ON INVARIANT SUBSPACES AND EIGENFUNCTIONS
FOR REGULAR HECKE OPERATORS ON
SPACES OF MULTIPLE THETA CONSTANTS

ANATOLI ANDRIANOV AND FEDOR ANDRIANOV

ABSTRACT. Invariant subspaces and eigenfunctions for regular Hecke operators actinng
on spaces spanned by products of even number of Igusa theta constants with rational
characteristics are constructed. For some of the eigenfunctions of genuses g = 1 and
2, the corresponding zeta functions of Hecke and Andrianov are explicitely calculated.

INTRODUCTION

The Igusa theta constant of genus g € N with characteristic m € Cy, is the
function on the upper half-plane of genus g,

]I-]IQ:{Z:XJriYe(Cf}‘ g — 7, Y>0},
defined by the series

0(Z) = > expmi{(n+m’)Z (n+m')+2(n+m’)'m"},

nezg

where m = (m’,m"”) with m’, m” € C,.
In [AA-FA(04)], assuming that the class number of the quadratic form

Q(X)="XX =27+ + 22 (X = Yz1,...,2,))

is equal to one, we have obtained explicit formulae for images of the products of
even number r of Igusa theta constants with rational characteristics under regular
Hecke operators in the form of linear combinations of similar products. In this paper
we apply the formulae in order to construct invariant subspaces and eigenfunctions
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of regular Hecke operators on spaces spanned by the products. For some of the
eigenfunctions of small genuses we calculate the corresponding zeta functions.
Notation. We reserve the letters N, Z, @, R, and C for the set of positive
rational integers, the ring of rational integers, the field of rational numbers, the
field of real numbers, and the field of complex numbers, respectively. A7 is the set
of all m x n-matrices with entries in a set A, A” = A7, and A,, = Al.
We denote by

E”={Q=(qaﬁ)€Z2 9B = QBa, Goa € 27 (a,ﬁ=1,---,n)}

the set of all even matrices of order n, i.e. the set of mtrices of integral quadratic
forms in n variables q(z1,...,%,) = % > s daBTaZp.

If M is a matrix, ‘M always denotes the transpose of M. We denote through
this work by 1, the unit matrix of order g, and use the matrix notation

. 0 14 (14 O g [alg O
Jg_(_lg 0>7 wg(a)—(o ‘119)7 w(a)—(o ly )’

where a is a scalar and 0 = 04 the zero matrix of order g.

§1. TRANSFORMATIONS OF MULTIPLE THETA CONSTANTS

In this section we remind the basic definitions and transformation formulae for
products of Igusa theta constants, which will be refered as multiple theta constants
or theta products.

Note that if the products AB and BA two matrices A and B are both defined,
then, clearly, the products are square matrices with equal traces. It follows that the
theta constant 0, (Z) with Z € HY and m = (m’,m"”) € (C,4,C,) can be rewritten
in the form

(1.1) O0m(Z) = ) e{Z'(n+m')(n+m')+2m"(n+m)},

neczg
where for a square matrix A we set
(1.2) e{A} = exp(mi-o(A)),

and o(A) denotes the trace of A. It follows that the product of r theta constants
with characteristics mq, ..., m, can be written in the form

(1.3) 02, M) = H Om, (Z)
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- X S )+ 2m) o )}

= > e{Z(N+M)(N+M)+2'M"(N+ M)},
NGZZ

where we set

n; m) m//

/ 12
) M = y and M" =
n, m). m/

N =

A product of the form (1.3) will be called a multiple theta constant of genus g
with the characteristic matriz M = (M', M") or just theta product. It can be also
considered as a theta function of genus g of the quadratic form q,.

The following criterion of the identical vanishing of multiple theta constants is a
direct consequence of the Igusa result on vanishing of theta constants ([Ig(72)], The-
orem 1, p. 174): the theta product with the characteristic matrix M = (M’, M") €

by 18 equal to the constant 0, if and only if there is a row m; = (m}, m}) of M
satisfying

(1.4) 2m; € Zog, 2m)‘m} ¢ Z.

The transformation formulae of multiple theta constants 8(Z, M) with respect
to variable M easily follow from definition (see, for example, [AA-FA(04)], formulae
(2.2), (2,4)). We have

(15) 8(2,UM)=06(Z, M) forevery UeE, ={UeGL,(2) ‘ U =1,},
and
(1.6) 6(Z, M +5)=e{2'9"M'}0(Z, M) forevery S=(5',5")e (Zy, ZY).

As to the variable Z, according to [AA-FA(04)], Lemma 2.1, the product of even
number r = 2k of theta constants satisfies the functional equation

(1.7)  det(CZ + D) *0((AZ + B)(CZ + D)™, M)
= Xr(M)S(M)S(MM)O(Z, MM),
for every matrix M = (é g) of the group

18 @ = {m= (5 D) ez

"MJI,M=J,, B=C =0 (mod 2)},
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where

(1.9) Xr ((é g)) = x5 (det D)

with the nontrivial Dirichlet character yo modulo 4, § is the function of matrices
V= (V' V") e (Cy, C}) defined by

(1.10) S(V)=06(V', V" =e{'M'M"},

and bar denotes complex conjugation.

In order to formulate transformation formulae related to theta products with
rational characteristic matrices, we have to recall some definitions. The connected
component of general real symplectic group of genus g consisting of all real sym-
plectic matrices of order 2¢g with positive multipliers,

(1.11)  GY=GSp}(R) = {M e R3!

MM = p(M)Jy, (M) >0},

where the matrix J,; was defined in Notation, is a real Lie group acting as a group
of analytic automorphisms on the g(g + 1)/2-dimensional open complex variety HY
by the rule

A B

g _
G BM—(C D

) 1 Z— M(Z)=(AZ +B)(CZ+ D)™ (Z W),

Acting on the upper half-plane HY, the group operates also on complex-valued
functions F' on HY by Petersson operators of integral weights k,

A B

g —
(1.12) GaM_(C b

) . F— FlyM =det(CZ 4+ D)"*"F(M (Z)).
The Petersson operators satisfy the rules
(1.13) FlxMM' = (F|pM) |z M’ (M,M' € GY).

For a subgroup Q2 of GY commensurable with the modular group of genus g,

ro={MeG| M Mz}

a character x of €, i.e. a multiplicative homomorphism of §2 into nonzero complex
numbers with the kernel of finite index in €2, and an integral number k, we shall de-
note by M (2, x) the space of all (Siegel) modular forms of weight k and character
X for the group €2, i.e. the space of all complex-valued functions on HY holomorphic
in g(g + 1)/2 complex variables, satisfying the functional equation

(1.14) F|pM = x(M)F

for every matrix M € Q, where | is the Petersson operator of weight k, and regular
at all cusps of Q if g = 1.
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Theorem 1. ([AA — FA(04), Theorem2.2]), the product of even number r = 2k
of theta constants of genus g > 1 with rational characteristic matric M € 1Z§g,
where d € N, satisfies the functional equation

(1.15) 0(Z, M)|xM = xp(M)B(Z, M) VM €T9(d)(T5(2)

where

P9(d) = {M eT9 | M =15, (mod )},

is the principal congruence subgroup of level d of the modular group T'9, T',(2) is
the group (1.8), and where

(1.16) X (M) = xp (M)e{S(M) MM}

with the character x, defined by (1.9) and a symmetric matriz S(M) which can be
written in the form

(B+'B-A'B 'D-AD (A B
(1.17) S<M>_(D—1g—ct3 —C'™D > (M—<c D))'

If the theta product @(Z, M) is not identically zero, then the function xpr :
M — xn (M) is a character of the group I'9(d) (T'§,(2) coinciding on the subgroup
['9(2d?) with the character X.., and the theta product is a modular form of weight k
and character xar for the group T9(d) (N T§,(2),

(1.18) 0(Z, M) € M (T9(d) [\ TH(2)

if moreover d is even, then

(1.19) 0(Z, M) € M (I'9(2d?), 1) = M (I'9(2d?)).

The last inclusion allows one to define the action of Hecke operators on the
multiple theta constants.

We recall first the corresponding definitions. Let A be a multiplicative semigroup
and 2 a subgroup of A. Let us consider the C—linear space of all formal finite linear
combinations with coefficients in C of symbols (2M), where M € A, being in one-
to-one correspondence with left cosets QM of the set A modulo 2, which are
invariant with respect to all right multiplications by elements of (2,

H(Q, A) = He(Q, A)
={T=) a.(QM,) ‘ Tw=> aa(QMow) =T VYw e Q}.

«
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The multiplication of elements

T=> aa(QMo), T' = bs(QNj)) € H(Q, A)
o B

defined by
TT = aabs(QMaNp)
a75

does not depend on the choice of representatives M, € QM, and N3z € QN3 and
turns the linear space H (2, A) into an associative C-algebra with the unity element
(Q1q). The algebra is called the Hecke—Shimura ring or HS—ring of a semigroup
A relative to a subgroup Q@ C A (over the field C) If every double coset QMQ is a
finite union of left cosets QM’, then the linear combinations of the form

(1.20) (M)=M)a= D (QM;) (MeA),
M; eQMQ

being in one-to-one correspondence with double cosets of A modulo €2, belong to
H(S2, A) and form a basis of the ring over C. The symbols (M) and (M) will be
refered as left and double classes of A modulo €2, respectively.

We will be interested in HS-rings H(2, A) of semigroups A contained in the
semigroup

(121)  £9=GY()2% = {M € 7% ‘ MIM = p(M) Ty, (M) > 0},

of intergal symplectic matrices with positive multipliers p(M) relative to congru-
ence subgroups () of the modular group I'Y. An element of such a ring is called
homogeneous of multiplier p if it is a linear combination of left or double classes
consisting of matrices with the same multiplier p.

If
T=> aa(QMa) € H(Q, £9)

and F' is a function contained in the space M (2) = M (€2, 1), then image of the
function under the the action of Hecke operator ||xT of weight k corresponding to
T is defined by

(1.22) FlsT =) aaF|xMa,

where | are the Petersson operators (1.12). It does not depend on the choice of
representatives M, € QM, and again belong to the space My (2). Product of
elements of the HS-ring acts as product of the corresponding operators.



MULTIPLE THETA CONSTANTS 7

Specifically, since in the assumptions of Theorem 1 the theta product 8(Z, M)
belongs to the space My (T'9(2d?)), we will consider the Hecke operators on this
space corresponding to homogeneous elements T' of the ring

(1.23) HI(2d?) = H(TY(2d?), ¥9(2d?)),
where

(1:20)  29(q) = {M € 27 | ged(u(M),) =1, M =w(u(M)) (mod q) |

(see Notation).

Theorem 2. Suppose that an even number r = 2k is such that the class number
h(q,) of the sum of r squares is equal to 1. Let, for g € N, d € 2N, and M € ﬁzgg,
0(Z, M) be the multiple theta product (1.3) of genus g with characteristic matriz M.
Let T be an homogeneous element of the ring HI(2d?) with the multiplier p = u(T)
such that in the case g < k each prime number p entering into the prime numbers
factorization of p in an odd degree satisfies the congruence p =1 (mod 4).

Then the image of the function F = 0(Z, M) under the action of Hecke operator
|&T is again a linear combination of theta products, and the linear combination

can be written in the form

(1.25) 0(Z, M)|yT= > D ,T)8(Z, DMuw,(fi))
DeE\S; (1)

with constant coefficients ¢(D,T), where

(1.26) ﬁng:{Mezgfppzu-h,daD>o}
and
(1.27) El=8/(1)

denote the set of all proper integral similarities of the quadratic form q, with the

multiplier (v and the group of proper units of q,, respectively, matrices wg were

defined in Notation, and where [i € N is an integral inverse of p modulo 2d>.
The coefficients c¢(D,T) satisfy the relations

(1.28) ¢(UDV,T) = ¢(D,T)
jMaHUGGM@)deEEpz&WEZ

@D:u&&.
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Proof. 1t follows from [AA-FA(04)], Theorem 4.1 and Lemma 4.2 that in the as-
sumptions of the theorem formulas (1.25) hold with summation over a set of rep-
resentatives E,\S,(u), where S,(u) is the set of all integral similarities of the
quadratic form q, with the multiplier u. Since, clearly, each coset E,.D with
D € S,(u) contains a representative D’ with positive determinant and the coset
E;' D’ is uniquely determined by the coset E, D, the summation over E,.\S, (1) can
be replaced by the summation over E\S; (). A

§2. COMPUTATION OF COEFFICIENTS

Here we summarize the known results of computations of the coefficients ¢(D, T')
in formulae (1.25). In order to present an intelligible account, we have first to go
into some details concerning Hecke—Shimura rings.

A subgroup €2 of the modular group I'Y is said to be ¢—symmetric if it contains
the principal congruence subgroup of level ¢,

Q5 T9(q) = {M €T?

M =1y, (mod q)} ,

and satisfies the condition Q¥9(q) = ¥9(¢)Q2. For a g—symmetric group Q C I'Y,
the Hecke-Shimura ring H(2, R,(Q2)), where R,(Q) = QX9(q) = £9(¢)12, is called
g—regular HS-ring of Q. According to [An(87), theorems 3.3.3 and 3.3.7], all ¢—
regular HS-rings of given genus g are commutative algebras isomorphic to each
other.

One can show that groups I'9(¢’) as well as groups

(2.1) T4(g) = {M _ (g lB)) €T

C'=0 (mod q)'}

are all g-symmetric, provided that ¢’ and ¢ have the same prime divisors and ¢’
divides ¢, in addition, R,(I'Y(¢")) = ¥9(¢’), and

(2:2) Ry(T§(q)) = %4(d)

- {M _ (é g) € 3 | aed(u(M),¢) =1,C =0 (mod q’)}.
In particular, the rings
(2.3) HE(q) = H(TG(9), Z5(a)), and H(q) = H(I(q), X9(q))

are isomorphic. Moreover, one can show directly from definitions that every map
of the form

(2'4) T= Zaa(rg(Q)Ma> =T = Zaa (FgU)wg(q/)Mawg(q/)il) )
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where ¢’ divides ¢ and [ divides ¢’q, is a homomorphism of the rings

(2.5) HI(q) — HG(1)  (d'lg, Ud'q)

This homomorphism determines isomorphisms of local p-subrings of the correspond-
ing rings generated by double classes whose multipliers are degrees of a prime num-
bers p not dividing ¢,

(2.6) HI(q) — HE (D) (1 d'lg, ld'q)

as well as isomorphism of the subrings generated by such p-subrings.
Further, we remind that the Zharkovskaya map from genus g to genus n,

wor =i Hy(g) — H(q),

where k is an integer, and x a Dirichlet character modulo ¢ satisfying x(—1) =
(—1)%, can be defined in the following way. Let first ¢ > n > 1, and T
YnaaTd(@Ms) € Hi(g). One can assume that each representative M, €
I'?(q)\X2(q) is choosen in the form

/
Ma:(%a IB;O‘> WithDa:(%a 5,,) and D!, € Z.

!/ /
If A, = (io‘ I) and B, = (ia I) with r x r-blocks A/, and B, then
Al B! .
M:x - ( Oa D?‘) = EO(Q)7
and we put

UIT(T) =) aaldet Dy |~*x (| det DY) (TG (@) My,)-

For n = g we set W'(T') = T, and for g < n define ¥}""(T') as an element of the
inverse image (W,°7)~1(T), if T € ;"7 (M (q))-

Finally, for a nonsingular matrix () € E” (see Notation), an integral r X r-matrix
D satisfying the condition det D = +4"/? and such that = *DQD € E", and for
written in the ”"triangular form” element

1= 3 (10 (7 5))) M@ (aaba=t
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where ¢ is the level of @), we define the trigonometric sums I(D,Q,T") by

I(D,Q,T)

= > bg| det Dg|~"/*x5' (| det Dg|)e{u QD] 'Ds Bs},
B; DtDg=0 (mod p)

with e{---} being the exponent (1.2).
In that notation, Theorem 4.1 of [AA-FA(04)] gives the following formula for the
coefficients ¢(D, T):

(2.7) ¢(D,T)=I1(pD™*,Q,, ¥ (T)),

where @, = 2 - 1, is the matrix of quadratic form q, (of level 4), T' is the image of
T under the map (2.5) with ¢ = 2d?, ¢/ = 2, and | = 4, V9"(T) is an image of T
under the Zharkovskaya map W9" = Wi\ with k =r/2 and x = x5,

We remind that the HS-ring H{ (q) is generated over C by the following double
classes of the form (1.20):

(2.8)
T"(p) = (diag(1,.. .,l,p,...,p))rn(q),
—— o’ N —" " 10
n n
TP (p®) = (diag(l,...,1,p,...,p,p2,...,p2,p,...,p))Fn(q) (j=1,...,n),
—— e ——— — "0
n—j j n—j j

where p runs over all prime numbers not dividing ¢ (see [An(87)], Theorem 3.3.23).
The corresponding generators of the ring H"(q) we will denote by

(2.9) T"(p), TT(P?), ..., Th(p?),
respectively. The following proposition summarize all known at present results of

computations of sums (2.6) for the generators (2.8).

Proposition 3. Let QQ be an even positive definite matriz of even order r = 2k,
q the level of Q, and xq the Dirichlet character of the quadratic form with matrix
Q. Then the sums (2.6) for elements T" (p), T, (p?), and T7 (p*) with each prime
number p not dividing q, can be computed by the following formulas:

(2.10) I(D, Q, T"(p))

_ PIo(+ xe)p ), if D € A(Q, p) = Awy(p)A,
0, otherwise;



MULTIPLE THETA CONSTANTS 11

x@@)pt =02 if D e ADI_, (p)A,
(2.11) I(D,Q, T _(p) = ar(p), if D€ A(pl,),

0, otherwise,

where A = A" = GL,.(Z), D'_, ,(p) = diag(1,p,...,p,p?), and
’ ——

r—2

r—r2 p'r’ -1 —r? r
ar(p) = xqo(p)p®+ 2P =1 +p " Plxop)p? - 1);

p—1
—r*/2 if D € A(pl
(2.12) 10, Q. 162 = { ¥ D Alplr),
0 otherwise .

Proof. In [An(91), formula (2.19) and Lemma 5.1] the sums v(Q, D, T') similar
to the sums (3.21) were defined and computed for T = T7(p). In [An(93), §2]
the sums v(Q, D, T) were, in fact, computed for T = T"(p?) = (pl2r)rs(q) and
T =T (p?) (see also [An(87), Lemma 3.3.32] for the presentation of T"_; (p?) used
in [An(93)]). It directly follows from definitions of these sums that I(D, Q, T) =
xo ()" 1 ?y(Q, uD™HT) = p"/?4(Q, uD~',T). The rest is clear. A

Note that the formulae of Proposition 3.4 determine sums I(D, Q, T) for all
generators of the rings Hy(q) and H3(q).
We turn now to concrete formulae for the action on theta products of Hecke
operators corresponding to certain coefficients of the spinor p-polynomials
(2.13) QJ(v) = Z(—l)jqﬁ(p)vj, where m = 29,
j=1

over p-subrings of the rings H9(q) for prime p not dividing ¢ (for the case of
isomorphic rings Hj(q) see, for example, [An(87), (3.3.78)]). The polynomials
present considerable interest because after substituting v = p~° and replacing coef-
ficients by eigenvalues of corresponding Hecke operators acting on an eigenfunction
F € M (I'9(q)) one gets denominators Q,(F, p~°) of p-factor of the spinor Euler
product

(2.14) Z(F, s) = [ Qu(F, p~)~".
plq

relevant to the eigenfunction. For g = 1 it is the Hecke zeta function of the elliptic
modular form F'; for g = 2 the product determines the Andrianov zeta function of
the eigenfunction F' of genus 2.
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We shall restrict ourselves to the action on theta products of Hecke operators
corresponding to the elements qf(p), q?,_,(p), a%,(p), and q3(p). By [An(87),
(3.3.81), (3.3.79), (3.3.80), and Exercise 3.3.38], in the notation (2.9) this coefficients
can be written in the form

(2.15) q(p) = TI(), Qm_1(p) = (PIFV/2)/2D=1pa(p),
1)/2 2\\m /2
q?,(p) = (p? T2 (p?)) /2,

and

(2.16) a3(p) = pTi(p®) + p(p* + 1)T3(p°).

Hence, it will be sufficient to consider the action of operators corresponding to
elements T9(p), TY(p*), and T3 (p?).

First we shall consider the action of the Zharkovskaya map on the corresponding
elements. For brevity we set

(2.17) pln = T (%) = (Plag)rp (g)-

the

Lemma 4. The following formulae hold for the action of the Zharkovskaya map
U= \IIZ:;_I : H2(q) — Mot (q) on some of generators (2.8) for n > 1 and each
prime number p not dividing q :

(2.18) U T (p)) = (14 x(p)p" )T (p);
(2.19) " ([pln) = X(@)p~* [Pln-1;
(2.20) U NI (p%) = X(0)p' TS (0%) + b (P) [Pln—1,

where by (p) = bnkx(p) = XD 2 +x(p)(p — p™* + 1.

Remark 5. The action of the Zharkovskaya map related to the action of Hecke
operators on the spaces M} (q, x) was calculated in [An(87),84.2.4]. However, ap-
plying the results of calculations, one have to take into account that the Hecke oper-
ators defined in [An(87)] by (2.4.11) and (2.4.12) have another normalization than
one we use here and differ from the operators defined in [An(96)] by the equalities
(1.10) with 1 = 0, (2.13), (2.14), and (2.20) with Q = H and P = 0 on homogeneous
elements of multiplicator i by the factor x(u™)p™*—"(+1)/2,
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Proof of the lemma. The formula (2.18) follows from Propositions 4.2.17 and 4.2.18
and formula (4.2.80) of [An(87)] applied to Hecke operators || x(p™)p™F—"(+1/2T7 (p)
(see Remark 5). Formula (2.19) follows by similar arguments from Lemma 3.3.34 of
[An(87)]. As to formula (2.20), the situation is slightly more complicated. First, by
using factorization (3.5.69) of Theorem 3.5.23, formulae (3.5.34), (3.4.15), (3.5.33),
and (3.3.61) of [An(87)], we get the relation

(2.21) T 1 (p®) = —p" [Pl (p) + (0" — 1)[P]n,

where 7 (p) is the first coefficient of the Rankin p-polynomial R} (v) defined by
formulae (3.5.15) and (3.5.16) of [An(87)]. Since u(rf(p)) = 1, it follows from
[An(87)], Theorem 4.2.18 and relation (4.2.82) that

(2.22) U (e (p) = N p) — x(p)p" T = x(p)p"

Since the Zharkovskaya map is a ring homomorphism, formula (2.20) follows from
(2.21), (2.19), (2.22) by an easy computation. A

Proposition 6. In the notation and assumptions of Theorem 2 the image of the
theta product @(Z, M) under the action of Hecke operators ||, T9(p) for every prime
number p not dividing d and satisfying the congruence p =1 (mod 4) if g < k can
be written in the form

(2.23) 0(Z, M)|[xT9(p) =~(g,7) Y.  6(Z DMuwy(p)),
DeEN\ST(p)

where

[0+ x@p N7t ifg <k
v(g, ) = x(p)9p?t/27Re 5 & 1, if g=k;
1925 (1 + x(p)p~), if g >k,

and X = X = X5 is the character of the quadratic form q.
It follows that formulas (1.25) for T = TY9(p) hold with the coefficients

(2.24) (D, T9(p)) = v(g,r) VYD € ST (p).

Proof. By (1.25), (2.7), and (2.15), we have

0(Z, M)k T(p) = > I(pD~',Qn, ¥ (T%(p)))0(Z, DMuw,(p)),
DeE\ST(p)
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where W97 = ¥} is the Zharkovskaya map with character x.
Suppose first that g < r, then iteration of formula (2.18) give us the relation

T

T (p) = 4[] O+ %) T,

Jj=g+1

whence, since in our assumptions the product on the right is not zero, we get

—1
r

wer(rp) = I A+x@pr ™) T70)
Jj=g+1

-1
r

= x(p)"~9pl T2 L TT L+ x(p"7) p T7(p).

Jj=g+1

Note that if D € S (p), i.e. D is an integral matrix of order r = 2k satisfying
‘DD = p-1,, then det D = p* and the matrix pD~' = D is integral. By the theory
of elementary divisors for matrices over Z, we conclude that the matrices D and
17” 0 T ro__
0 plr) A" of the group A" = GL,(Z).
Hence, using the above formulae together with formula (2.11), we obtain

pD~! both belong to the double coset A" (

0(2, M)|[xT?(p) =
k
= x(p)"~9phtla—ng+1)/2 H 14+ x(p

T

x ¢ I @+ x(p) 0(Z, DMw,(p)).
j=g+1 DeE+\s+<p>
Since, clearly,
-1
k
X(p) opF ot ETT(1+ x(p)p ™) (1+ x(p)p"7)
j=1

= x(p)" ¢ p9(gt1)/2=kag o 1 if g = k;
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and x(p) = %1, this proves the formula (2.23) in the case g < r. If ¢ > r, then
similarly, by using repeatedly (2.18), we get

VIr(TI(p) = [T +xwp’ ™) ¢ T7(p)
j=r+1
g—k _
=X(p)? 2 ST A+ x(e)p™) § T (p)-
j=k+1

This together with (2.10) again prove the formulae (2.23). The case g = r directly
follows from (2.10). A

Corollary 7. In the notation and assumptions of Theorem 2 the image of the theta
product 0(Z, M) under the action of Hecke operators ||y T9(p) for a prime number
p not dividing d satisfies the rule

(2.25) 0(Z, M)||xT(p) =0 if g>k and p=3 (mod 4).

Proof. The assertion follows from formula (2.23), because in this case the congru-
ence ‘XX =0 (mod p) has no solutions in integral 7 X r-matrices of rank & modulo
p, and so the set S,.(p) is empty (see, e.g., [An(87)], Corollary A.2.15). A

Proposition 8. In the notation and assumptions of Theorem 2 the image of the
theta product @(Z, M) under the action of Hecke operators ||, T9(p®) for every prime
number p not dividing d can be written in the form

(2.26) 0(Z, M)|xT4(1%) = x(p)?p~"96(Z, Mpuwy(p?)).

It follows that formulas (1.25) for T = T¢(p*) hold with the coefficients

xr(p)9p~*9, for D € Ef(pl,)

(2.27) (D, Tg(P2)) - { 0 for D ¢ Ef(pl,)

Proof. 1t follows from (2.19) that

v ([plg) = (X)) bl = x(p)p " ),

where [p], is the element (2.17) corresponding to Tg(pQ) and y = x,. Hence, by
Theorem 2, formulae (2.7) and (2.12), we can write

0(Z, M)||xT9(p?) = x(p)9p~Fo+2K"~2k 3 8(Z, DMuw,(p?))
DEES\ST (p2) N AT (pl,)
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= X(p)p 902, Mpuwy(p?)).2
Note that the action of the operator [|;T§(p?) can also be directly calculated
on the basis of definitions, which, fortunately, gives the same result. Really, if we
denote by p(p) a matrix of I'Y congruent modulo 2d? to the matrix (p ég ﬁ(l)g >,
then one can take

T9(p*) = (p(P)(Pl2g))pa 202y = (L(2d%) (p(p)(P12y))) ,
and so, by (1.22), (1.12), and (1.7), we have

0(Z, M))|lxT9(p*) = x(7%)p~"6(Z, Mp(p)),

because, clearly, d(M)é(Mp(p)) = 1.

Proposition 9. In the notation and assumptions of Theorem 2 and Proposition 3
the image of the theta product 0(Z, M) with g = 2 and even r > 2 under the action
of Hecke operators ||, T?(p?) can be written for every prime number p not dividing
d in the form

(2.28) 6(Z, M)|[x T3 (p")

= 0" (p) 3 8(2, DM, (p2))+B, (P)0(Z, Mpw, (p?)),
DEEF\(SH(p?) NA™DT_, | (p)AT)
where
0 ifr=2
2 )
Br(p) = p* " . (p) — B r_1 .
X (p)p?~3* (Zi:ol p br—i(p)> , ifr>2

and constants b;(p) were defined in Lemma 4.

It follows that formulas (1.25) for T = T?(p?) hold with the coefficients

P> **xr(p), for D e Sf(p*) A"D;_y,(p)A"
(2.29) (D, Ti(p*) = ¢ Br(p), for D € E} (pl,)

0, in other cases .

Proof. By induction from formulae (2.19) and (2.20) easily follow for 1 < j <r —2
the relations U™~ ([p],) = a’ [p],—; and

7j—1
U (%) = (ap) T2 (%) + o (szbr—i) [Plr—j:
1=0
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where a = X(p)p~*. These relations with j = r — 2 > 1 imply the relation

\IIT’Q (Tf_l(p2) - a_l (szbr—z(p)> [p]r> = (ap)r_sz(p2)'

It follows that we can take
r—1 ‘
UAN(TE(p?)) = (ap)®™" (Tf_l(pz) —a ! <szbr—i(p)> [p]r> :
i=0

Now, by Theorem 2, formula (2.7), and Proposition 3,for r > 2 we obtain

0(Z. M) T3 (p”)
= Y I0DTLQn Y (TE(Y)0(Z, DM, (52)

DeE\ST (p?)

—@P X 0P Qn T )
DEENSH (1)
r—1
—a”! (Zpib”(p)> I(p*D™, Qr, [p]r):|0(Zv DMw,(p?))
=0
i _
= (ap)® P2 x, () > 0(Z, DMw,(p?))
DEEF\(SF () A" DY, , (p)A7)

+ (ap)Q_r (Ozr(p) - a_lp_kr (i:pibr—i(p)>> 0(Z, Mpwr(pé)).
1=0

Substituting here a = X(p)p~* = x,(p)p~* and taking into account that r = 2k
and x,(p) = £1, we obtain the formula (2.28) for r > 2. But if r = 2, then, by the
same reason, we have

0z, M)\ T3(p*)= > Ip*D ', QT (p*)0(Z, DMuw,(p?))
DeE\S} (p2)

= x2(p) > 0(Z, DMws(p?)) + aa(p)B(Z, Mpuws(p?)).
DEEF\(S7 (p2) N A2DZ | (p)A2)
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§3. CONGRUENCE CHARACTERS AND HECKE INVARIANT SUBSPACES

In order to constrict search of invariant subspaces and eigenfunctions of Hecke op-
erators, it turns out to be convenient to pass from the spaces M (¢) = M ('Y (q), 1)
to subspaces of the form M (€2, x) where Q is a subgroup of the modular group
containing I'Y(¢) and x a character of  trivial on I'9(q). Generally speaking, non-
trivial characters of this kind not necessarily exist. But if, for example, the quotient
group Q'\Q, where I'9(q) C ' C €, is Abelian, then a number of such characters
exist and, moreover, since each finite-dimensional complex representation of a finite
Abelian group is fully reducible, we have the direct sum decomposition

(3.1) M () = b @ .
XE€Char(\Q)

where x run through the group Char(Q'\Q2) of characters of the factor group '\
considered as characters of € trivial on €. In this section we consider some interme-
diate subgroups 2, I'Y(¢) C Q C I'Y, with Abelian factor groups I'f (¢)\£2, describe
corresponding characters, and examine their relation with regular Hecke operators.
Then we shall consider characters x s of the form (1.16) and their correlation with
Abelian characters and Hecke operators.

Proposition 10. Let q, ¢’ be positive integers such that q'|q|(¢")? and let d = q/q’.
Then for every g =1,2,... the map

(32)  o: T9¢)3M=1lsy+qW — o(M)=W/dZ3) € (2/dZ),’

is an epimorphism of the group I'9(q") on the additive Abelian group
(3.3) W (d) = {W € (z/dz)}! ‘ WJ=—JW (mod d)}

with the kernel T'9(q), where J = J, is the matriz defined in Notation.

Proof. Each matrix M € I'Y is an integral matrix satisfying the relation
(3.4) MIM = J.

If M € I'Y(¢’), then, by setting in (3.4) M = 1y5 + ¢'W and passing to the
congruence modulo g, we obtain

J=Mloy+¢dW)J(layg +¢W)=J+¢WJ+¢JW (mod q),

whence W.J 4+ JW =0 (mod d). This proves that o(I'9(¢")) € W9(d). It is clear
that o(M) = 0 if and only if M € I'Y(¢). Further, if matrices M = 1, + ¢'W and
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M =1,4¢'W' belong to I'Y(¢’), then MM’ =1, +¢' (W +W') (mod ¢), whence
o(MM') = o(M) + o(M’).

Finally, let us prove that the map o is onto. If W € W9(d) then the matrix
124 + ¢'W belongs to the group

(3.5) Spy(Z/qZ, q")

— {/\/l € (Z/qZ)ij ‘ 'MJIM =J (mod q), M =1y, (mod q’)}.

It is well known that the natural map modulo ¢
I = Spy(Z) — Spy(Z/qZ) = Spe(Z/qZ, 1)

is an epimorphism (see, for example, [An(87), Lemma 3.3.2(1)]). It follows that the
map determines epimorphism

(3.6) I9(q") — Spy(Z/qZ, q')  (d'|q).

Hence there is M € I'9(¢’) with M = 15, + ¢W (mod ¢) and so o(M) =W. A

Now, in the assumptions of the proposition we are going to describe the group
of characters of T'Y(¢’) trivial on I'9(q). We denote by

(3.7) VI(d) = E?9 /dE*

the set of even matrices modulo d of order 2g (see Notation). For V € V9(d), we
define the function V' on matrices M € I'9(¢’) by

A~

(3.8) V(M) =V(ly+¢W)=exp (%U(JWV)) —e{d WV},

Proposition 11. In the notation and assumptions of Proposition 10 and notation
(3.7), (3.8), the map
Vid) sV -V

is an isomorphism of the additive group V9(d) onto the group Char(I'9(¢)\I'Y(¢’))
of all characters of the group I'9(q") trivial on IT'9(q).

Proof. By definition, we can write
(3.9) VM) =e{d " Jo(M)V} (M eT(d))

where ¢ is the map (3.2). If M € T'{(q), we have o(M) = 0 (mod d), whence
V(M) =1 for all V € V9(d). Then, by Proposition 10, it follows that the function
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V is a character of 'Y (¢’) trivial on T'9(q) for every V € V9(d) . It is also clear that
ViV =VV,
It remains to show that each character x €Char(I'9(q")/T'%(q)) has the form

X = V with V € V9 (d). In view of Proposition 10 it is sufficient to prove that each
character of W9(d) has the form

_ 271
(3.10) Wi e{d ' JWV} = exp - Z wi;vig |
1<i<j<2g
where (wj;) = JW and V = (vj;) € V9(d) with vj; = 2v;; and v; = v}; = v;; for
1 <i < j <2g. By the definition of the sets W9(d), we conclude that the map

(3.11) Wi JW = (wy;)

is an isomorphism onto the group of all symmetric matrises of order 2¢g over Z/dZ
which is the direct sum of 2g(2g + 1)/2 = g(2g + 1) copies of the additive group
Z/dZ. Since each character of the last group has the form a — exp(2miab/d), it
follows that each character of W9(d) has the form (3.10). A

Now we shall turn to regular Hecke operators and examine their relations with
the described congruence characters.

Proposition 12. Let §) be a g-symmetric subgroup of I'9, i.e. such that T'9(q) C Q
and Q¥9(q) = X9(q)Q2, and let p be an integer coprime to q. Then the following
statements are true:

(1) The map

1 H= (5 p)- (e ) =W = M

where M denotes the class of M € Q modulo T'9(q) and fi is an inverse of u modulo
q, is an automorphism of the factor group T'9(q)\$2;
(2) For every homogeneous element

T =Y aa(l(9)Ma) € H(q)

with pu(T) = p and every character x of Q trivial on 1'9(q), the Hecke operator

kT : F i FpT = aaFliMa

«
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on the space M (I'9(q)), where |y M are the Petersson operators (1.12), maps the
subspace My (82, x) into the subspace My (2, x|un), where

(3.13) (XIw) (M) = x(M]p) (M e Q).

(3) If in the notation and assumptions of Proposition 11 the character x has the
form x =V, then

(3.14) X =Vip=Vip with V|p = w9 (@)Vw,(w),

An assertion similar to part (2) for the operators ||xT(x) was cited without proof
in [SM-T(93), Lemma 3.1].
Proof. For brevity we set I'9(q) = K. If we take a matrix N' € R(K) = ¥9(q) with
u(N) = pand M € Q, then NM € R(K)Q = QR(K ), whence NM = M/N” with
M’ € Q and N/ € R(K). Passing to congruence modulo ¢, we get

wI (M = M'w9 () (mod q) = M = M|p.

It follows that the image of map (3.12) is contained in Q = I'"(¢)\S. The rest of
assertion (1) is clear.

In order to prove (2), it is sufficient to consider an element 7" of the form (1.20),
ie. T = (N)k with N € %9(q) and pu(N) = p. If (M)x = >2;(KN;) with
N, € R(K), then, by [An(87), Theorem 3.3.3(4)], we get decomposition (N)q =
> (QNj). It follows that for each M € Q we have N M = MjNj/, where j — j'
is a permutation. Passing as above to congruences modulo ¢, we conclude that
/T/; = M|p, where p = p(N). Hence, for F' € 90,(12, x) we we obtain

FlleN)eM =D FRNM =Y Fl M NG = x (M) Flle (V) k-
J J
Finally, the map x — x|u defined by (3.12) and (3.13), clearly, replaces a cha-
racter V' of the form (3.8) by the character V|T', given by

(V) (M) = V(w9 (1) Mw? (F)
=e{d ' Jw (oM)W (m)V}) = e {d™ Jo(M)wI () Vwy (1) } .

Now, let us turn to the characters x s of the form (1.16). According to Theorem
1, if d is an even common denominator of the entries of M, then x,; is a character
of the group I'9(d) trivial on the subgroup I'9(2d?). If g > 1 the factor group
['9(2d*)\I'(d) is non-Abelian ([SM-T(93)], Proposition 11), and so we can not
directly apply Proposition . However, the two consecutive factor groups of the

sequence
I'9(2d%) c T9(2d) C T9(d)

are Abelian, which will allow us to apply Proposition 11 in two steps.
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Proposition 13. Let xpr and xn be two characters of the group I'9(d) of the form
(1.16), where M, N € %Zgg with even r and d.
If the matrices M and N satisfy the condition

1
(3.15) ‘MM — 'NN € EEZQ,

then the corresponding characters are equal,
xu(M)=xn(M) YM eTl(d).

Conversely, if the characters are equal and d = 0 (mod 4), then the matrices M
and N satisty the condition (3.15).

Proof. We start with preliminary remarks on the matrices M and S(M). First of

/ /
all, we note that for M =155 + M’ =15, + (é, g,) € I'Y(d) we can write
(B 1,-A\_[((A-1)'B (A-1,)%D -1,
S(M)_(D—l —C )‘( C'B CH{D —1,)
g g
B/ _A/ Al tB/ Al tD/ Al tB/ Al tD/
(316) = (D/ _Cl> - (Cl tR/ o4 tD/> = M/J - (Cl R’ C’ tD/)

where the first matrix is divisible by d and, by (3.3), is symmetric modulo d?, and
the second matrix is divisible by d?.
It follows from (1.16) that

(3.17) Xm(M)/xn(M) = e{S(M)L},

where L = INN — M M.
Now, if the condition (3.15) is fulfilled, that is the matrix dL is even, then the

matrix
o A/ tB/ Al tD/ 1 Al tB/ Al tD/
d C/ tB/ C/ tD/ L= E C/ tB/ Cl tD/ dL

is integral and divisible by 2. Hence, the quotient (3.17) with S(M) taken in the
form (3.16) is equal to e{M’JL}. Since the matrix M’J is symmetric modulo d?,
the integral matrix %./\/l’ J is symmetric modulo 2. Hence, the trace of the matrix
LM’ JdL is an even integer and the quotient (3.17) is equal to 1.

Conversely, if the quotient is equal to 1 for all M € T'9(d), it is true for all
M € T'9(2d). But if M € T'9(2d), the matrix M’ is divisible by 2d. Hence the
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A/ tB/ A/ tD/
C/ tB/ Cl tD/
for M € T9(2d) is equal to e{M’'JL} = e{(M’/2).J/(2d*L)} with an even matrix
2d%L. By applying Proposition 11 to the quotient group I'9(q)\I'Y(¢’) with ¢ = 2d?
and ¢’ = 2d, we conclude that the character of the group given by

matrix ( ) L is integral and divisible by 4, and so the quotient (3.17)

Mo e{é(M’/Z)J@dQL)} _ e{é{Jp(M)J(QdQL)J_l}

can be trivial only if the matrix J(2d*L).J ! is contained in dE?9, that is L € -5 E29,
since clearly J~1E29J = 'JE?9J = E?9. Now, for M € I'Y(d), the matrix

Al tBI AI tD/ 1 AI tB/ A/ tD/
(Cl tB/ C/ tD/) L= 2_d (Cl tB/ Cl tD/) 2dL

is integral and divisible by 2, since we have supposed that d is divisible by 4.
It follows that the quotient (3.19), for M € I'Y(d), is equal to e{M'JL} =
e{5(M’/d)J2dL} with an even matrix 2dL. By applying again Proposition 11
to the quotient group I'Y(¢)\I'Y(¢’) this time with ¢ = 2d and ¢’ = d, we similarly
conclude that the quotient (3.19) can be trivial only if 2dL € 2E9. A

It looks likely that the condition d = 0 (mod 4) in the second part of the propo-
sition can be omitted, but we could not prove it.
Finally, we shall consider relations of the characters x s with Hecke operators.

Proposition 14. Let M = (M', M") € %Zgg with even d and r = 2k, and let
T € H9(2d?) be an homogeneous element with u(T) = u. Then the Hecke operator
|xT on the space My, (T9(2d?)) maps the subspace M (T9(d), xar) into the subspace
M (T9(d), xn|p) with the character x| of the form

(318)  (xwmlw)(M) = xr (M)e{S(M)wy (ii) MMw?(n)} (M eT9(d)),

where [i is an inverse of i modulo 2d>.
The conditions

1
(3.19) (w—1)'M'M, (u—1)'M"M" € EEQ

are sufficient for the equality X nrlpe = Xar of the characters; if d is divisible by 4,
then the conditions (3.19) are also necessary for the equality.

Proof. By Proposition 12, we have

Ocar 1) (M) = xr (M)e{ S(w? () Mw? (ji)) ‘M M}
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It M= <é IB;), then, by (3.12), w9(u)Mw? (1) = (l{é ﬂDB), whence, by
(1.17), we obtain
(3.20)  S(w?(p)Mw?())
B+'B-A'BY D-1,-C'B ~
= (MR AT P S ) —erts My i

The formula (3.18) follows.
By (3.18) and Proposition 13, the condition

— M M ~ _1\tAS AT
wg(p)tMng(ﬁ)—tMM:<(M D)'MM (i 1)MM) iz

0 (/7 _ 1) N M _]E29~

is sufficient for equality of the characters, and it is also necessary for the equality
if d is divisible by 4. The proposition follows. A

Proposition 14 shows that in search of nonzero eigenfunctions for all regular
Hecke operators on spaces MMy (I'9(d), xar) one can restrict oneself, at least when
d is divisible by 4, to the case of characters xj; with matrices M satisfying the
conditions (3.19) for all y coprime to d. Further reduction is related to an action
of the multiplicative group (Z/qZ)* of the ring Z/qZ on spaces of modular forms
for I'9(q). Let us set

aly 0

(3.21) D9(q) = {d(a) el |d(a) = ( 0 a_119> (mod q), gcd(a,q) = 1}.

D9(q) is, clearly, a subgroup of I'Y containing I'?(q) as a normal subgroup, and
the factor group D9(q)/T'%(q) is isomorphic to the multiplicative group (Z/qZ)*.

We shall denote by d(a) = d(a) the class of d(a) € D9(q) in the factor group. It
depends only on the class a of @ modulo ¢q. Operators ||xd(a) = ||xd(a) define an
multiplicative action of the factor group on modular forms of weight £ for the group

I'9(q).

Proposition 15. Let M = (M',M") € %Zgg, where d and r = 2k are even, be a

matriz satisfying the conditions (3.19) for all u coprime to d. Then each operator
|kd(a) = ||xd(a) with d(a) € DI(2d?) on the space My (T9(2d?)) maps the subspace
M. (T9(d), xnr) into itself.

Proof. If F € M, (I'9(d), x), then, by (1.13) and (1.14),

Flrd(a)|lrd(a~")Md(a) = x(M)Fl|rd(a) (M € T9(d)),
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hence F|pd(a) € M, (I'9(d), x') with x/(
the character x = x s, since, for M = ( )

2
(aéC “DB) (mod 2d?),

d(a)Md(a=1)). Applying it to

A B _
M':d(a)(c D)d(a D
we get, by Proposition 12, the relation

Xar(M) = xar (M) = xr (M)e{S(M') MM}
= X (M)e{S(w (a®) Mw? (a2)) MM},
where a is an inverse of a modulo 2d?. By (3.20) and (3.19), the last expression is
equal to x,(M)e{S(M)w,y(a?) ' MMwI(a?)} = xmu(M). A

The proposition implies that the group (Z/2d?Z)* acts by operators ||pd(a) with
d(a) € D9(2d?) on every space M (T'9(d), xar), where M satisfies assumptions of
the lemma. It follows that each such space is the direct sum

(3.23) My (9 (d), xm) = ) My (I9(d), xnm5 ),
YeChar(Z/2d?7)*

where 1 ranges through the group of characters of the group (Z/2d*Z)*, of the
subspaces

(3.24) My (I9(d), xa15 )
= {F € Mu(T?(d), xnr) | Fllwd(a) = v(a)F  (d(a) € D9(2d%))},

and the map

(3.25) Mp(T9(d), xar) > F > > (a)F||rd(a)
a€(Z/2d27)*

is projection of the space on the subspace 9, (I'9(d), xar; V).

Proposition 16. FEach operator ||xd(a) with d(a) € D9(2d?) on the space My, (T9(2d?))
commutes with each of the reqular Hecke operators for I'9(2d?).

Proof. Tt is sufficient to consider Hecke operators corresponding to elements T =
(M)gq of the form (1.20) with M € £9(q), where ¢ = 2d* and 2 = I'Y(q). We note
that the matrix D(a) = ad(a) belongs to ¥9(q) and satisfies Q2D (a)Q = QD(a).
Since the ring H9(q) is commutative, we have (M)q(D(a))q = (D(a))o(M)q. It
follows that || T||xD(a)q = ||sD(a)a||xT. Since, clearly, ||xD(a)q = a=*9| 4(a), the
proposition follows. A

The above propositions imply the following theorem.
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Theorem 17. For every matriz M = (M',M") € 575, where d and r = 2k are

even, satisfying the conditions (3.19) for all u coprime to d, and every character ¢ of
the group (Z/2d*Z)*, the subspace My (T9(d), Xar; ¥) C Mi(T9(2d?)) is invariant
with respect to all regular Hecke operators for the group T'9(2d?).

The following lemma allows us to relate theta products to decompositions (3.23).

Lemma 18. Let M = (M',M") € 17, where d and r = 2k are even, be a matriz

satisfying the conditions (3.20). Then
(3:26)  O(Z, M)|rd(b) = x3° (0)8(Z, (bM',bM"))  (ged(b,d) = 1),

where b is an inverse of b modulo 2d?.

Proof. By (1.7), we have

0(Z, M)||rd(b) = x-(d(b))d(M)6(Md(b))8(Z, Md(b)).

By (1.9), we can write X, (d(b)) = x2(b) " = x59(b). Since

bl
Md(b) = (M', M") s 0 +2d*N
0 b1,
with an integral matrix N, from (1.10) we easily obtain equalities d(Md(b)) =
S(bM',bM") = 6(M), and from (1.6) the relation 8(Z, Md(b)) = 0(Z, (bM',bM")).
The relations (3.26) follows. A

It follows from the lemma that, for each character v € Char(Z/2d*Z)*, the
projection (3.25) of the theta product §(Z, M) can be written in the form

(3.27) 0(Z, M; )= Y ()" (@f(Z, (aM',aM")).

a€(Z/2d?Z)*

§4. REPRESENTATIONS OF CONGRUENCE
SIMILARITY GROUPS AND HECKE EIGENFUNCTIONS

According to Theorem 2, the image of a theta product §(Z, M) under the action
of Hecke operator ||, corresponding to regular homogeneous T € H9(2d?) with
multiplier ;¢(7") = p is a linear combination of theta products 8(Z, DMw, (1)) with
D contained in the set S (1) of proper integral similarities of q,, with multiplier p.
Unions of the similarity sets with multipliers prime to an integer d,

(4.1) S\ d] = U  siw),

n€eEN,ged(p,d)=1
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is a multiplicative semigroup, and it makes sense to consider action of the semi-
groups in appropriate abstract setting. For fixed d, g, r € N, let us denote by
V(d) = V3,(d) the C-linear space of all complex-valued function F' on the set %ZS g
satisfying for every M = (M', M) € (%Zg, éZg) the conditions

(4.2) F(M+S)=e{2'S"M'}F(M) foreach S=(5',5")e (Zy, Zy),

and by F(d) = F3,(d) the subspace of all functions of F' € V(d) satisfying the
conditions

(4.3)  F(UM)=F(M) foreach UeE'= {U e SL.(2) ’ YU = 1r} .

The conditions (4.2) imply that each function F' of V(d) is uniquelly determined
by its values on the finite set of all r x 2g-matrices M = (m;;) with entries of
the form m;; = a;;/d, where a;; are integral numbers satisfying 0 < a;; < d.
Therefore, the space F(d) is finite-dimentional. According to relations (1.5) and
(1.6), the theta products §(Z, M) with fixed Z € HY and characteristic matrices
M € ézgg can be considered as elements of the subspace F3,(d). For a matrix
D € §;[d], we define the operator oD on functions F : 375, +— C by

(4.4) oD : F  (F o D)(M) = F(DMu,(fi))

where [ is an integral inverse of u modulo d?.

Lemma 19. IfF € V(d) = V5,(d) and D € S} [d], then the function FoD depends
only on D modulo d* and again belongs to V(d).

Proof. If D1 € ST[d], and D; = D (mod d?), then clearly u; = pu(Dy) = p = )
(mod d?) and i3 = i (mod d?). It follows that matrix DqMw,(f11) — DMw,(g)
integral and divisible by d, hence, by (4.2), (F o D1)(M) = (FoD)(M). If S =
(8',8") € (23, Zy), then we have

(FoD)M+S)=F(DM',iDM")+ (DS’,iDS"))
=e{20'S"'DDM'YF((DM',zDM")) = e{2'S"M'}(F o D)(M). A

From the lemma we conclude that each operator oD on the space V(d) does
not depend on the choice of the inverse ji, maps the space into itself, and that
the mapping D +— oD defines a linear representation of the semigroup S [d], on
the space V(d). Moreover, the subspace F(d) C V(d) can be characterized as
the subspace of all Ef-invariant functions of V(d). Therefore, according to the
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general scheme of definition of Hecke operators, we can define the standard linear
representation of the Hecke-Shimura ring

o =HE, 5[d)

of the semigroup S;F[d] relative to the subgroup E (over C) on the space F(d) by
means of Hecke operators:

(45)  t=> aa(E.Do) € Ly F(M)— (Fot)(M) = as(F o Da)(M).

«

Coming back to formulas of Theorem 2, we can now rewrite the right hand side
of formula (1.25) in the terms of Hecke operators (4.5). Note, first of all, that, by
Lemma 19, the inverse fi of ;1 modulo 2d? in Theorem 2 can be relaced by arbitrary
inverse of y modulo d?. Since, by (1.28), the coefficients ¢(D,T) on the right-hand
side of formula (1.25) depend only on the double coset E;f DE;", one can write

r

> oD, T)80(Z, DMuw, (1))
DeEN\SS (n)

— > o(D,T) > 0(Z, M) o D,,

DeE\S (n)/Ef D.cE\E} DE;}

where operators oD, on the right affect only argument M of the theta product. In
the terms of Hecke operators (4.5) one can write

(4.6) > 0(Z, M) oD, =0(Z, M)o (D),
Do €EF\E! DE
where
(D) = (D)g+ = > (ETD.) € L
Dy, €ET\E+DE+

with ET = E; are elements of the form (1.20) corresponding to double cosets
E+TDE™T. Therefore, the formula (1.25) takes the shape

(4.7) 0(Z, M)||,T = > ¢(D, T)8(Z, M) o (D).
DEEN\ST (n)/BEF

Note that Hecke operators in two parts of this relation affects different arguments
of the theta product.

All matrices of the semigroup S;F[d] considered modulo the equivalence relation
D’ = D (mod q) with a fixed ¢ € N dividing a power of d form, obviously, finite
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congruence similarity group S;F[d]/(q) which can be considered as the homomorphic
image of S;'[d] under the map D — D modulo ¢. In this case the group E; goes
to the factor group

(4.8) Ef/(q)=E./{DeE | D=1, (modq)}.

Let £5/(q) = H(ET/(q), S;[d]/(q)) be the HS-ring of pair Ef/(q), S;[d]/(q).
Since the semigroup S;7[d]/(q) is finite, the ring £7/(q) is a finite-dimensional C—
algebra. The map D — D modulo ¢ defines, clearly, an epimorphism of the rings

(4.9) /(q) = Lo Lg/(q)-

Since, by Lemma 19, the operators (4.4) on spaces V(d) depend only on D modulo
d?, each of the Hecke operators (4.6) depends in fact only on the image (D)/(d?)
of the element (D) under the map (4.9) with ¢ = d*:

Fo(D)=Fo(D)/(d®) VF €V(d);
in particular,
(4.10) 0(Z, M)o(D)=6(Z, M)o (D)/(d?).

The formulas (4.7) and (4.10) show that the theta product §(Z, M) is an eigen-
function of the Hecke operator ||T" if the function M — F(M) = 0(Z, M) is an
eigenfunction for every Hecke operator o(D)/(d?) with (D)/(d?) € S[d]/(d?). Re-
turning for a moment to the situation of a general HS-ring H = H(Q2, A) of a
semigroup A relative a subgroup 2, we note that the left multiplication of elements
of the space C consisting of all finite formal linear combinations (over C) of left
cosets of A modulo €2 by elements of H given by

D aa(QMa) ) “b(QNg) = aabs(QMaNg)
o 3

a’ﬁ

) aa(QM,) € H, > bs(QN5) €C)
a B

is independent of the choice of representatives M, € QM,, Nz € (2Ng, satisfies
(TT')L =T(T'L) for all T, T" € H and L € C, and so defines a representation of
the ring H on the space C. In the case of the ring H = £7/(d?) the corresponding
space of left cosets

> bs(Ef/(d%) - Ds/(d*) | bs € C
E

is finite-dimensional, and so we get a finite-dimensional representation of the ring

L3/ (d?).
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Lemma 20. Let n(D) be a function on the semigroup S;I[d] depending only on the
left coset B /(d?)-D/(d?) of D in S;F[d]/(d?). Suppose that the linear combination
of left cosets

(4.11) o(n) = > n(D)(Ef/(d*) - Ds/(d)),

D/(d?)€E]/(d2)\S;F [d]/(d?)

where n(D) is the complex conjugate of n(D), is an eigenfunction with respect to
all left multiplications by elements of L7/(d?), in particular,

(D/(d*))a(n) = X(D; ) (n).

Then in the assumptions and notation of Theorem 2 the linear combination of theta
products

(4.12) 0(Z, M; n) = (2. M) o o(y) = ) n(D)8(Z, M) o D
D/(d?)eEL /(d*)\S}[d]/(d?)

is an eigenfunction for the Hecke operator || T with the eigenvalue

(4.13) AT n) = > oD, T)AD; ).
DeE\S} (n)/EF

Proof. By (4.12) and (4.7), we have

0(Z, M; n)||xT > (D, T)8(Z, M) o (D) o o (n)
DEE\ST (u) /B

= > (D, TYX(D; n)8(Z, M) o o(n)
DeE\S} (n)/EF

which proves the lemma. A

In order to illustrate applications of the above techniques, we consider in more
detais the simplest case when r = 2.

The following statements on proper similarities of the quadratic form qo = 23 +23
are easy and direct consequences of definitions:

oe=mi={(9) (0 5) (5 0) (o))

@)D= (0 h) 8t - abez a4~ (cd) = (-ba)

b
d
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(iii). The mapping

S=8[d>D= (Z i) —&(D)=a+V-1be O =Z]v-1]
is an isomorphism of the group & onto the subsemigroup Oy of Gauss integers
coprime to d;

(iv). Each double coset EDE C S consists of a single left coset; if p is a prime

number satisfying p = 1 (mod 4), then the set SJ (p) is the union of two different
cosets ED(p)€ = ED(p) and ED'(p)E = ED’(p), where

(4.14) D(p):(_ab 2) D'(p):(z _ab) with a,b € Z, a® + b% = p,

but if p is a prime number satisfying p = 3 (mod 4), then the set SJ (p) is empty;
(v). The mapping
(ED) = &(ED) = £(D)Oyay,

extended by linearity on the HS-ring £ = £2 = H(E, S), is an isomorphism of the
ring onto the semigroup ring C[1(Oyq))] of the semigroup I(Oyq)) = Ofy /{+1, +v/—1}
of all nonzero ideals of Oq;.

(vi). The mapping (£D)/(q) — &(D)O4q/qO\q), where g € N divide a power of d,
defines an isomorphism of the ring £/(q) with the ring of formal linear combinations
of ideal classes of Ojg modulo the equivalence relation aOjg ~ B0|q (mod q) if
a = ¢ (mod q) with a unit € = 1, +v/—1. The ideal classes form a finite Abelian
group, the class group H(I(Oq/q)), and the ring of formal linear combinations
of the classes is just the group algebra of the class group (over C). From these
observations and Lemma 20 we obtain the following proposition.

Proposition 21. Let 1) be a character of the ideal class group H(I(Oq/d?)) ea-
tended on S. Then the linear combination (4.11) satisfies the condition of Lemma
20 with

AD; n) =n(D) (D €S),

and, in the assumptions and notation of Theorem 2, the linear combination (Z, M; n)
of theta products of the form (4.12) is an eigenfunction of the Hecke operator ||, T
with the eigenvalue

(4.15) NTim)= ). oD, T)n(D).
(D)EH(Oq/d?)

Now, we are able to compute the Euler products (2.14) corresponding to the
eigenfunction 8(Z, M; n) for g =1 and g = 2.
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Proposition 22. Let F = 0(Z, M;n) € My (I'1(2d?)) be a linear combination
of theta products of the form (4.12) with r = 2 and g = 1, where 1 is choosen
as indicated in Proposition 21. Then, in the assumptions of Theorem 2, F is an

eigenfunction for all Hecke operators corresponding to elements of the HS-ring
H(2d?); Hecke zeta function of F has the form

Z(F, )= [[ Q@F p*)",

prime ptd
where

_ [ A =n(DpE)v)(A =n(D'(p))v), ifp=1 (mod 4)
(4.16) QplF ) = { 1 —n(pla)v?, if p=3 (mod 4),
and D(p) and D'(p) are the matrices (4.14).

Proof. Tt follows from Proposition 21 and Lemma 20 that F' is an eigenfunction of
all Hecke operators ||;T" for homogeneous T' € H!(2d?) with the eigenvalues

(4.17) \(T; ) = > e(D, T)n(D).
DEEF\ST (u(T))/ES

For T'= T!(p) = qi (p), by (2.15),Proposition 6, and (iv), the formula (4.17) implies
the relatons

n(D(p)) +n(D'(p)), ifp=1 (mod 4)
0, if p=3 (mod 4).

Similarly, by (4.16), (2.15), and Proposition 8, we obtain

Mas(p), m) = pA(T1(p%)) = x2(p)n(pla).

—1

Since x2(p) = (—1)"z, and

n(D(p))n(D’'(p)) = n(D(p)D'(p)) = n(pls),

the formulas (4.16) follow. A

Proposition 23. Let G = 0(Z, M; n) € M1 (%(2d?)) be a linear combination
of theta products of the form (4.12) with r = 2 and g = 2, where n is choosen as
indicated in Proposition 22. Then, in assumptions and notation of Theorem 2, G is



MULTIPLE THETA CONSTANTS 33

an eigenfunction for all Hecke operators corresponding to elements of the HS-ring
H?(2d?); Andrianov zeta function of G has the form

Z(G, s)= [] QG p )",

prime pfd
where

(4.18)  Q,(G,v) =
{ (1 =n(D(p))v)(L —n(D'(p))v)(1 = n(D(p))pv)(1 — n(D'(p))pv),if p=1 (mod 4),
(1 —n(pla)v®)(1 — n(pla)p*v?), if p= —1 (mod 4),

and D(p) and D'(p) are the matrices (4.14).

Proof. 1t again follows from Proposition 21 and Lemma 20 that F' is an eigenfunc-
tion of all Hecke operators ||;7 for homogeneous T € H?(2d?) with the eigenvalues

(4.19) MT; 1) = > e(D, T)n(D).
DEEJ\ST (u(T))/ES

For T = T?(p) = q3(p), by (2.15),Proposition 6, and (iv), the formula (4.18) implies
the relatons

Ma2(p), ) = { (L +p)((D(p) +n(D'(p))), ifp=1 (mod 4)

0, if p=3 (mod 4).

By (2.16), (2.29), and (2.27), we have

x2(P)p, if D € 83 (p?) N A2DE 1 (p)A?,
(D, 43(p)) = § x2(p)p® + (x2(p) + Dp + x2(p), if D € Ef (pla),
0, otherwise,

where A2 = GLy(Z). Tt is easy to see that the intersection S5 (p?) N A?Dg | (p)A? is

the union of two different double cosets EJ D(p)?EJ and E5 D’ (p)?Ej7, if x2(p) = 1,
i.e. p=1 (mod 4), and is empty, otherwise. Therefore, we obtain

a3 (), n) = pn(D(P)?) + pn(D' (»)?) + (p + 1)*n(pla),

if p=1 (mod 4), and
A3 (p) = —(p* + Dn(pla),
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if p=3 (mod 4). Further, by (2.15), (2.24), and (2.27), we get

Aa3(p), n) = Ap*T5(p)ai(p), n)
= p’X(T3(p%), mA(ai(p), n) = pn(pl2)A(ai(p), n).

Finally, by (2.15) and (2.27), we conclude
Adi(p), n) = AP°T3(p?), 1)? = p*n(p*1a).

The formulas (4.20) follow. A

Note that the zeta functions of eigenfunctions F' and G considered in last two
propositions for the same character 7 satisfy the relation

Z(G, s)=Z(F, s)Z(F, s—1).

The next and even more interesting case is, of course, the case r =4 and g = 2,
but to consider it one has first to sink into the depth of arithmetic of quaternions.
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