TA ENOPATIKA MAOGHMATIKA KAI H AOTIKH TOYX

TAPY®AAAIA BAPEIAAOY KAI JOAN RAND MOSCHOVAKIS

To mpdta onépuata Tou walnuoatixol evopatiouol (intuitionism) @édvnxay otny
Eupdmn €3 xon mdve amd évay audva OTIG XATAOXEVACTLXESG TdoELS Tou Borel, tou
Baire, tou Lebesgue, tou Poincaré, tou Kronecker, xot ddiwv. H dvino?| tov otd-
One €pyo evég avlpdnou, tou Luitzen Egbertus Jan Brouwer, mou 3idage pabnuo-
d oto laverniothiuio tou Amsterdam and 1o 1909 wg to 1951. Me o onuavtixd
Bewpruota Tou amédelle o Tic TomoAoYWES avarholwTes xat o atabepd onuelo Twy
GUYVEX DY UETAOYTLOTLONGY, 0 Brouwer yphyopa éytioe uta wodnuati @hun apxetd
Loy ey KGOTE Vo UTOGTNPLEEL TLC EMAVAOTATLIXES TOU W8EEC Yo T1) @UoT TNng HalbnuoTt-
xhc Spaotnpotntoc. Autéc o déec emnpéacay tov Hilbert xat tov Godel' xt éxavay
TOL EVOPUTING LOONUATLXG XL T AOYIXT) TOUG V) aVaY VRPLOTOUY GOV OVTLXEIUEVA TOU
alilouy aveldpTnTn ueEAET.

Yxonde yog elvan vo teptypddouue TRy avdrtuin tou evopatiouol Tou Brouwer,
and TNV amoEELPY) TOU VOUOU TOL ATOXAELONEVOU TEITOU TN ¥AACIXTC AOYLXS, UéYpL
™y au@uieyduevr Bewpla Tou Yo 10 ouveyég, UE oLVETELES Depelaxés yia T Ao-
yueh o tor palnuatixd. Aaverlduaote ta Tumxd aflouatixd cuethuata tou Kleene
Yoo TV evopatixh Aoyt xan Ty aptBunti (ota orola avtixatontpiloviar xot ot
avtiotolyeg mpoondfeiec twv Kolmogorov, Glivenko, Heyting xow Peano mou elyav
nponynfel) mou, extés TV dAAWY, EYOUV TO TAEOVEXTAUA VoL TL TapoLOtdlouy oy
uTolewpleg TwY AVTLOTOLY WY XAACLXGOY Bewplidy, Xl OXLUYPAPOVUE T1 eV O ToU XJ-
vel Twv aptiudv godel tov avadpouixdy cuvaptioewy Yo va mpayuatonoiel (realize)
npoTdoEls TN evopatixrc aptBuntindc, avdueod toug xat pla wopeh tne Béang tou
Church. Xtn ouvéyeia, mopouotdlovue Ty oliwuotind tpayudtevon tne Hewplog
Tou ouveyolc tou Brouwer nou npdtetvay ou Kleene xou Vesley, uoll ye v epurn-
vela e ouvaptotaxc tpayuatonolnone (functional realizability), mou Oeueldver
1 ouvvénew g Oewplag autrc.

1. To IPQIMO EPTO TOY BROUWER

Yt 1907 o Brouwer dnuooicuoe (ata oAavdixd) tn Siduxtopixd| Tou dtatpBn, ue
titho Tou unopel vo petagppoaotel “Ia ta Bepého Tov pobnuatixdy”.” Autéd to alio-
TEOCEYTO MAVIQEDTO, UE TLG OUPETLXEG TOL avTthidels Yo Ta wolbnuatixd, ) Aoy

Epevuva pe pepuxr) unootipldy and tny npddn “IIYOATOPAS II: Evioyvon epeuvntixdy ouddwy
ota [avemotiua”, andé to EKT xau Ebvixotg Iépoug.

Oélovue va evyaplotioovue toug Kdota Mavpouudty, I'idvvn Mooyofdxn xat Z¥en Hetpdxn,
nou Sudfacay doxiuacTinés wop@éc Tou defpou xou pag mpdopepay To YoM XAl TG uTodeifelg
TOUG.

'H suypetoyh tou Brouwer otn Stopdyn yopw anéd to fepéhie TV pabnuatindy éBale éviov
T ogpayida tne o’ dooug mhpay wépos wia ToAG Thovol napovaiaoy Tou Béuatog yivetan oo [25],
6mou avdueoa ot dhha egetdleTon v LWoyupY emppoY) Tou Brouwer otn oxédn tou “aviindiouv” tou
Hilbert, xafd¢ xat oto épyo tou Godel.

Mia ayy M petdppac, 1 onola XenoULOTOLABNXE Yio To AMOGTEACATA AUTHG TNHG TAPAYPAPOU,
Beloxetow oo [5].
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XL TN YADGOO, aoxoUoe XpLTinh Xt emtaridotve A&bn oe x&0e onuavtie) uobnuotiny
prhocopia Tou xatpol. Av xor o Brouwer yvdple to €pyo tou ['dhhou evopatinod
uabnuatixot Poincaré xau tnv xataoxevaotix) tpocéyylon g Dewplag ouvolwy
ané tov Borel, 8ev ftav ot @lor tou v’ axoroulel dhhous. Xty outhia tou EdwoE
uE agopun TNy exAoyY) Tou oo llavemotiuio Tou Amsterdam to 1912, avagéphnxe
o1 QLhocoPia ToU UE To Gvoua veo-evopatioude (neo-intuitionism),? duwe 1o oppl-
Yog %ol 1 dnuLoupydTHTa Tou ¢ Brouwer mpocédwoe oto aviixelyevo ue €va €pyo
OYEBGY ULEOD aLdVL, GUVESECUY TO GVOUL TOU, TEPLEGOTERO UTd OTOLOLSHTOTE GAAOU,
UE TNV evopatixh @Lhocogla Twy pabnuoatixady. IloAiéc and tic Baoxés apyés tou
evopatiouol tou Bploxovtay 187 Eexalaplopéveg otn Sidaxtopny) Tou StatelBh.

Ye andivtn avtibeon ye To mpdypouua Tou hoywouol twv Russell xar White-
head, o Brouwer unootfpiZe to 1907 6t to yobhnuatixd dev unopoly va Bewpobvta
U€poc TS AoyhAc. “Auotned WAGYTUC 1) XATHOXEUT TV SLotolnTxdy wadnuatxdy
7 B elvon Spdon xau Oy emtotiun: yiveton emiotiun, dnh. ula oAGTHTA dLTLAXGY
dradoy &y, mou unopoly va enavaiauBdvovial 6To Yedvo, Uévo GTay TEGXELTAL Yidl
pabnuotind Sedtepne taing [uetopalnuotixdg], ta onola cuviotavtal oty ualdnuatixy
fedpnon twy uabpuatixdy f e yAdooas toy uabnuatixdy... Ouwg tote, dnwg xat
oy neplntwor e fewpntixnic hoyrc, tpdxettal yia pla spapuoyy twv uabnuare-
x&v, Snhadh vl ula etpauatixs emtotiun” ([5] ogh. 61).2

H avoxdhudn tov un-euxdeldeinyv yewuetptdv €dele, obupovo ue tov Brouwer,
61 o Kant etye uévo ev pépet dixto unoatneilovtac étt oL dtaehfoeis Tou yodpou xat
ToU YpP6évou Tponyouvtal hoyixd (xau elvon aveldptnres) and v eunetplo.  “...umo-
EOVUE Vo amoxahoVUE a priori uévo autd To Eva mpdyua mou elval xowvd oe dha To
uofnuotind xou elvan ... emopxég Yo vo ouxodounfoly ok tor pabnuotixed, dniady
Y ev6puoT THV TOAGY-oav-¢éva (many-oneness), tn Baox evépaon Tov uabnuate-
xov. Kot epbdoov U’ auth Ty evépoor anoxtdye cuveldnor tou ypdvou cav arhayhc
%o’ eauTHY, UTOPOUUE VoL SNADCOUUE: TO UGYO G Priori oTolyelo oTny emoTiun
elvat o ypovoc” ([5] oeh. 61).

To mpbypoauua tou gopuaiiouocd tou Hilbert #rav xatadixacuévo oe anotuyia
yath “n yAdooa elvat éva uéoo ... yLo T METEd0oN [TwV pabnuatindy] adlrd ... dev
€xeL timote var xdvet e ta pabnuotied” xon Sev elvor ouotddng yU autd. Emmiéov, 1
“... Unapln evog alnuotinod oUGTAUNTOC TOU IXAVOTOLEL Vol GOVORG ELOUATOVY dEV
unopel moté vo anodelyel and T cuvénela ToL AoYoL cuoThuatos ou Bactleta
o’ autd Ta adLduoTa”, aAld ubvo ue xataoxeur. “A fortiori [xatd yellova Aéyo] dev
etval BéBowo 6tL xdbe pobnuatixd mpdBinua unopel elte vo Aubel ette va anodetybet
61 dev Novetaw” ([5] oeh. 79).

Yougwva ue tov Brouwer, to napddofa otn Dewpla cuvérwy Tpopyovtal and
Oedpnon cuvéAmy Tou elval TOAG Peydha xau apnenUEva Yo Vo owodounioly ualn-
pated. Axdun xow 1 deltepn xhdon aptBudy tou Cantor (twy aptBuiowa drelpwy
Sratoxtixdv) dev pnopel vo undpyet, av xou 1 évvola elvan ouvenfic. H anddeln tou
Zermelo tng apyhc e xohfc dudtadng and to alloua emioyic elvon anotéieoua
napamAdvnone. Ipdyuatt, 1o cuveyéc dev unopel vo Statoyfel xohd, “rpdtov didT
T0 MEYUAVTEPO UEPOC TWV OTOLYELWY TOU GUVEYOUS Tpénel va Dewpeltar ooy dyvwoTo,

3“Intuitionism and Formalism”, wlo ayyhud yetdppacy authc tng ouwthiag, epgavictnxe oto
Bulletin of the American Mathematical Society tnv {8l ypovid, xat rephaufdvetal oto [1].

Méoa ota anoondopata 6heg ou Méews oe | | elvan Suxég pog, dpwg to TAdyLa elvan tou (Slou
touv Brouwer.
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xat ... deUtepoy BoTL xdbe xodd Statetaypévo olvoro elvon aptBufowo” ([5] oel.
84-85).

Y10 téhog g SwatpBric, oav T deltepn and g etxoowuia “OEXEIY (mpog uno-
othptn wall pe ) dtateBn)”, o Brouwer xdvet ) dhhwon: “Aev elvon ubévo adivato
vor amodety el to 6tL 1y apyh TNg TAHpous emaywY T elval amodexty, aAAd dev mpénet
xav vo Bewpeitar obte oay éva Wiaitepo aliwya ovte cov ulo Wioltepn dtatobntixy
arffeto. H mifeng enaywyn etvor plo medln uabnuotinfc xataoxeurc, mou dixono-
hoyelton amhéds and ) Baowxy) evépaon tov walnuoatxdy” ([5] oeh. 98). Auth 1
O¢om aypnotedel ovolaotind o €pyo tou Peano, duwg déyetan uia Suvduel arnelpla
puoy aptBudy pall pe ulo uébodo va delyvouue dtL WLdtnTeg aubaipetng Tohumho-
#x6TTag (omdun 1L eXElves TOU eUTEptEOLY TOCOBEIXTNOT GE GAOUS TOUS YPUBLXOUC
aptfuotc) toyvouy yua tov xabéva and autolds. X7 autd to mhalolo, 1 TpoYEVESTERT
napathipnon tou Brouwer 6t “to dda M) o yia xdbe ... eumepléyEl olwTnEd TOV
TepLoplous:  epdooy aviixer oe ula uabnuatixy Sour n onola vrotifetar oti Eyet
xataoxevaotel ex twy mpotépwy” ([5] oeh. T6), unodewxviel 6TL 1 Sour TwY YUOLXEY
aptBudv unopel vo vonBel cav €vo TAYpWS XAUTACHEVACUEVO OVTIXEIUEVD, Topd TO
6T TN oUAdoYT Ghwv TV QUOXGY aptBUdY BeV UTOPOVUE Vo TN GUANEBOLUE UE [ia
HoTLd.

2. H ENOPATIKH AOI'IKH

Eva ypdvo yetd tn Statplf3n) tou, oto dpfpo “H avaliomotio twy hoyxdy apyodv”,
o Brouwer mapoustiaoe entyelpfiuata evaviiov tne yehong tng xAaoixhc Aoyixhg ota
pabnuotind xat TNy EMLoTAUYN. TuUQwyoloe e Tic apyés Tou guddoytouol (v éha
ta A elvor B xaw 6ho ta B elvon T, téte ha to A elvon T') xon tne avripaonc (tinote
dev elvar wall A xan byL A), oyt duwe e to véuo tou anoxhetouévou tpitou (xdbe T
elvon A 7 6yt A) btav npbxettan vo egopuooTtel ot dnetpa ouothuata.’ Ly mpayuo-
oTTe, 0 Brouwer Eeydpile To evopatind un anodexté A V —A and o evopatind
0p06 ~=(A V —A), xdvovtac TARen XeHon TNS ExPeacTixic SOvaUNS TS YAGCOUC TS
oy, yloo v Staxpivel xataoxeués mou Beuehdvouy Tpayuatixétntes (ahffete)
and XATAGXEVES TV BeughdHvouy T ouvéneia.

E&etdlovtac ) otdor tou Brouwer anévavtt oty Tumx Aoyiny, SGoxola tpoxo-
Ael €xmangn to 611 dev emiyelpnoe Vo alWUATIXOTOLCEL TOV EVORPAUTIXS TPOTO OXEPTS.
[Map’ 6N autd, avayvodploe T xpnotWdTnTo Tne SlaTinwang Yex)Y apydy, mou Ha
unopoloay V' anoteréoouy T Bhon yio pabnuotixés xotaoxevés. Autd axplBog
vouoToLel Th StaudpPpmaon TUTIXGY CUCTALATOY YL TNV EVORATIXH AOYLXY) XL TG
evopotixés abdnuatixée Oewpleg, ta onola €youv Béfona evopatixd atttohoynuéva
atduoto o amodewtixois xavéves. Onwe Aéet xat o Kleene oto [30] oeh. 5, 7
avtippnon tou Brouwer #tav uévo evdvtio oTov TUTIXG GUALOYLOUG, GTaY ouTHS BEV
€yel avtioTtolyo (Labnuatind) vénuo.

5[6] oel. 109-110. L1y npaypatxétyta, o Brouwer urootiplle, “. .. 10 LAt Tne eYxLpdTnTaS
NS apyns Tou amoxhelouévou tpitou elval Leodlvauo pe to epdTnuo av umopolv va urdpyouv
un emAdowa pabpuatixd rpofAfuata. Aev vndpyel {yvog anddeldne yia v nenolfnon, n onola
éyeL xdmoteg opég umoothnelylel, 6TL Sev undpyouv un emhboipa wobnuotd teofifuate.” O
enavérBovue o’ autd To {htnua oTig Tapaypdpoug 3 xou 4.

60 D. Hesseling ([25] 6eA.280) anodidet otov A. Kolmogorov [33] tqv mapathenan 6t yia tov
Brouwer pla mpétacy g wopphc —B elvar fetixd umapiosj: “undpyel pla aluaida and hoyued
cupunepdopata, tou Eextvdel pue TNy undbeon 6tL to B elvar cwoté xar xatadfyel oe ula avtigaoy”.
Me tov (8to cuhhoyioud, to =B emBefatdvel ty cuvénela Tou B.
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To 1925 o Andrei Kolmogorov [32] mpétetve aliduata yio v (ehoyLotixd, mini-
mal) evoputixh) AOYIXH UE GUVETAYWYTH XaL Spynor ubvo: 1o dpfpo Tou (oTa pwoxd)
TedBnée Alyo # xou xafB6hou tny mpoooyh oty Auvtxr Evpdnn. Tumxd ocvotiuata
YLoL THY EVORATIXT TpoTaotaxh Aoyixy Snuootebtnxay (ota Yohhixd) and tov Valerii
Glivenko to 1928 [15] xat to 1929 [16]. To npdrto dev Hrav nhfpes. To deltepo me-
pAduBave dUo emmiéov oliduota mou elyay unodetyBel and to palnty tou Brouwer
Arend Heyting, o onolog mopousiace tig dixég Tou AemTouEpels a&LOUATIXOTOTELS
NG EVOPATIXAC TEOTACLAXAC X0l XATNYOPNUATIXAC AOYLXAC Xoll UEPOUC TwY EVOPI-
TGV pabnuatixdy ot tpla xhaowd dpbpa [19], [20], [21] Tov enduevo yxpdvo.” O
Heyting dpy.le ue v e€ic datinwon emQuAdienv:

“To evopatind pabnuotied elvan ylo voriuxy dwaduxaotia, xon xdbe
yA®ooo, TepthopBovouévne xot Tne TUTKRS, lvat évar BorBnua yio
METAd00T Toug xat udvo. Eivor xat’ apyhv addvato vo xataoxeva-
otel éva olotnuo Tinwy wodvvauo Ue To evopatixd pabnuotid,
ool oL duvatétnTeg Tng oxéYng Bev umopoly va avaybodv ce éva
TETEPAOUEVO APLOUS XAVOVWY XATUGKEVAOUEVGY EX TWY TPOTEPWLY.”®
IMap’ 6X° autd, n mpoondfela va e&nyioel ue yetauadnuatixd yéoo ) dwipopd g
evopotixfic and Ty xhaow oy elye vénua, yiotl 1 Bewpla Tou cuveyolc Tou
Brouwer epyétov oe avtifeon ue v xhoowx AoyLxy.

o var elvor amodextd| evopatixd, ula yevixr) oy apyy mpénel vo unopel va
gpunVelETAL OUOLOUOPEA UE Gpouc xoTaoxeL®dY (anodellewv ¥ unohoyiouwy). H
gpunveta tou Kolmogorov ue Bdon vy €vvola tou mpolAfuatog xat 1) dtacdvdeoT,
TV TPOTACEWY UE TS (XUTUOXEVAOTIXE anodextéc) anodelfelc Toug Tou EXAve o
Heyting, eilvor el8ixég mepintddioelg autol Tou €yive Yvwoto oav 1 Brouwer-Heyting-
Kolmogorov e€7ynon tov evopdtixdy cUVSEGUOY XL TOGOBELXTOV.

Onwe xou 0 oploude g arffetag tou Tarski, n B-H-K epunveia elvan udiioy gupe-
TWer) Toed woldnuatixnd axplfric, xou Baotletor oty undheoy dTL o aknBvéc atoutxéc
Tpotdoelg dixatoloyolvtal and pbveg toug. Mio ouvenaywy? uropel va Suxonoho-
ynBel uévo amd ula xataoxeuy| 1 onola uetatpénet xdbe dedouévn duxatordynon tng
unébeone oe ula dixatordynon tou cuunepdouatos. Mia didleulrn duxorohoyeita
and ula xotaoxevy| 1 onolo emAgyel ula ouyxeXELEVY and TLc U0 TEPLTTMOOELS XAl
napéyel T dxanordynon tng. H dpvnon plag npdtaong Suxatohoveltan and plo xata-
oxevy| 1) omola Bo petétpene omoladhnote SixaloAdyno tng TepdTacTs ot o anddeldn
wog yvwothg avtigaong. X7 auth v gpunvela Bploxouv Ty atttohdyner Toug oL
EVOPATIXES AVTLEPYOELS OTOUS XAUGIXOUS VOLOUS TOU AMOXAELOUEVOU TELTOL XAl TN
dumahc dpvnomg.

Eextvovtog yopw ota 1940 o Auepueavos hoywde S. C. Kleene, mou €Bkene ue
GUUTAOEL TLG EVOPUTIXES LOEES, APLEPWOE aNUOVTLXT| TPOOTIEHEL Lo VoL DIEUXPLVLGTEL
1 oaxpBhc oyéon Toug UE TNV xhaowxh hoyixh xon Ta pafnuatind.’ Ou gopuaiiouol
tonou Hilbert yto tnv evoportixd) hoyixr xow tnv aptBuntixy nou napovotdlouue 86

H onpeiwon tou 1929 tou Glivenko xor 10 mpdto uépog tng afiwpetixonoinone tou Heyting
UETAPPAOTNXAY TPdoQaTd and TO YUANXS XAl YEPUAVIXS TEWTOHTUTO OTA AYYAXE YLo T SUAAOYY
[36].

SMia éyxupn %o avayvédown obvodn te cuuboric tou Heyting oto avtixelyevo elval tou A.
S. Troelstra [45], an’ 6mou €youue Savelotel xow AnOdDOEL 6T EAANVLXE quTH THY ooy aryyAuch
uetdgpaoy tne npdtns wpdong Touv Heyting [19].

90 Kleene, sunveduevog and pla napatienon tev Hilbert xoaw Bernays, edpnoe 10 “JzA(z)”,
Yo mopddely o, ooy “un nAfipn npdtaoy N onolo cvurhnedvetal divovtag éva © tétolo dote A(z),
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elvar tou Kleene [29] (oeh. 82), ue pixpéc ahhayéc ota oVuBoha xar v apibunon.
Avunpocwnebouy ula aveldptnTn emhoyy| avdueca and ToAkd aliduato mou elyoy
npotafel vopltepa and toug Kolmogorov, Glivenko, Heyting xat Peano.

2.1. O evopatixég mpotaclaxdg hoyiowods Pp. To mpdto Bua ot uetapadnuo-
TWH) LEAETY) OTOLOUSHTIOTE XOUUOTIOU TNS AOYLXAS 1) TV Halnuotiedy elvor vo Tpoo-
doploouvye ulo tumxy yAdooa. oty mpotacioxnd hoyixd, 1 xabiepwuevn Yhdooa
€xeL éva aplbufiowuo mhiBog Staxpttdy tpotactoxdy cUUBOAwLY Py, P1, Pa, ... xow ta
oUuBora &, V, —, 7 yla Toug Tpotaoloxolc ouvdEouous “xat”, “elte”, “av...16te”,
xaw “oyu” avtiotouya, xat defiég xal aplotepés napeviéoels (, ) (mou pepinés Qopés
¢ ypdgouue xat “, 17 yua euxoila oty avdyvwor). H o Aoy yeerdleton
oY TPAYHATIXETNTY U6V Sl0 cuvdéauous (ol ot xhaowxol alvdeouol V xa —
unopoly va optotoly and toug & xor ), duwe oL TécoepLs evopatixol cUVSEGHOL
elval aveldptnrol. Etot, n xhaow] YAdooo mepléyetal Yvhold GTNV EVOPUTIXT, 1)
omola elval O EXPEAGTIXH.

To mo onuovtind epyorelo TwV UETOUOBNUATIXGOY Elvat 1) YEVIXELVUEVT ETAYOYT,
ula uébodog mou o Brouwer uiofetoloe avemgilaxta. H xddon tov (rpotaciaxdy)
tiney e YAdooog tou Pp oplleton enaywywd and ta

(i) Kdbe npotactaxd aluforo elvar (atouixds) tinog.
(ii) Av ov A, B elvar tiror t67e elvar xar ov (A & B), (AVB), (A — B) xa
(=A).

(iii) Tirote dev elvan tUmog, extdc arn’ 6,1 anonteiton and to (1) xow (ii).

Onwe oty xhaow Aoy, 1o (A < B) elvon ouvtopoypagio tou (A — B) & (B — A)).
Or un ovotihdels mapevléoets Topaieimovar, e T oluBoon 6t to - elvat toyupdTtepo
and ta &, V, mou elval toyvpdtepa and To —.

Ta Souwxd ovotatixd tne exdoyfic tou Kleene yia tnv evopotin| mpotactoxy
rovua Pp elvon éva nenepacuévo miffoc and aéiduata-oyfuata, tov xadéva toug
ouvoilel ula Suvduel drelpn oUAOYY evopatixd 0pldy TOTWY, xot Evag anodetxTixdg
xavovas Tou ex@pdlel ula evopotixd anodexth apyh eLayw Y EVOS CUUTEREOUATOS
ané unobéoeic. Ta afiduata elvar GAo TOmoL TV axdhoubwy Hoppdv:to

X1l. A— (B—A).

X3. A— (B— A & B).

X4. A&B— A,

X5. A& B—B.

X6. A— AVB.

X7. B—AVB.

X8. (A—-C)—-(B—C)— (AVvB—= Q).

X9. (A—B)— ((A - —-B) — —A).

X10. -A — (A — B).

O anodewtindc xavévag tou Pp elvar o

pall e Ty emmhéov nhnpogopia Tou aratteltot Yo vo cuumAnewbel n npéTacy ‘A(z)’ YU autéd To
x.” Avth n epunvela o8hynoe oty avadpouxd tpayuatonolnon: deg §5.

To apyd allwpatinéd obotnua touv Glivenko nepthduBave ta X4 - X9 xat nopariayés tov X2,
X3. ¥to [16] npéobeoe 1o X1 %o X10, nou anédide otov Heyting. O Heyting oto [19] nepithdufave
ta X1, X6, X9, X10 xon naparrayéc twv X2 xow X8 cav aliduata, duws xatd ta dAha yetptlldtay ta
& xar V Sragpopetixd. O Heyting é8eie 6t ta afduotd Tou elvan avedptnra xat Sev anodexviouy
10 7mA — A, H exdoy# tov X2 tou Kleene elye emheyel yio va anhonoleltal n anddeiln tou
Ocwphuatos Ataywyrg.
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R1 (Modus Ponens). Ané ta A xou A — B, ouunepaivouue to B.

Mio tomnd| anddeiln oto Pp etvan ylo merepacuévn axorouvbia Eq, ... Ex ané
Tonoug, xabévag and toug onoloug elvan ¥ adloua 1) dueon cuvéneta, GUUPWVO UE TOV
anodetind xavéva, dGo mponyoluevey Tomev e axorovbiac.tt Kébe anédein
Aue 6w elvar anddetén tou tedevtalov ¢ TUmou, o onolog elvol ®utd cuvEnela Eval
fedpnua tov Pp. Tpdgovue Fpp E yio va Snhdooupe 6Tt 1o E elvon Oedpnua tou
Pp.

IHapdderypa. ESG dlveton pia mAipne tumnd anddeln (otny mpayuatixdtnra éva
oyfua anédeing, xalde to A unopel va elvar omoloodfnote tdnog) oto Pp tou
—(A & -A), avagépovtag v awttoddynon xdbe Bruatoc.

(1) (A & -A) — A, [0Elopa and to X4]

(2) (A & —A) — -A. [edloya and To X5]

3) (A& -A)—A)— ((A&-A)— —A) - (A & -A)). [wdlouva and To
X9]

(4) (A& -A) — -A) - (A & —A). [Bdoet tou R1 ané Ta (1), (3)]

(5) ~(A & —-A). [Bdoet Tou R1 and 1 (2), (4)]

Av T etvar ouloy?) Tonwy xav Eq,...,Ex nenepaopévn axoloubia tonwy, o xo-
Oévac and touc omolouc avixer oto I' # elvan allopa % dueon cuvénela Bdoet Tou
R1 8%o nponyoluevwy tinwy, 16t n Ei,...,Ex elvon pla napaywyr oto Pp tou

tekeutatou g timov By and g unobéce I'. T'pdgouye I' Fpp E yio va Snidoouue
6L utdpyet ula tétola tapaywyy ue Ex = E. To axéioulo Oedpnua anodetxvieta
UE ETAYWYY) OTOV OPLOUS UL TopaYwYHS T0 avtiotpogd tou €netat and tov R1.

To Oedpnua Araywyic. Av I elvor culhoyh tonwy xat A, B elvar torot tétotot
oote ' U {A} Fpp B, t61€ entone I' Fpp (A — B).

H o&iouaticonoinom elvar griorypévn étol Gote 1 xhoour tpotactoxt) Aoy Pp*
va tpoxUntet and o Pp aviixabiotdvrag 1o afiwupa-oyfua X10 ye to toyupdtepo

X10¢. ——A — A,

Ou oplouol g anddeilne xau g mapaywyrc Yo 1o Pp¢ elvon 6nwg autol yia to
Pp od\& pe ta X1-X10° avti yio ta X1-X10. T va detouue 61 to Pp elvor pio
unoBewpla Tou Pp¢ apxel va anodel&oupe 1o Fppe X10, ulo oyxetind amhif| doxnon.

To 1929 o Glivenko [16] anédeile 6t av A elvon t0mog tétolog Bote Fppe A
161 Fpp 7A L Auth) 1 amhy) UopgT| Loy UEL UGVO VLol THY TPOTAGLUXY) AOYLXY), XolL
ebval yvwoth oav 1o “Oedpnua touv Glivenko.”

[dpw oto 1933 o Kurt Godel[17] xav o Gerhard Gentzen (3nuootevuévo petd 1o
Bévatd tou oto [14]) moapathpnooy aveldptnta 6t 10 Pp© unopel va uetagpaotel
Totd oto Pp.t? Suvoruxd, xdfe mpotaciand uetofhnth avixobiotatar and 1
A Tne dpvnom, xot oTr ouvEyEeLa To V avtixabiotaton emoywyixd and 1oV xhaoixé
oV oploUs UEow Ty — xot &. Av I'®) A% elvon ol uetagpdoeis twv I, A avtiotouya,
10t

(i) Fppe (A& = A), xo
(ii) T8 Fpp A8 av xo ubvo av I' Fppe A.

Ayt %aBée xon Tapduoles Teplypapéc, clval GUVIOES SLITURGOELS TOY TPOGAVGY avtlatoL-
YOV ETAYOYIXAY OpLoUGY.

1276 1925 o Kolmogorov [32] dnuooctieuoe yla Stagopetid apvntied HeTdppaoy Yia TO XOUUdTL
e — xat = wévo.
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Yt 1934-35 o Gentzen [13] anédeile éva edpnpa xavovixhc Lopehs Yo évay eVo-
potind Aoytoud oxoroulntdy, mou divet évay anotereouatind ohydptbuo tou amopo-
otlet av évag avbalpetog tomog A elvan ¥ byt anodetéluoc oto Pp. Aedouévou 6L 1
evopaTixt) TpoTaotox’) Aoy dev Slalbétel epunvelo ue nenepaouévoug ahnomtvaxe,
o akyopliuoc andpaong Yo to Pp elval o noAdmhoxog an’ 6,1 yia 1o Pp°.

2.2. O evopatixds mpwtofBdbutog xatnyopnuatixds hoyiowés Pd. H xabopy
TpwToBdbuta YAOGGoo €xel atounég UETOBATTES g, ag, - . ., XL Eval aptBufcLuo dnelpo
TAABOC DLaxpLTdY XATRY0ENUATIXOY D-UEAGY SUUBOAY P1(...), Pa(...), ..., yia xdbe
n=0,1,2,..., tepthauPavouévev twv 0-uehdv Tpotactoxdy cuUBéiwy. Ymdpyouv
dvo xawvolpyta hoyxd obufora V (“yio xdfe”) o 3 (“undpyet”).

Ou dpot g yAdooag tou Pd elvan ou atouxés petafintéc. Ou timor opilovrta
ané To

(1) Av to P(...) elvor n-yehéc xatnyopnuoatind cluBoro xat oL ty,...,t, elvat
bpoL, 6t 0 P(ty,. .., tn) elvon (atoutxdc) tinoc.

(ii) Av ou A, B elvon tUrot téte 10 do elvar xow ot (A & B), (A V B), (A — B)
xo (HA).

(iii) Av o A elvon tiroc xou 1 x avouy) YetaPAnty, téte o (VxA) xor o (IxA)
elvan tUrmoL.
(iv) Tinote dAho dev elvar tUroc.

XpnowonoloVue 1o X, y,2, W,X1,¥1,... xau o0 A, B, C, ... A(x), A(x,y),... oav
uetaBAnTéc otr eTayAdooo Yo UeTafAntég xou tomoug avttototya. Ipovodvtag yia
TS EPapUoYES (Y. oty aptluntind), ot s, t, 81,11, . . . dNAGVoLY bpouc. €l mpog TV
Tapdeudn Twv tapevbéoewy, To Vx xou To dx ouvuneplpépovtal omwe N . H cuBéieta
evOc ToC0dEIXTY Xau oL eAelfepec xau Seoueuuéves eupavicels uog PeTaBintic o’
évay T0mno, opllovtal 6nwe ocuvifws. Evag tormog otov onolo xdéfe petainty elvan
decuevuévn elvan ulo mpdtaon f xAetotéc tunog.

Av 1 x elvon yetaBinth, o t dpog xat o A(x) tUnog o onolog unopel vo meptéyet
1y Oyt ehellepn v x, T6TE 0 A(t) dNAdVEL TO amoTéreoUa TG avTixatdoTaoTg xdde
ehelfiepnc eupdvione e x otov A(x) and uia eupdvion tou t. H aviixatdotaon elvor
eAetfepn av xaulo ehelBepn enpdvion atov t onowoedirote yetaAntrc dev yivetot
deoueuuévn otov A(t): otny teplntwon auth Mue 6t N x elvon avuxataotdoun and
Tov t otov A(x).13

Extéc and ta X1 - X10, to Pd éyet d0o xouvolpyra aétduata-oyjuata, 6mou
0 A(x) ymopel va elvar onotoodfnote tonog xot o t dpoc and tov onolo N x elvar
avtxataotdoudn otov A(x):
X11. VxA(x) — A(t).
X12. A(t) — IxA(x).
Extéc and tov R1, 1o Pd €ystl 800 xaivolpylous anodetxtixnolc xavoveg:
R2. Ané tov C — A(x) 6nou 1 x dev eugaviletar ehedbepn otov C, ouunepal-
vouue tov C — VxA(x).
R3. And tov A(x) — C énou n x dev eugaviletor ehedbepr, otov C, ouunepal-
vouue tov IxA(x) — C.

BEyer onuasta motog ftav o tonog mou oupfohildtay apyxd ue A(x), ytatt av oL X,y ei-
vou Stapopetixés xon epgaviovtal xat ot dvo ehelbepes otov A(x), téte N axoloubla ehelBepwy
AVTLXATACTACEMY X > y — X xotohfyel o’ éva tino dragopetind and tov A(x).
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Mia araywyy (f mapaywyr) oto Pd evéc tinov E arnd wa ouihoyh I' tonwy-
unobécewy elvar ulo menepaouévn axorovbio Timwy, Tou o xabévag Toug elvon 7
aéloua obupova ue ta X1 - X12, 7 uéhog tou I, ¥ énetan dueoa ye Bdon toug R1,
R2 # R3 and évav 1 neplocdtepoug TOMOUS TOU EUOAVIZOVTL TRONYOUMEVWS OTHY
axohovbia. Arnddeién elvan pio armaywy? ywelc unobéceic.

Av T' elvan pla ouhhoyn mpotdoeny xou E évag tinog, o ouuPoitouds I' Fpg E
onpalvel 6t pla anaywyh touv E and to T' undpyet. Av I' elvar culhoyy tinov,
yedgouue I' Fpg E uévo av undpyet ula anaywyr tov E and 1o I' otny onola olte
o R2 oUte 0o R3 yprowonotodvia wg npog ula yetafinty ekelbepn oto I'. M’ auté
Tov TEpLoploud, 1o Bedpnuo araywyic enexteivetor oto Pd: AvT U{A} bpg B t61¢
[ tpa (A — B).

Iopdderypa. E8G dlveton pia anayeyh oto Pd tou IxA(x) and 1o VxA(x) ywelc
yerion Tou R2 1 Tou R3:

(1) VxA(x) = A(x). [oe&lwua and to X11, pe ) x avixataotdolun oand ™ X
otov A(x)]
(2) VxA(x). [urébeon)]
(3) A(x). [ue Bdon tov R1 and 1o (1) xar (2)]
(4) A(x) — IxA(x). [e&lwua and to X12, e T X aVTLXATAOTAoWn ond TN X
otov A(x)]
(5) IxA(x). [ue Bdon tov R1 and ta (3) xa (4)]
Téte 10 Fpa VxA(x) — IxA(x) éneton and 10 fedpnua anaywyhc.

H »dwoud xatryopnuatin oy Pd¢ npoxdntel and 1o Pd avuxabiotdvrag
10 X10 ue 7o woyvpdtepo X10° H apyntind UETAQEUOT ENEXTELVETAL OTNY XATHYO-
PNHOTIX AOYLXT) YPNOLUOTOLOVTAS TOV XAAoIXS 0ploud tou 3 péow Twv ¥V xat = H
dapopd aVEUECT OTLS XATUOKEVUOTIXES Mot XAaowés anodellels naping Qaiveta
avéyAvga and Tig Loyupés Wiotntes Unapéne xar didlevéne tou Pd:

o Ay Fpg IxA(x) émou xoaula petainth extds and v x dev elvon ehedbepn
otov A(x), t61€ Fpa A(x), ondte %ot Fpg VxA(x).

e Av Fpq Vx[A(x) V B(x)] 6mou xapla petafinti extéc and ty x dev elvon
ehelBepn otov A(x) # tov B(x), té1e Fpg VxA(x) ©) Fpa VxB(x).

2.3. Evopatuxd xatnyopnuatixy, Aoyuxd pe wwétnta Pd[=]. Tw va elvon yph-
own Yo Ta dafnuatixd, 1 Tumel YAOooo mpémet var tepLéyel Ul SLUeRr) xatnyopn-
yotixh) otalfepd - = - 1 omolo vor dSnhdver Ty tedtTa. Av ol s, t elvon Spot, téte
o s =t elvon atouixde tinoc otov omolo bhec ol uetaBAntéc mou elvan eellepeg
otov 8 By Tov t elvon ehedlepec. Kdbe atouxdc tonoc e yidooac tou Pd elvan

enlone atouxds oto Pd[=], xau ot tror oynuatilovion and tToug atoutxols TOnoug
yenowonowdvtag o &, V, —, 7,V xa 3 dnws nponyouuéves.
To o&iduata tou Pd[=] elvon 6hot ou tinor g emexTETOUEVNS YADOOUS TWV

uoppdy X1 - X12, uall ye to axdrovba afiduata e LodTnTag, 6moU oL X, ¥ Xl
z elvan Stapopetinés YetaAntéc xo o A(x) unopel vo elvar omoloadnoTe oToUtx6S
winog e Yadooog tou Pd, otov onolo 1) x elvon aviuxatactdown and tny y.

XEl. x=y— (x=z—y=2).

XE2. x = x.

XE3. x =y — (A(x) = A(y)).
Ov anodewtixol xavéveg elvan ou R1 - R3 enextetapévor otn véo yAdooa. H ididtyra
avrxardotaons )¢ todtytag woyVel: av o A(x) elvon torog xow Ny elvon UETOBANTH
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and v onola N X elvon avixataotdown otov A(x) xau 1y Sev epgoviletar ehedbepn
otov A(x) (extdég av 1y elvan n x), 61 Fpgi—) x =y — (A(x) < A(y)).

To a&iduoata efaoparilouy 61l 1 = elvar oyéorn Looduvauiag. Agv anodetcviouy
61t = elvon amoxplown oGte axdurn cvotaldic wg mpog TN SMAY dpvnon, oo
Vpa=] “(x=y) = (x=y)."

Mio tumery pabnuoatier egapuoy”h Ba éxel atouxés otabepéc xat ouvopTnolaxd
oVuPora, Ue €vay XaTtdAANho 0ploud Tou Gpou, xat Ghot ot atopixol Tinot Bo elvar
woétnteg. Ta allduoata g Lodtrtog yia i ouvaptnotaxés atafepéc Ho ndpouv
0¢om tou XE3, xou to XE2 Oa uropel v ouvay et and o pabnuotixd agiduata.

3. H ENOPATIKH API®OMHTIKH HA

O Heyting [20] mpdtog aiwuatixonolinoe Ty evopatixh aptbuntixd, n onola ovo-
udleton “opfuntixd Heyting ” mpoc T tou.t® H exdoyr tou Kleene [29] (p. 82)
e HA éyel otabepés xon adtduota yio 1o Undéy, tov enduevo, v npdobeor) kol
TOV TOAATAAGLOGUS, XaL TO anepLdpLoTo alloua-oyhua Tne uabnuotixnc enaywyhc.

3.1. H apibuntied Heyting xau n aptbuntixy Peano. H yidooa tnc HA elvor
pla egappoouévn exdoyh tne YAdoous tou Pd[=], ywplc xatnyopnuotind odufola,
MG ue ulo atouxh otabepd 0 xou ouvaptnotaxéc otabepés /, + xat - . Ot dpou
opllovton enarywyLxd:

(i) To 0 elvar dpoc.

(i) Kdbe atouw uetafinty elvar dpoc.

(i) Av o s elvar dpog, t61€ elvar xa o (s').

(iv) Av o s xou o t elval dpot, tétE elvon xow ou (s +t) xon (8- t).

(v) Tinote dev elvar dpog extéc an’ 6,1 anarteltor and to (i) - (iv).
Ou atouixol timot elvar ot exgpdosc e pwopprc (s =t) , 6mou o s xaL o t elvon
6poL. Ou turor oyruatilovion an’ autolc 6nwg ouvibng, Tapaieinovtag nupeviéoeLg
ve ™ obuPBaon 6t o’ elvan toyvpdtepo and to +, . Kébe eupdvion prac atouxic
vetafintic o évav 6po t elvon eheVbepn otov t (xar oe x&fe atouxd Tino mou
neptéyet tov t). Evag dpoc 1 tinoc ywpls ehelfepes uetaPintéc elvan xAetotde.

Ta aéiduara tng HA elvar ta oyfjpata X1 - X12 yia ) yAdooa g apllun-
wxieg, to wlopa todtntag XEL, 1o aflopa-oyfua e uabdnuatixijc enaywyfic yio
avbalpetoug timoug A(x):

XInd. A(0) & Vx(A(x) — A(X)) — VxA(x),

xo T emmpoofeta altduaTa Yo Tig oTafepés Yo TIC TPWTOYEVAOS avVAdEOUXES OL-
VUPTHOELS:

XNlL. x=y—x'=y".

XN2. ¥ =y —-x=y.

XN3. =(x' =0) .

XN4. x+0=x.

10 Heyting [20] etohyaye tplo dlagopetind cOUBora yio vo exqppdoet Tpla £ldn oyéocwv 166
ot T vonuotixed (intensional) tavtdtnta, T pabnuatind TavtdétnTa xot Ty optldueyn todtnTa.
T v aptbuntied xat ot tpeig évvoleg guurintouy, xou 1 aplbuolewpntied wétnta elvar aroxpl-
own. H woédtnra tov axohoubidy emthoydy, otig onoleg o avagpepholdue WAGVTAS YLo TO oUVEYES,
oplletar extactaxd xat elvor evatabig wg mpog T SLAY devnon: elvar duwg avarnoxploun.

150 J. van Oosten [41] onuetdver 6T oL tunonoioels tng HA cav unoBewplag g aplBuntixdc
Peano ogelhouv téoa otov Godel [17] xat tov Kleene [29] 6oa xar otov Heyting. O Hesseling [25]
nopatneel 6t o Godel ypnowonoinoe ta aliduata touv Herbrand.
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XN5. x4+ (y) = (x+y) .
XN6. x-0=0.
XN7. x-(y)=(x-y)+x.

O anofetxtixol xavévee tnc HA eilvar oL R1 - R3 yia ) yhdooo tne aptBuntic.
Ou mapaywyéc now o anodeleic opllovian emaywyxd 6nwe ouvifwe, xau ' -pa E
onualvel 6t pla tapaywyy oty HA tou E ané o I' undpyet, otny onola odte o R2
oUte o R3 ypnowworotobvtar we npog wia petaBinty ehelbepn oto I

H xotaoxevh|; tov (ouviBov) euoxdy aplfudy rapdyetl éva dvoua 1 ¢gnpio yio
Tov xabéva, étol to 07 elvar to Ynglo v to 2. Kdbe xhetotéc dpoc t tne yhdooac
exppdlel (ws mpog Ty xVpta epunvela) évay GUYXEXPUIEVO Puoxs apldud av To t
etval o avtiotolyo ¢nelo, téte Fra t =t. Ot puotxol aplbuol eivor Soxprtot:

e Fua (x=y)V olx=y).
e Fua "(x=y) = (x=y).
o Fga (x=0)V Iyx=y").

H »hoowe, aptBuntueh Peano PA npoxtntet and tny HA avtixofiotdvrag to X10
ue To toyupdtepo X10°. O Godel [17] enéxtewve tny apvnuxd| uetdgpoon oty PA,
avdyovtag €tot 1n ouvénewa g PA o’ authv tng HA xou delyvovtag emouévmg 6t
1 HA dev urnopel vo anodetéet 7 dia ) ouvéneld ng.

Ou anodeiZeig tou Kleene oto [29] tou npdtou ol tou dedtepou Oewpriuatog un
manpoTnTac Tou Godel epapudlovtar oty HA drwe o oty PA. H aplbuntixo-
nolnon Tov yetapadnuotindy elye vivel oto evopotind unocVotnua, ondte xdbe npw-
TOYEVHS avadpoixd xotnyopnua uropel va exgpoaotel oty HA and évav anoxpl-
owuo tono. Av o T(ex,w) etvoe évac tétotog Timoc mou exgedlel 6Tt 0 “w elvon o
aptbude godel evéc unohoviopol tou {e}(z)” xou o A(x) elvar o 32T (x,x,2), té1€E
Vaa = Vx(A(x) V =A(x)) w étor p HA + —Vx(A(x) V —A(x)) ebvon ouvenfc.'®
Auth etvon pla el mepintoon tou alloonueiwTtou Yeyovotog 6Tt 1) evopotixd| optb-
untuel elvon ouvenrc pe ulo xhaowxd Peudn popen tng @éong touv Church, 6nwg
TpOXELTAL VoL SOVUE.

3.2. H avadpopxr npaypatonoinoy tou Kleene yia tnv evopatuxy| aplbun-
. H agetnpio xan 1 avdntuin tne avadpouxic tpayuatonoinone (recursive real-
izability) €Ztotopolvtor arohavotixd and Tov Jaap van Oosten oto [41]. O Stephen
Kleene, pabntvc tou Alonzo Church, nipe coPopd un’ 6 tov toyuptoud twv Hilbert
xat Bernays oto [24] 611 “ula npdraon e yopenic ‘undpyet aptbudc n ue ty SétnTa
A(n)’ elvar ... ula un Mg anédoor plag npdtacng xaboptouévng Ue TeptooGTeRN
axpifeta, n onolo cuviotatal eite 6to vo dtvetan dueca évac aptbude n ue Ty WLG-
o A(n), elte oto va napéyetan plo Stoadieaocio ue Ty onolo évac tétolog aptBude
unopel va Bpebel ...°.7 O Kleene yevixevoe auti] tnv Wéa yio va epunvedoe. xdbe
oUVOETN TPdTaOT TNE Evopa TS aptBunTixhc ooy ula un TAHen TEPLYPUQY| ULUG omo-
teheopatixfc Sladixaotag pe v onola Hu uropoboe v BeBorwlel 1 opldTnTd Tng, xou
01N oLvéyew e@dpuooe TN Oéomn tou Church yio va Tavticel to “anoteieouating”
ue to “avodpouxd”. To amotéreouo Hrav 1 1945-meayuatoroinon ¥ apibuntocy
npayuatonoinon.t?

6Ty va Selfouue 6L 0 —E elvar ouverfc pe éva evopatins olotnua Tpénet v detfoupe 611 o
—=E (xou 6yt 0 E) Sev anodeixvietal.

170 Kolmogorov [33] elye vopitepa mpotelvel ula “epunvela TV TpoBinudtwy” TV eVopaTIXGY
ouVdéouwy, ahAd dev Ty elye SlaouVdEoel Ue TG avadpoulxés cuVAPTHOELS.
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T tov enaywyxd optoud, to n xou m elvar guowxol aptbuol, xou to (n); elvat o
exféTng Tou 1-00ToV TEGTOL OTHY AVIAUGT]) TOU 1l OE PG TOUS TAPdYOVTES (UETPGOVTAS
10 2 oav tov 0-0016 TpdTo, Xt BéTovtac (0); = 0 xatd olufaocr. Ta Satetaypéva
Leldyn xwdorotobvtal and to (n,m) = 2™ - 3™, xou to {n}(m) dnhdver 1o ano-
TENEOUA NG EQUPMOYNG TNS N-00THG AVASPOULXS UERIXHIC CUVEETRONG OTO OpLola
m.

Optoude. (Kleene 1945) Evac aptbude n mpayuatonoiel (realizes) ulo npbtaon E
uévo o ehc:

(1) to n meayuaroroiel €vay xhewotéd atouxd tino r = t, av o r = t elvon
aAnBvée we mpog Ty xVpLo epunvelo.

(2) o n mpayuaronoel tov A & B, av 1o (n)o mpayuatoroe! Tov A xar 1o (n);
meayuatonotel Tov B.

(3) o n mpayuaronoiel Ttov AV B, av (n)p = 0 xat t0 (n); mpayuaronotel Tov
A, (n)o # 0 xou t0 (n)1 mpayuatorotel tov B.

(4) o n mpayuaronoel tov A — B, av, yio xdfe m: av To m mpayuatonoiel Tov
A t6te 1o {n}(m) oplletor xou mpayuatoroiel Tov B.

(5) To n meayuaromoiel Ttov A, av xavéva m dev mpayuatonoiel Tov A.

(6) to n moayuatomoel tov YxA(x), av, v xdfe m: o {n}(m) opiletor xou
reaypatoroiel Tov A(m).

(7) to n mpayuatoroiel Tov IxA(x), av 10 (n)1 rpayuarornotel tov A(m) émou
m = (n)o.

Evag tinog E elvan mpayuatonotjoiuog av xdmolo n npayuatorolel tny xabohux
xAewotétnTo VE tou E.

O Kleene Statinwoe tny euxaoto 61t xdbe xhetotéd Gedprnua tne HA elvar npayuo-
tormoufiouo. O pabntic tou David Nelson enairifeuce tny ewcaoto xat, otn ouvéyeta,
Tunonolnoe v andédetin ot pla enéxtoon e HA® To Baowd Muua héet 61 yia
#&fe wheotd Gpo t mou exppdlel Tov aptbud mou avitetolxel oto Ynolo t:

0 n mpayuatonotel tov A(t) < to n mpayuatonowel tov A(t).

To Ocdpnua tou Nelson. Av Cq,...,Ck Faa A xat o Gy, ..., Cy elvon mporyua-
Tomolfiowsol, téte elvan xon o A.

Ildpiopa 1. Av Fpa Vxi...Vx,3yA(X1,.. ., Xn,¥) , 60V 0 A(X1,...,Xn,Y¥)

nepLéyel eAe0EPES UOVO TIC X1, - . . , Xp, ¥, TOTE UTEEYEL pid YEVIXT ovadpouLxT) cuvde-
™o ¢ 1 LETABANTEOY TETOLL GOTE, YLd OAES TLS TWES TOV X1, . .., Tn: AV Y(Z1, ..., Tp)
=y, 161€ 0 A(X1,...,Xy,,Yy) elvor TpayLaTOTOROLUOC.

Y10 [28] o Kleene nupatfpnoe 4Tl oL TEPLITOOELS TOU 0ptouol yio ta V, — xol
3 Bo unopovcay va tponononboly v va 3doouy ula dAAn évvola (tou apydtepa
OVOUdoTNXE TeayuaTonotfotuoc-F) yia tny onola (oyue To avdroyo tou Dewpriuatog
tou Nelson, uali ue to axdrovbo arotéreoua.t?

IIépioua 2 (tne exdoyfic Touv Oewpfuatog Tou Nelson vy to “Tpayuoatonotioluoc-
). Avo A(xy,...,Xn,y) TepLéyel eEheVBepec UbVO TLS X1, ..., Xp, ¥, XOUL
Fra Vxi ... Vxo3yA(xy, ..., X0, ¥) , 10T€ Undpyet Yevuxh avadpouixt, cuvdptnor ¥

I8 zeyvixd pépoc e anddeidne, oto [40], fray un tetpiupévo. O Kleene [28] avdyyeihe xau
epurveuse 1o armoteréouata tou Nelson. Tia pla extevd xau xatahnntd chyypovn mpaypdTeuoy,
deg Troelstra [48].

0L dibtyteg e UnopEng xon thg SidZeuing yia Ty HA epmepiéyoviay oay eidués neptatdoe,
6nwg onuelwoe apydtepa o Kleene.
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TETOL AOTE YL GAES TLG TWES TWVY X1, . .., Tyt
Faa A(xi,...,Xn,y) 6nov ¥(z1,...,2,) = y.

3.3. H ©éon tou Church. Eivar duvatd n O¢orn tou Church vo exgpaotel ot
YAGooo tng aptbuntixic. Mia exdoyr (tov cuvdudler xon Ty aptdufowr emioyn)
elvar To oyua CTo:

Vx3IyA(x,y) — JevxIw[T(e,x,w) & A(x, U(w))]

6mou 1o T(e,x,w) exppdlel 6T “t0 w elvar o aptBude gbdel evée unoroyiouol tTou
{e}(z)” non 10 A(x, U(w)) elvar ouvtouoypagla touv Vz(U(w,z) — A(x,z)) 6mou to
U(w,z) exppdlel 6t “ 10 2z elvar 1 T, av UTHPYEL, TOL TEOXUNTEL ONd TOV UTO-
Aovioud ye aplbud godel wr adide z = 07, H aplOunon godel elvon mpwtoyevie
avadpouuxr, xau ta T(e,x,w) xar U(w,z) etvor amoxploa.?’ To Oedpnua tou Nel-
son ocuvendyetat ta axérovlo anotehéouata cUVENELAS Xl avelaptnolag.

Iépioua 3. H HA + CTy elvar ouverig.

IIdpioua 4. Av A(x) elvoe 0 FyT(x,x,y) xot B(x) elvor 0 A(x) V ~A(x), téte

(i) Pra Vx(A(x) VvV -A(x)),
(i) Faa —Vx(Ax) vV -A(x)), xou
(ili Haa Vx——B(x) — -—=VxB(x).

Av xow n HA elvor vnoclotnuo tne PA, nn HA + CTg elvon ulo un xhoour aplBun-
). Ta va Sodue 6t CTo dev elvan ouvernric ue tny PA, éotw 6tL A(x,y) elvat o T0-
moc (y = 0 — Vz-T(x,x,2)) & (y # 0 — T(x,x,y—1)). Mpogavdc Fpa VxIyA(x,y).
Axéun xow oty HA 7 undbeon VxIw[T(e,x,w) & A(x,U(w))] ouvendyetor 6
Iw[T(e,e,w) & A(e,U(w)], adhd Fua Vw[T(e,e,w) — Ale,w + 1)] xou 1 apifunon
godel etvon tétota dote Fga Yw(U(w) < w). Apa éxovue Fga —JevVxIw[T(e,x, w)
& A(x,U(w))], onéte n PA anodewvier Ty dpvnon ulog tepintwone tne CTo.

3.4. Afiopatixonoinoy xar tpononovioels. Otav tunonolnoe Tov apyxé opt-
oud, o Nelson ouoyétioe ye xdbe timo A tne HA évav dhho tino e R A (utdc
dtatneninfc eméxtaong) e HA, ol oty ouvéyeta anédetle 61t xdbe timog tng
uoppic A < Je(e R A) fitav mparyuatonotioluog xat dpa ouvenric ue v HA. To
1971 o Troelstra ypnowonoince ula enéxtaon ECTy e Oéong tou Church CTy,
Yo vo Tpoadloplaet enaxptBoe TNV Loyl e aptBunTinfc TpaYUATOTONoNG WS TROG
v evopatixh aplfuntid. 2t Suvonting, o Troelstra €deile 61t oL anodetiueg mpo-
tdoeg g HA + ECTy elvan axpfde autés twv onolwv 1 mpayuatonolnoy unopet
va amodetybel oty HA| xon 61t Faatect, (E < 3x(x R E)) v %80 tono E.

Arné v evopatr drnodm 1 ©éon tou Church elvon meploplotin, xan mbovoy oyt
anodexth oav uta yevux apyh. H Apy# tou Markov MP, to oyfiua

Vx(A(x) V-A(x)) — [-Vx—A(x) — IxA(x)],

etval enlong mpoPAnuatiny. Enewdy) n MP cuvendyetar v 8o tng v mparyuato-
rotnon, n HA + MP anodewvier ) ouvénea e HA + ECTy + MP.?2 O Kreisel

20r 0 Aentouépeleg xaL ToU opLoUod TN expoaoiudTyTac dec [29].

2IECTy etvar to oyhua Vx[A(x) — JyB(x,y)] — JeVx[A(x) — Iw(T(e,x,w) & B(x, U(w)))],
6mou o A(x) elvan oyeddy apyntixndc (Sev meptéyet V xow 3 extéc av Bploxetor axpBdc unpootd and
évay im0 ywplc tocodelxtec): xdbe 1onog e R A elval autod Tou eldouc.

220 Troelstra é5woe netoTiNd ERLYELPNUATA Yo TO OTL Ta “pwoixd avadpouxd wabdnuatixd ” tng
oy oig tou Markov Bacilovtal ¢’ auth tn feswpla.



TA ENOPATIKA MA©GHMATIKA KAI H AOI'IKH TOYX 13

[34] emvénoe uia exdoy ue Tonous Tne Tpaypatorolnong, Yo va dellet Ty avelop-
nota tng Apyhc tou Markov.

Addec tponomotfioelg g mparypatonolnong €youv avantuybel yia vo amodetydet
ula Mhetdda anoteheoudtwy aveuptnolag xol GUVETELAS, xou auth 1 Stadixaotio ou-
veylletoaw. H mpwtédtumyn (xan mpdtuny) évvola mpoo@épel Ula xotavont omd Tny
ooy, oxomd gpunveta tne aptBuntiic tou Heyting, duws dev Siexdixel to 6Tt
xatopBdvel va GUANGLEL Ty evopatixt) aptBunTtixt| alrhibeLo.

4. H ENOPATIKH OEQPIA TOY SYNEXOYY

H ovotaotind avtippnon tou Brouwer yua to xhoowd uabdnuatxd (extde and
TN Ywelc meploploud yehon NG ApLOTOTEMXAC AOYLXNAC AP NS TOU UTOXAELOUEVOU
Tpitou) Arav “o 1pbmOC TOU ELGdYETAL XaL TEpLYPdPETOL TO ouveyéc”.?d OAbxAnpo
10 €pyo Tou mopoxvinxe and TN BEANCY Tou vo meptypddel pla xoTaoxeLY TOU
ouveyolg Tou va Peloxetar oe apuovio Ue Tig apyés Tou xat V' avantVéet oe Bobud
txavomoLTixd To pafnuatind, tatpvovtag yio Bdor auth Ty xataoxeur. 2t AxplBoc
YL Vol T0 xatopl@oel auTd, dMULOVRYTIOE TLS VEES EVVOLEC TTOU SLVOUV OTal EVORATLX
gafnuatind Tov Eexwptotd Toug YopaxThpo.

H Wéa pog yua 1o ouveyég, ag ToUUE YLo TO Tpayotixé eninedo | yio TNy mpay-
wortixy eufelor oy Tepintwon g pLag didotaong, eatvetal va Byaivel tpdto-tpdTa
and v avtilndh yog tou ydpou, Wag Tpwtapyxhic, a priori étws Aéel o Kant,
évvolag. Etol, uéypt mou sugaviotnxay ov un-euxieldeleg yewuetpleg xou ydhnxe
) LOVAdIXOTNTA TOU ELXAEDELOL YWpOoL, To cuveyES urmopoloe va Bewpeiton €vvola
apywt), Tou umopolue dueca vo GUAAGSBouue ue TN dalobnem, Ty evépaon, Tou Se
yeerdletar v avahubel o dhdec évvole o otolyelddetc. Metd dume an’ auth Ty
ATAAELDL, dEYLOAY Ol AMOTELPES OPLOUOU TOL GUVEYOUC amd £VVOLES Tou éuoLalay TLo
Oepehddelg, ue uebodoug duwe dho %ot To aenenUéVes - NTay GAAWOTE 1) ENOYY) TOU
o Cantor dnutolpynoe 1 Oewpla LuvOAWY, TOUC dnElPOLE SLotaxTixols ot TANOL-
xolg aptBuole, 1 enoy?h e apliuntixonoinone tne avdiuong and tov Weierstrass,
Tov Dedekind, tov Cantor xow dAlouc.

Ané téte, ota nopadootaxd xhaowxd Yobnuatind, 1o ouveyég Bewpeltar 6Tt glvan
oUAMOYY and Eexwperotd wabinuatind aviixelueva, Toug tpayuatixols aptbuole, Tou
optlovtan amd toug prtovs pe toués Dedekind # axoroubieg Cauchy B axohoubieg
DOCTNUATWY UE pNTE dxpa. X' OAES TLC TEPLTTWOELS, TEEMEL VO UETAYELPLOTOUME Ud-
Onuatixd aviuxelyeva drewene @bong oav oroxinpouéva, tepatwuéva. Axoun xa
oL nut-evopatixol uabnuatixol 6twe ou Poincaré, Borel xou Lebesgue, étav mpayuo-
Te00VTAL TO GUVEYES, SEV XATAPEPVOUY VAL XPAUTACOUY TNV Xataoxevaotxy) ontxy. O
Brouwer toug xatnydpnoe 61t ¥ “xatagedyouy o hoynd aliduata Unopéng” onwg
10 o&lwyo mAnpdtnTog, 1 odlte “elvat trovomonuévolr e éva ndvto-aptBufioldo
xat wévta-nuitehéc” ([11] oel.5) ovvoro aplBudy agol, oty Tpoordfeld touc va
JATNPHOOUY TOV AATAOEVACTING YOPUXTHPA TWV OPLOUGY TOUC, TEPLOPloTNXAY GE

23An6 o0 xelyevo tou Brouwer Changes in the Relation between Classical Logic and Mathe-
matics, mou vndpyel oto [43], oeh.453.

240nwe Mer o Beth ([2] 0eh.422), “tnv xevrpuch H€on oTo evopatind uabnuotind xatéyet 1
Oewpla Tou cuveyoLs”.
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’ ? 7 7 ’ 2 ¢ '
optotua xon dpa apBuotuou Thfoug avtixelueva®® (yio topddetyua, oplotues axo-
houbiec pntddv). To dtaydvio emyelonua tou Cantor dune €delyve 6t eivan adlvato
vo. amapLBufioouue dha tor onueia ToU GUVEYOUC.

O Brouwer deydtav to emyeipnua tou Cantor. H mpdtn tou andvinorn oto npo-
BAnuo mou mpoéxunte yia o BepéMa Tov LobnuaTixdy tapovodotnxe 6To dtda-
%T0ps Tou, 6moL Bewpoloe To cuvEXES Cuy XATL TEOTAPYIXG, “TO adLUYOELOTO
ouuTApwUA Tou dlaxpettol”, ato onolo dev unopel va avorydetl:

“Opwe 10 ouVEYES ooV ULl OAGTNTL Uac d60NME Ue TNV evdpaoT,

ploe xataoxeur YU autd, ula dpdon mou Bu dnutoupyoloe amd

pabnuata) evépoaor ‘Gha’ ta onuela Tou cav aTouxéTnTES, Elvan

aoOAANTY xat adVvatn” yiatl n “pabnuatixd evépaor) Sev €yel Ty

wavéTnTa Voo Srdtoupyfioet diko and apliufotua obvora otéumy.”

([5], oe.45)
Ydugwvo ye Ty evopotind), Stowelnuixh Tov GUAANYY, To cuveyés umopel TEGOTO-
TpdToL vor uttodtatpelton ameptéprotar d00 dtaxpltd onuela cuvdéovtar and autd Tou
undpyel “petal” (“between”) toug, mou moté Sev efavtieltor mapeufdiiovioc x
Gk onueta. Etot, elvan Suvatdy, “agol éyouue dnuioupyrioel ulo xhipaxa ue Sio-
TaxTixd Wno 7 [to dataxtind TOno Ty pntdy] va emfécouue To cuveyéc cuy UL
ohétnta.” ([5], oer.45). BéBata o tpdroc mou and TNV MEPLYPUQT, AUTH QalveTor va
TEpVaUE amd Toug pNTolg UE TNY TUXYY Ypaixr Toug Sudtaln oto cuveyég, dev dlvel
xaplol XUTAGHEVY) TOU GUVEYOUC, ATAGS UTOSNAGVEL T1) OYEOT TV PITAV UE TO OUVE-
YEC ol lowg Bev améyel xo ToAD and TNV Topadoy T XAToLoL aELOUATOC TANEOTNHTAC,
agol To Xevd avduesa ota pntd onueta xohirtovior ond oautéd to (Udhhov agexa-
BdpLroto) “uetall” touc. IIEviwe 7 eVopaTind| XATAGKELY TOU GLVEYOVUS GTdbnXE
OTY) CUVEYELD ULa TpdxhnoT Yo Tov Brouwer: 7 andvinot tou ¢’ autd to npdBAnua
d601xe apydtepa xon UTHPEE ouclaoTxd 1 xopugala dnuiovpyia Tou. Avdueoa oe
TOMEC xa SLdgopes oxédels yUpw and 1o cuveyés, oTo dduxtopxd Tou o Brouwer
TopoLGLaGE XAt ENLYELpUaTA YLo THY UndBeon Tou cuveyols, Ty eacta dnhady ot
7 deltepn xhdon aptBudy tou Cantor xow to cuveyés Exouv To Bto TARfog onuelov:
auth LoyVel xat’ apyhv Yo Tov mpdwo Brouwer, ylotl BAénovtag to cuveyés cav
oUvoro oruetwy, eluaote avayxaouévol va oploouue xdnws Ta orueia Tou, x €Tol
Bow TpoxGieL éval oUVORO LooTANS ue T deltepn xAdon aptBudy.?

Etot, ot oxédn tou Brouwer énwe auth goavepdvetal uéoo and to ddoxtopixd
Tou, To cLVEYEC elyE TNV UTGGTAGY) TOU Tou BlveTal amd TNy evépaoT), TOAD XOVTY 11
YEWUETELXH EXOVOL TOU, OTIWG X0l 6 AUTY TV NUL-evopatix®dy. Mia xataoxevaotind
aptfuntixd ontx tou ouveyols (ue TV évvola 6Tt Baolletal e xdmolo tpbéro ot
xdmota évvota aptiuol) otdlnue we téte adlvaty), xt étol o Lalnuotinds yelpLouse
TOU TOPEUEVE TAVTA TEOBANUATIXOC.

Y1ig StoehéEeLg Tou NG Gptung teptddou, o Brouwer édwoe oty mpdtn ToU UFAAOY
ATOPELILTLXY] Yot TEPLOpLoTXY) apéufaon ota mpoBAfuata twv OeueAlwy, o dvoua
“Ipdsty Mpdén tou Evopatiouol” " M authy, Staydplle amohdtog T YAGOoH X

25Exté and 1o TE6BAnua g TANOLOTNTAG, XAl TO UETPO £vOg TETOLOU GUVAAOL TEAYUATLXGY
elvor undév- xon autd To Thmua araoydinoe and vwplc (xon) tov Brouwer.

260 Brouwer emtonualvel BéBara 6t to npdBAnua dev éyel tebel cwotd, agold “olte n deltepy
xAdom aplludy olte to ouveyés cov ula oldtnta eatouxeuuévey onuelwy éxouy padnuotud
UmapEn” ([5], 0eh.83).

2Ty Ipdty Ilpdén tou Evopatiouod. O mifpng dlaywplonds Ty pabnuatixdy and tn yabdn-
Lot YAGGoA L enoUéveng ard To Yatvoueva TNg YAGGCHS Tou neplypdpoval and 1 Bewprntixd
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) Aoy amd ta pabnuatind x Gpile ST ) evépaon TV TOAAGV-cav-éva (many-
oneness) elvon 1 uévn Bdon tne pabnuatdic dpactnptdTnac - mpdyuota mou elyay
77 Statunwbel ot ddaxtopd Tou. Avayvidploe SUWS TS TEPLOPLOUEVES dUVATO-
e avdnTtuéng painuotixdy (Lévo xouudta Twy walnuoatixdy Ue dtaxpttd yopa-
xthpa 6mwe N aptbuntixd xou 1 dhvefoa dwodlovtay): “Agol 1o cuveyés poldlet
vor Uével E8w amd v euPéretd tng, Ba goldtay xavels o’ autd To oTdEdLo 6Tl GTOY
Evopatioué dev undpyet Oéom yio tny avdhuon.” ([11], oel.7). Ko téte napovotuce
™ “Aedtepn Modén tou Evopatiouos” *® ue 1y onola etofiyaye Tic véec Tou évvolec,
e axodovblicc eAebhcpwy emidoydy (free choice sequences) xou ta €l (species). M’
QUTES TLC EVVOLEG EEXIYNOE TNV EVORPUTLXT) AVAXATAOXEVT| TNG AVAAUCTC.

4.1. H fswpla Ty Brouwertavédy cuvoimy.

4.1.1. Axodovbiec emnihoydv (choice sequences). Onwe eldoye, 0 pOAOC TwV ANELPWY
axohoulLedv elvol xplowog oe uLa aplBuntud] teplypagr tou ouveyois. O Borel elye
JATUTOOEL TNV TAEATHENON OTL 0 UOVOS TEOTOS VAl PTLAEOUUE T0 GUVEYES, £YOVTUS
oTo yépla pag uovo axohoubieg prtdy, ywelc v emBdiouue v Unapln mparyUoT-
%GV aptBudy pe ouduota, Ho fray va vobetioouye ooy wobnuatixés ovidTnTes TG
axohoubieg mou yevvioUvtan ue avBalpetes emthoyés avixelévoy. Ouweg ooy xo-
TaoxevaoTxdc (constructivist) pabnuoatixdc dlotale, av xot dev AMEPPLTTE EVIEANDS
v Léa:

“yvwpetlovue 61 1) xabapd aptBuntied évvota tou ouveyolc amontel

var amodEXTOVUE TN Voulusthta plog aptbufjouung anetplog Stadoyt-

%>V EMAOYOY. Auth 1 voud o wou galvetar Wialtepa oulntr-

o), buwe Tap’ 6A7 autd Do émpene va xdvoude 7 didxplon avdueca

0’ AUTH TN VOULLGTNTA oL T} VOULULOTITA LS 1) aptduriolung anet-

plac ... H dedrepn évvola pou gaivetar ... amolitwg ywels vénua

(3] o [50] tépog 2, oeA.641).
O Brouwer, pe t Aettepr llpd&n tou Evopatiouol, déytnxe Tic axohoubics ehedle-
pwV eAOYOV Gay véua uabnuatixnd avixelueva. 2 Onwg u Solue, Pefxe tog va
yenowsonotel autd Ta dmetpa, axafopLoTo AVTIXEINEVA UE XUTAOXEUNOCTIXG TPOTO, UE
1o va oL BAEnEL oo var £xouv U0 XouudTIor €Va TEMEQUACUEVO, BT HATUCHEUACUEVO

hoyueh, B avayvdplon 6Tl Ta evopatixd walnuatind etvar pla ouolwdds aylwoouxy dpaotrneldtnta
T0u vou mou mydlel and TV avtidndyn wag xivnong Tou ypdvou. Auth 7 aviilndn tou ypdvou
unopel v neptypagel wg n didonaon uag otyphs Long oe 300 dtaxpltd tpdypata, Tou to éva divel
n Béom Tou ato dhho, ahhd Swatnpeital oty uvhUn. Av 1 dudda mou yevviétal étol anoyuuvedel
and xdfe moldtnTa, anouével N xevh LopPH TOU %0LVOU UTOCTPGOUATOS AoV Twy duddwy. Kau elval
auTH TO X0LWVG UTOGTPLUX, AUTY 1 XeV Wopgn, Tou elvar 7 Baoucr evépaoy Twv pabnuatixdy. ([11],
oel.4)

28h Acettepn Hpdln tov Evopatiouot. H amodoyr dlo tpénwy dnulovpylag véwy uabnuott-
%OV OVIOTATWY: TEGTU UE TN Yop®h dnelpwy axohoulidy and pabnuatieés oviétnteg mou éyouv
Adn dnutovpynbel, ot onoleg ouveyllovtal neptocdtepo H hydtepo ehetlepa (étol dote, Yo mapd-
delyua, drelpa Sexaduxd xhdopata tou obte éyouv axpfelc Tiuég olte xapla eyyldnon 61l xdnote Ha
anoxthoouy axpBeic tipéc va yivovtar arodextd): deltepov, LE TN UOPYH TOY LabUATIXOY e
(species), dnhad? WBrothtwy Tou urotiBevtar Yo pabnuatixés ovidtntes mou €xouv Rdn Snutoupyy-
Oel, mov wavonololy T ouvBRxy 6TL av Loydouy YL ula xdrola Yadnuatixy ovtétnta, Loyvouy
eniong xou yio bheg Tig pabnuatixég oviéTnTeg mou éyouv opiotel va elvon ‘loeg’ Y’ authyv, 6Tou ol
oplopol g LodTNTUS TEENEL VAL LXAVOTOLOVY TLg ouvlfixes tng ouuuetplag, TN AVAXAACTIXSTNTAG
xou g petafatixétntog. ([11], oel.8)

29211]\1 vobétnon authg ™S évvolag exppdotnxe 1 xavilovis Tpoéheuorng dmody| Tou OTL oL
uwabnuatinés xataoxevés elval eowtepixd, ehelbepa dnuiovpyAuaTa TOU YOu Tou SnuioupyolvTog
vroxeuévoy (creating subject), ontixh nou ennpéace Ty emyetpnuatoroyia Tou.
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XOUUATL, TOU EMTEETEL Vo YIVETOL YVAGLOL XATAOHELAOTIXY YPHROT TNG AMELENG AXO-
houblag o oplouéves TEPLOTAOELS, XL €VaL AMELPO, ATPOOIGELETO XOUUATL TOU XAVEL
duvath T Yéveor oAdxAnpou tou cuveyolc, xabde Eegeldyel and TOUC TEPLOPLOUOUS
7ou Oa emBdAhoviay and onolodrinote eldog opLolOTHTAS.

4.1.2. O véec évvoieg ouvbiwy. H xouvolpyia potid tou Brouwer ota Oguéhio twy
wafnuatixdy tapovotdotxe ato dpfpo tou 1918 “Oeueriwon the Yuvolobewpliag
aveldptnta and tov Aoyxd viuo tou anoxAeiouévou tpitou. Mépoc lpdto: Ievixi
Yuvorobewpla.” [8]. Exel, avtl yia 1o ovola tou Cantor, tpoteivovtal 800 evaiha-
xuxéc évvoteg oav Bdomn yio TV avdiuon, o totds (Menge, spread)30 oL to eldoc
(species).

Eido¢: 10 olvoro oav bidtnra. To eldog elvon ouyyevnd 0Ty TEAYUATIXOTNTA
ue 10 oUvoro 6mws yivetol aviiAnmtd ota xAaowd pobnuotixd. Eva eldog elvon pla
Wt adAd plo Widtrta “mou unotifeton yio UaOnuUoTiXéS OVISTNTES TIOU EYOUY
TponyouuEvee dnutoupynlel”, xot elvar ouufoaté ue Ty évvola tedtntog (YEVxd Lo
oyéon Looduvaiag) Ty fewpoluevwy ualdnuatxdy oviotitwyv. To 6t ula pabdnua-
) ovtdna éxel wa Widtta (ondte “avixe oto eldog”), BeBaurdveton xi avtd and
ulo xotaoxeun 1o eldog Aolmdy voeltar cov ulo xataoxeur yuéoa oe Ulo XATAOHEVT,.
Ao eldn elvon oo “av yia xdbe otovyelo tou xabevée éva atouyeto Tou dhhou (oo U’
autd propel vo urtodetyBel”. Me tov optoué autdy tou eldoug, anogebyoviol To TpO-
BAAOTA TG UN XATYORTIUATXOTNTAS XolL TS AUToovapopds: “éva eldog unopel va
elvar otowyelo evée dAlou eldoug, Toté dung ototyelo Tou eautold ToL!” StamoTdvel
o dlog o Brouwer ([11], oeh.8).

Iotéc: to ovvodo oav véuoc. Opwe moleg elvar ol Yalnuatixée ovidtnies Tou
unopel va elvar ototyelo v ey, extég and toug puoxols aptbuois; H yéveor
TV YaBNUOTXGY 0vTOTATOY TPoXURTEL and TN pabnuatixy dpaotnptdtnta Tou ano-
Tundvetoal ot ptlixd xoivoleyto évvola oLVOAOU, Tov toTd. X7 authv axpBde Ty
évvoua elval Tou aglomoteiton 1 amodoyh Twy axoioubidy ekelbepwy emhoydy. Kdbe
otolyelo evée LoTol xataoxevdletal otadtoxd: ot xdfe otddlo Slaéyoupe, UTa-
#000VTUS OE XATOLOUG TEPLOPLOUOUE, 00U EVa XOUUATL Tou oToLyelov, QTidyvovTag
€10l ULa XOAUTERT) TPOCEYYLOT| TOU. DUYXEXPLUEVAL

Evoc 1016 dnuroupyeiton 1) ue Swadoyixéc emhoyés guoxdy aplfudv: xébe em-
hov1 e€aptdtar and e mponyolueves, xat yivetow elte ehetlepa elte unaxovovtac o
xdmoloug Teploptolole, xat ii) cuvoyetilovtac petd and xdbe enthoyt| Eva avtixelpevo
and éva auyxexpluévo npolndpyov aptbufowo abvoro. O meploptouol Tou 1) xon ot
ovoyetioelg Tou ii) Sivovton and to vduo tou totod (spread law), oty TpaypaTiXG-
e éva Leuydipt véuwy, to vouo emtdoyiic (choice law) (o onotog enlong xaBoplle
av 1) dwdixaoto Ba tepuatiotel 1 Bo ouveytotel, xou ot dedtepn nepintwon elvar ovo-
Yxato Vo uTdpyEL TOUASYLOTOV Uld ETLTRETTYH ETAOYY Yo To enduevo Brua)®! ot to

300 Brouwer apyLxd yenoiuonolnce tov 6po Menge, Tou duws HTAV TOUTLOUEVOS UE TO GUVORL
tou Cantor, xou apydtepa tov 6po spread (eméxtaom, duddoon). O bpog totde (apyala eAnvxy
AEN (xau) v Tov apyohetd) nou Stoahéaue, npoépyetal and ulo avaroylo mou ypnowwonolel o
éva adnuooievto dpbpo tov 0 Wim Veldman, {owg o povadixde olyypovog pabnuatixds mou xdvet
wabnuoatixd axpds ue Tov Tpéro tou Brouwer, yia va neptypddet tov xafolxd toté (universal
spread), tou Ba oploouye mlo xdTe.

31 Auté onuaiver 6T unopotpe va Bewpotue Twg wévo dreipeg wxoloudies TapdyovioL ané To
VOO TOU LoTOY.
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vouo oucyétione. llpoonabdvroc vo teptypddet tn @lon tov ‘vouwy’, o Brouwer on-
UELOVEL: “...UTOPOUUE Vo TOUUE GTL €Vag VOUog LoTol TapdyeL o 0dnyia®? cluowva
ue y omola ...” ([11], oeX.15).

Ta ototyela tou LoToU elval oL axohoubies (Anelpes 1) TEMEPAOUEVES) TWY AVTLXEL-
LEVOY ToL ExoLy ouoyeTLoTel e xdfe axolovBlo enthoydy. Etot éva otouyeto unopel
VoL TOAUEVEL TEVTOTE NULTERES, TdvTOoTE dnuLovpyoduevo. O totdg tou Srutoupyeitol
1ol dev Oewpeltan 6Tt elvat 1 ohdtnTa TwY oToLyElwY Tov, Tapd Tautiletal ue To VéUO
e dnuoupyiag Tou. H neptypapt| tne évvolag tou Lotol elvar teptmhoxy ot paxpld,
6ung o Brouwer éieye 61 dev unopoloe va amo@lyel xdtl tétolo. Katd xaupoig
€xave SLAYOPEC TPOTOTOLNCELS OTLC AEMTOUERELEC TOU OPLOUOU TOU apopoloay Lo
TapddeLya TN @O0 TwV EMBAAOUEVLY TEPLOPLOUGY.

Iapd 1o yeyovég dtL xdle emAoyr| xol ouvaxdrouln cuoyétior yivovto amotehe-
ouaTXd ot EToUEVWC elval anoxplowto o av pla tenepacuévn axoroudia enthoydy 7
AVTIXEWEVWY UTOPHQLLY Yia cuoyéTion elvan emtpenty, dev ouufalivel To {SLo xat yia
e dmetpeg axoroubies: pla axohovBio ehelBepnv emhoy®dv Snutovpyeltat oe BAuato
av o€ xdnoto Bhua o véuog enthoyiic xabopilet 6Tt 10 TENEPUOUEVO XOUUATL TOU ExEL
7071 dnutovpyniel Sev unaxovel o 6ToUS TEpLopLooLS, TéTe BéBona Yvwplloupe 6Tt
7 axoroubia dev ‘avixel’ otov Lot6. Ooo bung dev ouuPBaivel va anoppintetal, dev
unopolue ToTé va eluaote olyoupol 6Tt autd dev Ha cuufel oe xdnolo enduevo Briua,
xt auté elvan To Tiunua e erevbepiac oty dnulovpylo Tng axoioubias.

Ou wotol elvar avtixelyeva mo Paoxd and ta €ldn: o wotdg nopdyel T ototyela
TOU, VA TO eld0¢ €yl TOLYElN UG TELY XATAGHEVAOUEVA, XL AUTO TOL YpetdleTaL yio
i mofnuatn oviotrta Gote v avixel o éva eldoc, elvan 1) evopatiny| Sixalohéynon
6t dabéter Ty WidtnTa Tou tpoadiopilel To eldoc.

4.1.3. Ou iotol oav §évtpa xau ula tomodoyia yi’” autolsc. Mnopolue vo oXEQTOUA-
oTE TOUC LoToUg oav dévipa, pe x6uBoug Tig nenepaouéveg axohoulieg Twv GUOYETL-
OUEVODY OVTIXELUEVDY TIOU AVTLOTOLYOUY OTLS SLadoyIXEC EMAOYES, Xl TIOU GAX TOUC
Ta xhadid elva dretpar (xhadl elvon utar oxoroubio e onolag éha tal apytxd TUAUATA
avixouy oto 8évtpo). O Bloc o Brouwer ypnowonooloe v exéva Ty xGufwy
6T TAPATEVE GTAV TERLEYPUPE TOUS LGTOUG.

M’ éva moAlG guotoroyixd Tpdro umopel va oplotel ula tomoloyia o’ Evav Loté:
Oewpdvtag ooy onuelo o dnetpot ¥Aadid tou Lotol (e TNV exdva ToL JEVTPou) X
nalpvovtog cav Bdon yio Ty Tomoroyia ta obvoha N, 6mou N, elvon 10 odvodro
TOV AMELPWY HANABLOV PE apyxd TUAUL U.

4.1.4. Hapadelyuata. Alvouue tohpo ta 300 TO ONUAVTIXG TORASELYUATO LOTOY.

1. o xabodixéc totde (universal spread), mou mpoxintel and 10 VOUO ETLAOYTHC
TOU ETULTPETEL TNV EMAOYT 0ToLoLdHTOTE QUOLXOU apliuol oe xdbe Brua, xat To véuo
cuoyétians nou cuoyetilel Tetplupéva ueTd and xdbe emhoyy tov (do Tov apthud
nou €yel emAeyel. M’ autd Tov 1oT6 dnuiovpyolvtan dheg oL axohoubieg GuUALXGY
aptBudy, xu étol To eldog Twy oTolyelmv Tou elvan un aptBufiowo. Egodiaouévog
UE TNV tonoroyio TV apydy TUNUETLY, YiVETaL 0 YVeotdg ydeos Baire, xu €tol
elvar Borel-toopoppixde (Snhady) éxel ovotaotxd tny (dla Sour and v drodn g
Bewplog UETPov) ue TO oUvolo R TV Tupadootaxdy TeayUatixdy optBudy: elvat
BéBota (tomoroyixd) ouolopoppxde e Tougs dppntous aptBuols. Auth 1 téo0 Ye-
vier) xo ehelbepn Stadixaoto mou unaryopedetal and tov xafolxd Lotd culhauBdver

32“Yno~{po’cyuton” duad pog.
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v ovucta Tng dnuLovpylag Tou evopatixoy cuveyols, xa Bactouévol ¢’ authy, Bd-
Lovtog xdmotoug Oyt ovolaoTixols TEPLOPLoUoUs, UTOPOULE Yo 0plGOVUE A TOUG
TpAYUATLXoUS aptBuolc ota Thalolo TOU EVORAUTLOUOU.

2. mb-toTo¢ (fan)33 elvon évag Lotég nenepaouévng Staxiddwong. Ot d-totol, tou
elval ouunayelc oty Torohoylo mou oploaue, tatlouv Wiaitepo pdho atny avdrTuin
utag Bewplog tne avdiuong, eZoutiog Tou To tpoadloptauévou yapaxthpa Touc. Evog
nd-totée ue eywploth onuaota elvar o duadxéde totde, mou dnutoupyel Ghec Tig
dmetpeg axohoulieg amd 0 xan 1, o onolog ue thy Tonoroyid TWY apYXOY TUNUATOY,
yiveton o onuavtixétatog yweog tou Cantor.

To evopatxd ouveyés xon oL mpayuotixol apfuol elval To enduevo mopdderypa,
Tou SlveTtal oTN CUVEYELAL.

4.2. To evopatixd cuveyéc.

4.2.1. O wotd¢ twv onuelwy Tov ouveyols xai ov mpayuatixol apibuol. Ac Oewpr-
couue®® 1o eldoc TV SuadLGY YAAGUdTOY a/2", 6TOoU a AxépALOC XAl N PUOLKHC,
ue ™ ouvnBlouévn toug didtadn. ¥’ autd 1o eldog, Bewpolue Ta xheloTd St ThTA
e Mop0hs Im.n = [m/2", (m + 2)/2"] o ulo aplfunon twv Levyoptdv guordy
aptOUdY p1,p2, ... UE p; =< 14, 8; >, xou Tov €€h¢ LoT: 0TO TPGTO Brida EMTEENETAUL
1) emAoY1) onoloudrinote uotxol aplbuod n xou cuoyetileton 10 SidoTnua Iy, 5 AV
oL a1, ..., ap Exouv emAeyel xou to Sdotnua I, €xel ovoyeTiotel, TéTe emtTpEneTal
var entheyel o aplBude k uévo av 1o I, 5, mepéyetat yviowa 6to I s, xaL av o k emt-
Aevet, téte ovoyetiletal To ddotnua I, 5, . To otouyelo avtod Tou LoTOY, aUTéS oL
e’ GmeLpov TapaYGUEVES axOAOUBLES XAELGTOY DUOTNUATWY UE XN TOU GUYXALVOUY
oto 0, elvar o oquela Tou ouveyoic.*®

Mio oyéon rooduvapiag optletar thpa Yo T onueia autd: S0o onueio p %ol g
ovurintovy av xdfe Stdotnua Tou p xaAUTTEL TAHPKS 1) epd xdbe SdoTtrnua Tou
gq. Kdbe »idon wooduvapioc elvar éva eldog mou ovoudletar nuprfvac onuelwy (point
core) xt évog mpayuatxds aptbude oplletar va elvar axplBoe autd. To eldoc autdy
TV TUp VeV onuelwy elvan o evopatixé ouveyés. H iobtnra uetalld npaypatindy
TEOXOTTEL antd T OYECT CUUTTWONG: AV T %ol § €lval TpayUaTixol xaL p, q avitnpd-
OWTOL TV T, § AVTLOTOLYO, TOTE I = § oV Xt UOVO AV OL P XAl ¢ GUUTLTTOULV.

O Brouwer é3woe TOMES aVIAOYES XUTACKEVES TOU GUVEYOUS, YPTOLULOTOLDVTIG
Yoo Topddelyua axoroubieg prtdy B Suadixd xAidouata Ue Sdpopec cuvlrixes oU-
yxiiong. O Heyting édwoe enlong xdmoleg xataoxevéc autol Tou TUmou, Ypnotuo-
TOLOVTAC TO YUPaXTNPLOTIXG GVoud YewIiTopec mpayuatixdy dpifudy (real number
generators) yLo Toug avtioTolyous Tuphves onueiwy. AuTh 1 TEpLYpagh TwY Tpoy-
Loty aptBudy Aover Ta TpoBAfuaTa Tng TANBuGTTAS Xou Tou UéTpou amd ThY
evopotixty drodr. Enlong, emtpénel tny eu@Ulteuon twv prtdy 0Toug TeayUotixols
UE €va QUOLOAOYS TP6TIO, Aol xdle prtdc avixel oe ula axoloudia SlaoTnudTtwy
™G YopPhHc Im,n ME Urpnrn mou telvouv 6o 0. Ouwg oL Slapopéc amd Toug TEaYUATL-
%00¢ apLBuols oV XAUoIXOY UabnUoTX)Y Tapauévouy UEYSAES, Onwe @alveTol and
auTd Tou oxoAoUBOVY.

330 6pog Bevrddia éyel enlong ypnotponomel yio Ty anédoan ota eAAnvixd tou fan.
4Ar6 v eloayeyH tou Parsons 610 [9].
35Mropotue va suyxplvouue auth T Sadueacla e v apyy Tou eyxifwtiouot, éva aEteuc
nAnedtnTag nou eEacparilel 61l N Top xdbe axoloublag xAeLoTGY eYABWTIOUEVOY SLACTNUATLY
ue whixn mov ouyxiivouy oto 0 elval un xevy.
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4.2.2. Avaroxpiowdtyra e todtpras. Xto dpbpo tou tou 1930 ue titho “H douy
tou ouveyous” [10], o Brouwer eZétace Poowéc WSLOTNTES TOL GUVEYOUC, CLUYXELVO-
VTAC TO ¥AAoX6 oUVEYEC U autd Tou poéxunte and Tic dinée Tou Dewprioetc. To
TPAOTO TOU CLUUTEPACHA NTay 6Tl 1 LT YETAED dU0 MPaYRATX®Y aplfudy ey
etval amoxplowun oty mepinTwor Tou evopatixol ouveyols. Autd umopolue vo To
dolue wg e€hc: €otw A(n) pla Wibtnta anoxplown yio %&b n, yio Ty onola SUee
dev épouue av toylel yio xdfe n, dnwe ac molue 1 exaocta tou Goldbach (xdfe
dptiog guotxde ueyahitepog and to 2 elval dhpotoua dVo tpdTwy), ondte A(n) elvon
7 Wbt 6T o 2n + 2 elvan dpotopa dbo npdtwy. Eotw

(n) = /27 av Yk <n A(k),
on) = 1728 av—A(k) & k<n & Vm < k A(m).

H wcohovbla mou opileton 1ol elvat mpogaves ouyxhivouoa, opllel emouéveg évay
mpaypatixé aptbud, éotw r. BAénouvue 6L r = 0 av xat uévo av 1 A(n) elvar odnbuv
v %8s n (AAdS 7 = 1/k yia to ehdytoto k yua to onolo woyle n —A(k)). Koatd
ouvéneta dev uropolue vo anogacicouue av r = 0, 660 de yvwptlovue Ty andvinom
oty ewxaota tou Goldbach.

4.2.3. Aobevyj avunapadelyuata. To avunapadelyuota tou eldoug mou ubhg 3¢-
oode Elval YopaxTnEtoTXd otny emtyelpnuatoloyio Tou Brouwer, elvow autd mou
anoxohovvton acbevy avtimapadelyuata. Xpnowonoteltar évo mpdfAnua dAuto Ué-
YL TN OTLYUY) ToU aUTOC oL EMLYELETUATONOYEL TO emxaAeitaL, yia vo Stadevotoldy
xdmoleg xhaowd éyxupeg Tpotdoels. Eivo aolevée, yatl e€aptdrol xplowta and éva
ovYxEXPLUEVO GAUTO TPOBATUA, Tou xdnota Uépa Ba unopovoe va Aubel. Ouwc o
Brouwer nioteue 61t ndvtote Ho undpyouv diuto UabnuoTind TpoBiuoTa.

4.2.4. To ovveyéc dev umopel va datayfel. Evo Seltepo anotéheoua ftay 1 anotu-
yior var Beebel wiar yoauun didtagn tou evopatinod cuveyols. O pntol Slatdooovta
olxd ywoele mpdBAnua, agol 1 adyxpLon Toug avdyetal oTn obyxpLon uoxdy. T
Toug TpayuaTxols dUne, xdnotoug elvan Suvatdéy Béfona va Toug cuyxplvouue xon
var Toug StatdEoude UETOE) TOUS' OTNY TEPLYPUPT HE T EYXPBWTLOUEVH DG TALOTA
Yior TORAdELYUX, v Ot Xdmoto Briua Tng xotaoxeuric 806 onueilwy Tou cuveyols p
XL ¢ TEOXVPEL £val SLACTHUA TOU P AUCTNHEd OTA APLOTERP EVOS JLACTAUNTOS TOU (¢,
TOTE VLA TOUS AVTLOTOLYOUS TRAYUATLXOUC T XL § UTOPOUME va €xouue 1 < s. Etol
TEOXUTTEL ) puotx)f Stdtaly Twv TpoyUaTX@Y, 6twe TNy ovéuale o Brouwer. Oung
AL UE Ty enixAnom xdmotwy acbevdy aviinapadetyudtwy, €8etle 6t auth 7 Stdtoaln,
dev unopel va elvar olwr]. Oploe tdTE HdmoLla EXAENTTUVET TS PUOLXAS LdTagNg, THY
eucovixyj Sudrady (virtual order)

r<s=-r>s&r#s,

7 onola buwe xat AL dev umopel vo elvon ohuxd|. AELlel va onuetdoouue HTL, oy xa
oo gvopaTixd Thatota Sev SLHDETOVUE T7) OUYHPLOUOTITO TRV TPAYUOTLXGOY, SLAQOPES
WBLotnTeg umopody va arodetyfolv yia T guolxt| SWdTady To o YEHoLUo UTOXATE-
oTATO TNG oUYXELOWOTTAC elvan N WwdTTa r < s — 7 < Vi < s. H aduvauia
ddralng dev elvan éva “teyvind” mpdBinua, elvor udihov enaxdrovbo Tou yeyovétog
6TL oL meptocdTepol TpayUaTiol elvar EAMTOS TEoadLoptauéva avTixelueva.

4.2.5. To povadiaio ouveyés (unit continuum). Kabdc dbo npayuatixol apibuol r
xat s Sev elva TévTote GUYXPLoWOL WS TPOS T PUOLXY dLdTaln, To ¥AeLoTo dtdoTnua
[, s] oplleton vo elvon 10 eldoc Ghwv TwV TpayUaTXdY T Yo Toug onoloug elvor
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adbvato vo toylel T > 1 xor £ > s %ol enlong advato va toydelt T < xon x < 8.
Av r < s té1E elvon axpBdc To eldog Twv & Yo To omola dev Loylet oUte & < 1 0UTE
x > s.

H anddeiln tou Oewpriuatog opolduopens ouvéyeag, mou o oulnthoouue mo
%41, euptdtol and To YeYovés 6Tl xdbe xhewotéd Bdotnua [r, s] elvon 1 ouveyhc
ebva evég md-totol F oand yevvitopes mpayuatixdyv optBudv, xabévag and toug
onolouc ouunintet ue éva onuelo tou [r, s]. Aéyovtac uovadiaio ouvveyéc o Brouwer
evvoolote évay md-Lotéd ouvdedeuévo wautd tov tpémo ue to [0,1] (énwe oto [11]
p.35- enlone ota [50] xon [35]).

4.3. Ta Baocwd Oewpripata xo oL unoxelueveg apyEs.

4.3.1. Mn ovveyelc ouvaptijocic Sev vndpyouvy. H avanoxpliowdtnra tng todtnrog
éyeL ouvéneleg Tou SUoxoha fo Seydtay évac tapadootuxdc wabnuatixés. Eotw® f
1) CLVAETNOT ATd TOUG TMEAYUATIXOUC GTOUS TEAYUATIX0Ug UE

f(m):{(l) av x # 0,

AANLDC,

ToU xhaowxd oplletar mavtod xon Sev elvar ouveyhic oto 0. Evopatixd Suwc, 1 f
dev propel va elval olxr} ouvdpetnoT: Yo Tov mpayuatixd apliud r tou aobevoi
AVTLTORASELYMOTOS TTOU TOROVOLECUUE, GTg ot Yior &8 dANO TpayaTixd, EneTol
and T ouvéyeta (Ue T ouvnblouévr évvota) GTL UTopolUE Vo UTOAOYIGOUUE oTtoLa-
dhmote mpooéyyion tou f(r), o and tny unotbéueyn ohxbtnTa TN oLVETNONS,
unopolue va arogacioovue av f(r) < 1 % f(r) > 0, x étot vo anogacioovue av
-1 # 0 r #0, 1 1oodivaua®” av r =0 r # 0, Tou elvor adbvato: éToL gTévouue
670 ouuTépaoua 6T 1) f Sev unopel va elvan piar oY) ouvdpTno.

Eva dhho evtunwotaxd anoTéAecUd TOU TEOXUTTEL UE TUEOUOL ETLYELR AT ElVoL
61t 10 Oedpnuo Evdiduecone Tuurc dev toylel olte xt autd.

4.3.2. To Gedpnua ouobuoppns ouvéyetas. Ye avtibeon ue autd o apynuxd ou-
unepdoyata, o Brouwer égtace ¢’ éva mOAD oyupd anoTEAECUA, AVAAOYO UE TO
xhaowd Bedpnua 6Tl oL ouVaETHOELS ToU elval cuveyelc 67 éva auumayY| Yopeo elvat
ouoLoUop@a oLVEYELS, MOV TOU OTNY evopaTixr] ExB0YT, Ol UOVES GUVIPTHOELS TOU
urdipyouy elva ouveyels:

Oedpnua opoduoppns ouvéyetas. Kébe oty ouvdptnon nou optletor 6to yovo-
dalo ouveyég elvan ouolduoppa GUVEYNS.

Yy mpaypauxétnta o Brouwer €gtace oto anotéheoua autd MAAAOY 0dnyoU-
uevog and T dalebnot, Tou mopd ue xabupd pabnuoatied entyerpfuata. O Hermann
Weyl eine ta e€fic oe xdmota Stdre€y| Tou, unepaoTilbuevos 1o cuveyés Tou Brouwer:
“Etvow oagég 6tL dev unopel xovelg va eZnyhoet Ty évvola Tng ‘euveyols auvapTnomg
o’ éva ppayuévo ddotnua’ ywelc va TeptAdBel TV ‘ouoLduopen oUVEYELD XAl THY
WLt Tou gpayuévou otov optoud. Ildvw an’ 6ha, dev unopel va undpgel dAAT
ouvdptnom o’ éva cuveyés extdc and tic ouveyelc ouvapthoewc”. ([43], oeh. 379). O
Brouwer SugfBaoe xu emdoxipace évtova autéc Tic mapatneroelg. I moAld ypdvia
npoonafoloe va Bpel uta eavorountixy) anddelln yo to Gedpnua autd. Xto dpbeo

36To rapddeiypa eivar ané to [50] tépog 1, aeh.14.

3TH ooduvapla tev —r #£ 0 xar r = 0 Sev elvor xaB6hou Tpogavic: éyouue 6Tl 1 Labthta 7 = 0
elvar g popyghc Vn A(n), xav 1o A(n) elvar anoxpiowwo dpa evotabéc yio ) Suthf dpynom xo
emnhéoyv Loy Uel evopatixd N cuveraywyh "—VnA(n) — Vn-—A(n).
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Tou “On the domains of definition of functions” tou 1927 [9] dlveton 1 mo TAApNC
napousioon Twv entyelpnudtowy Tou. H ofla authc tou e mpoondbelac Bploxeton
EXTOS TV GANLVY XAl 6TO YEYOVOS OTL UEoO TNV anddellr, xuplwe oty TeEMXN g
exdoy, Yenoldonotobvtal xabopd xt €tol yivoviar opatéc, oL SU0 YopaXTNELOTIXES
apyéc tne evopatixfic avdhuong mou yU autég Bo WAHoOUUE O XdTw, oV Xol Oyt
pNTd ooy apyES, TOEd UGV GOV PUOLOAOYIXES ATOPEOLES TNE EVOPUTIXAC OTTLXAG.

4.3.3. To Gedpnua tnc Bevrdhiac (Fan Theorem). To Gedpnua opotduopene cuvé-
yetac febe oav ouvéneta Tou Bewpriuatog g Peviditac, 6twe o Brouwer to aroxo-
roloe.

To Oedsonua tns Bevrddiac. Av oe xdbe ototyelo a evég Td-LoTol anodidetal £vag
aptBuds by, téte umopel va Beebel évag aplbudg z tétolog Hote o by va xabopileta
TAApws and TIC TEGOTES 2 TUES TOU O

Auth 1 exdoyn tou Bewpriuatog Sev Loylel xhaowxd, 1 anddeléy) tne yenousonotel
my (MAaoxd owoTH) avdoTEogY ETaYwYY AAAE XAl TNV XAAGLXE E0QUNUEVT] EVOPA-
ey apy A e ouvéyetac: elvon 1) popph Tou o Brouwer npotiuoVoE.

Mio dtagopetint;, exdoyr Tou Bewphuatos amodetxvietor Wévo omd Ty apyh NG
avdoTpogng enaywyhc ot elvar xAaowd cwoth. X’ auth) tnv exdoyn, To Bedpnua
AgeL 6Tl av, Yl ToV SOOWUEVO TS-loTé undpyel €va amoxpioyo oUvolo x6uBwy B
1€T0l0 Hote wdbe xhadl a va ouvavtdel 1o B (éva tétoto B Myeton gpdyua (bar)),
téte undpyel évag aptbude z tétolog Gote xdbe xAadl v cuvavtdel To ©pdyua ot
WAxoc 10 TOAG 2. Avapépoule xoL auTh TV exdoyt, yiatl to Afuua tou Konig (xdfe
dmerpo dévtpo menepaouévne StaxAddwone Exet éva drepo xhadl) elvar éva xhaoxd
avTLoTPo@oavTifeTé TNe.

Onwe onuetdver o van Dalen oo [12], “elvon éva evdlagépov Lotopind aglonepiepyo
61 to Bedpnua tne Bevidhog tponyRinxe and 10 TOAD YVWOTOTERO AVTLETROPOAVTI-
Beté Tou: To Mupa aneipou tou Konig [Konig 1926] ... To Muua anelpou Sev elvar
xataoxeuooTixd Eyxupo. Mia evdiagpépouvoa napatipnon elvat Tt autd Soheddel T
dnuogLhy drodr 6Tl oL XaTaoxEUAoTIXES anodeléels ot ta Dewpriuoata elvor mdvta
uetayevéotepeg BeATLOoELS ¥AAoKDY DewpnudTwy.”

4.34. To fedonua tou gedyuatoc (Bar Theorem). T va anodeler to Oedpnua
e Bevtdhag, o Brouwer é3woe mpdta pia mepimhoxn anddelln, mou Alyo ometye
ané ulo yetaualnuatixy onddely, autol Tou apystepa anoxaioboe Gedpnua Tou
Podyuaroc, 6mou eétale T dour TNS AnodELE NS TPOTAGEWY GUYXEXPLUEVRDY LOPPOY.
Apydtepa bung, 6meg galvetar ot plo unoonuelwon oto debpo Tou 1927 [9], cuveldn-
tonolnoe 6Tt autd Tou Ypnotdomolel elvatl oy meayUaTXOTHTA Uia apy Y| ETAYWYTC
xdmotou eldouc. Mia Statdnwor autic e apyhc elval 1 axdroudn:

Oedpnua tov Ppdyuatos. Eotw 6t 0 xabohnds 1otég nepLéyel €vo amoxplouo
podypa A xaw X elvon éva 6Uvoho #x6uPwv mou ixavorotel ta i) A C X xou (ii) av
6hoL o duecol dddoyol evog xéufBou n avixovy oto X, TéTE XAt 0 n avixeL otoX -
t61e énetan 6T 1) xevi axohoulia (1 plla Tou xalbohxob LoTol) avixel oto X.

Mropolue vo mapotneicouue 6t auth 1 apy’ Slvel T duvatdtnTa vo aflonoln-
Bolv WibtnTeg mou éyouv oL axoloubies YuUoDY apliudy Tapd Tov AVOAOXAHEWTO
YAEUXTAPA TOUS, oTNY TEpInTwoT oL oL WLGTNTES AUTéS Unopoly va dlamotwlody
o€ %4moLo TENEPAoUEVO 0Tddo g Stadixaciag yéveorng g axohoullog. e xdbe

380, avopepdueveg apyég Oa nopovcLlaoToUy oTY GUYVEYELA.
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neplntwon BéBowa 1 urdbeon e Unoping evog @pdyuatos otov xabBolxd Loth dev
elval xabdhou tetpruuévn yio vo To avttAngbolue autd, apxel va oxe@ToluE 6TL TO
GUVOAO TV XOUPwY 6ToL xdle xhadl ouvavTdel To Ppdyua Yo TpdTy Popd unopel va
etval 1600 “oxpl” 600 onolocdrinote dnelpog aptiufioLlog dtortaxtinds apliudc. Ay
xaL M oy auTh QalveTal vor GUVSEETOL OTEVE UE Ta EVORPATIXd Ualdnuatixd, ouufalvet
vou glvor ular )haond €yxupn aeyn.

4.3.5. H apy#j tnc ovvéyeiac. Otav o Brouwer anodeixvue 61t 0 xalohxée totée 3n-
uovpyel un aptBurowuo mhifog otolyeiwy, yenowonoinoe éva xavolpyLo entyelipnua,
elonpeTinfic amhdTnTog, avtl v to Stoydvio emyetponua tou Cantor. To emyetpnua
fitay To e€g: ag unobécoupe 6T éyovue pla cuvdptnom and Tov xabolxd LoTé aToug
puools aptiuole, xaL éotw b 1 T e axoroubiag a. Koataoxevaotuxd, autd to
b Oa mpénet va unohoylletal and ¢ TPATES Y TLUES TNC @, Yo Xdmoto y. ANAG téte
1 axoroubia B ue toug Bloug TpdToug ¥ 6poug Kot SLaYopETIXd ToV Y + 1-00T6, Ha
ndpet TV (St Ty pe TNV a. Enouévoc elvar addvato va anewxoviotel ue 1-1 tpéno
o xafohixde LoTds aTouC Puatxols aptiuols.

H ouocta tou emyetpriuatoc autol elvan 5 apy tn¢ ouvéyeiag, n onolo énange »pi-
oo pOAo 0TLC antodellels TWV TPOTYOUNEVLY DEwpnudtny. Liugwva Ue authy, yia
var oplletat plo ouvdpTnon ¢’ évay LoTo, TpéreL N LY ot xdbe axoloubla-Gploua va
xafopileton uévo and éva apytxed Tuhiua g axoroubiog. Autde elvan o TpdTOC TTOU
1 oUYxpoveY avduesa atny axaBoplaTn GUaY TKV axoAoLOLOY EMAOYOY oL TOY Xo-
TOOXELACTIXG YAUPAXTHPA MLUS CUVEPTNOTNG TdVw o’ autég Ablnxe and tov Brouwer.
Etot, n apyhy auth) eaogariler 6t xdbe ohxt) ouvdptnon elvar ouveyhc. Mnopet
entong va yevixeutel oe ouvapthoelg pe TWéS axohoubieg. Elvar 1 uovadua) yvriota
evopoTixyy apy? Ty uobnuatixdy Tou Brouwer, épyetal oe avtigoon ue to dho-
ol polnuotind, xt étot Ta pabnuotied mou Pootlovtol 67 authy elvon StopopeTind,
amoxALlVoLY and To HAAGLHA.

4.3.6. AAdec uabnuatiés apyéc. Eivow BéBoro 61t o Brouwer éBAeme to yewixd
alloua emhoyic ooy eE0ymwg Un xataoxeuaotixd. Oung didgopes aptBuntixéc pop-
péC TOL TPOXVUTTOLY UE eVl TpdéTo and o mwg yivovtal AVTIANTTEC EVOPUTIXE O
umopélaxés xal xabohxée tpotdoels. Qo culNTAHOOUUE YU QUTEC OTNV TOPOVGLIOT)
evog TUTLXOU GUOTAUATOS oL TRoTdlnxe Yio TNy avdiuor tou Brouwer.

4.4. FIM: éva tumxd clotnua i TNy evopatixr avdiven. H oiwuot-
xomolnon twv evopatx@dy pabnuatixdy and tov Heyting oto xhaowéd tou €pyo
[19, 20, 21] nepthduPave xar 1 Gewpla oUVOLLY, UE TpdTO GUOC TOU, STKS TUPa-
neet o Kleene, eunédile tn olyxpion pe ta xhaowxd wodnuatxd. To épyo twv
Kleene xor Vesley “The Foundations of Intuitionistic Mathematics” [30] ntou exd6-
Orxe To 1965, Htav 1o entotéyaoua g €pEUVIS TOMGOY Ypbvov. Exel extifeton éva
TUTUXS CUGTNILAL YLO EVAL XOUUGTL TWV EVORUTIXGDY LoONUATXGY, Tou TeptAapBdver
Oewpla ouvéAwV Tou Brouwer extéc and 1 Dewpla twv elddv (species) avdtepng td-
&ne, autd mou o Kleene omoxokel evopatin) avéiuer, to tunixéd abotnuo FIM. H
YAGGGH Tou yenoluonotetton elvan 1) (Btar ot yiar £vor TUTLG GUCTIOL YLal TNV XAAOLXT
avéhuor. Avtifeta ye ta evopatind Aoyixd cuothuata xat Ty aptbuntixy) Heyting, 7
evopatixt) avdiuvon Sev anoteAel unobewpla tng xAaowrc, arhd uia Stagpopetixy Hew-
pla yiot Ty avdiuon, tpdyua avauevéuevo ciugonva Ue ta 6oa exbBécaue. To FIM
Suwg euneptéyet éva utocloTnua, To Bactxd olotnua B, 1o onolo arotelel To xovéd
TuAU TN XAaoic xol TNg evopatixic avdiuene. Amd to B, ue tnv mpochixn tou
X10° (tne apyhc tne dumhic dpvnong), mpoxinter To aviiototyo xhaowd olbotnua,
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evdy ue TNV mpoabiixn evéc aliduatos, Tou exppdlel T xhoowxd ec@uiuévn apyh
NG CLVEYELIS, TPOXUTTEL TO evopuTixd clotnua (Yo Ty avdhvorn) FIM.

H vy dooa touv FIM elvon pla exdoyr npwtoBdiulac YAdooug dUo elddy e Lo6-
e, XUTIAAANG Yo plot Tumx fewplo yia i axoloubieg emthoydy (ouvaptioelg
ano 10 w 070 w) X (avadpoutxd) cUVNPTNCOEWDY| AV 6 AUTEC: £YEL UTOUIXES UE-
ToPAntéc do eddy, aplBuntixés, ab,c,... x,y.2, ..., xa cuvoptnowaxés, oB,Y,. ..,
%x080¢ xaL optouévee ouvaptnotaxéc otabepée, e fy, ..., fag, Yia To UNdéyv, ToV end-
UEVO, TNV TPOODECT) XL TOY TOAATAAGIAOUS, ARG xol GAAES, OTwS auTég YLo TOV
TpONYOUUEVD, TO UTGAOLTIO XAl To TNAlxo Tng dalpeong: xdbe wia toug €yel k; aplh-
uolg xat 1; cuvapTACELS amo TO W 6T0 w cav oplouata, aviioTtolya, xat elvar dheg
(mpwtovevde) avadpourés. H enthoy autd Sev etvon povaduxd, éxet yiver yio euxo-
Ao oty avdmtugn tne Bewploc ané Tov Kleene.*? Axéun, ot olufora tne yYhdooog
nepthapBdvetan xat to A tou Church.

Exté¢ ané toug dpoug, mou elvan oL tumixéc exgpdoelc tou FIM vyl toug @u-
owols aptBuols, 0To GVoTNUE oUTE UTEEYOUY XaL TUTIXES EXQPAcELs Yo (OAXEQ)
ouvapThoes and 10 w 6T0 w, ov ouvaptntés (functors). O dVo évvoies opilovtan
TUUTOY POV, ETOY WY LXA:

(1) Ou aptBunuxée petafintée elvar doot.

(ii) O ouvaptnotaxéc uetaPantéc elvar ouvapTyTée.

(iii) Twxdbe =0,...,24, av k; =1 xou I; =0, té6t€ 0 §; elvar ouvapTyric.

(iv) Tw xdbe i =0,...,24, av  t1,...,tg €lvow dpot xou uy,...,u;, elvon ou-
vaptntée, 161 o fi(t1,. .., tg,,u1,...,u;) €elvor dpoc.

(v) Avo u elvaw ouvaptntiic xat o t dpog, Téte 0 (u)(t) elvan dpoc.
(vi) Avn x elvan aplOuntie] uetaBinmi xo o t dpog, té6te 0 Axt elvar ouvae-
TS,
(vii) Mia éxgpaon elvar dpoc 1) ouvaptntiic av xol Lévo av npoxdntel and 1o
(i)— (vi).
O atoutxol tomot elvar xon €36 oL eEXQPAoELS NG UopPHic 5 = t, OmoL O s %ol O
t elvon dpor 1 LodTTA CUVIETNTGY duwg Sev elvon atouxds Tomog, arld optleton:
u=v = Vx (u(x) =v(x)), 6mov n x Bev epooviletar ehedbepn otoug u, v. Ot
timot oynpatilovtat dnws ouviBus, UE TN dlaopd OTL €30 oL TOCOdEIXTES YpNoLUo-
TOLOUVTOL XOL YLO TLG OLUVUPTNOLOXES UETABANTES, €TolL o VoA, JaA  elvon tomoL.
Ou erellepec xou deoueuuéveg eugavioels uetaBintody opllovtal 6nwe ouving,
arhd oToug TeheaTég ou deopetouy (aptluntinéc) petaBintéc avhxel Tohpo xaL To A
tou Church.

Oco v ta aftduota xot Toug amodetTinols XaUVOVES TOL GUGTAUOTOS, TRGOTO-
mpota tepthaBdvouy ta X1 - X12 xar toug R1 - R3 (v ) yAdooa tov FIM)
a0 ol To THPAXETW, ME TLE AVEAOYES GUVOTXES YLOL TNV OVTLXAUTAOTACLIOTITO XAl
TG SEOPEUOELS TWV UETUABANTAY, 610U 0 u elvo cuvapTTAS:

X13. Vo A(a) — A(u).

X14. A(u) — JoA(a).

R4. Ané tov C — A(a), oupnepaivovue tov C — Vo A(a).

R5. Ané tov A(a) — C, ouprepaivovue tov Jo A(a) — C.

390 TAfpNS xaTdhoYoS TV cuvaptnolax@dy otafepdv Bploxetar oto [30] xau eivan avouytée,
»x00dg agrivetar 1 duvatdtnta va enextelveton dtav N avdntuln ng Oewplag to umodewxviel, oe
oupgevia €€ Ahou ue to mvedpa tou Brouwer. Etot, oto [31] npootifevton dAheg dvo.
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To aliduata e toétnrac XEL - XE3 xow ta aliduata tne apBuntxdc Xind xo
XN1 - XNT7 nepthouBévovrar xu autd, 6mou BéBata o X, ¥, z elvar aptBuntixée peto-
Bantéc. Ta afiduota mou agopolv cuVIPTACELS Elvol TEGTU-TPGTA oL 0plouol Twy
ouvapTnotaxdy otalepdyv fo, . .., [, Tou elvar timoL mou anodidouv toug avtioTol-
¥oug prtolc 1 avadpouxols optoiols, xabde xon ta:

XF1. (Axr(x))(t) = r(t).

XF2. a=b — a(a) = a(b).

XF3. VxJaA(x,a) — JaVx A(x, Ay «(25 - 3Y)),

6mou o 1(x), t elvon Spor, 1 x aplBunTin| YeTaBANTA avixataotdown ond tov t
otov 1(x), 0 A(x,a) tonog ye v x ehellepn ylot Ty o

To XF1 elvan 1 S-avoaywyt) tou A-hoviouol: 1o XF3 elvon pia apyr aplbufouung
EMAOYTHC, TOU elval EVopUTIXd amodexTY|, OTWS PAULVETAL AV OXEPTOVUE TOV TPOTO TOU
gpunvedovTal EVopaTixd oL ToGOSEIXTES.

[oe v meptypoen xat o Yelploud Twv axoloubidy emhoydy oto FIM yenot-
uotnotovvtar oL apibuol axolovfidy (sequence numbers), Tou xOIXOTOLOVY dPYLXE
TUAoTo 0XOACLBLAY PUOXAY apLBuGY wg e€hg: oL & TEMTeg TéS plag axoroubiog
a Sdlvovtal and to a(z), 6mou

a(o) =1 MO a(l’ + 1) — p8(0)+1 C pg(m)ﬁ’l’

670U Po, P1, - - . OL TpGTOL apLiuol ot guoy| toug ddtaln. H xwduonoinon auty
uTopel va Yivel 6To TUTIXG CUOTIUA AVEAOYO UE TNV dpLtBunTixn, Xt axoun UTopel va
optotel To Tumnd xatnydpnua Seq(a) mou exepdler T évac apBude elvon apBude

axoroulag, xofde xou n mpddn axb =a- [Ty, pl(:f();) 40 tn¢ napdbeone (con-

+i
catenation) avdueoo oe aplfuolc axoroubdv. M’ autd ovotaotxd to epyalela,
yiveton duvarty) 1 Statinwor 0to FIM twv YopaxTnploixdy opy®dy Tonv padnuott-
%V Tou Brouwer yia tig axoloubieg emhoydy.

H pabnuotued apy mou o Brouwer npoondfnoe vo anoddoet ye 10 Qedpnua Tou
Podypatog, ewodyetar oto FIM ye to Afloya e Avdotpogne Enaywyhc (Bar
Induction):

BT : Va [Seq(a) — R(a) V-R(a)] & Vo IxR(@E(x)) &
Va [Seq(a) & R(a) — A(a)] &
Va [Seq(a) & Vs A(ax*25T1) — A(a)]
— A(1).

i v emioyr autol tou oyfuatog and tov Kleene, unopolue va onueLdoouUE
o e€HC:
Ou WLotntee Twv oxoroubidy emAoY®Y Tou evdlagépouy oTa evopatixd mhalota, el
vou exelves mou dlamotdvovtat Pe Bdon xdmoto apyxd Tufia tne xdbe axohovbiog
emAoY®Y, elvon dnhadh tne woperc JzR(a(z)), énov R(a) eilvon apBunuxd xo-
NYopra, anoxplolo ToLAd LoToV Yio Toug aptiuols axoloutidy. H BL exqpdlel
v €€h¢ dpy| emaywYhic yia totolg (3évtpa) oToug onoloug undpyel éva anoxplollo
ppdryuo: av (i) n A(a) elvar didtnra mou v €xouv ot aptuot axohoubidv, oL onoiol
€youv Ty Wibtnta R(a) xou (i) n A(a) Swodidetar emaywyixd, ue Ty évvola 6,

40T 1n(a) expdlel To ufxog g axoloubiog mov xwdixomoleltal and to a xar To (a); TV
i-mpofBoiy.
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Yoo %80e aptBud axorovbiac a, ov woyler A3 N A(a x 2°F1) yio xéBe s, téTE
woyVet xau n A(a), ouunepaivouue étu oyler n A(1), émou 1o 1 elvon 0 xwdxds Tne
xevic axohoudiac.

H R(a) nailet to pbho Tou GpdyUotos: 1 Lop®T auTH ToU dElOUATOS LEPLUVE UEVO
yio Ty mepintwor tou xafoixod wotol, duwg 1 évvola Tou Lotob optleTol XL oUTY
o710 FIM, xon 1) yevixdtepn apy | anodetxvieTtar and auThy.

To onuavtind Bedenua tne Bevidhag, tumxd Statunwuévo, anodetxvietal 6To
FIM ypnowuonotdvrag v BI.

H BT anodewxvietar xhaotxd (xaL ywels tov neploplod tng anoxplolpdtnrag ylo
10 R(a), mou dev éyel oty nepintwon avth vonua): pall pe éha ta nponyolueva
altiduote xon xavoves, anoterel To faoxd cbotnua B.

To enduevo xou tehevtalo afiwpa expedlet TNV xAootxd ecQaAuévn apyn Tne cUVE-
yerac. 't Statdnwon g apyric tne ouvéyetag oto FIM, o Kleene avagépet nwg
o Brouwer, 707, WAGOVTAS Yo TOV TpoodloptoUud g g b yia xdmoa cuvdptnon
a, yenotdonoinoe Ty €xgpaotn “o adydpibuog tov véuou cuoyétions”. llatpvovtag
60Popd auth TV Exgpaot) xaL Ye Ta eERG ETLYELRTHATA:

TpGTOY, 0 aAybplluog utohoyiopol Tne T b mpénet (1) yio x&Be apyxd T
a(0),...,a(y — 1) yag axoloubioc emAOYOY a, va anogooilel av enapxoly oL TS
QUTES YLt TOV UToAoYLouS Tou b (ii) av i andvinon elvar “van”, va utohoyilet o b,
HoL

deltepoV, Ta TopUTd VW Uropoly vo anodofoly ard ula cuvdpetnon T, ToL dpa TEVK
oToug apLBuolc axohovBldy a(y) xat: napauéver 0 660 o ahydptbuog dev arovtdet
“vou”, eVR, TNV RN Qopd o Bo dobel andvtnon “var”, téte Ba yivel T(a(y)) = b+1
(ywele mpdBAnua, uropolue va Bewphoouue 6, auéowe uetd, n 7 yivetaw 0, dote
va toyvel Ve Ay m(a(y)) > 0),

o Kleene npéteive tnv axdroubn tumxd| wopeh e apyfic e ouvéyetas (Brouwer’s
principle):

BP: VYoa3BA(aB) — ItVa vty (2! xa@(y)) > 0 &
VBVt Iy 12T+ aly)) = B(t) + 1 — A(wB)]].

H oapy auth elvat eapoluévn yio tor xhaowd wabnuotied. T napdderyua, oto
[30] oeh. 84, dlvetan an’ authAv 1 TUTLXY AmdBELEN TOL

F —Va(vx a(x) = 0V -¥x a(x) = 0),

TOU SELYVEL XAl TNHY AVATOXELOWOTITA TNS LoGTNTAS ax0AoUBLGY ETAOYGY, xoL o1
ouvéyeta dlveton ula Tumxr anddelln e dpvnone tng xabolurc xhetotéTnTac ulog
edrc meplnTwaong e apy s Tou EAEYLETOL QuUOXol aptBuoy.

Extéc ané autd, oto tpito xepdioro tou [30] napovoidleton ané tov R.E.Vesley 7
evopatixt) ewpla Tou ouveyols ota Thalota Tou TuTxob cuothuatos FZM. Opilo-
vTaw oL mparyatixol aptiuol ue Ty TunoTolnoy TNG EVVOLg TWY YEVWITOHP®Y TRAYUo-
TV optBudy xar arodeixvieton To Bedpnua OUOLOUOPPNS CUVEYELNS. LTO TETUPTO
xat tehevutalo xepdhowo, o Kleene npoypatetetor tumxd to {ltnua tne didtadng twy
npoyuatixdy. Etou éva onuavuxd tuiuo tewv yobnuatixdy tou Brouwer aneovi-
Cetan Wiattepa motd péou o’ autd To TURLXS GUOTHUA.

4ne xatebBuven and 1o gpdyua mpo¢ T plla Tou dévipou, ar’ 6rou xaL N ovouasia avdaToogy
enayYwYY.
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4.5. H eppmveia tng ouvaptnoLlaxhis tpaypatorolinons yia to cbotnue FIM.
Avantiooovtog tny (da Baowd déa Tng aptbuntindc Tpaypatonolnong, 6o 3o €pyo
o Kleene divet pla spunvetoa yio tnyv evopoatixr avdivon, e€ao@aiilovtag tpdto-tpdTa
™ ouvEnELd Tou cuoThuatos. E3d, éyovue npotdoeis ag nodue g wopyhc 38 A(S),
6mou 1 B elvan ula ouvaptnown wetaBAntr, ondte Tpénel va umopet va dobel uia
ouvdptnon B xou o tpérog va enuinfevtel to A(B). Ta xatdhnha ovtixelyeva
Yoo TV mpaypoTonoinoy Timwy elvar Tdpa, Gyt ov puaixol aptBuol, aAld ot apif-
untxée ovvaptijoeic ulac (apibuntixic) uetafintic. O Baotxde unyaviouse mou
o Kleene emvonoe elvar, oe avaroyia pe v xwdwonolnon twv avadpoixdy ou-
VAPTROEWY UECK QUOLXGY aplludY, 1 xwdlxomolnan Twv (cuveYdY) cUVAPTNCOELSGY
F:w? — w” yéow ouvapthoeny T 1 w — w. Etol pioe v pepueny avadpouixt
ouvéptnon {r}a] Yo ouvaptnolaxdy yetafintdy T xot a, 1 onola vtoroyilel To
CUVOPTNOOEWES oL xwdLxomoLeltal and TNV T 0To dpLoud .

O opLopde e ouvapTnolaxic TEAYUATOTONoNG Elval ETAYRYIXOS XoL Ypnotuo-
otel T mopamdve.t? H évvola mou optleton elvor n

erg E: 1 enpayuatonoet tov E o¢ npoc ¥,

6mou €:w — w, E tnog, ¥ Aot uetafBAntodv nou nepléyel 6heg boeg eugavilova
ehelepeg otov E xou ¥ pia amotiynor oe aptbuolc xow cuvapthoels and 1o w
0TO W, Yl ¢ YETABANTES Trg g3

1. erg P, 6mou P atouxds <=, 0 P ainbeldel wg npoc ¥,

dnaad?) o P ainfeder yua tic tiéc mou i ¥ anodidel otic ye- Rp
TafAntég e .
2.erg AL B < (€)orw A xa (€)1 ry B. &R
3.erg AVB <=, av (e(0))o = 016t (€)1 o A xou
av (€(0))g # 0 téte (€)1 Ty B. VR
4. erg A—B <, yaxdbea (w—w), av arg A 61
{e}a]l »ou {e}[a] r¢ B. —R
5. erg DA oo Yla xdle a, LoyleL 1) dpvnon Tou arg A
(toodlvapa, avv ery (A —1=0),
AOY® Twv 4 xou 1: Sev undpyel a dote -R

ary 1=0, agod 1 =0 ndvto Peudic

atouds Tonog).
6. erw VXA =, v xdle z (€w), {e}z]] xau

{e}z] rw, o A, 60V = 7 TYWA TOU X. VYNR
7. erg dxA op (€)1 7w, (c(0))o A, 610U (€(0))o

n T Tou X. INR
8. erg VoA <, v xdbe o, {e}[a]| xou {e}a] ruo o A,

OTOU a1 TWY) TOL o VEFR
9. ery JaA =, {(€)o}] xw (€)1 7w ()0} A,

émou {(€)o} M Twh Tou o IFR

12X onouwonototvtas extong xar oL oplowol (€); = At (e()); ywu i = 0,1, xan {e}[z] = {e}[At «].
BMe | cuufBoiilovue to “oplleTar”.
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Evag sxletotde timog E elvan  mpaypatormoiforuog, av mpayuatonoeitol oand
xamota yevuxy avadpouixy ouvdetnon € @ w — w. BEvag avoiytés tomog elvon
TpayuatonoLfoLuoc, av 1 xaboAx tou xhetoTdTnTa Elval TpaYUATOTOLAGLUOC TUTOC.

To xatdhhnho Oedpnuo eyxvpdtnag Loyvel:

Ocdonua.(Kleene). Eotww I' (nemepaouévn) Mota tinwv xow E tinog. Téte, av
I'Frzm B xou ou tomow e I' elvan mparypatonoufoluot, téte xaw o E - elvon
TEAYUATOTOLGLUOG.

II6pioua. To tumnd obotnua FIM elvan ouvenée.

OhoxAnpohvovtag TNy TapouciasT) Tng cuvapTnotaxrc Teayuatonolnong, o Kleene
datlnwoe Ty ewxactor 6T, UE TNV TuNoToinoY NG €vvolag authe xaldg xal Tg
(novteholewpntixic) anddetine tng ouvénelag tov FIM, Oo mpoéxunte pla yeta-
wodnuotxe anédetln oyetxic ouvvénelag tov FIM w¢ mpoc 1o Paoixd cbotnua
B. To 1969, oto épyo tou “Formalized recursive functionals and formalized real-
izability” [31], nopouctiace e eZopeTixd] eVaTOXlO XL AETTOUEPELD TNV TUTOTOLNOT)
e Bewplac TV avadporiX)Y GUVOPTNHCOEWKOY TUTOU 2 Xol TNV avTioTolyn TUTLXT
évvola suvapTnotaxic Tpayuatonolnonct® xabde xau plac mopalhayfc Tne, Tedyua
nou tou enétpede va emohnfeloel TV exaolo Tou, aAAd xan va detéel T WLoTNTES
e dudleutng xan tne Unapdng, xalog xau ula poper) tou xavéva tou Church, yio 1o
FIM:

IIdpioua. (1) Av Frzm AVB, AVB xkewotée tinog, téte Frrpm A A

(i) Av Frzm FxA(x), IxA(x) »eotde tonoe, téte, yia xdnowo aptbud x,
Frzam A(x), émou x 10 dnglo tou z.

(iii) Av Frzam JoA(a), JaA(a) xhewotde tomog, téte Frrum JogrA(a),
6mou GR(ar) elvor Tumind xatnypnua ou exgpdler 6T 1 cuvdpTNoT ToL exppedleTo
amd Ty o ebvon YeEvxr) avadpoutx.

O Troelstra to 1973 yopaxTAploe 1 CUVAETNOLAXT TEAYLUTOTONOY YENOULOTOLD-
vrac 1o oyfiua GCr, ula yevixeuon e apyfic tne ouvéyetag BP.*

4.6. LyetuxonolnUéveES XL TeOTOTOLNUEVES Evvoleg npayratonoinons. O Kleene
6pLOE OYETIXOTOLACELS TNE aEYIXAS EVVOLAC TNG CUVIPTNOLIXHG TEAYUATOTOINGNG UE
ddpopoug tpomous. Av @ elvar ulo xAdon optBuobewenTixdy cUVOPTACE®Y XAELOTY
v 10 “ avadpouy wg meog”, t6te yiao O, C & xu e € P 7 évvowr “n e
O/ npayuaronoel-¥ to E” opiletar oav “ne mpayuatonoel-¥ to E” extéc ané to

61 otoug xavbveg 4, 5 xau 8, to a neploptletan oy .

Téte o E elvar @/ mpayuatorotfoiuoc/© av yia xdnowa € avadpoutxt we tpos O:
n e ®/npayuatonoel-¥ to VE. To fedpnuo eyxupdtnrac enextelvetal 6Tig oye-
TOTOLNUEVES €VVoleg. XENOLUOTOLOVTAS TO TOPAESELYUS ToU Tou duadlxod 8-loTol
Tou onolou Gha Tal avadpoutxd xhadtd (ahhd Syt Gha Tou ot xhadid) elvol memepa-
ouéva, ot Bewpdvtoag 6t n @ = O elvon ) ®¥AdoN GABY TV YEVIXGY avadpoutxdy
cuvapthioewy, o Kleene €deile 6t o Brouwer dev Bu unopoloe v éxel anodeilet to
Oedpnuo Tou Ppdyuatog ywels va yenowonothioel oty anddelln TNy avdoTpopn
EMAY WY

UTpouertar, brwog xar oty aptBuntud neplntwon, yia ulo uetdppaan, uéow g onolag oc x4fe
tro E avtiotoiyel évag tinog € r E.

BGCy etvar to oyfua Yo(A(a) — IBB(a,B)) — JoVa(A(a) — FB([o]{a} =B & B(a,B))), 6mov
o A elval oyeddy apynTixdg tinog.



28 TAPY®AAAIA BAPEIAAOY KAI JOAN RAND MOSCHOVAKIS

Ocdpnua. (Kleene) To allmua oyfue Tne avdotpogrnc enaynyhc elvar aveZdptnto
and ta unérotna adLduaTo TG EVopuTxhic avdiuons. Av to “Bedpnua g Bevtdiiog”
AVTIXATAOTAGEL TO OY AU TS AVAGTEOPNS ERAYWYHC, TOTE %L autd enlong elval ove-
EGptnto and to G AELOUATA.

Y ouvéyewa Bedpnoe 61t n @ = O elvar 1 wAdon E Shwv Twv aptBuntixdy
oLVoapPTACELY, 1) omtola elvar (XAAoIXE) XAELGTH YLo T YEVXH avadpoutxTnTo Mol
Tov Teheoty dhuatog (jump operation), xat anédetle (xhaowxd) 6Tt To Bedponuo Tne
Bevtdhtog xot dhat To a€LBUATH TOU EVORATIXOU GUGTALNTOS EXTOC ATd TNV VA TROPT,
emaywyh elvar  E/mpayuatonovjoiua/Z . (Apyétepa, oo Howard xau Kreisel [26]
anédetloy 6T N AVAeTPOPY ETUYWYH TEdYUoTL UETUBEANEL TNV evopatixy aptBuntid:
o Troelstra [46] anédeile 6Tt To Bedpnua tne Pevidhiog dev éxet To (Sto arnotéleoua.)

O Kreisel [34] npdtoc unédete éva dtagopetiné eldog tpononolneng g mpayuato-
rolnong (tou apydtepa tpoocdpuoce o Kleene) yia va anodetéet 6t 1) apy v tou Markov
etvar aveldptnn and ta evopatixd afiduota. Ou Kreisel xau Kleene ypnowuonolin-
oav pnrols tonoue (types), dpwe to o anotéleoun Tpoxinter av ypnoidonomnboly
urodniotuevor (implicit) témol péow plag évvolas ovupwyias (agreement). O Van
Oosten [41] e€nyel ) Baowxh éa: “Kdbe ténog éyer o olvora mpaypatonointdy
(realizers), émou ov mpayuatixol elval UTOGGVOLO TwWY SUVEUEL TPOYUATOTOUNTOY.”

T mopddetyua, 1 & ouugwvel ue to (agrees with) A — B av, énote 1 o ovu-
gwvel ue to A, to {e}[o] opiletar xau ouugwvel ue to B. Av F elvar pla suhhoyn
CUVHPTACEWY XAELGTH YLt TO “Yewxd avadpouxt] wg Teog” ot ot ekelbepeg peTo-
Bantéc tou A — B gpunvedovion ye aptfuoie xaw ouvapthoes and v F, téte n €
Froayuatonoel 1o A — B ¢ mpoc auth v gpunveta tov uetaBintay av & € F xa
1 € ouEwVel ue 10 A — B xou yia x86e o € F: av n o Frpayuaronoel 1o A wc mpoc
v epunvele, 161€ to {e}[o] Frpayuaroroel To B we mpoc v epunveto.

H anédeiln 6t n avdotpopn enaywyh eivor Frpoypatonomown elvor mo nept-
oy and authy yia Ty mpaypotonoinor. H xplown mapathpnon elvon 6tL av 7
o Frpaypatonoel to VaIlzR(a(x)), téte 1o {o}[p] opiletar yia xdfe ¢ anb
ouvugovia, xat o0 ({o}e](0))o = = eZaptdton pwévo and éva METEPUOUEVO apyLxd
i Tne . Ouwe xébe meptoyd) tne ¢ mepéyer otouyela e F, xou v undbeon
Yl T 0 ouvendyetar (ue éva éupeco entyelpnua) 6T, av (z) = P(x) xou p € F
t6te ({o}[¢](0))o = z eniong. Autd mapéyet tn Bdon yia ) StaoOntin avdotpogn
ETAY YN,

I v smpayuatornoinon tou Kleene, n F elvow 1 %Adon 6hwv twv cuvapth-
oewv. Lo va Sodue 6t n apyr tou Markov dev elvan  smparyuatorotiouyun, umo-
Betouue 6t M o smpayuatonotel To Va(=Vx-(a(x) = 0) — Ix(au(x) =0)). Téte o
7 = {o}[At.1] snpaypatonoel To —Vx—(a(x) = 0) — Ix(a(x) = 0) btav 10 o cpun-
veteton We At.1, xau undpyet ulo avadpouxt| 6 1 omolo cuugwvel ue Ty unébeon,
onéte 10 ({7}0](0))o = = xabBopileton anéd to At.1(2) yia xdmoto z. Av ¢(y) = 1 yia
y < x4z G p(x+2+1) = 0, té1e 1 8 snporypatonotel Ty utdheon ~Vx—(a(x) = 0)
6tay To a gpunveleTal Ue ¢, ok to {7}[0] dev snparyuartonotel to ouunépaoya.

H oyeuxonounuévn exdoyt avantiybnxe oto [37] (ue F tyy xhdon Shwy tov ava-
dpoutdyv ouvapthoewy) Yo vo anodetyfel 61t o Ya—~GR(a) elvon cuvenée pe tny
evopatixh Dewpla xat 1o EyAua tou Vesley [42], and to onolo énovton avunapadely-
pato Tou dnuLoupyolvtog uroxeyévou (creating subject) tou Brouwer. T dhheg

46[30] [Iéptopa 9.9. H xuxhixdtnta oty “anddelln” tou Brouwer tou Bewpruatog tou @edy-
uatog avahvetar oto Kepdiato 6.
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gQapUoYES, TapaTNPOUUE AT §TL 1 oLVABNG GUVOETNCLIXY TPAYUXTOTOINGT) ToEE-
ye ulo xhaowd| anodelln étu n evopotind| Bewplo FIZM elvor ouveniic pe v PA,
e@6o0ov xhaowd wd0e aptbuntix Teplntwon Tou VOUOU TOU ATOXAELOUEVOU TplTou
TparyUatonoteltal and xdnota cUVEETNOY).

Av A(x) elvar onotodinote aptBuntind xatnydpnua ue eredbepn uévo Ty x, ot
FIA(x)] 1 oulhoyh 6AwV TV GUVIPTAGEWY TIOU Elval XAAGXE AVABPOULXES KBS TIPOS
v xOpLa epunveta Tov A(x). Téte ta Vx(A(x) V 7A(x)) xou Yo——JeFB[Vx(B(x) =0
o A()) & Yy[Ti (e, x, B(y)) & UB(Y)) = a()]] eivar FU@lngaypasoroioia,
xol dpat ouven ue To FZM. Elvan enouévog Suvatéd v epvedGOUUE TO XATACHEVN-
OTXA amEOCALOPLETO UEROSC TOU EVORUTIXOU CUVEYOUS Gay XAXGWXE avaBpopixd wg
TPOG TO XUTUOXEVUOTIXS TPoadLoptoUévo Uépog, To onolo Bu unopoloe va TepLéyet
TS YOPUXTNPLOTIXES ouVapTHoELS aulfalpeta ToOAOTAOXWY aptBunTixdy oyéoewy. Bé-
Bawa, elvar adbvato v anodiooupe apliuoic gddel (¥ axdun xal oyetxoic aptduoic
gbdel) ye ouveyt| tpémo, ondte to ——Je dev unopel va aviixataotalel ouvends and
10 Je.

4.7. M patid oto ofpepa xar to adplo. O glriocogxéc Tou emAoyeg ftay
70 xtvntpo Tou Brouwer yia TNV £VORATIXH AVOXATACKELT TwY Ualdnuatxdy. Ouw,
cav Lo etpwvela e Lotoplac, To evdlagépoy yia Ty evopatixt) oxédn (extde and
autolc Tou ouuueptlovtat avdioyes grhocogxéc Béaeic) nnydlet oriuepa xuplwe and
TN AOYWXH XAl TV EMLOTAUY TWY UTOAOYLGTOV.

H B-H-K epunvela Bprxe ylo axplBh vhomoinot tng anéd tov Kleene otny évvoia
e Tpaydoatorolnong, 1 onola Tn StooLVSEeL Ue TN Dewplol TwY AvVaSEOUIXOY GUVAETTH-
CEOV" AAAE Xol 68 GLVSUOOUS UE Ta arodelTixd ouothiuata tou Gentzen, od1yroe
oty avutototyla Curry - Howard, nou cuoyetilel tic anodeifelc ue A-bpoug xon te-
Axd e mpoypduuota. Xto (Sto mhalolo evtdooetal xou 1 evopatixt Bewplo Tonwy
tou Per Martin-Lof. O mohuuopguéde A-hoyiouds i cbotnua F tou Girard xau o
hoylouds v xataoxeudy twv Coquand xor Huet (mdvw otov onolo oyedidotnxe
1 ouvapTnotaxt) Yhdooa - prover (proof checker) Coq, ue tnv onola éytve petaly
MoV tpbogpata (2004) emarffeuon tne Along tou TEoBAUNTOS TwY 4 yowudteny),
anoTENOUY EQUPUOYES TwV Tponyoupévey. H mepiypogn tne e€éMEng xat Twv oh-
ANAETOPACEMY TWV WOEGY QUTAYV, SLUTUTOVETOL EUTEPLOTUTWUEVY 6T0 dpbpo “From
constructivism to computer science” tou A. S. Troelstra, [49].

Mio ragopete mnyt evdlagépovtog anotéieoe 1) Oewplo xatrnyopltdy, énou Peé-
Omxe 6t onuavtinés douéc dmwe oL témot, elvar UOVTEA TN evopatixfic Aoyxrc.
Y10 dpbpo [41] Tou J. van Oosten unoget va Bpet xavels ulo oxaypdgnon auths g
Yoo avdantuéng tng Bewplag.

Awdpopa hoyuxd o Lalfnuatind cuoThuato xaL onuactoloyieg avantdydnxay oe
oyéon e v evopatixh) Aoy Evdewtind avagpépouue T onuactoroyla Kripke
xafdg xon Tig notaoxevaoTés exdoyés e Bewplac ouvéhwy Zermelo - Fraenkel,
S6mwe tou J. Myhill xaw tou P. Aczel. ANG xou tnyv xataoxevaotixd) avdrtudn
ueydhou uépoug tne avdivong and tov E. Bishop xat tn oyohy| Tou, énwg xo to
OVODPOMIXE HATACHEVAG TS UAUONUATINd TN pwOoXTiC OYOAC TIOU GUVIEETAL LE TOV
A. A. Markov.

Ye xfe neplntwon, ta evopoatind woabfnuatixd arotehody ula mhodota Ty uabn-
Loty WBedV: elte umopovy vo avantiocoviow péoa ota xAaowd uadnuotd ooy
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€vo XOUPdTL Toug, elte umopoly vo Bewpolvtat ouy Ul EMEXTUGT) TWV XAUCIUGDY Uo-
Bnuatidy,*T Tpocpépoviac BLapopETIXOUC 0PLOLOUE %ot EXAETTUVOELS TOY AOYIXOVY

pdes

1

W

[20

[21

[38

L panuoatiedy evwoldy, Ue 6,TL dUTé GUVETAYETAL.
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