HOMEWORK 4

1. Let M, M" and N be finitely generated modules over a Dedekind ring such
that M & N ~ M’ & N. Prove that M ~ M’.

2. Let M be a nonzero torsion free module over a Dedekind ring R and I C R
an ideal. Show that there is an injective R-module homomorphism I — M.

3. Let I be a nonzero ideal of a Dedekind ring R. Prove that I @ [~ ~ R2
Deduce that [ is generated by two elements.

4. Let I be a nonzero ideal of a Dedekind ring R. Prove that I~ ~ Hompg(/, R).

5. Let My, My, ..., M, be (left) R-modules and M = M; & My @ --- & M,,.
Prove that the ring Endg (M) is isomorphic to the ring of n x n matrices (f;;)
with fij S HOII]R(Mj, Mz)

6. Let R be a ring. Show that every (left) R-module is free if and only if R is
a division ring.

7. Let R be aring, S = M,(R). We view R" as a left S-module. Prove that
every S-module endomorphism f of R" is of the form f(z) = za for some fixed
a € R. Deduce that Endg(R") ~ R°.

8. Let V be a finite dimensional left D-module over a division ring D. Prove
that the ring Endp (V) is simple and semisimple.

9. Let V be a finite dimensional left D-module over a division ring D and
W C V' asubmodule. Prove that

Homp(V, W) ~ {f € Endp(V) such that Im(f)C W}

is a right ideal in Endp (V). Prove that every right ideal in Endp(V') is equal
to Homp(V, W) for a unique submodule W C V.

10. Let D be a division ring. Prove that the center of D is a subfield of D.



