Math 3A Homework #2 solutions

3.2:8 Let

a frz=1

f(@) :{ S e £

Which value must you assign to a so that f(x) is continuous at x = 17

Answer: For f(z) to be continuous at x = 1, we require that lim,_,; f(z) = f(1). So we need

. 224w -2
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r—1 x—1
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So we need to set ¢ = 3.

3.2:10 Show that .
fla) = { —— forz# 1,1

0 fort =—1orl

is discontinuous at £ = —1 and =z = 1.

Answer: For f(z) to be continuous at z = £1, we need limy_11 f(z) to exist. But limy—+1
doesn’t exist, since the denomenator goes to zero.

3.2:20 Find the range of continuity of f(z) = cos(2z).

Answer: Since 2z is a polynomial, it is continuous for all R. Since trigonometric functions are
continuous wherever defined, and cosx is defined everywhere, then cosx is continuous for all R.
If two functions are continuous everywhere, then their composion is continuous everywhere. Thus
cos(2z) is continuous for all R.

3.2:24 Find the range of continuity of f(z) = exp(—v/z — 1).

Answer: The exponential function is continuous everywhere, but v/ — 1 is defined only for = > 1.
So the composite function is continuous for = > 1.

3.2:36 Find lim,_,; Va3 + 4z — 1.

Answer: The square-root function is continuous as long as its argument is non-zero, which is
true when 23 +42—1>0. Since 13+4-1—-1=4 > 0, vVa? + 4x — 1 is continuous at z = 1. Thus
limy Vot +4z —1=V13+4-1-1=2.

3.2:38 Find lim,_,g et

Answer: The exponential function is continuous everywhere, and so is any polynomial. So e

raised to a polynomial is continuous everywhere. Thus lim,_,g €3t = 30+l = ¢l = ¢.



. . 2
3.3:2 Find limg,_ o 52%

Answer: Since the degree of the numerator and the degree of the denomenator are equal, the
limit is just the ratio of the leading coefficients, é

3.3:8 Find lim, . ., 3=2°

1—-2z2"

Answer: Again, the degree of numerator and denomenator are equal. So the limit is the ratio of
the leading coeflicients, % Note that this is the same as the limit to +oo.

3.3:14 Find lim;—.o 15—

Answer: We know that lim,_ .., e”% exists, so we can use the limit laws to write

I e * lim, e *
im ——— =
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0
= —_— 0
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3.4:4c Let f(z) = % Show that for > 0, —% < % < % holds, and use the sandwich theorem

sinx

to compute lim,_
Answer: We know that
—1<sgsinz <1

Dividing both sides by x, we get

1 sinx
——<
T T

<
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which we can do, since x > 0. Now we see that
1

. 1 .
Im —— = Ilim — =0
T—00 X T—00 I

so we can apply the sandwich theorem to get

. sinz
lim =0.
r—o0 I

We can see this graphically:
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3.4:6 Find lim,_.g Sm?)(—ix)

Answer: Let z = 2z. Observe that 2z — 0 as £ — 0. Then

. sin(2z) . sinz
lim = lim ——
z—0 3z 2—0 3z/2
2 .. sinz 2
= -lim—=-
32—=0 z 3
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3.4:12 Find lim, o 7=,
Answer:
. 2 .
. sin“z . . sinz
lim = lim (sm T )
z—0 x z—0 €T
. . . sinx
= limsinz - lim
rz—0 z—0 X
= 0-1=0
. . —cos?
3.4:14 Find lim,_.q %
Answer: Using the identity sin® z 4 cos? x = 1, we see that
o 1—cos?zx _ sin?zx
lim ——— = lim 3
z—0 X z—0 X

. sinxz\2
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z—0 X

= (1)*=1



