Unitary
Matrix
Models

Unitary Matrix Models: universality conjecture in the bulk

and on the edge of the spectrum.

M. Poplavskyi

Department of Statistical Methods in Mathematical Physics
B.Verkin Institute for Low Temperature Physics and Engineering of the NASU

VI School on Mathematical Physics, September 6, 2011



Some types of Random Matrix Ensembles
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M . .
m Wigner matrices

Random n
matrices P (M E 1/20’/\/[ E n1/2dM

d = . L.
:?thogonal n( ) H (n I,j)H 0( I,l)
polynomials 1<i<j<n i=1

m Marchenko-Pastur ensemble
Pa(dA)= ] F(n'/2dA)), Mn=n—'AA"
1<n,j<m
® Hermitian and Unitary Matrix Ensembles
m Hermitian and Real Symmetric Matrix Models

Pns(dsM) = Z, Lexp {—%Tr V(M)} dsM.

m Unitary Matrix Models

pn (U) djun (U) = Z,,_1exp{—nTrV (Uzu*)}dp,,(U).
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N LetLetq e be an eigenvalues of matrix U.

M j:‘]
n

Random 1 . . 2 —n Z V(COS )\j)
;nnegr\ces Pn ()\1 ey An) = 7 H ’el)\/ — el)\k e /A .
orthogonal n 1<j<k<n
polynomials

p,(”)()\1,...,/\/):/pn()\1,...,A,,)\/+1,...,)\n) dAit ... dAn.

OPUC with a varying weight and determinant formulas

()], P () - [ 0 () AT @0 e =,

n—1
K, (eik’ e”‘) _ Z Pjgn) (e’“) P,-(n) (e,-#)e—nv(cos 2)/2 g=nV(cos u)/2
j=0

A7 o) = Dt [k, (67, 6|
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m Global regime: N, (A) = n~ 't {)\j(-") S 1,...,n}, A€ [-m,m)
Random

matrices
No(2) = [ AP A S N(a) = [ p()dr 0 oc.
polynomials A A



Global and local regimes
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M m Global regime: N, (A) = n'¢ {)\j(-") S 1,...,n} , A€ [-m,7)

Random
matrices

and Nn(A):/Apﬁ") () d)\—?>N(A):/Ap()\) d\, N — co.

orthogonal
polynomials

m Local regime:

%
o [= I3 ?
[evén) ™ p!™ </\0 + Cv5n> — det{K(ijyﬁk)},I',ka :

. . . . 1
dn is a typical distance between eigenvalues = p(A)dX ~ re
[A=Xo|<6n

m Bulk universality: p (M) #0 = 8, =n~".
m Edge universality: p(A) ~ |A — Ag|"/2 = 6, = n=2/3.
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pn(A) = Ze‘"H(") with

H(A) =Y V(cos)) - 2 > log e — ™|
j=1 n1§j<k§n
Consider the linear functional
Global ™ ™ X .
e E[m] :/ V(cosA)m(dA)—/ log |&™ — €| m(d\)m(dp),

in the class of unit measures on the interval [—, 7].

Theorem

Let potential V (cos \) be a C? [, nr], then there exists a unique minimizer
of the functional,called an equilibrium measure. This measure has a density
p (X) and NCM measure of eigenvalues converges in probability to the
equilibrium measure.
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Theorem

Let potential V (cos \) be a C? [—=, «r] function and there exists some
subinterval (a, b) C supp p (\) such that
sup V" (A\) < Gy, p(A) > Co, X € (a,b). Then the universality conjecture

A€E(a,b)
is true for every X € (a, b) with kernel K (x,y) = w and
Buk cv = p(Xo). The limit is uniform for any ? in a compact subset of R'.

universality

Basic ideas of the proof
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Theorem

Let potential V (cos \) be a C? [—=, «r] function and there exists some
subinterval (a, b) C supp p (\) such that

sup V" (A\) < Gy, p(A) > Co, X € (a,b). Then the universality conjecture
A€(a,b)

sinm(x —y)
R m(x =)
cv = p (o). The limit is uniform for any € in a compact subset of R'.

is true for every X € (a, b) with kernel K (x,y) = and

Basic ideas of the proof
m Prove the uniform convergence of p, () to p (A).
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Bulk universality

Theorem

Let potential V (cos \) be a C? [—=, «r] function and there exists some
subinterval (a, b) C supp p (\) such that

sup V" (A\) < Gy, p(A) > Co, X € (a,b). Then the universality conjecture
A€(a,b)

sinm(x —y)
R m(x =)
cv = p (o). The limit is uniform for any € in a compact subset of R'.

is true for every X € (a, b) with kernel K (x,y) = and

Basic ideas of the proof
m Prove the uniform convergence of p, () to p (A).
m Derive the integro-differential equation for the K.
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Bulk universality

Theorem

Let potential V (cos \) be a C? [—=, «r] function and there exists some
subinterval (a, b) C supp p (\) such that

sup V" (A\) < Gy, p(A) > Co, X € (a,b). Then the universality conjecture
A€(a,b)

sinm(x —y)
R m(x =)
cv = p (o). The limit is uniform for any € in a compact subset of R'.

is true for every X € (a, b) with kernel K (x,y) = and

Basic ideas of the proof
m Prove the uniform convergence of p, () to p (A).
m Derive the integro-differential equation for the K.
m Find the class of functions in which this equation has a unique solution.
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Basic assumptions

Condition C1. The support o of the equilibrium measure is a single
subinterval of the interval [—m, 7], i.e.

o =[-6,0], with 6 <. (1)

Condition C2. The equilibrium density p has no zeros in (-0, 6) and
p(A) ~ CIAFO"2, for A — +6, )

and the function u(\) = V (cos \) — 2/ log ‘e"A —e*

minimum if and only if A belongs to o.
Condition C3. V (cos \) possesses 4 bounded derivatives on
o =[-0—¢,0+¢]

) du attains its

Propposition

Under conditions C1-C3

p(N) = #X()\)P()\)Lﬂ with

- (V cos p))’ — (V(cosN)) du
X () = V/[cos X — cos ], sin(u—\) /2 X (1)
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Laurent polynomials and CMV matrices

It follows from Szeg0’s condition that the system {P

complete. Following Cantero-Moral-Velasquez
polynomials Q" (A) =

W= (e
X(27<)+1 \) = efno\szH

ix_ (n)

(n () (n)
€ Xok—_1

Qo Poy— 1X2k 2

(n)
Q1 sz sz

N+
Pg?ﬂzr/? 1X2k 2(/\)
(N +

(A) = (N -

A

e xip (V) = +

(n)
~ Qi 2kX2k A

(n _ (n)

Ck 1,k— 1/Ckk
2
coefficients and (pk ) + (af(")) —1.

where oy’ = Ck O/CM and p

)}:io is not

we define reversed

e P{"” (=) and Laurent polynomials

e,
(€).

(n) (n) (n)
Qo Qo1 X2k —1

(N
n) (n) A
Pak sz+1X2k+1( )
a2k 1Pé7<)X(2r/? 1 (N)

2k p2k+1X2k+1 (A)s

are called the Verblunsky



Assymptotics of Verblunsky coefficients
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Consider the system of orthogonal polynomials and the Verblunsky
coefficients defined above. Let potential V satisfy conditions C1 - C3 above.
Then for any |m| = 0(n)

o, = (=1)"scos (g +x,(,§’)> :

wheres =1 ors = —1 and
Edge

universality . 271'\/5 m 11 —4/3 m2
Xm_WF—FQ(Iog nin —i—? )

with P defined above.
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Proof of assymptotics of Verblunsky coefficients
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Basic ideas of the proof
m Derive an equation with a functional parameter ¢ for functions

P\ = P"e="V/2 from the determinant formulas. Then, choosing
appropriate parameter ¢, obtain the equation for the Verblunsky
coefficients. In this way we obtain a first approximation for Verblunsky

coefficients.

Edge
universality
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Basic ideas of the proof
m Derive an equation with a functional parameter ¢ for functions
" = P{Me="V/2 from the determinant formulas. Then, choosing
appropriate parameter ¢, obtain the equation for the Verblunsky
coefficients. In this way we obtain a first approximation for Verblunsky
coefficients.
m Using "string" equation
T (n) —nV(cos \) : k-1 K af(n)
Edge iy /4 (sinX) V' (cos A) x;” (A) Xk (Ve dx=i(-1) = pf(")'

and methods of the perturbation theory obtain assymptotics described
above.



CMV matrices and their expansion

P

ety CMV matrices

Models NN S I P G
Polars =y, X =0

() ()
e(n) _ —Q Pj
i p(_n) oM )
J j

M) — diag (E1,e§”,e”) ) L™ — diag (eﬁ”),eg”),eg")..),

¢ — ppm p(m

@ _ M(")ﬁ, e — ,_(n)ﬁ7 :A—3 ON )

Edge Our main idea is to study the kernel K, near the edge. For this aim we
universality consider the integral operator
. . 2
F\" (2, w) = / Wi (A) dA / Wn (1) G G | (€ — € ) K" (A, )|

)

where o
Gr o = 1—¢e2 . 1 I
Mz = Z2 i _ iz i _ aiz’
|e — e | e e e e




Edge universality
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Under assumptions C1-C3 the universality conjecture is true for \g = +0
- 7 % J
with kernel K (x,y) = AT AT [y )2 : ;\I () AT (y) .The limit is uniform for
any ? in a compact subset of R'.
Basic ideas of the proof
Edge

universality
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Under assumptions C1-C3 the universality conjecture is true for \g = +0

- 7 % )
AT(X) AT (y )2 — ;\I () A (y) .The limit is uniform for
any ? in a compact subset of R'.

with kernel K (x,y) =

Basic ideas of the proof

m Christoffel-Darboux formula + spectral theory give us a representation
of F, in terms of resolvent of matrix C" (five-diagonal).

Edge
universality
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ey Theorem

Under assumptions C1-C3 the universality conjecture is true for \g = +0

- 7 % )
AT(X) AT (y )2 — ;\I () A (y) .The limit is uniform for
any ? in a compact subset of R'.

with kernel K (x,y) =

Basic ideas of the proof

m Christoffel-Darboux formula + spectral theory give us a representation
of F, in terms of resolvent of matrix C" (five-diagonal).

oo m Relation between matrices C'™, M, and L™ reduces this

universality representation to the question about resolvent of the three diagonal
matrix.
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P Theorem

Under assumptions C1-C3 the universality conjecture is true for \g = +0

- 7 % )
AT(X) AT (y )3 — ;‘I () A (y) .The limit is uniform for
any ? in a compact subset of R'.

with kernel K (x,y) =

Basic ideas of the proof

m Christoffel-Darboux formula + spectral theory give us a representation
of F, in terms of resolvent of matrix C" (five-diagonal).
oo m Relation between matrices C'™, M, and L™ reduces this
universality representation to the question about resolvent of the three diagonal
matrix.

m Assymptotics of Verblunsky coefficients help us to "guess" resolvent for
z = +60 4 n2/3¢. It can be represented in terms of resolvent (A — ¢) ™"
2

d
of operator A = 2 2cx.
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