HOMEWORK 5

1. Let T:V — W and U : W — Z be linear maps. Prove that (U o T)* =
T* o U*.
2. Let T : V — W be a linear map of finite dimensional vector spaces. Let

w1 :V = V*and g : W — W™ be canonical isomorphisms. Prove that
T* o) = pg o T, where T** = (T™)* is the linear map from V** to W**.

3. For a subspace W of a vector space V' define

Wo={feV*| flv)=0 forall veW}.
Show that TW? is a subspace of V* and prove that dim(WW) + dim(W°) =
dim (V).
4. For subspaces W; and W5 of a finite dimensional vector space V' show
that (Wl + WQ)O = (Wl)o N (WQ)O and (Wl N W2)0 = (Wl)o -+ (Wg)o.

5. Let T': V — W be a linear map of finite dimensional vector spaces. Prove
that T is surjective (respectively, injective) if and only if 7™ is injective
(respectively, surjective).

6. Prove that a matrix A € M,,.,(F') is invertible if and only if rank(A) = n.
7. Let A, B € M,xn(F). Prove that rank(A + B) < rank(A) + rank(B).

8. Let A € M,xn(F) be a matrix with rank(A) = m. Prove that there
exists a matrix B € M., (F) such that AB = I,,,.

9. Let A € My5n(F) and B € M, 5, (F) be two matrices such that AB = I,,,.
Prove that n > m.

10(*). Let A € M,,5n(F). Prove that rank(A) <1 if and only if there exist
X € M1 (F) and Y € My, (F) such that A = XY



