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Lecture 8: We describe how to extend the Weil represen-
tation w from SLy(Fy) x Op, (A) to (g,h) € GLo(Fy) x By
so that 0(¢)(g,h) = > aep, (L(h)w(g)®)(a) is kept automorphic.
The idea is that g € GLy(Fy,) for primes pp splitting in E to-
gether with GL,(F') generates almost the entire group GL>(Fy).
We prove that 0(¢)(g, h)|T; = 9(q§)(g,h)|Tg;_, for a prime p split
in E/F as long as ¢ = qsquﬁ(PF) with ¢y, given by characteristic
function of MQ(OFP). Details are in §4.7.5.



0. A set of density 1 split primes. Let S be a set of split
primes p|lpr of E for each prime pp of F' with DUaEpF = M>(Ep).
Suppose

(S) The set S has Chebotarev density 1 over E.

Choose an inert prime p’ with B, = M>(Ey) and put 8" = S U
{p’}. Let G C GLo(Fy) (resp. G’ C GLo(F,)) generated by
SLo(Fy), GLI (Fro) and {GLo(Ep)}yes (resp. {GL2(Ep) tpesr)-
Chebotarev density 1 means that for each ray class modulo N of
E for every integer N > 0O, there is a prime p|pr € S in the class
(cf. [CFEN,V.6]).

For each pr, we fix a choice of a prime ideal p of E such that
plpr and identify Fy,. = Ep. We identify S with {p|pr € S}. Since
0(¢)(g,h) = 0(g,o-h) by definition as o € Op_(Q), the choice of p
does not matter. For G = G and G/, we have the representation
w extended to subgroup G of GLy(Fy).



§1. Bg action on S(D, ). Define a representation L of
By on S8(D,a) by (L(h)p)(v) = ¢(h‘vh?). Then the action
L(h) of By on the center factors through Ng,p. This is be-
cause the algebraic group B* is sent into GOp, by the action
v — h'vh? and the similitude map Np_ : GO—>Gm/F is given
by Np_ (h) = N(hh?) = NE/F(N(h)). For the Weil representa-
tion w;, with respect to x — e,(bx), Jacquet—Langlands [AFG,
Chapter I] extended w to a representation wy of GLo(Fp) by

wp(gdiag[b, 1])¢(v) = |blpw;,-1(g) for g € SLo(Fp).

Consider 6(¢)(g,h) : GLo(F)\GLo(F)SLo(Fy) x B*\By — C so
that
0(¢)(vg,0h) = 0(L(h)w(g)e) = 0(¢4)(g, h)

for v € GLo(F), g € SLa(Fy), 6 € BX and h € By with L(k)¢(v) =
d(htvh?).



§2. Legitimacy of extension in §1. If vg=+/g" for g,¢ €
SL2(Fy) and v,7" € GLo(F), then g =~ 14/¢g" and 6(¢)(g,h) =
0(¢)(g’,h) because of v~ 14/ € SLo(F), and hence the value
0(¢)(vg,8h) is independent of the choice of g,¢' € SLo(F,) and
~v,v € GLo(F) as long as vg = ~'¢’. For an element § € B,
0(p)(g,0h) = 0(¢)(g,0h) as the theta series is an average of the
terms over Dy and a — 0'ad preserves Dy,. For a pair 1o and
b0 AS iN Lemma 4 in Lecture 7, we may define w(zg)op(v) =

Yoo (2)W(g)@(v) for g € SLo(Fo).

For G =G or G/, we extend further 6 to GLo(F)SLa(Fy) -G x By
by

(E) 0(¢)(v9g, h) :=0(¢)(g8, h)

for v € GLy(F), g € SLo(Fy), g € G.



3. Legitimacy of extension adding G.
Lemma 1. The extension (E) of 0(¢) to GLo(F)SLo(Fy)-Gx By
is well defined and is left invariant under GL>(F) x B*.

Proof. If gg = ¢'g’ with g,¢' € SL>(F,) and g,g’ € G, then

w(g Hw(g) =w(g'g ) = w(g)w(g) ™
as the extension of w to SL,(F) )G coincides with the original
Weil representation w of SLo(Fy). Thus w(gg) = w(g’g’) and

hence 6(¢)(gg, h) = 0(9)(g'g’, h).

For v,7' € GLa(F), if vgg = +'d'g’, ¥ 'v = dg'g 1g~t. Tak-
ing a prime [ of F non-split in E outside S/, we find v/~ 1y =
g{g[_l, and hence det(%_ly[) = 1 = det(y 'y) =1. This im-
plies 0(gg, h) = 0(4'g’, ), and therefore, 6(gg, h) factors through
GLo(F)\GL2(F)SLo(Fy)Gx By . Since L(§) for £ € B permutes
elements of Dy, plainly as a function of h € Bg, 0(¢p)(g, h) factors
through B*\Bj. [ ]



34. Norm subgroup.

Lemma 2. For a quadratic field extension E/F, inside the idele
group F¥, the closed subgroup H topologically generated by
{F}Yes, F*, FLy, and Ng,p(Eg) has index 2 and is open,

o

and Artin symbol induces F; /H = Gal(E/F). Here Fo><<>—l— is the
identity connected component of Fﬁ.

Proof: We show that Eg IS generated topologically by

E*, {Eﬁ}mpFes and E§0—|—’
where S is identified with subset of prime ideals of E. Let
UN) = {x € @ﬂx =1 mod N} for a positive integer N. Then
the finite group Cly = Eg/EXU(N)ECfO_F is the strict ray class
group modulo N of E. Thus it is canonically isomorphic to the
Galois group Hjp of ray class field modulo N over E by class field
theory.



§5. Proof continues.

Since Eg/ExEjo_l_ — Li_mNClN, we need to prove that Cly is
generated by totally split primes in E. Since totally split primes
of E/@ has density one among primes of E, by Chebotarev density

theorem, E; is generated topologically by E*, {Eg}plppeS and

X
Em_l_ .

Now by global class field theory,

Coker(Ng p: Ex/EXE | — Fg/FXF ) = Gal(E/F).

Since N/ Eg — Fg is an open map, the assertion follows. ||



§6. GL(2)-version.

Corollary 1. Write x& for the composite of det : GLo(Fy) — FJ
E A A

with xgp = (M) ; Fg — {%1}, and define GE/F(A) = Ker(xg).

Then GE/F(A) is an open-closed subgroup of GLo(Fy) of index
2 containing GL(F), GLo(Fw) and the center Fy.

Proof. Since X% IS a continuous open character of order 2, its
kernel GE/F(A) is an open subgroup of index 2 containing (Fg)2
which is the image of the center under det. Since yg factors
through the idele class group Fy/F*Ng,p(Ey), Gg/p(A) con-
tains GLo(F) and GLo(Fxo). [ ]

Since GE/F(A) contains GL»(F~) and projects surjectively to
GLy(Fxo), writing G p(AS)) for Ker(Gg p(A) — GLo(Fx)) |

Gp/r(A) = Gg/p(Al™)) x GLy(Fu).



7. Extension Theorem.
Theorem 1. T he theta function

0(d)(g,h) : GLo(F)\GLo(F)SLo(Fy) -G x BX\BK — C

extends to an automorphic form on GLQ(F)\GE/F(A) X BX\Bg
independent of the choice of S.

Here “automorphic form” means analytic on the infinite compo-
nent and right invariant under an open subgroup of GE/F(A(OO)) X

Bg(oo). Since 0'(¢)(g,h) = 0(0)(g,h™"), the twisted one 6'(¢) is
also well defined over GL(F)\Gg/p(A) x B*\Bj . Since Gp/r(A)
is independent of the choice of S, the theta function is also in-

dependent of the choice of S.



§8. Proof. We need to show that 6(g,h) extends to GE/F(A)
from the subset GLQ(F)GGL;(FOO). For ¢ = ¢p(®) g € S(Dg )
qs(oo) is a finite linear combination of factorizable Bruhat func-
tions in S(Da’Féoo)). Thus we may assume that cb(oo) is factor-

izable to prove the extension property of 0(g,h) = 6(¢)(g,h).

: X e X X
By Chebotarev density Lemma 2, for FS — HPFGS Fp HFA(OO),
FXFSXF;)_'_ is dense in FXNE/F(E‘X), and hence its pull-back
GLQ(F)GGL;(FQQ) in GLo(F)y) by the determinant map is dense

in Gg/p(A). Thus for any open subgroup U of Gg,p(A), we

have GLo(F)GUGLY (Fio) = Gpyp(A). As we saw, U? =1y, Ug

is an open subgroup of the finite part GE/F(A(OO)) and 6(¢)(g, h)

extends to GLQ(F)GU¢GL3'(FOO) = GE/F(A) left invariant under
GL»(F) and right invariant under U?. ]

By the same proof using G’, we have an extension of 0(g,h) to
GLo(F)\GLo(Fy) x BX\BY.



§9. Induction from GE/F(A) to GLy(Fy). Choose a pair
(Yoo, doo) With Yool px =1 asin §10 of the last lecture. Then by
oo+

all the extension lemmas combined, this newly extended 0(¢)(g, h)
is an automorphic form on GL(F)\GLo(F,) x BX\Bj. Since
¢OO|F>< = 1, we have

oo+

0(p)(zg,h) = 0(0)(g,h) for z € Fgé_'_.

Since GLy(Q)\GL>(Fy)/FX has finite volume, we can project
6(¢) to the cuspidal subspace, which is written as Ocysp(¢). Here
IS an obvious corollary

Corollary 2. Writing © (resp. ©g) for the representation of
GLo(Fy) x By (resp. Gp p(A) X By) generated by Ocusp(¢) (i.e.,
(g, h) (Ocusp(#)(g', 1)) = Ocusp(d)(g’g, h'R)), © is isomorphic to

. . GL,(Fy)
the induction IndGE/F(A) Op.



§10. Quaternion subalgebras of B. For each o € Ds N B*,
define the a-twist oo Of o by v — av®a~ ! =: v%». Then oy iS
another action of Gal(E/Q) on B, and D, = H°(E/F, B) under
this twisted action is a quaternion subalgebra of B.

e All quaternion Q-subalgebras of B are realized as D, for some
o € Dg, and D, =D < z € 7,

o a=¢1BE79 for ¢ € BX & Do = Dg with ¢€Do&™1 = Dg;

e Do = Dg by an inner automorphism of B if N(a) = N(8) and
Boo = M»>(E~) (strong approximation);

e The even Clifford group Go of D, o = {v € Dg,|Tr(v) = 0} is
D and B* is a covering of the similitude group GOp, of Dg.

LetTy={heB (m)|¢<00>(h—1vh—ba) = () (v),Yv € D_, (o)} for
each Schwartz- Bruhat function ¢ on D_ ()

Let Shp = B*\Bj /EAI‘(bCOO be the Shlmura variety for B* of
level F¢, and Sh, be the image of D><A in Shp for a € Dy.

Regard Sha € Ho(Shp,Z) and write (-,-) : H? x Hy — C for the
Poincaré duality.



