

Take Y € N such that f,(Y) € J. By Fact we can find ey € Ost, arbitrarily large such
that f,(Z) € J for all Z € N with Z‘ZQ =Y. The statement of the Lemma follows. O

Definition 8.29. Define Admissible C Osti X Ost% x N® to be the set of all tuples
(dl, dg, dg, d4, €1, €2, X1, Xs, X5, Xy, s, t) € OSti X OSt% X N6
such that

e dy,dy, ds are consecutive elements of Ost,(X7),
e d, € OSta(Xg) and di < d, < dg,
® 1,69 € OStﬁ(XQ) and di <e; <dy < ey < d3

e Best(dy,eq, X4|, , X4, 5)

‘a
dy’
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e Best(dy, e, X4| , , X4, t)

‘a
da’

Define Member C N° to be the set of all tuples (X1, Xo, X3, X4, s,t) € N° such that there

exist dl, dg, dg, d4 S OSta, €1,62 € OStﬁ with
Admissible(dl, dg, dg, d4, €1, €g, X1> Xg, Xg, X4, S, t)

Theorem 8.30. Let S C N2 be finite. Then there are X1, Xo, X3, X4 € N such that for all
s,t € N
(S, t) eES<s Member(Xl, X2, Xg, X4, S, t)

Proof. Let S C N? be finite. Let cy,...,co, € N be such that

S ={(c1,¢2),. .., (can_1,C2n)}

Recall that the convergents of o and 5 are {p,/q,} and {p/,/q.}, respectively. We will
construct two strictly increasing sequences (k;)i—o,... 2n, ({;)i=1,... 2, of non-consecutive natural

-----

numbers and another sequence (W;);—o

-----

(1) Wj = WZ}:’C for aHj S ’i, and fa(Wz) € Iﬁ7
(2) qr, > max{cy,...,Con},

and furthermore if ¢ > 1, then

(3) Qi1 < qllz- < Qk;»

(4) for all Z e N

«

A @ - VVZ - BeSt(qkiflaQI/ia VVi—la Z> Ci)'

i

We construct these sequences recursively. For ¢ = 0, pick ky € N such that

Gk, > maxq{cy, ..., Con}-

Pick Wy € N such that W, = WO‘ and f,(Wy) € Iz. Now suppose that ¢ > 0 and that

(0%
kg

we already constructed ko, ki,...,k;_1, l1,..., ;1 and Wy,...,W,;_1 such that the above
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conditions (1)-(4) hold for j = 1,...,i — 1. We now have to find k;,[; and W; that (1)-(4)
also hold for 7. We do so by applying Lemma By Fact 821 we can take T' € N such
that

(a) foc(T) > fa(VVi—l), T}Z’%f1 = W;_1, fa(T) € ]B and

67

(b) for all Z € N, (fa(Wis1) < fa(Z) < fo(T) = Z| =W;_1).

9k;—1

We now apply Lemma with X, = W;_1,Xe =T,d = qx,_, and s == ¢;_;. We obtain
e; € Ostg, ex € Ost, and Y € N such that d < e; < ey, fo(Wis1) < fo(Y) < fo(T) and for
all Z e N

Z}:; =Y = Best(q,_,,e1, Wi_1, Z,ci_1).

i—17
If necessary, we increase e, such that Y}Z; = Y. Choose k; such that gx, = ey, choose [;
such that ¢; = e;. Set W; := Y. It is immediate that (2)-(4) hold for i = 1,...,n. For (1),
observe that since f,(W;_1) < fo(Y) < fo(T), we deduce from (b) that

Wi}a :Y‘a :Wi—l-

Qi1 Qi1

Since (1) holds for j =1,...,i — 1, we get that for j <i—1

Wil =wit =W
Ak Gk

Thus (1) holds for i.

We have constructed (k;)i=o... 2n, (1;)i=1

.....

on satisfying (1)-(4) for each i =

.....

0,1,...,2n. We now define (Z, Z,, Z3, Z4) € N* by

2n 2n
Zy = th, Zy = qu/l
=0 =1

Z3 = Z ks 2y = Wa,.

1=0

.....

Observe that we require the sequences (k;);—o on to be increasing sequences

777777777

of non-consecutive natural numbers. Therefore the above description of 71, Z5 and Z3 im-
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mediately gives us the a-Ostrowski representations of Z; and Z3 and the [-Ostrowski rep-

resentation of Z,. In particular,

Osta(Z1) ={qr, : 1=0,...,n}, Ostg(Z2) ={q, : i=1,...,n},

Osto(Z3) ={qr, : i1=0,...,n, i even}.

It is now left to prove that for all s, € N
(s,t) € S <= Member(Zy, Zy, Z3, Zy, s, t).

“=7": Let (s,t) € S. Let i € {1,...,2n} be such that (s,t) = (¢;, ¢i41). Observe that i is
odd. We show that

Admissible(qx,_,, Qr;» iy Qeiors Qi Qs Z15 L2y 23, Za, Ciy Cig1) (8.46)
holds. By (8.4H) and the fact that ¢ — 1 is even, we have that

Qhiys Qhs» iy € Osta(Z1), q,5q1,,, € Osts(Za), qr,_, € Osta(Z3).
Trivially, gx, , < @k, < @k, By (3) qk,_, < q, < G, < ql’i+1 < Qk,,,- Now observe that by (1)

(63 (6%
Zil =Wall =W,
i—1

9k;—1

(0% (e
Zy|" = Wa|l =W,

r; r;

[e% «

Z4‘ 2n‘ =W;
+1-
Thejtq Tkt

Thus by (4)
BeSt(Qki,p qzlla Z4 Zk_71 3 Z47 Ci) A BeSt(Qkia qzll-Jrla Z4 Zk ; Z4a Ci-‘rl)'

Thus (8.46]) holds.

“<”: Suppose that Member(Z,, Zy, Z3, Z4, s,t) holds. Let dy,dy, ds,dy € Osty, e1,6€5 €
Ostg be such that

Admissible(dl, dg, dg, d4, €1, €9, Zl> Zg, Zg, Z4, S, t) (847)
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holds. Then dy, dy, d3 are consecutive elements of Ost,(Z;). Thus thereisi € {1,...,2n—1}
such that

di = qi,_y, do = Qr;y d3 = Q-
Since dy € Osto(Z3) and dy < dy < do, it follows that dy = dy = qx,_, and that 7 is odd.

Since ey, e2 € Ostg(Z3) and
di = qp,_, <e1 <dy=q < ey < d3=q,,,,
we get from (3) that e; = ¢j, and ey = g, . Thus by (847)

BeSt(qkiflv ql/“ Z4‘ o Z47 8) A BeSt(qkiv ql/i+17 Z4‘ B Z47 t)

(07 (0%
k; a

By (4) we get that s = ¢; and t = ¢; ;1. Since 7 is odd, (s,t) = (¢;, ¢i11) € S. O

8.6.C. dV-Definability of Admissible and Member. For Admissible (Definition[8.29),
we replace each variable d;, which earlier represented some convergent g, € Ost,, by a 6-tuple
d; = (u; , vy, u;,v5,u;, ) such that:

i Y i)Y

(uy v, s, v, u 0) = (Pae1, Gne1, Prs @ns Prs1s Gne1) for some n. (8.48)

: - - + o
We require Cyo(u; ,v; ,u;, v, 0, , 0

(2R E 2

) = true to guarantee (848]). Here v; takes the earlier
role of d;. Similarly, we replace each e; in Admissible by a 6-tuple €; and also require
that Cyg(e;) = true. Here Cy, and Cyg are from (8I5]), with the extra subscript a or
£ indicating which irrational is being considered. These Cy, and Cy g conditions can be

combined into a V2-part. Altogether, the new Admissible has 42 variables.

Recall that Best is 3°V*-definable (Lemma [B.26). The relation Y = X }g from (8.44) is
F%-definable:

Y:X‘g =Y <ot A 37,7 Compatible(u,v,u",v", Y, Z,Z") N Y + Z = X.

Here Compatible is from (8.20).

The relation d € Ost,(X), meaning v appears in Ost,(X), is 3>-definable (see (8I8)). The

same holds for € € Ostg(X) (just replace a by ).
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The relation

Consecs(dy,dy, X) = v <vy A dy € Osto(X) A dy € Ostye(X) A

3V, Y, Yi= X[ A Yo =X|] A[ARer(u;y, vy, w05, Ya — Y1)
means v; < vy appear consecutively in Ost,(X). This is 3'%2-definable.

It is now easy to see that Admissible 3V-definable, and so is Member. A direct count

reveals that Admissible is at most 3°°V!Y, and Member is at most 310V,

8.6.D. Undecidability.

Theorem 8.31. The 3V3IV-fragment is undecidable.

Proof. Here we follow an argument given in the proof of Thomas [Thol2l Th. 16.5]. Consider
U=(Q,%,01,0,q1,q) a universal 1-tape Turing machine with 8 states and 4 symbols, as
given in [NWO06]. Here Q = {qi,...,qs} are the states, 3 = {o1,...,04} are the tape
symbols, o7 is the blank symbol, ¢; is the start state and ¢o is the unique halt state. Also,
d: [8] x [4] — [8] x [4] x {£1} is the transition function. In other words, we have §(7,j) =
(', 7', d) if upon state ¢; and symbol o}, the machine changes to state g;;, writes symbol o/
and moves left (d = —1) or right (d = 1). Given an input x € 3*, we will now produce an

Jv3V-sentence . such that ¢, holds if and only if U(z) halts.

We will now use sets A;,..., A3 C N2 and By,...Bs C N? to code the computation on
U(z). The A;’s code the current state of the Turing machine. That is, for (s,t) € N? we
have (s,t) € A; if and only if at step s-th of the computation, U is in state ¢; and its head
over the t-th cell of the tape. The B;’s code which symbols are written on the tape at a given
step of the computation. We have (s,t) € B; if and only if at step s-th of the computation,
the symbol o, is written on t-th cell of the tape. The computation U(xz) then halts if and
only if there are Ay, ..., Ag C N? and By, ... B, C N? such that:

a) A;’s are pairwise disjoint; B;’s are pairwise disjoint.
b) (0,0) € Ay, i.e., the computation starts in the initial state.
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¢) There exists some (u,v) € As, i.e., the computation eventually halts.

d) For each s € N, there is at most one ¢t € N such that (s,t) € U;A;, i.e., at each step of

the computation, U can only be in exactly one state.

e) f x =xy...2, € X¥* then for every 0 <t < n, we have z, = 0; <= (0,t) € Bj, i.e,

the first rows of the B;’s code the input string z.
f) Whenever (s,t) € B;,

f1) if (s,t) ¢ A; for all ¢ € [8], then (s + 1,¢) € B;. That is, if the current head

position is not at ¢, then the ¢-th symbol does not change.

f2) if (s,t) € A; for some i € [8] and §(i,7) = (8,;,97;,05) € [8] x [4] x {£1}, then
(s+1,t) € By and (s+1,t4+6}) € A(;l_lj. That is, if the head position is at ¢,

and the state is ¢, then a transition rule is applied.

We use the predicate Member to code membership (s,t) € A;, B;. By Theorem 830,
there should exist tuples X; = (Xi1,...,Xu), Y; = (Yj1,...,Y;) € N* that represent 4;

and B;. In other words, we have
(s,t) € A; <= Member(X,,s.t), (s,t)€ B; <= Member(Y},s,1).
For the input condition e), there exist Z; = (Z;1, ..., Z;4) € N* so that
r; = 0; <= Member(Z;,0,t) V0<t<n.

Note that Z; can be explicitly constructed from the input x (see Theorem B.30's proof).

Now the sentence ¢, that encodes halting of U(z) is:
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0, =3X1,...,. X, Y1,.... Y, eN  u,veN Vs t,t' €N

/\ —(Member(X;,s,t) A Member(Xy,s,t))
it

A /\ (Member(Y;, s,t) A Member(Y,s,t))
i#i’

A Member(X;,0,0) A Member(Xs,u,v)

A [(\/Member(X,-,s,t)) A (\/Member(X,-,s,t’)) — t:t']

A /\ (Member(Z;,0,t) — Member(Y},0,1))
J

A /\ ( Member(Y;, s, t) /\ﬂMember(X,,s t) A Member(Y;,s+1,1) ]

v \/ [ Member(X;, s, t) A 1\/Ielrnber(Y(';sz,SjL 1,t) A Member(X(;ilj,st 1,t+d;;) ] )

Since Member is 3V-definable, the sentence ¢, is 3V3IV. Whether U(z) halts or not is
undecidable, so is ¢,. A direct count shows that Member appears at most 200 times in
¢. From the last estimate in §8.6.C] we see that ¢, is at most a I¥V*3¥V* sentence, where
k = 20000. This completes the proof. O

8.7. Final remarks and open problems

8.7.A. Comparing theorems R34 and B3] we see a big complexity jump by going from
one to three alternating quantifier blocks, even the field is quadratic. The interesting open
questions are the complexity of deciding (81) when k& = 2,3 with a non-quadratic. We make

the following conjecture:

Conjecture 8.32. For a non-quadratic and k = 3, integer sentences (8.1)) are undecidable.

Similarly, when « is quadratic we make the following conjecture:

Conjecture 8.33. For a quadratic and k = 2, deciding integer sentences (8.1)) with and a

fixed number of variables and inequalities is NP-hard.
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We note that for a = /5, 3V-sentences in S, can already express non-trivial questions,
such as the following: Given a,b € Z, decide whether there is a Fibonacci number F,, con-
gruent to a modulo b? Note that the sequence {F, mod b} is periodic with period O(b),
called the Pisano period. These periods were introduced by Lagrange and heavily studied in

number theory (see e.g. [Sill1l, §29]), but the question above is likely computationally hard.

8.7.B. Khachiyan and Porkolab proved in [KP00] the following positive result on Integer

Programming with irrational polyhedra:

Theorem 8.34 ([KP0Q]). Let K = Q be the field of algebraic numbers. For every fized
n, sentences of the form Iy € Z" : Ay < b with A € K™ b € K™ can be decided in
polynomial time. Here the system Ay < b in the theorem can involve arbitrary algebraic

irrationals.

Note that the system Ay < b in the theorem can involve arbitrary algebraic irrationals.
This is a rare positive result on irrational polyhedra. In fact, for a non-quadratic «, this
gives the only positive result on S, that we know of (cf. §8.7.1B]). This result very much
contrasts Theorem The reason for polynomial decidability here is that it only considers
J-sentences. More generally, Khachiyan and Porkolab showed that Integer Programming is

polynomial time for convex semialgebraic sets in fixed dimension:

Theorem 8.35 ([KPOQ]). Let k,m,nq,...,n, be fivred. Consider a first order formula F(y)

over the reals of the form:
y € RF - Qix1 €R™ ... Quxy €ER™ Py, X1,...,Xm),
where P(y,X1,...,Xy) is a Boolean combination of equalities/inequalities of the form
(¥, X1, .., Xy) % 0

with x; € {>,<,=} and g; € Z[y,X1,...,Xy|. Suppose that Sp = {y € R" : F(y) = true}
is a convex set. Then we can either decide in polynomial time that Sp N7ZF = @, or produce

in polynomial time some y € Sp N ZF.
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This immediately implies Theorem B34l Here there is no restriction on the number of

g;’s and their degrees. The coefficients of g;’s are encoded in binary.

Note that convexity is crucially important in the theorem. In [MATS], it is shown that
given a, b, ¢ € Z, deciding Iy € N? : ayf+bys+c = 0 is NP-complete. Here the semialgebraic
set

{yeR® : 0<ayj+by+c<1}

is not necessarily convex.
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CHAPTER 9

Integer points in translated and expanded polyhedra

We prove that the problem of minimizing the number of integer points in parallel translations
of a rational convex polytope in R® is NP-hard. We apply this result to show that given a
rational convex polytope P C RS, finding the largest integer ¢ s.t. the expansion tP contains
fewer than k integer points is also NP-hard. We also consider the Ehrhart quasi-polynomial
of a rational polytope, which counts the number of integer points in its expansions, and show

that it can have arbitrarily bad fluctuations. This chapter is a version of the preprint [NP18].

9.1. Introduction

9.1.A. Translation of polytopes. We first state a more general problem, which was con-

sidered by Eisenbrand and Hahnle in [EH12].

INTEGER POINT MINIMIZATION (IPM)
Input: A € Q"*", a rational polyhedron W C R™, k € N.

Decide: 3b € W s.t. #{x€Z": Ax <b} < k?

Here, the polytope P; := {x € R" : Ax < b} is called a parametric polytope with b being
the parameters varying over W. The problem asks whether we can find such a b € W so
that |F;|, its number of integer points, is at most k. Such polytopes were introduced by
Kannan [Kan90], who gave a polynomial time algorithm for IPM with £ = 0 and n bounded
(Theorem [B.18). For larger fized values k, Aliev, De Loera and Louveaux [ADL16] proved
that IPM is also polynomial time by employing the short generating functions technique

by Barvinok and Woods [BWO03] (see Chapter [7). The following problem is an especially
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attractive special case:

PoLyTOPE TRANSLATION
Input: A€ Q™", bcQ™, ve€Q" and k€ N.

Decide: 3\, 0 <A <1 st #{xe€Z": A(x — \0) <b} < k?

In terms of parametric polytopes, this asks for a translation At of the original polytope P
so that P 4+ A\v it has at most k integer points. POLYTOPE TRANSLATION is a special case

of the INTEGER POINT MINIMIZATION problem, when W is 1-dimensional.

Eisenbrand and Hahnle proved that the POLYTOPE TRANSLATION is NP-hard for n = 2

and m unbounded:

Theorem 9.1 ([EHI12]). Given a rational m-gon Q C R?, minimizing |Q + \é)| over A € R
1s NP-hard.

Here and everywhere below, |P| denotes the number of integer points in a polytope P,
and €] = (1,0,...) is the standard first coordinate vector. We prove a similar result for

n = 6 with a fired number m of vertices.

Theorem 9.2. Given a rational polytope P C RS with at most 64 vertices, minimizing

|P 4+ A\éy| over A € R is NP-hard.

This resolves a problem by Eisenbrand Since the dimension is fixed, the number of

facets of P is at most an explicit constant. An integer version of this is:

Theorem 9.3. Given a rational polytope P C RS with at most 60 vertices and an integer

N € N, minimizing |P + téy/N| overt € Z is NP-hard.

While Theorem is implied by Theorem by a simple argument on rationality, its

proof is simpler and will be presented first (cf. Section @.3]). The technique differs from that
in [EH12].

IF. Eisenbrand, personal communication (September 2017).
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To prove Theorem 0.3 we show how to embed a classical NP-hard quadratic optimization
problem into POLYTOPE TRANSLATION. This is done by viewing each term in the quadratic
objective as the integer volume of a separate polygon in R?, which are then merged in a higher
dimension into a single convex polytope. Let us mention that positivity and convexity are

major obstacles here, and occupy much of the proof.

9.1.B. Expansions of polytopes. A quasi-polynomial p(t) : Z — 7 is an integer function
p(t) = co®)t* + (Ot + .+ (D),

where ¢;(t), 0 < i < d, are periodic with integer period. For a rational polytope P C R™,

consider the following function:
fp(t) = [tPNZ"|.
Ehrhart famously proved that fp(t) is a quasi-polynomial, called the Ehrhart quasi-polynomial,

see e.g. [Bar08, §18]. It is well known and easy to see that fp(t) ~ vol,(P)t™.

Many interesting combinatorial problems can be restated in the language of Ehrhart

quasi-polynomials. We start with the following classical problem:

FrROBENIUS COIN PROBLEM

Input: @ = (aq,...,a,) € N, ged(ag,...,an) = 1.

Output: ¢(a) := max {t eN: Bey,...,cn €N st t=cloq+...+ cnan}.
In other words, this problem asks for the largest integer ¢ that cannot be written as a
combination of the coins a;’s. Such a ¢ exists by the ged(-) = 1 condition. Finding g(@) is an

NP-hard problem when the dimension 7 is not bounded, see [RA96]. For a fixed n, Kannan

proved that the problem can be solved in polynomial time [Kan92, BW03].

We can restate the FROBENIUS COIN PROBLEM as follows. Let
Ay = {xeR":a-x=1,x>0} and f; = fa,.

Then fz(t) counts the number of ways to write ¢ > 0 as an N-combination of the a;’s. Thus,
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g(@) is the largest t > 0, such that f;(¢) = 0. Beck and Robins [BR04] used this setting to

consider the following generalization:

k-FROBENIUS PROBLEM

Input: @ = (aq,...,a,) € N, ged(ay,...,a,) =1, k € N,

Output: g(a, k) =max {t e N : fs(t) < k}.
In other words, the problem asks for the largest integer ¢ that cannot be represented as a
combinations of a;’s in k different ways. Aliev, De Loera and Louveaux [ADL16] generalized
Kannan’s theorem to prove that for fixed n and k the problem is still in P (see Theo-
rem [6.27]). Motivated by the above interpretation with the simplex Ag, they also considered
the following generalization:

k-EHRHART THRESHOLD PROBLEM (k-ETP)

Input: A rational polytope P € R"” and k € N.

Output: g(P, k) =max{t €N : fp(t) < k}.
For a polytope P, this asks for the largest ¢ so that tP contains fewer than k integer points.

Again, when both n and k are fixed, it was shown in [ADLI6] that this problem is in P.

However, for varying k we have:

Theorem 9.4. The k-ETP is NP-hard for rational polytopes P € RS with at most 60

vertices.

It is an open problem whether the k-FROBENIUS PROBLEM is NP-hard when k is a part

of the input (see §9.6.A]).

9.1.C. Fluctuations of the Ehrhart quasi-polynomial. It is well known that every

quasi-polynomial p(t) : Z — Z can be written in the form:
p(t) = Z i H st + Bij ) (9.1)
=1 j=1

where o, 5;,7; € Q. The smallest n for which p(t) is representable in this form is called the

degree of f(t). It is also known how to compute fp(t) in the from (O.I]) efficiently when n is
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fixed (see e.g. [VWOS]).

Not all quasi-polynomials arise from polytopes. For instance, p(t) = 1+ ¢[L] — t| 5]

cannot be an Ehrhart quasi-polynomial because p(t) > 0 for all ¢, yet its leading terms
fluctuates between odd and even values of t. However, when restricted to finite intervals,

every quasi-polynomial can be realized as fp of a polytope P, in the following sense:

Theorem 9.5. Let N € N and p : Z — Z be a quasi-polynomial of the form (O.d)), with
Vi € Z, aj,Bi; € Q for1 < i <randl < j < n. Then there exists a rational polytope
Q € R? and integers K, M € N, such that:

p(t)+ K = fo(t+ M) for every 0<t<N.

Moreover, we have d = O(n + [logr]), and polytope Q has at most 14! vertices. Here the

vertices of QQ and the constants K, M can be computed in polynomial time.

Roughly, this theorems say that locally, Ehrhart quasi-polynomials can fluctuate as badly

as general quasi-polynomials. In particular, we have:

Corollary 9.6. For every sequence cy,...,c,—1 € N, there exists a polytope Q@ € R? and
K, M € N such that:

i+ K = foli+ M) forevery 0<i<r.

Moreover, we have d = O(logr) and polytope Q) has at most O(r) vertices. Here the vertices

of Q and the constants K, M can be computed in polynomial time.

Proof. Consider the degree 1 quasi-polynomial

o =5 (5] [=7):

Then f(i) = ¢; for 0 <i < r. Now we apply Theorem to f(t) with N =r. O

9.1.D. Brief historical overview. The Frobenius problem and its many variations is

thoroughly discussed in [RA05], along with its connections to lattice theory, number theory
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and convex polyhedra. There are also some efficient practical algorithms for solving it,
see [BHNWO5]. The k-FROBENIUS PROBLEM, also called the generalized Frobenius problem,

has been intensely studied in recent years, see e.g. [AHL13| [FSTI].

Ehrhart quasi-polynomials become polynomials for integer polytopes, in which case there
is a large literature on their structure and properties (see e.g. [Bar08| [Barl7] and references
therein). We discuss integer polytopes in Section 0.5l A bounded number of leading coeffi-
cients of Ehrhart quasi-polynomials in arbitrary dimensions can be computed in polynomial
time [Bar(6a] (see also [B+12]). There is also some interesting analysis of the periods of
the coefficients ¢;(t), see [BSWOS8, (Woo05]. It seems that fluctuations of Ehrhart quasi-

polynomials have not been considered until now.

9.2. Proof of Theorem

9.2.A. General setup. We start with the following classical QDE problem:

QUADRATIC DIOPHANTINE EQUATIONS
Input: o, 3,7 € N.
Decide: FJu e N, 0 <u <~y s.t. u?=a(mod j3)?
Manders and Adleman [MATS] proved that this problemB is NP-complete (see also |GJ79,

§7.2]). Observe that the problem remains NP-complete when we assume «,y < 3, Thus, the

problem can be rephrased as the problem of minimizing

flu,v) = (u* —a—Bv)* over (u,v)€BNZ~. (9.2)
where B = [0,7) x [0, 3). Indeed, we have min, e f(u,v) = 0 if and only if the congruence
in QDE is feasible.

Let N = . The two variables (u,v) € B can be encode into a single integer variable
0<t< N by:
u=|t/B] and v =t(modp)=1t—p|t/5].

2We already used this in Theorem [[.58
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It is clear that each pair (u,v) € BNZ? corresponds to such a unique ¢ € [0, N — 1] and vice
versa. So we can restate the problem as minimizing f(|t/3],t — B[t/8]) over t € [0, N).

Now we have:

F(e/BLt = 6le/8)) = (16/B1 —a—5(e—Ble/B)))
= (/B (/81 +5) — (@ + 1)) (93)
= [t/B1(8 + 1t/5])° + (a+5t)° = 2(t/8) (5 + [t/B]) (o + Bt).

' g

71 (t) () S(t)

Here we denote by T1(t), T5(t) and S(t) the three terms in the above sum. First, we need to
convert —S(t) into a positive term. Fix a large constant o, say o := 103° will suffice for our

purposes. We have:

=S(t) = =S(t) + 28(8* + B)(a+Bt) — 28(8* + B)(a+pt) + 0 — 0 (9-4)
= (B8 +8) = 1/B1(8* + 1t/8)) |2(a + BE) + 0 — 268+ B)(a+ Bt) — o
= (B 1t/B)) (8 + B+ (t/8]) 20 +25) + [0 — 26(8° + B)(a + 51)] —o.

(.

T5(t) Ty (t)
Thus,
Ft/B)t = BLt/B]) = Tu(t) + To(t) + Ta(t) + Tu(t) — o.

Note that T (t),...,Ty(t) > 0 for 0 <t < N. Let

g(t) = o + f(lt/B].t - B[t/B]).

We can rephrase the original NP-hard problem as the problem of computing the following
minimum:

min ¢g(t) = min T1(¢) + ... + Tu(t). (9.5)

0<t<N 0<t<N
Note that each function T;(t) is a product of terms of the form p 4 gt or r + |¢t/3] for some
constants p,q,r > 0. We encode each of these three types of functions as the number of
integer points in some translated polytope. From this point on, we assume that 0 <t < N,

unless stated otherwise.
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9.2.B. Trapezoid constructions. To illustrate the idea, we start with the simplest func-
tion gt with ¢ € Z,. Let e = 1/4N? and ¢ = & /N = (1/N,0,...,0). Consider the following
triangle:

A= {(z,y) eR? : z,y>e, gN(1—2z) >y}

(see Figure @1]). Fix a line ¢ := {x = 1}. It is easy to see that the hypotenuse of A + ¥/
intersects ¢ at the point y = ¢Nt/N = gt. So we have (A + t¥) N ¢ = [e, gt], and thus
|A + tv] = qt.

To encode a function p+ qt with p, q € Z, we take A and extend vertically by a distance
p— % below the line y = 0 to make a trapezoid F4. Similarly, to encode a function p’ — gt
with p’ > ¢N, we translate the hypotenuse of A up by 2¢, and then extend upward by p’ to
get a trapezoid Fp (see Figure [0.]). Formally, let:

Fr = {(z,y) eR* : 1

vV
A%

x>e,gN(1—z) >y >1/2—p} and

FB = {(I,y)ERQ 1 >1‘>5,p’2y2q[\/’(1_$)+25}'

Im
Tm

slope = g¢N

~

—_ = — o — —

Figure 9.1: The triangle A and trapezoids Fjy, Fg.

Let us show that these trapezoids encode the function as stated above. For Fy, we have
(Fya+t)Nne = [% -, qt}, and thus |F4 + tv] = p+ qt. For Fg, the hypotenuse of Fj + t
intersects ¢ at qt+2¢. Thus, we have (Fp+t0)N{ = [qt+2e, p'], and thus |[Fp+td] = p' —qt,

as desired.
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For the function |t/3], we can encode it with the following triangle:
A = {(z,y) eR® : 2,y >e,v(1—2) >y}

(see Figure [0.2)). It is easy to see that the hypotenuse of A’ + t¥/ intersects ¢ at the point
y=~t/N =t/B. So (A +t¥) Nl = e, t/F] and thus |A" + tv] = [t/B5].
By modifying A’ and keeping the same slope 7, we can encode the functions r + [t/3]

and r' — [t/B] with r,7" € Z,, " > ~, by using the following trapezoids:

Fo = {(z,y) eR* : 1

v
v

r>e y(l—2)>y>1/2—r} and

Fp = {(z,y) eR® 1 1 >0 > ¢, 7" >y > y(1—2)+ 2},

respectively (see Figure [0.2)).

T

14

Figure 9.2: The triangle A’ and trapezoids F¢, Fp.

Let us show that these trapezoids encode the function as stated above. For F, we have
(Fo+to)nt=[3—r, %}, and thus |Fo +tv] = r+ [t/8]. Similarly, for Fp, the hypotenuse
of (Fp + t¥) intersects ¢ at y = t/8 + 2¢, and thus (Fp + t0) N ¢ = [% + 2¢, 1’']. Since
t/B<t/B+2<(t+1)/8, we have |Fp + tv] = 1" — |t/3], as desired.

Note that the counting function for each constructed trapezoid is periodic modulo N. In
other words, |F4 + tU| = |Fa + (t mod N)]| for every t € Z, and the same result holds for
Fg, Fo, Fp. From this point on, we let ¢ take values over Z in place of our earlier restriction

te[0,N).
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9.2.C. The product construction. The next step is to construct polytopes that encode

products functions of the form p &+ ¢t and r £ [t/3].

Consider any d functions hy(t), . . ., hy(t) of these forms. We take the trapezoids F1, . .., Fy

whose counting functions encode h;’s. Each F; C R? is described by a system:
Fo={(zy) eR®: yy<z<wy, p+nz<y<p+1z}.

We embed Fj into the 2-dimensional subspace spanned by coordinates x, y; inside R4 (with
coordinates z, Yy, ..., yq). Then define:

- dtl . in v o T P,
P = {(xaylv---uyd)eR : giﬂﬂzgxglrglgdym pz"‘szSyzsz_'_sz}' (96>

It is clear that for every ¢t and every vertical hyperplane H = {x = z,} in R*! we have

(P+t0)NH = ((Fi +t0) NH) x -+ x ((Fg+ t70) OH)H Therefore, we have
|PNto| = |[FiNto]...|[Fanti] = hy(t)...ha(t).

So the (d + 1)-dimensional polytope P encodes the product hi(t)...hy(t). Note that P is

2d+1

combinatorially a cube, which means it has 2(d + 1) facets and vertices.

9.2.D. Putting it all together. We apply this product construction to each of the four
terms Ty, Ty in (@.3), 73,7y in (@4) and get four polytopes P, € R®>, P, € R?, P3 € R,
P, € R? such that

|P; + tv] = T;(t mod N) for every t € Z. (9.7)

Now we embed them into R® as follows:

Q = {xeR" : (zy,...,25) € P, 26 =1},

Qs = {xeRC : (zy,...,24) €EPs, 25 =1, 25 =0}, 0.8
Qy = {xERC : (zy,...,03) €EPy, 24y =1, 25 =0, 25 =0}, )
Qi = {xeRC : (z,23)€Py, 33=1, 2,=0, 15 =0, x5 = 0}.

3Note that each F; + t# intersects exactly one such hyperplane H with zq € Z.
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Note that )y, ..., Q4 are all disjoint. Define the polytope

W = conv(Q, ..., Q). (9.9)

Because of the way P, ..., P, are embedded in R*, for every ¢t € Z we have:
4
W+tm)nzt = | | ((Qi + t7) mzﬁ).
i=1

Thus, for every t € Z, we have:

4 4 4
Wttt = Y Qi +td] = > |F+1t7] = Y Ti(tmod N) = g(t mod N).
i=1

i=1 =1

By (@3), we conclude that computing the following minimum is NP-hard:

min |W +tv] = OgLnNg(t).

Note that the polytopes @1, Q2, @3, Q4 have 32,8, 16,4 vertices, respectively. Thus, poly-

tope W has in total 60 vertices, as desired. O

9.3. Proof of Theorem

We modify the construction in the proof of Theorem by perturbing all its ingredients to
ensure that the desired minimum coincides with the one in the integer case. This construction

is rather technical and assumes the reader is familiar with details in the proof above.

Recall that 0 < o,y < 8, N = 87, ¢ = 1/4N? and ¥ = &, /N. We perturb all constructed
trapezoids as follows. Denote by s the maximum slope over all hypotenuses of all constructed
trapezoids. By a quick inspection of the terms 77, ..., 7Ty in (O3] and (9.4]), one can see that
s < 4B*N < 4% Take § > 0 much smaller than ¢ and (8s)~!. For example, § := 1/4/3%
works. Now translate each constructed trapezoid F' by a distance +J horizontally in R2.
Let F’ be such a translated copy of some F'I] Then it is not hard to see that |F'+tv] = | F'+tv]

for all t € Z. In fact, due to the 6 perturbation, we have:

t
\F 47 = |F +t3] = )F'+(ﬁ+7)a‘

4Recall that each F encodes some function h(t) as |F + t&| = h(t mod N) for every t € Z.
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for every t € Z and 7 € [—0/4,6/4]. This can be checked directly for all the trapezoid of
types Fa, Fp, Fo, Fp constructed in the proof of Theorem [0.3] Define the real set

Zs = {%%—7 L tez, —5/4§7§5/4}. (9.10)

For \ € Zs, denote by t(\) the (unique) integer ¢ such that |\ —t/N| < §/4. By the above
observations, we have |F'+ \é}| = |F+t(\)v] for every A € Zs. Now we take these perturbed
trapezoids and construct P/, ..., P; as similar to P, ..., Py above, using the same product

construction (see ([@.6])). Note that P/ = P; + de; and by (@.7), for every A € Z5 we have:

P 406 = |P+t(\)T] = T(H(\) mod N) (1< <4). (9.11)

We need to “patch up” Zs to make it the whole real line R. Let

¢ 5 1§
N SIS i1 .
Ys {N+T tez, S<r<~ 8} (9.12)
T T N1l
N N N N
-« —f —_— — —— —t— - > Z§
-~ | | | | l— Y

Figure 9.3: The sets Zs and Y; consisting of bold segments.

It is clear that Zs UY; = R. Take a large constant w, s.t. w > ¢g(t) for all 0 <t < N. For
example, w := 104 will suffice for our purposes, by ([@.3)—([@.5). Now consider the following
parallelogram:

1

&+

ol ™

)
R:{(:)s,y)eRz:wN—%zyzO,l—g— >r>1-—

}

2=

Y
N
(see Figure 0.4)).

Lemma 9.7. We have: |R+ Aéi| =w if X € Yy, and |R + \éy| = 0 otherwise.

Proof. Denote by R; the horizontal slice of R at height ¢ € Z. Then for the bottom edge

Ry, we have Ry +Aé1| =1if 6/8 < Amod 1 < 1/N —§/8, and |R(g) + Aéi| = 0 otherwise.
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wN—% R /slope%:]\f

5/8

1/N —6/8

Figure 9.4: The parallelogram R.

In other words, |R() + Aé1| = 1 if and only if A lies in some jN-th segment of Y (j € Z).
Also every next slice is translated by —1/N, i.e., Ry41) = R — é1/N. There are in total

wN non-empty slices, which implies the claim. O

Recall the perturbed polytopes P/, ..., P; above, see (@.11). We embed them into R®
similarly to (9.8)):
Q) = {xeR" : (z1,...,35) € P|, w5 =1},

Qé:{XER6 LU17...,LU4)€P:;,x5:17x6:0}7

(
(
(9.13)
Ql2 = {XGRG : ($1a"'7$3)€Pé> $4:1a $5:0a $6:0}a
Qil = {XER6 . (Il,l’g)epi, .]73:1, .]74:0, LU5:0, IﬁIO}

We also embed R into R® as:
Q:L—’ :{XERG : (ZL’l,ZL’g)ER, r3=0, 24 =0, z5 =0, ZL’GZO}

Now let W’ = conv(Q,...,Q%). By the above embeddings, we have:

5 4
W' +2é] = Y Qi+ A& = [R+A&| + Y [P +)él.

i=1 i=1

If A € Ys, we have:

W'+ Xéi| > |R+Aéi| = w > max g(t).
0<t<N

On the other hand, if A ¢ Y, then A € Z; by (@.10) and (9.12). In this case, by (9.11]) and

Lemma [9.7, we have:

4 4
W+ X6 = Y [P+ 6] = ) Ti(t(\) mod N) = g(t(\) mod N).
i=1 z:2111



We conclude that the following minimum is NP-hard to compute:

. / - _ .
min W'+ Xéy| = Jmin g(t).

Note that the polytopes Q, @5, Q%, @), Qt have 32,8,16,4,4 vertices, respectively. Thus,
polytope W’ has in total 64 vertices. This completes the proof of Theorem O

9.4. Applications

9.4.A. Proof of Theorem Recall the polytope P C RS from Theorem with 60
vertices and the translation vector ¢ = €;/N. From the construction in Section 0.2] it is
clear that P has at least one integer point, which we call p. We translate P by —p so that
(0,0) € P, meanwhile still keeping |P + t7| the same for every t € Z.

Consider a very large multiple M of N (quantified later). Then for every 0 <t < N, the
two polytopes
t+ M

satisfy R; C R}, even though R} is just slightly larger. Since both polytopes are closed, if
they differ by very little, we should have |R;| = |R;|. To ensure this for all 0 < ¢t < N, it is
enough to pick M so that N/M < dy/D,, where:

di = min (P + tv, Z°\(P +1t7)) and D, = diameter of P.

0<t<N
Here §(-, ) denotes the shortest distance between two sets. Both 1/d; and Dy are polyno-
mially bounded in N and the largest pg over all vertex coordinates p/q of P (see [Sch86l,
Ch.10]). So M only needs to be polynomially large in N and the coordinates of P.
Now we have |R,| = |R}| for every 0 <t < N. Let Q = 7P + ¥, then R} = (t + M)Q.
Thus, |R:| = |(t+ M)Q)| for every 0 <t < N. Recall that |P + 7] is periodic modulo N and
N|M. So |R| = |P + (t+ M)v| = |P + tv] for very t. We conclude that

|P+tv] = |(t+ M)Q| forevery 0<t<N.

Thus, computing ming<i<n |(t + M)Q| = ming<;«n | P + tv/] is NP-hard.
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By binary search, finding ming<;<n |(t + M)Q| is equivalent to deciding polynomially
many sentences of the from ming<;«y [(¢t + M)Q| < k for varying k. From the definition of
k-ETP, we have ming<;<n |(t + M)Q| < k if and only if g(Q, k) > M. This implies that
computing ¢(Q, k) is NP-hard. O

9.4.B. Proof of Theorem The constants K, M will be later quantified. Recall that

p(t) = Z Vi HLaijt + Bi | (9.14)

=1 j=1
with «; € Z. By increasing d by 1 and writing 7, = [0t + ;], we can assume that all
coefficients 7; = 1. Let ¥ = & /N. First, we construct a polytope W C R? such that

p(t mod N) + K = |W + ] for all t € Z. We need a technical lemma:

Lemma 9.8. For every n > 2, we have the identity:

3" g gnt+ Ry hy = Z 30(5) H 91'H<9J' +0;(8)7;(S) hy)

SC|n], S£2 J€n\S JjES

o(S) = max(0,n — Spax — 1),

1 if j—1€8 1 if Swae >
{ aT'S_{ 5
-1 4f j—1¢58 =1 if Smax < J

and Spax = max(5).
Proof. Straightforward by induction, starting with the base case n = 2:
39192 + hiha = (g1 — h1)(g2 — h2) + g1(g2 + h2) + (91 + 1) go.

The inductive step from n — 1 to n is:

3n_1g1...gn—|—h1...hn = 3(g1 —hl)(gn_2gggn—h2hn) +
91(3"_292 ... 0n + h2 . hn) + (91 + hl)?)n_zgg ... 0n.

Now replace —hs by hf in the first term and apply the (n — 1)-st step. O
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The point of this lemma is that if ¢;(t) = [[j_, hi;(t), where hy;(t) = |yt + Bi;], and

g € N is big enough then we can write:
G(t) + 3" g = ha(t) . han(t) + 3" g = Y 3O g (9 £ hi(t). (9.15)
SCln), S#2 jes
Now the trapezoid construction from Section can be applied to each term g £ h;;(t). In

other words, for each j, we construct two trapezoids FZJ; and F}; so that:
|Fj; +t0] = g + hij(t mod N) and |Fj; +t0] = g — hy;(t mod N) for every t € Z.

For each S C [n] in the sum in (@.I5), we take the product of the trapezoids for the terms
g & hi;(t) with the construction from §9.2.Cl This results in some polytope P§ in RIS+
with 2/5#1 vertices. Then we take a prism of height 3%(%)g"~I5I over P} to get a polytope
Pg € RISH2 with 21512 vertices such that:
|Pg + ti] = 395)gn=IS] H (9 £ hy(t mod N)) for every t € Z.
jes
By padding in extra dimensions, we can assume each Pg C R"™2. To sum over all S (there
are 2" — 1 of them), we pad in another extra n dimensions, and augment each Pg with the
coordinates of a distinct point in {0, 1}" (see (0.8)). Taking the convex hull of the resulting
polytopes, we get some polytope W; C R?"+2 such that:
\W; + tv] = Z 3905) gn=IS| H (9 £ hij(t mod N)) = ¢;(t mod N) + 3""'g".
SC[n), S#£2 jes

for ever t € Z. Note that W has at most (2" — 1)2""2 < 4" vertices.

Now we have a polytope W; C R***? for each term ¢;(t) = [[/_, [yt + 0] in ([@14).
Again, to sum up ¢; over 1 < i < r, we pad each W; with [logr] extra dimensions and
augment it with a distinct point in {0,1}°e"l. Taking their convex hull, we get P C R?
such that

p(t mod N) +r3""'g = |P+td| for every t€Z.

Here d = 2n + 2 + [logr] is the dimension, and P has at most 74" vertices. In this
construction, we only need g > |h;;(t)] forall 1 <i<r,1 <j<nand0<j < N. So

g = 2[max |a;;|N + max |§;;|] suffices. We let K = r3""1g.
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Finally, the argument from the proof of Theorem can be applied to P. This gives a

polytope Q@ C R? (with the same number of vertices) and an M € N so that:
p(t)+ K = |P+td] = [(t+M)Q| = fo(t+ M) forevery 0<t<N.

This finishes the proof of Theorem O

9.5. Integer polytopes

While much of this chapter deals with rational polytopes in fixed dimensions, we can ask

similar questions about integer polytopes (polytopes with vertices in Z").

Proposition 9.9. For integer polytopes, the k-ETP problem is polynomial time solvable.

Proof. The Ehrhart polynomial fp(t) of an integer polytope P C R" is a monotone polyno-
mial of degree at most n, see e.g. [Bar08, [BR04]. Since n is fixed, the coefficients of fp(?)
can be computed using Lagrange interpolation. Now apply the binary search to solve the

k-ETP problem from definition. O

Note that this approach also extends to (rational) polytopes P with a fixed denominator,

defined as the smallest ¢ € Z, such that tP is integer.

For POLYTOPE TRANSLATION, we do not know if Theorem continues to hold for

integer polytopes. However, it is not difficult to see that Theorem extends to this setting:

Theorem 9.10. Given an integer polytope P C R® with at most 64 vertices and an integer

N € N, minimizing |P + téy/N| overt € Z is NP-hard.

Sketch of proof. The trapezoids in §9.2.Bl can be reused, with the €’s removed to make all
their vertices integer] A small complication arises for trapezoids of type Fp in Figure [@.2]
because now |Fp+tv] =r'—|(t—1)//3] instead of 7’ — |[t/F]. This is easily circumvented by
considering only ¢ € [0, N) s.t. f 1 t, and thus |(t—1)/5] = [t/5]. The remaining ¢t € [0, N)

5Those ¢’s only mattered in Section[@.3] where we say that small perturbation does not change the number
of integer points in the trapezoids.
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with 3|t can be ignored because they correspond to v = 0 in (9.2)), which can be checked
directly. O

For the special case of integer polygons, the number of integer points vary quite nicely

under translation (cf. [EHI12]).

Proposition 9.11. For every fited m, the POLYTOPE TRANSLATION problem for integer

m-gons can be solved in polynomial time.

Proof. Let Q C R? be an integer m-gon. Then f()\) := |Q + Aéy| is a sum of at most m

terms of the form (ai + b | ¢ )\j), for some a;, b;, ¢; € Q. Then the generating function

Fon(z,w) = 2F T */N)

k=0
can be written in the short GF form (see Chapter [7]). Here 1/N is a small enough refinement
of the unit interval. Then the short GF technique of taking intersections (see Theorem [7.14])
can be applied to Fi y(2,w) to find the minimum of f(k/N) in polynomial time. We omit
the details. O

Curiously, Alhajjar proved in [AIh17, Prop. 4.15], that for every integer polygon Q C R?,

the corresponding maximization problem is trivial:
Q| > |Q+\éy|, forall 0<\<1.

This does not extend to R?, however. For example, take A C R? defined as the convex hull of
points (0,0,0), (1,0,0), (0,1, k) and (1, —1,k). Then |A| = 4, while [A+(1/2,0,0)| = k+1,
which is unbounded.

Finally, let us mention a large body of work on coefficients of the h*-vector for the Ehrhart
polynomials of integer polytopes. This gives further restrictions on the values fo(t) as in

Corollary 0.6l We refer to [Bral6] for a recent survey article and references therein.
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9.6. Final remarks and open problems

9.6.A. Now that PoLYTOPE TRANSLATION is NP-hard, it would be interesting to know
its true complexity. First, it is clearly in PSPACE. Also our proof is robust enough to allow
embedding of general polynomial optimization decision problems (cf. [DHKWO06]). Although
we were unable to find a more general optimization problem that fits our framework, we hope

to return to this in the future.

Note that in computational complexity, counting oracles are extremely powerful, as shown
by Toda’s theorem (see Proposition [.49]). From this point of view, our Theorem is

unsurprising, since it uses a counting oracle in a restricted setting.

9.6.B. In another direction, it would be interesting to see if POLYTOPE TRANSLATION
remains NP-hard in lower dimensions. We believe that dimension 6 is Theorem is not

sharp.

Conjecture 9.12. The POLYTOPE TRANSLATION problem for rational polytopes P C R3

1s NP-hard.

In the plane, the polygon translation problem (with a fixed number of vertices) seem to
have additional structures that prevent it from being computationally hard. In the special
case of rational trapezoids, it can be reduced to a Diophantine approximation problem
of unknown complexity (see the approach in [EHI2]). We conjecture that the polygon

translation problem is intermediate between P and NP.

Similarly, we believe that hardness still holds for much simpler types of polytopes:

Conjecture 9.13. For some fixed n, the POLYTOPE TRANSLATION problem for rational

simplices A C R™ is NP-hard.

By analogy, we believe that Theorem also holds for simplices:

Conjecture 9.14. k-ETP is NP-hard for rational simplices A € R™, for some fixed n.
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A significantly stronger result would be the following:
Conjecture 9.15. The k-FROBENIUS PROBLEM is NP-hard for some fized n.
9.6.C. Corollary is the type of universality result which occasionally arise in discrete
and algebraic geometry (see e.g. §12,13 in [Pak09] and references therein). It would be

interesting to find a simple or more direct proof of this result. In fact, we conjecture that

the dimension bound d = O(logr) is sharp.
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