HOMEWORK 8

1. Let V be an inner product space. Show that |[v + w||? + |[v — w|]? =
2[|v||* + 2[|w]||? for all v,w € V.

2. Prove that B(X,Y) = det(X +Y) — det(X) — det(Y) is a bilinear form
on Msyo(R). Is B an inner product?

3. Let V be an inner product space and v,w € V. Prove that |(v,w)| =
l|v]| - [|w|| if and only if one of the vectors v or w is a multiple of the other.

4. Let V be an inner product space and v,w € V. Prove that |(||v||—||w]||)| <
v = wl].

5. Apply the Gram-Schmidt process to the subset {(1,0,1),(0,1,1),(1,3,3)}
of R3.

6. Let S = {(1,0,4),(1,2,1)} in C3. Find a basis for S*.

7. Let V be an inner product space and W a finite dimensional subspace of
V. Prove that (W+)+ =W,

8. Let W and W5 be subspaces of a finite dimensional inner product space V.
Prove that (W, +Wy)t = (W)= N (Wy)+ and (W NWy)t = (W) + (W)L
9. Let V be an inner product space and W a finite dimensional subspace of

V. Prove that V=W @ W+.

10(*). Let V be a real inner product space and S = {vy,va,...,v,} C V.
Prove that S is linearly independent if and only if the determinant of the
matrix

(v1,v1) (v, v2) (vi,v3) ... (V1,Un_1) (v1,vp)
(v, v71) (v, v9) (vo,v3) ... (V2 Up_1) (v9, vp)
(v, v1) (v, v9) (v3,v3) ... (U3, Up_1) (v3, V)
W1 01) (Wt 09) (U1 08) —er (1t} (U, )
(U, V1) (U, v2) (Un,v3) ... (Up,Un_1) (Un, Up)

1S nonzero.



