HOMEWORK 2

1. Let V be a vector space and let &y : V — V** be the canonical
linear map. Let T': V' — W be a linear map. Prove that the diagram

Oy

Vv

Dy

WHW**

is commutative, i.e., the compositions ®y, o T and T7* o Py, coincide.

V**

2. Let Wy, Wy, ..., W, be subspaces of a vector space V. For every
i=1,2,...,n,let Z; be the subspace Wi +---+W, 1+ W, 1+---+W,
of V. Prove that the sum Wy + Wy + --- 4+ W, is direct if and only if
W; N Z; = {0} for every i.

3. Let V1,V5, ..., V, be vector spaces over a field F. Prove that the
component-wise addition and scalar multiplication makes the product
V=V xVyx-.-xV, avector space over F. For every:1=1,2,...,n,
let W; be the subspace of V.= V; x V5 x --- x V,, consisting of all
tuples (v, vs,...,v,) such that v; = 0 for all j # i. Prove that V =
WieoW,®---aW,.

4. Let Wi, Wy, ..., W, be subspaces of a vector space V such that
V=WwWiaeW, & ---aW,. LetT, : W, - Z be linear maps, i =
1,2,...,n. Prove that there is a unique linear map 7 : V — Z such
that T'(wy + wy + -+ + wy) = Ti(wy) + To(wy) + -+ + Ty, (w,,) for all
w; € VVz

5. Let V' be a finite dimensional vector space and W C V a subspace.
Prove that there is a subspace W’ C V such that V =W @ W".

6. Let V=W, + Wy and W = W; N Ws,. Prove that
VIW = (W /W) & (Wy/W).

7. Let W and W’ be subspaces of a vector space V such that V =
W @ W'. Prove that the vector spaces V/W and W’ are isomorphic.

8. Let V be a vector space, W C V a subspace and vy, vs,...,v, €
V. Prove that if vy, vs,...,0, € V/W are linearly independent, then
vy, Vs, ..., 0, are linearly independent in V.

9. Let V' be a vector space and W C V a subspace. Prove that the
map T : V — V/W defined by T'(v) = v is linear. Determine N(7T')
and R(T).

10. Let T': V. — V' be a linear map. Prove that the spaces V/N(T)

and R(T') are isomorphic.
1



