Homework 9

(1) The vector field ( 5 +y2, s + 5), defined almost everywhere on R?, has curl zero, but it
cannot be written as the gradlent of any function. Explain what this means in terms of de
Rham cohomology.

(2) For each integer n, exhibit a smooth map S* — S! of degree n. (You must prove that your
map has degree n.)

(3) For each integer n, exhibit a smooth map S? — S? of degree n. (You must prove that your
map has degree n.)

(4) Let V be an R-vector space. Prove that the interior product
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is well-defined.
(5) Let M be a manifold and X a global vector field on M. Show that

Lx =doix+ixod: Q"(M)— QF(M)
is a derivation, i.e., it satisfies Lx(a A ) = Lx(a) A S+ a A Lx(B). Here ix denotes the
interior product with X.
(6) Let M be a compact orientable manifold of dimension 2n without boundary and let w be a
symplectic form on M, i.e., a closed 2-form such that w" = w A --- A w is nowhere zero.
Prove that H%(M) # 0.

(7) Verify that Lie brackets satisfy anticommutativity and the Jacobi identity.
(8) Prove thatif X, X, ..., X}, are vector fields on M and w € Q2*(M), then

Lx(W(X1, ..., Xp) = (Lxw)(X1,..., Xp) + Zw(Xl, LXK XL X)),

(9) Prove thatif X;,..., X}, are vector fields on M and w € Qk(M) then
dw(Xh ce 7Xk+1) - Z(_I)H_lX( (X17 s 75(\7;7 cee 7Xk+1))
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Here 5(\1 means omit the term X;.

(10) Consider the vector field X = xQ% on R. Compute its integral curves. Explain why X
does not admit a global flow ¢ : R x (—¢,¢) — R.

(11) Find a piecewise smooth curve connecting (0,0,0) to any point (x,y, z), where each
smooth piece an integral curve of the 2-plane field distribution £ = ker(zdy — ydx + d=z).
(Such curves are far from unique.)



