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Abstract

Submonolayer epitaxy in the presence of defect sites on the substrate is studied by means of a level-set method. Here,

island nucleations occur by the creation of dimers and defect-monomer pairs. We present results for the scaled island

size distribution (ISD) for growth with different densities for both random and regularly positioned defects. The dynam-

ics show that for large D/F and defect density, all islands are nucleated at the defect sites in the very early stages of

growth. We use scaling ideas to show that a gamma distribution can suitably describe the ISD.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Atomic defects on a substrate have long been

known to affect nucleation during epitaxial growth.

For many systems, defect sites act as traps for the

diffusing adatoms [1–3]. An adatom and a defect

can form the nucleus of an island that subsequently

grows due to further aggregation. This acts as
an important competing nucleation mechanism to

islands formed by the creation of dimers, which

occurs whenever two adatoms encounter and nucle-

ate (we will refer to this as dimer nucleation).
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Islands grow at rates depending on their local envi-

ronments, which in turn depend on their spatial dis-

tribution. Therefore, the location of defect sites has

a strong influence on the growth dynamics. By con-

trolling their positions it may be possible to obtain a

desired surface morphology, so that they have prac-

tical technological applications. It is therefore of

interest to know what submonolayer morphologies
can be grown with different spatially distributed de-

fect sites, from randomly to regularly positioned.

Statistically, these grown morphologies are charac-

terized by the scaled island size distribution (ISD).

Previous work in this field helps to give insight

into the different possible ISDs that we can expect

in the presence of defect sites. We first discuss

models that do not explicitly include defect, but
ed.
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nevertheless are helpful to understand their effect.

Models for ‘‘single atom nucleation’’ do not con-

tain defect sites at the start of the evolution. In-

stead, the deposited adatoms have a constant

probability to exchange with a substrate atom
and thereby create a nucleation center or a defect

site during the course of the evolution. These mod-

els have produced ISDs with very numerous small

islands and exponentially decreasing larger islands

[4,5]. An analytic treatment of related rate equa-

tions [6] for this model has indicated that in the

scaling limit one obtains a constant ISD up to s/

hsi < 2. Random selection of nucleation centers
has previously been investigated for dimer nuclea-

tion [7], producing a broad and nearly constant

distribution of island sizes up to s/hsi = 1. How-

ever, as we will explain below, this leads to differ-

ent spatial correlations than islands that are

nucleated at randomly distributed defect sites.

Growth models that explicitly include the defect

sites have also been previously studied. In the scal-
ing limit, a model by Mulheran and Blackman [8]

has shown that the scaled ISD is a scaled gamma

distribution with a shape parameter that is deter-

mined by the initial spatial arrangements of the

defect sites. In their model, monomers were added

sequentially into the system between defect-mono-

mer nucleations, thereby suppressing any possi-

bility for dimer nucleations. Furthermore, their
investigation included a ‘‘hard disc exclusion zone’’,

where the defects are never placed closer than a

certain chosen area. The competition between di-

mer nucleation and defect-monomer pairs has

been studied qualitatively by Lee and Barabási

[9]. They presented a series of morphologies ob-

tained for different growth condition over a sub-

strate where the defect sites are regularly spaced.
However, they did not show the ISDs obtained

and they did not consider a more randomized set

of defect site locations. Nouvertné et al. [10] ob-

served that under certain growth conditions defect

sites lead to bimodal growth. The reason is that de-

fects-monomer pairs and dimers are nucleated at

completely different stages in the growth. This re-

sults in two distinguished peaks in the ISD associ-
ated with the two nucleation mechanisms.

In this paper, we present results obtained by a

level-set model that allows us to include nucleation
through the formation of dimers and by defect-

monomer pairs within the same framework. We

present ISDs obtained for growths with both ran-

domly and regularly distributed defect sites. We

also find that in the scaling limit the scaled ISD
is a scaled gamma distribution that is compared

to that obtained in Ref. [8]. Furthermore, and un-

like previous work, we show how the growth

dynamics, in particular the evolution of the ISDs

changes with different values of defect density

and diffusion constant.

The level-set model provides certain advantages

over other computational models like kinetic
Monte Carlo. Here, we are not restricted to time

steps associated with single adatom hops. The mo-

tion of the adatoms is modelled by evolving the

continuous adatom density. This makes the model

fast. Furthermore, the spatial and temporal fluctu-

ations in island nucleation events is controlled by a

set of rules applied to the adatom density field.

These rules are easily modified, allowing more con-
trol over the growth dynamics. This in turn allows,

for example, to investigate the importance of dif-

ferent forms of fluctuations [7]. We also note that

other numerical schemes such as the phase-field

model have been developed in the past few years

to describe epitaxial growth [11]. However, we be-

lieve that the non-zero interface width of such

models make them less amenable to the problems
studied in the present paper.
2. The growth model

The level-set model for epitaxial growth [12–18],

relies on the evolution of a continuous, spatially

varying adatom density profile q(x, t) over the sys-
tem. This determines the time and the position for

the formation of new islands. It also relies on the

level-set method for tracking the motion of the is-

land boundaries. In this method a level-set func-

tion /(x, t) is used to describe the motion of the

island boundary curves. These are represented by

the sets of points for which /(x, t) takes integer

values. For example, the set of boundary points
that separate islands from the substrate satisfies

/(x, t) = 0 and is called the zero-level-set. The full

time derivative of the level-set function yields an
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advection equation that describes the motion of

the points belonging to the island boundaries. This

can be cast as

o/
ot

þ vn j r/ j¼ 0; ð1Þ

where vn is the velocity of the boundary in the out-

ward normal direction n = $//j$/j. It is given by

the net diffusion flow of the adatoms towards is-

land steps edges. For the case of irreversible aggre-
gation it is computed as

vn ¼ a2Dn 	 ½rq# � rq"�; ð2Þ
where a is the lattice constant and $q" and $q# re-
fer to the gradient of the adatom density evaluated

above and below the island edge, respectively. The

adatom density is obtained by numerically inte-

grating the diffusion equation with the irreversible

aggregation condition that q = 0 at island edges. In

the presence of defect sites on the substrate, the

diffusion equation can be written as

oq
ot

¼ F þ Dr2q � R1 � 2R2; ð3Þ

where R1 and R2 are the respective nucleation rates
per site of defect-monomer pairs and dimers. The

probability for two adatoms to be found at the

same position and form a dimer is proportional

to the local adatom density squared [7]. Therefore,

we have that

R2 ¼ Dr1q
2; ð4Þ

where r1 is the adatom capture number. Similarly,

the probability that an adatom is found at the

same location as a defect site is proportional to

both the local adatom density and the density of
defect sites N �

def that have yet to absorb an adatom

and form an island. Therefore, the rate for the

nucleation of defect-monomer pairs can be ex-

pressed as

R1 ¼ Dr1N �
defq: ð5Þ

The adatom capture number that is used to com-
pute the defect-monomer nucleation rate is the

same as that for the dimer nucleation rate, since

in our model a defect occupies one lattice site

and acts like a stationary monomer. Our value

for r1 is obtained by an expression [19] in terms
of q that has been verified to correctly predict

nucleation times by comparison to atomistic mod-

els [20,21].

The initial location of the defect sites are chosen

at the beginning of each separate simulation and
entered into a list. In this paper we consider both

randomly and regularly placed defects. The num-

ber of defect sites placed is predetermined by the

total defect density Ndef. During growth, the den-

sity of available defect sites for nucleation is given

by N �
def ¼ Ndef � NH

def , where NH

def is the density of

islands that have been seeded at defect sites. Eqs.

(1) and (3) are integrated between successive nucle-
ation events. We determine when to nucleate a new

island by separately tracking the time integrals of

the spatial average of R1 and R2 over the entire

system size L2. When either of these two quantities

increases above the next integer value, we respec-

tively seed a new defect-monomer couple or a di-

mer. The location for a new dimer is determined

by selecting a site with a probability proportional
to its adatom density squared (cf. Eq. (4)). Simi-

larly, the location for a new defect-monomer pair

is randomly chosen from the list of the available

defect sites with probabilities proportional to their

local adatom density (cf. Eq. (5)). N �
def plays no

role in selecting the defect site for nucleation since

it does not have any spatial dependence and is con-

stant between sucessive nucleations. A new island
is then introduced into the system by raising the le-

vel-set function around a set of points centered at

the selected nucleation site and this adds a new

boundary curve to the zero-level-set. All the data

presented in this paper were obtained for systems

of size 180 · 180 sites over a square substrate,

modelled by 512 · 512 grid sites. These were tested

to give no system size effects. Depending on the
initial defect density used our simulations were

averaged over 10–100 independent runs.
3. Growth dynamics

The evolution of the island densities for D/F

values of 104 and 107 with randomly placed defects
with Ndef = 0.01 ML is shown in Fig. 1a. We see

that for the smaller D/F value the total island den-

sity is larger than that of islands nucleated at the
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Fig. 1. (a) The evolution of the total island density (N) versus

coverage (h) for D/F = 104 and 107 is respectively shown by the

dashed and solid lines for Ndef = 0.01. The triangles show the

associated evolutions of the density of occupied defect sites

(NH

def ) that have produced new islands. (b) A plot of the island

density obtained at a coverage of 0.07 ML for different values of

D/F for the initial defect densities of 0.0025, 0.005 and 0.01 ML.

Fig. 2. Sample subregion of the morphologies obtained at 0.25

ML coverage for two similar systems containing the same set of

defect sites evolved with D/F = 5 · 105 (left) and 5 · 108 (right).

The position of all defect sites are shown by white diamonds

surrounded by their respective nucleated island (black). Also

shown are the Voronoi cells associated to the island nucleation

centers.
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defect sites, whereas for larger D/F value the den-

sity of island nucleated at defect sites and the total

island density are nearly identical. In the latter, the
typical length separating the defects is smaller than

the characteristic adatom diffusion length that

scales according to l � (D/F)�1/6. As a result, dimer

nucleation is completely suppressed. For low D/F,

both dimers and defect sites are nucleated from the

early stages of growth. The adatom diffusion

length is comparable, or smaller than the typical

lengths separating defect sites. Here, dimers con-
tinue to nucleate well past the stage where all de-

fect sites produce an island seeding and the

island saturation density is then entirely deter-

mined by the dimer nucleation rate. This can be

clearly seen in the graph shown in Fig. 1b. At

low values for D/F, dimer nucleation dominates

and the island density drops according to

N � (D/F)�1/3. At high D/F values, the island den-
sity saturates to the initial defect density. This is
consistent with the predictions obtained by the

integration of rate equation that describe this type

of growth as given in Ref. [1].

Typical surface morphologies obtained by

evolving a system with the same set of randomly
placed defects for two different values of D/F are

shown in Fig. 2 at a coverage of 0.25 ML. For

large D/F, all islands on the substrate are centered

around defect sites. For low D/F, we see that is-

lands are seeded at the same defect sites, and that

in addition many other islands are formed by the

creation of dimers. Also, due to the more pro-

longed nucleation of dimers, the variation in their
island sizes is much larger than for those nucleated

at defect sites. As can be seen by comparing the

sample morphologies shown in Fig. 2, the relative

variations of the capture zones are reduced for the

larger D/F, where only defect sites get seeded.

The scaled ISD obtained for randomly posi-

tioned defects at a coverage of 0.25 ML is shown

in Fig. 3. We find that the ISD obtained for a de-
fect density of 0.01 ML (Fig. 3a) scales over a large

set of values of D/F. The shape of this scaling dis-

tribution is noticeably different from the one previ-

ously obtained for ‘‘single atom nucleation’’ [4,5],

which is characterized by a monotonic decrease

in island densities with increasing island size. It is

also different from the one obtained for just dimer

nucleation with random seeding styles [7], where a
near uniform ISD for island sizes s/hsi < 1 has

been found. Instead, the obtained ISD is much

narrower and peaks slightly before s/hsi = 1.



Fig. 3. Scaled ISD obtained at a coverage of h = 0.25 ML for

different values of D/F, and for defect densities of 0.01 ML (a)

and 0.0025 ML (b), and for different defect densities at constant

D/F = 107 (c). Ns denotes the density of islands of size s and hsi
denotes the average island size. Also shown is the analytic form

of the scaled gamma distribution (fC) given by Eq. (6) with

j = 5.7. The thin solid lines are a guide to the eye.
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The reason why we get a peaked distribution

even though the nucleation sites are random is lar-

gely due to the independence of the final island

density on the growth parameters. As we have

seen, once the defect density and the D/F values

are large enough, a critical condition is reached

where islands only nucleate at defect sites. These
nucleations occur during the early stages of growth

and the island density saturates. By further

increasing D/F, islands are seeded at the same de-

fect sites and the time intervals between successive

nucleations decrease. The islands will therefore

have approximately the same age, and variations
in size result directly from the spatial variations

in their growth environments. The above explana-

tion was first suggested in Ref. [5]. In Fig. 3a, we

see how little the form of the ISD changes, once

we have reached the critical condition where all is-
lands are nucleated at defect sites.

In the large D/F limit, the ISD approaches one

that would be obtained if all defect sites were

nucleated all together at time t = 0 (with no dimer

nucleation). The ISD approaches a form similar to

that for the spatial distribution of the capture zone

areas [16] of the growing islands. Therefore, we

can approximate the capture zone area distribu-
tion during growth by the initial capture zones,

that are defined by the defect sites. The problem

is then reduced to the geometric computation of

the distribution of Voronoi cell areas associated

to points, that represent the defects placed ran-

domly over a flat two dimensional periodic sur-

face. This follows a gamma distribution [8] with

a mean set to unity, and has the following general
form

fCðx;jÞ ¼ j
ðjxÞj�1

e�jx

CðjÞ ; ð6Þ

where j is the shape parameter. The distribution of
the areas associated with the cells of a Voronoi

tessalation around randomly placed points follows

a gamma distribution with shape parameter

j = 3.61 [22]. By knowing the form of the distribu-

tion of the capture zone areas that are associated

with the defect sites, we can compute the form of

the ISD for D/F values large enough such that only

defect-monomer pairs nucleate. This is done by
convolving the capture zone area distribution to

the homogenous Poisson point process distribu-

tion, which is associated with shot noise fluctua-

tions in the nucleation events of the different

defect sites [23].

The form of the ISDs in Fig. 3a is closer to a

more peaked gamma distribution than that ob-

tained with a shape parameter of 3.61. We can
compare the limiting form of this ISD to one ob-

tained when all islands are nucleated in infinitesi-

mally short intervals. For simplicity, we may

assume a special case where all islands are nucle-

ated at the defect sites at t = 0. This is referred to



Fig. 4. Scaled ISD obtain for the growth when islands of size 1

are seeded at all the defect sites at time t = 0 in a burst of

nucleation (see discussion in the text), and are allowed to evolve

with D/F = 106. Gamma distributions with shape parameter

j = 5.7 and 3.61 are shown.
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as a burst of nucleation. The scaled ISD for this

special case is shown in Fig. 4. We see that the

ISD is best approximated by a gamma distribution
with shape parameter j = 5.7. This is the same

gamma distribution that is shown together with

the data in the Fig. 3. We believe that the reason

for a larger shape parameter is mainly due to the

initial size of the nucleated dimers that makes the

ISD at the initial burst of nucleation a delta func-

tion. 1 The island sizes then evolve according to

their capture zone areas and thus the ISD relaxes
towards the capture zone areas gamma

distribution. 2

For a lower defect density of 0.0025 ML, the

ISD shown in Fig. 3b changes form significantly,

as we increase D/F. In the high D/F limit, the only

islands seeded are at defect sites. The shape of the

ISD adjusts by making small alterations and even-

tually the same scaled gamma distribution is
1 We speculate that in the unphysical limit where the capture

zone areas are much larger that the defect-monomer size our

ISDs would still be a gamma distribution but with a shape

parameter smaller than 5.7.
2 We note that in Ref. [8], the data obtained for the ISD

followed an even more peaked gamma distribution. Our

understanding is that this is due to a controllable parameter

used in their model that forces defects to be no closer than a

minimum length. The introduction of what they call the ‘‘hard-

disc exclusion condition’’ modifies the true randomness of the

defect sites, and delays coalescence. In fact, our results for

regularly distributed defects (see below) show that less ran-

domness leads to a sharper ISD (and thus, a larger shape

parameter).
reached as shown in Fig. 3a. For lower D/F values,

defect-monomer pairs and dimers have compara-

ble nucleation frequencies. Here, the location of is-

land centers are chosen by two very different ways

and their nucleation time series overlap. By mak-
ing even small variations to D/F, we change the

weights or the relation between one spatial fluctu-

ation in island nucleation with respect to the other.

As we further decrease D/F, we increase the fre-

quency of dimer nucleations with respect to de-

fect-monomer nucleation, and obtain many more

islands. So even though all defect sites give rise

to an island seeding, there are many more islands
nucleated by dimers. Therefore, the defect sites

have a smaller impact on the growth. It can be

seen in Fig. 3b (triangles) that in this limit the form

of the ISD approaches the one obtained with only

dimer nucleations. 3

The transition from predominant dimer nuclea-

tion to defect nucleation can also be seen in the

ISDs observed for a fixed D/F and increasing de-
fect density. Fig. 3c shows the ISDs obtained for

the growth with D/F = 107 at various defect densi-

ties. Again we notice a big change in the form of

the ISD going from a low to a high defect density.

The ISD for the lowest defect density of 0.0005

ML differs very little from that obtain with just di-

mer nucleation. In contrast, the ISD for high de-

fect densities of 0.01 and 0.005 ML is similar to
the gamma distribution with j = 5.7. However,

all of the ISDs fall off in the same way as these

large islands correspond to the earliest nucleations.

We now turn our discussion from the more

common scenario where the location of defect sites

are random to the technologically more desirable
3 We note an additional effect that reduces the importance of

defect nucleation in this limit: for very low D/F, the adatom

density during the early stages of growth does not evolve very

fast between sucessive nucleation events. This results in a large

central region where the adatom density stays approximately

uniform between island boundaries. Here, the difference

between the q2 weighting in the selection of the new location

of a nucleated dimer and a random selection is negligable.

Therefore, at very low D/F early dimer nucleations share similar

random fluctuations in nucleation sites as defect-monomer

pairs. This makes the presence of the randomly located defects

unimportant to the overall spatial fluctuations in the island

environments since their nucleation occurs during this stage of

growth.
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one where they are arranged in a regular array.

The ISD obtained for regularly placed defect sites

that are arranged over the substrate such that each

contains the same capture zone area is shown in

Fig. 5a for an initial defect density of 0.01 ML.
The form of the ISD is clearly very narrow and

highly peaked (note the scale of the y-axis in com-

parison to Fig. 3). Due to the regularity of the de-

fect sites, the average adatom density will be small,

thus further reducing the dimer nucleation which

for D/F � 105 becomes a rare event and is com-

pletely suppressed for larger values. The ISD is

then entirely controlled by the time series for de-
fect monomer nucleation. In the large D/F limit

the ISD approaches a distribution obtained by

convolving the Poisson distribution associated to

the fluctuations in nucleation events with the delta

function distribution of the capture areas. This
Fig. 5. Scaled ISD at h = 0.25 ML for regularly positioned

defects sites with density 0.01 ML (a) grown at D/F values of

105, 106 and 107. Also shown is the analytic form of the scaled

gamma distribution given by Eq. (6) with j = 324. The ISDs

shown in panel (b) illustrate the dramatic change in the form of

the ISD for growths at constant D/F = 107 and defect densities

in the range of 0.001–0.0018. The thin solid lines are a guide to

the eye.
limiting distribution is well approximated by a

highly peaked gamma distribution. A gamma dis-

tribution with shape parameter equal to the num-

ber of defects sites is also shown in Fig. 5a.

Fig. 5b shows the change in the shape of the
ISD over a small range of defect densities at a con-

stant D/F = 107. For a defect density of 0.001 ML

and a coverage of 0.25 ML we observe that the

number of nucleated islands is approximately

twice the number of defect sites. This turns out

to be sufficient for obtaining an ISD that has a

form which resembles the one with just dimer

nucleation. This can be seen by comparing the
ISDs obtained at the defect density of 0.001 ML

for randomly distributed defects (Fig. 3c) and that

for regularly distributed defects. However, as we

increase the defect density to 0.0018 ML, there is

a very noticeable change in the ISD. Here, the is-

land density has nearly reached the saturation den-

sity, where all islands were nucleated by a defect-

monomer.
Growth with regularly placed defects produces

islands that have similar shapes and sizes as it

has been previously observed in Ref. [9] via kinetic

Monte Carlo simulations. Lee and Barabási illus-

trated how the surface morphology changes as

the flux is varied for growths with constant tem-

perature and defect density. However, they did

not show plots of the related ISDs and how they
change form by varying both D/F and defect den-

sity. In this paper we demonstrate that regularly

placed defects indeed lead to a narrowing of the

ISD and how it changes over different growth con-

ditions. If it is the goal to grow islands with the

same shape and size, then we found that this is best

achieved at the highest possible D/F. However, at

large temperatures reversibility might become an
important effect. Although our level-set model

can consider reversibility in the growth of islands

[24], this investigation is beyond the scope of this

paper. Once all the defect sites are nucleated and

the adatom density falls close to its equilibrium va-

lue, the islands will begin to ripen where large is-

lands gain more mass at the expense of

detachment from the smaller ones. This would lead
to a bimodal ISD. Lee and Barabási therefore sug-

gested that an ‘‘optimal flux’’ exists such that the

diffusion length is approximately the same as the
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length separating adjacent defects. However, in

light of our results we can conclude that this de-

pends on how important ripening and reversibility

are during growth.
4. Conclusion

In summary, defect sites are nucleated very

early in the growth. As a result, for large defect

densities and large D/F, dimer nucleation is com-

pletely suppressed and islands grow according to

the spatial distribution of the defect sites. This pro-
duces peaked ISDs that can be approximated by

scaled gamma functions with increasing shape

parameter as one goes from a random to a regular

distribution of the defect sites. These results sug-

gest that they can be used for many technological

applications. An example would be in the growth

of self assembled quantum dots, whereby one

wants to produce a coherent array of islands, each
acting as local single electron quantum confine-

ment centers. These quantum dots serve for exam-

ple as a resonant tunneling transistors, performing

the function of several conventional transistors.

Recent experimental results by Alchalabi et al.

[25] have shown that the growth of uniformly sized

quantum dots can be due to the presence of a reg-

ular array of dislocation sites. Their results and the
explanation they provide is in very good agree-

ment with the ideas presented in this paper.
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